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Preface 


The aim of this book is to provide an introduction to the theory of complex 
normal surface singularities. However, alongside the presentation of certain general 
elements of this topic, I also wanted to focus on certain recent developments in 
the theory, with remarkable connections and possibilities for further developments. 
The presentation targets both the topological and analytical aspects. From the 
topological point of view, we study invariants of the link, and their connection with 
the resolution graph, and we make connections with invariants provided by low 
dimensional topology (like the Seigerg—Witten invariant). From the analytical point 
of view, we study invariants of the local ring via sheaf cohomologies of line bundles 
of the resolution, multivariable Hilbert series, and holomorphic forms. An important 
bridge between them is formed by the topological and analytic lattice cohomologies. 
The main message is the deep symbiosis of these topological—analytical structures. 

The book contains a large number of examples based on the treatment of 
several key families of singularities (e.g., rational, elliptic, Kulikov, weighted 
homogeneous, suspension, superisolated, quotient, splice quotient, and Newton 
nondegenerate). They support the understanding of the theoretical parts. 

The book is intended for readers who already have a certain amount of knowledge 
of algebraic geometry, multivariable complex analysis, sheaf theory, and algebraic 
topology. However, we have tried to be self-contained, to make the material more 
legible and accessible. Also, in order to help younger readers, or those researchers 
who wish to learn techniques from this book, we provide fairly detailed proofs and 
arguments in most of the cases. In this way, we hope that we will partially meet a 
need regarding a book on complex normal surface singularities. 
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Chapter 1 ® 
Introduction Ghost for 


1.1. General Introduction 


Singularity theory aims to study the singular points of algebraic/analytic varieties. 
It was born together with the classical algebraic geometry, but step by step became 
an independent discipline within algebraic and complex geometry. Since the 1980s 
we witness its extraordinary development producing a large number of key results, 
research programs, and remarkable connections with other fields, like topology or 
differential equations. It has created its own specific language and tools. 

Historically, in parallel with the study of projective curves and their singularities, 
the study of global complex surfaces—together with their singularities—became a 
central object as well. In the global nonsingular case, after the ‘classical’ classifi- 
cation of Enriques and the Italian school, a ‘modern’ classification was provided 
in the 1960s by Kodaira (and independently, by the seminar of Shafarevich) based 
on sheaves, cohomologies and characteristic classes with special emphasis on the 
relationships of the analytic structures with invariants of the underlying smooth 4— 
manifolds. Additionally, crucial open questions were formulated targeting ties of 
topological nature: e.g. the purely topological characterization of rational surfaces 
(as an addendum of Castelnuovo’s criterion) or of K3 surfaces (asked by Kodaira). 

Later, by crucial classification projects in mainstream mathematics (e.g. the Mori 
program in algebraic geometry targeting classification of varieties, or developments 
in low-dimensional topology) had significant influences on surface theory and 
generated a series of new open questions. The discovery of Donaldson and Seiberg— 
Witten theories gave a powerful impetus of such comparison efforts targeting the 
symbiosis of the smooth and the algebraic/analytic structures. 

All these were inherited by local surface singularity theory too, involving 3- 
dimensional topology (of the local links). The lack of classification results in 3 and 4 
dimensional topology put even more in the highlight the possible analytic/algebraic 
connections (with the hope that the classification of these rigid structures might 
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provide new perspectives). The analytic/algebraic structures served as inspiration 
and testing ground for contact and symplectic geometry, too. 

This is the guiding principle of the present book too: what are the ties between 
analytic and topological invariants of a local complex normal surface singularity? 
Historically this program was started by Mumford, Artin and Laufer: Mumford 
realized the link as a plumbing and computed its fundamental group, Artin 
and Laufer characterized topologically the rational and minimally elliptic germs 
(respectively), and computed several analytic invariants for them from the resolution 
graph. 

Let us exemplify a few pairs of analytic/topological objects, which play a central 
role in this book from the point of view of the above comparison. 

On the analytic side our fundamental objects are the dimensions of the sheaf 
cohomologies of line bundles on a resolution (including e.g. the geometric genus) 
and the multivariable Poincaré series of the divisorial filtration associated with a 
resolution. This is enhanced with a family of linear subspace arrangements, indexed 
by the first Chern classes of the line bundles. On the topological side, the link, 
as an oriented 3-manifold, carries the Casson invariant whenever the link is an 
integral homology sphere. In the rational homology sphere case, it carries the 
Seiberg—Witten invariants. The Seiberg—Witten invariant will be compared with 
the ranks of cohomologies of line bundles (formulated by the Casson Invariant 
Conjecture of Neumann and Wahl, or by the Seiberg—Witten Invariant Conjecture 
of Nicolaescu and the author). Moreover, a topological multivariable Poincaré 
series (a ‘zeta’ function, associated with the dual graph) will be compared with its 
analytic counterpart provided by the divisorial filtration (as extensions of Campillo— 
Delgado—Gusein-Zade identity). Furthermore, certain topological linear subspace 
arrangements will mirror their analytic counterparts, too. The parallelism will be 
emphasized by several surgery and additivity formulae of similar shape present in 
both sides. 

All these are complemented by the corresponding lattice cohomologies on 
both sides. The Euler characteristic of the topological lattice cohomology is the 
Seiberg—Witten invariant, while of the analytic lattice cohomology is the equvariant 
geometric genus. The two cohomology theories will be compared as well. 

Regarding the topological invariants, the author was influenced by the Heegaard 
Floer theory of 3-manifolds. However, the techniques developed by the author to 
create a bridge between singularities and low dimensional topology differ from 
those used in Heegaard Floer theory. The effort to create such a bridge bore fruit 
and culminated in the topological lattice cohomology. It is defined combinatorially 
from the graph. However, its definition and several of its properties resemble sheaf 
cohomology long exact sequences. Indeed, behind certain definitions and techniques 
in lattice cohomology theory one experiences certain generalizations of ideas of 
Laufer regarding computation sequences, used in sheaf cohomological arguments. 
In the new context these sequences appear as discrete ‘homotopy deformation 
retractions’. Our presentation emphasises this continuity with Laufer’s work. 


1.2. Why a New Book? 3 


The appearance of the new invariants presented in the book suggested to us the 
desirability of rethinking the Mumford—Artin—Laufer program, and in fact, of the 
whole theory of surface singularities. 


1.2. Why a New Book? 


In any developing areas of mathematics it is highly desired to have a few books, 
which cover not only the basic knowledge of the area, but also the important 
connections with other fields, and also the main guiding problems, conjectures and 
leading principles of the actual research. Such a source helps not only the young 
researchers to learn the basic material, but it is very helpful for the whole community 
to have a good grip on the hot topics and questions of the research. This is even 
more necessary, when different mathematical areas are combined; in this way a 
good source creates a common language and helps the connected areas to have a 
fast access to the needed techniques. 

In algebraic geometry a great number of excellent books were published in the 
last period, mostly motivated and influenced by the modern developments, as the 
powerful Minimal Model Program. In several of these studies singular spaces are 
inevitably studied, e.g., the global geometry of a birational equivalence class is 
more transparent in a canonical singular representative. However, the singularities 
which appear in this way are ‘mild’ (and, in fact, their ‘mildness’ is a key ingredient 
of the theory). In particular, by the very essence of the program, the class of 
singularities is limited by the needs and motivation of the MMP. Already in the 
surface case the difference is considerable—they include basically the (log)terminal 
and (log)canonical singularities only. But, several other important questions of 
surface singularities have their natural place beyond these restrictions. 

There is an impressive list of excellent books, published in the last decades, 
covering different areas of local singularity theory as well. Some important topics 
covered by them include the following (the list of subjects and of the cited 
monographs is not exhaustive): 


¢ special families, like isolated hypersurface and complete intersections, simple or 
quotient singularities, weighted homogeneous, plane curve, or even non-isolated 
hypersurface singularities [19—21, 85, 87, 105, 147, 148, 169, 241, 346, 395, 405, 
408, 430, 622, 644, 715, 745], 

¢ deformation theory of isolated singularities, smoothing, local moduli spaces, 
equisingular deformations [240, 263, 357, 664], 

* construction of resolutions (general and low-dimensional cases) [2, 127, 128, 
260, 330], 

¢ classification of map germs and critical points, stability questions [159,212,441], 

* connection with intersection cohomology, constructible and perverse sheaves, 
mixed Hodge structures and modules [343, 413, 563, 619], 
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¢ links of singularities, their exotic smooth structures [275], 
¢ relation with global singularity theory, generalization of characteristic classes, 
Thom polynomials, enumerative geometry [317]. 


Though these books and monographs definitely include important information 
regarding surface singularities too, the need for a more focused source (showing the 
power and the potentials of surface singularities) is really visible. 

Regarding the theory of projective surfaces one has several excellent books. 
The extensive and comprehensive book of Friedman and Morgan [206] targets 
the smooth invariants (Donaldson polynomials) of (global non-singular) complex 
surfaces, showing that their smooth classification is deeply connected to their 
algebro-geometric structures. The books of Badescu [38], Beauville [46] and Barth, 
Peters and Van de Ven [41] target the classification of surfaces. They include certain 
discussions of local singularities too (needed in the proof of global classification 
statements), but they do not go beyond the cyclic quotient, rational, or minimally 
elliptic cases. The book of Ishii [288] contains a wonderful presentation of the 
algebraic aspects (with a focus on the cases motivated by the MMP) but it provides 
no topological connection. The book of Okuma [528] is an important introduction to 
the plurigenera of surface singularities, but it contains no topological connections. 
On the other hand, the book of Eisenbud and Neumann [178] is a fundamental 
topological treatment of the integral homology sphere plumbed/spliced 3-manifolds, 
but without further connection with the analytic theory of surface singularities. The 
presentations of Singularity Seminars from important singularity centers from the 
1970s and the 1980s (edited e.g. by Lé, Demazure, Pinkham, Teissier) reflect the 
research of that period. We end this list with the excellent book of Laufer [358], 
an influential source of knowledge, techniques and inspiration regarding analytic 
properties of resolution of surface singularities, however, since its publication 
(1971) several new directions and results have appeared, which should be reported 
and organized. 

Having all this in mind, the author had to take certain decisions about the 
structure of the present book. Though the primary goal was to give a presentation of 
the new analytic/topological interferences in the theory of complex normal surface 
singularities, the author realized that this cannot be done properly without (at least 
a partial) foundation. Even more, besides the central theorems the presentation 
should contain the detailed proofs and the main auxiliary constructions. In this way 
the reader will be essentially helped to create a good intuition and to acquire the 
necessary techniques. This addition is one of the reasons for the length of the book. 

Naturally, in the presentation of the basic material we had to be very selective. 
The needed choices were dictated by the main goals of the book. In this way 
we added what is really required to understand the main messages, and to attain 
sufficient experience in the needed techniques. Furthermore, our goal was to make 
the book fairly self-contained as well. 
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1.3 Examples and Constructions 


The book contains many examples, they constitute an important part of the 
presentation. They are the compass for the definitions, the testing trial for theorems 
and the guide for the intuition. 

Again, we had to take some decisions regarding the balance between the number 
of examples and supplementary comments versus the length of the manuscript. 
The decision probably was done in favour of the examples. In this way we 
decided to build in the text (and run them simultaneously with the theory) 
several key families of singularities. They include the following: cyclic quotients 
(or Hirzebruch—Jung germs), quotients, weighted homogeneous singularities (in 
particular, Brieskorn—Hamm complete intersections), cusps, quotient-cusps, splice 
quotients, special hypersurface singularities (as superisolated, suspensions, and 
Newton non-degenerate), rational (and almost rational), elliptic, and Kulikov 
singularities. In our presentation of the examples we provide all the necessary 
machinery to handle their (both analytic and topological) invariants. In this way the 
reader will have sufficient information to verify the statements and the formulae 
exemplified by them. We briefly review some statements regarding the Milnor 
package of hypersurface singularities as well, but (having so many wonderful books 
in this subject) we restricted ourself to the minimum. 

Similarly, we present several key constructions and the related techniques as 
well. Some of them are vital, like the package related with a resolution. Some of 
them are connected with the above families (e.g. the splice quotient construction of 
Neumann and Wahl). Some others support the theory. For example, the (ramified 
and o-ramified) coverings, determined either by analytic or by topological data, are 
needed e.g. in the definition of the analytic/topological canonical coverings, or in the 
discussion of Q-Gorenstein germs. The universal abelian covering is also a central 
object together with the natural line bundles associated with a resolution. 

In some discussions sometimes we mention certain invariants, even though their 
detailed presentation takes place further back. We hope that such cases will not 
create serious obstructions in the comprehension of the material. 


1.4 Prologue of the Chapters 


Though Contents suggests briefly the covered material, here we provide some 
additional information and guiding motivations about each chapter as well. It can 
be advantageous to read this introductory presentation before—and in parallel to— 
the study of the corresponding parts of the book. 

Below (X, 0) is a complex normal surface singularity. 


Chapter 2: Resolution of Surface Singularities The total space X of a resolution 
of a singularity (X, 0) is an important source of invariants. It is smooth, hence 
it carries all the ‘classical’ invariants of smooth spaces (and several of them are 
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resolution independent). It also carries the combinatorial structure of the dual 
resolution graph, which, as it will turn out, is equivalent with the topological type 
of (X, 0). 


In Chap.2 we introduce the notions of modifications and resolutions together 
with their exceptional curves, and we prove Zariski’s Main Theorem regarding the 
connectivity of the exceptional locus. The exceptional curve combinatorially can 
be codified either in the dual resolution graph, or in the lattice L = H>(X ,Z) 
endowed with the intersection form. According to a theorem of Du Val, this form 
is negative definite. We introduce the dual lattice L’ = Hy(X, ax, Z) ~ H2(X, Z) 
and Lipman’s cone (of anti—nef cycles), and we list some of their basic properties. 
In the presence of a Weil divisor (D, 0) C (X, 0) we speak about the embedded 
resolutions. 

Strings are graphs of Hirzebruch—Jung (or, cyclic quotient) singularities. In 2.3 
we provide a rather complete presentation of their properties (including five 
analytic appearances). They are the most important blocks, which appear in several 
geometrical constructions (e.g. in the proof of the existence of the resolution as 
well). The arithmetical properties of strings are compared with continued fractions 
and Dedekind sums. 

Finally, we prove the existence and uniqueness of the minimal resolution of any 
surface singularity via Jungian strategy. 


Chapter 3: The Link We introduce the link Ly of (X, 0), an oriented connected 3- 
manifold, and we state that (X, 0) is areal cone over Ly. In this way Ly determines 
the topological type of (X, 0). We prove that the link is the plumbed 3-manifold 
associated with any resolution graph considered as plumbing graph. The ambiguity 
of the graph is discussed via the plumbing calculus. In fact, we consider the calculus 
of all oriented plumbed 3-manifolds (i.e., not only those which are associated with 
negative definite connected graphs). This extension will be necessary later (e.g. 
when we discuss the steps of the calculus dictated by splice decompositions). 


In 3.6 we list certain basic classification results of 3-manifolds; the Jaco—Shalen— 
Johannson decomposition will show up later several times. We deduce several 
consequences of the general theorems for the link. E.g., if the fundamental group 77 
is infinite then the link is an Eilenberg—Mac Lane space with a torsion free 771. We 
provide the presentation of zr; with special emphasise on the cases when 77 is finite 
(reproving Brieskorn’s classification), on the Seifert case (showing the connection 
with the crystalographic groups), and on the rational homology sphere case (when 
a certain presentation of 7 has deficiency zero). We prove Mumford’s theorem, 
which says that z, = 0 if and only if (X, 0) is analytically smooth. 


Chapter 4: Coverings We prove an algorithm, which determines the resolution 
graph of the cyclic covering (ramified along {f = 0}) associated with a germ 
f : (X,0) — (C,0). In the book several examples are based on coverings 
(e.g. suspension singularities). Thanks to this algorithm the reader will be able 
to determine the corresponding graphs. But the study of the coverings has more 
theoretical reasons as well. Several constructions depend essentially on the existence 
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and properties of o-ramified abelian coverings (this means that the covering over 
X \ {o} is unramified). The point is that the above algorithm extends to such cases 
too. 


If the link is a rational homology sphere, then there are two key o—ramified cases: 
the universal abelian covering and a cyclic covering associated with a character 
a € H = Homz(H, C*), where H = Hi(Lx,Z) = L’/L. 

The universal abelian covering (Xq,0) — (X,o) (with its Galois action 
#7) is the tool to extend any geometrical construction and invariant (analytic or 
topological) from the level of (X, 0) to its equivariant version. Indeed, one takes 
the corresponding invariant at the level of (X,, 0) with the action of H. In topology 
many invariants, like the torsion or the Seiberg—Witten invariant, are indexed by 
the set Spin® of the spin® structures. Since for Ly, Spin°(Lx) is an H-torsor, 
they are in fact H-indexed invariants. Hence, it is natural to compare them with 
objects associated with the universal abelian covering. In some cases such an H- 
enhancement can also be done via the enlargement of the lattice L by L’, a trace of 
the above covering. 

In the case when the link is a rational homology sphere (QH S°), cyclic coverings 
associated with characters have the following reinterpretation. Since H and A can 
be identified (via I”), any class [/’] € L’/L (l' € L’) provides a o-covering. E.g., 
in this way we have the ‘topological canonical covering’ associated with the class 
of the canonical cycle in L'/L. Note that the construction is not obstructed by any 
analytic property. In particular, in this particular dimension, this is an improvement 
of the standard procedure of the (algebraic/analytic) literature, when one defines 
the canonical covering only under the assumption that the canonical divisor is 
Q-Cartier. In fact, in Chap.6, cf.6.1.A, we will also define for any Q-Cartier 
divisor a cyclic o-ramified covering. If the canonical divisor of X is Q-Cartier, 
then its covering is called the ‘analytic canonical covering’. If bj(Lxy) = 0 then 
the coverings associated with characters of H and the coverings associated with 
Q-Cartier divisors can be identified (and the ‘canonical’ ones too). 

In certain cases by taking the ‘right’ covering we obtain a nicer singularity than 
the original one (e.g. the topological canonical covering of a topological type with 
rational homology sphere link is numerically Gorenstein, the analytic canonical 
covering of a Q-Gorenstein germ is Gorenstein, the universal abelian covering of 
a splice quotient singularity is a complete intersection, the universal covering of a 
quotient is smooth, a ‘right’ covering of a weighted homogeneous germ is a cone). 


Chapter 5: Examples As we already mentioned, in the book several special 
families will continuously support the theory. In this chapter we introduce some 
of them. Again, we focus on the analytic/topological consonances. 


Section 5.1 First, we discuss the weighted homogeneous germs. Such a germ is 
isomorphic with the germ at a normal singular point of an affine variety with a 
good C*-action. Their links admit an S'—action, they are Seifert 3-manifolds. We 
provide their topological and analytical classifications. When the link is a QH S? 
(i.e. bj(Lx) = 0), the analytic classification (in the presence of the C*-action) is 
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not very far from the topological classifications (of Seifert 3-manifolds). Hence, 
one can really hope that the discrete analytic invariants can be read from the Seifert 
invariants. E.g., the output of the Dolgachev—-Pinkham—Demazure construction (as 
an automorphic factor) provides such a topological formula (in the non-equivariant 
case) for the Poincaré series and the geometric genus. Further expressions and 
properties (even at the equivariant level) can be derived using an additional 
construction: the realization of the resolution space x by analytic plumbing via 
special (monoidal) gluings. 


In the case bj(Lx) = 0 we also prove a theorem of Neumann: the universal 
abelian covering is a Brieskorn—Hamm complete intersection. This statement led 
Neumann and Wahl to the invention of splice-quotients. 


Section 5.2 The analytic types of hypersurface superisolated singularities with 
QH S? link reflect faithfully the set of projective rational cuspidal curves C in CP”. 
Their links are special surgery 3-manifolds. 


Via superisolated singularities we transform a global algebro-geometric question 
into the theory of local surface singularities. The question (still open, central in 
the classification of singular projective curves) is the following: Given a set of 
topological types of irreducible local plane curve singularities and d € Zy,o, is 
there a projective rational curve C of degree d with local singularities listed by 
this set? Or, said in a different way: How do the local knot invariants of the 
singular points (C, pi) C (CP, pi) of C obstruct the realizability of a projective 
C? Surprisingly, this question is closely related with one of the main motives of 
the book, namely with the Seiberg—Witten Invariant Conjecture (SWIC), which 
compares the geometric genus of the associated superisolated germ with the 
Seiberg—Witten invariant of the link. For superisolated singularities this leads to 
the ‘Semigroup Distribution Property’, which formulates an obstruction of the 
realizability of C in terms of the semigroups of the local singularities. 

Furthermore, these singularities produce the most important counterexamples for 
the SWIC (and for some other ‘too optimistic conjectures’ as well). 


Sections 5.3 and 5.4 Following Neumann and Wahl, a splice quotient sin- 
gularity is constructed from a (convenient) potential resolution graph I” as an 
#H-quotient of an isolated complete intersection, such that the equations are of semi- 
quasihomogeneous type (though each equation might have different weights). The 
variables correspond to the end vertices, while the equations correspond to the 
nodes. The point is that the constructed germ has a resolution with dual graph 
exactly I” (and the quotient covering is exactly the universal abelian covering of 
the factor). It turns out that the multivariable Poincaré series (associated with the 
divisorial filtration of this resolution) can be read combinatorially from I’. It is 
an equivariant Molien-type rational function Z(t). Similarly, several other basic 
analytic invariants are readable from I’. 
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This motivates to define and consider the rational function Z(t) for any resolution 
graph I’. It turns out that it is one of the main source of topological candidates for 
analytic invariants of ‘nice’ singularities. 

The equations of the universal abelian covering of a splice quotient germ can be 
written elegantly from the associated ‘splice diagram’, introduced as a replacement 
of the graph I”. Since the splice diagrams constitute an important topological tool, 
we will present their theory in an independent subsection. In the case of integral 
homology spheres they are complete invariants, the plumbing graphs and splice dia- 
grams determine each other. In some parts of their presentation we follow the book 
of Eisenbud and Neumann. Later, in the computation of topological invariants of 
integral homology spheres, the splice decomposition (corresponding to the minimal 
JSJ—decomposition) will be the basic inductive tool. (The arithmetical properties of 
the JSJ—decomposition can be much harder followed in the combinatorics of the 
plumbing graph.) 

One cannot associate splice equations to any J”, the graph must satisfy certain 
arithmetical condition. Neumann and Wahl formulated them as the ‘semigroup’ and 
‘congruence’ conditions. In a later version, Okuma replaced them by the equivalent 
‘monomial’ condition. In our discussions we use Okuma’s formalism. 


Section 5.5 In the case of a hypersurface with Newton non-degenerate principal 
part we combine two combinatorial objects. The first one is the Newton diagram 
NT, related with the (equisingularity type of the) equation (providing almost all the 
discrete analytic invariants and also the embedded topological type). The second 
one is the resolution graph J” (equivalent with the abstract topological type of the 
link). Using toric resolution arguments one recovers I” from NI" (we call this Oka’s 
algorithm). On the other hand, in [76] we have proved that if bj(Lx) = 0, then 
NT° can be recovered from I’, hence the link can even provide the equation (up 
to equisingularity). This shows that (at least conceptually) those discrete analytic 
invariants which can read from NTI" can be read topologically from the link as well. 
(But finding the concrete expressions can be a challenge.) 


In the second part we discuss a generalization, the case of (local analytic 
Newton non-degenerate) Weil divisors (X, 0) in toric affine varieties. We provide 
combinatorial criterions which guarantee certain analytic properties of (X, 0), like 
having an isolated singularity, or being normal or Gorenstein or Cartier in (Y, 0). 
We provide combinatorial formulae for the delta invariant (in the curve case) and 
for the geometric genus (in the surface case). 


Chapter 6: Invariants Associated with a Resolution This is a basic foundation 
of invariants of normal surface singularities with a focus on the geometry of line 
bundles on X. These line bundles are classified by Pic(X ). We also consider 
Cl(X, 0), the group of Weil divisors of (X,0) modulo Cartier divisors. One has 
the Chern class morphism c, : Pic(X) — L’ (as part of the exponential exact 
sequence). If b}(Lx) = 0, then this morphism naturally splits: for any /’ € L’ 
there is a well-defined bundle @x¢(l') with c)(@z(l) = I! and such that some 
power of it has the form (in the classical sense) @y(/) for some integral cycle 
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1 € L. In other words, the bundles Gx (I’) are exactly those whose projection to 
Cl(X,0) x Pic(X )/L have finite order (i.e. in Cl(X, 0) they are Q—Cartier). They 
behave compatibly with coverings: the local algebra of a Galois abelian covering 
has an eigenspace decomposition identifiable with sections of certain natural line 
bundles. They constitute the equivariant setup at the level of line bundles (and at the 
level of their cohomology groups). 


The line bundle 2% = O%(Kyz) is analysed with a special interest. We 
discuss numerically Gorenstein, Gorenstein, Q—Gorenstein structures and their 
relationships with (canonical) coverings and natural line bundles. We also focus 
on the topological numerical invariant c; (K ¢)° +|V| (V=vertices of I”), present in 
several index formulae. 

There are several powerful tools, which handle the cohomology of line bundles. 
They include e.g. vanishing theorems and statements targeting base components and 
base points. Besides the ‘standard’ vanishing theorems of the literature (Grauert— 
Riemenschneider vanishing, valid for any germ, or the Lipman vanishing, valid for 
rational ones) we will prove the local version of the Kawamata—Viehweg Vanishing 
Theorem. Moreover, in our surgery/additivity formulae we will need a different type 
of theorem as well. (In applications, it is used when we wish to separate ‘bad’ 
or ‘special’ exceptional curves). In the assumption of this ‘Unbalances Vanishing 
Theorem’ the required positivity is distributed in a special way along the exceptional 
locus. 

The study of divisors of different sections is guided by the ‘analytic monoid’ 
associated with the analytic structure. The non-equivarint analytic monoid -Yan 
consists of the divisors of the analytic function (restricted on the exceptional locus). 
They sit naturally in the non-equivariant topological monoid ./, the (integral) 
Lipman’s cone. For rational (and under some condition, for minimally elliptic) 
singularities they agree, “yn = .”. However, in general, the determination of “jy, 
is very difficult. We spend considerable time with their study and exemplification. 
A possible application is the determination of the multiplicity of (X, 0), or of the 
Hilbert-Samuel function (associated with the filtration of the maximal ideal). In 
fact, Yan is some kind of discrete simplification of the local algebra Gy , hence its 
influence is present everywhere. The equivariant version of the pair Wyn C -Y, 
defined via L’ and via the universal abelian covering, is the pair of monoids 
Fan CF, 

The geometric genus pg = h' (6x), and their equivariant versions (and several 
other cohomology groups), can be analysed via Laufer duality, that is, via global 
differential forms, with possible poles along the exceptional curves. The space of 
such differential forms enriches the theory with several new ideas and techniques. 
E.g. the linear subspace arrangement of forms with prescribed poles is a powerful 
invariant, it even produces an inductive additivity formulae for cohomology groups. 
Integration of forms (i.e. the Abel map of surface singularities) explains the variation 
of divisors, bundles, or existence of sections (with given topological data). 

We believe that the following problems are crucial, and they code essential infor- 
mation regarding the possible analytic structures supported on a fixed topological 
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type: (a) assign combinatorially an integer MAX(J‘) to any resolution graph I’, 
such that pg < MAX(J°) for any analytic type supported by I”, and furthermore, 
for a certain analytic structure one has equality; (b) the same problem asking for 
the optimal minimum pz, > MIN(J°); (c) find all the values between MIN(J") and 
MAX(J"), which can be realized as the geometric genus of some analytic structure. 
Let us assume that bj(Lx) = 0. Then the answer to (b) was found recently: 
MIN(J’) is the ‘arithmetical genus’ and it is realized by the generic analytic 
structure [453]. The answer to MAX(J°) is unknown (here one searches for the 
existence of ‘very special’ analytic structures). Nevertheless, we will introduce 
a ‘candidate’, Path’, which is an upper bound of Pg. Although, in general it is 
not optimal, for certain topological types the equality Path’ = Pg is realized 
for some (well-known) special analytic structures. This happens e.g. for weighted 
homogeneous, rational, maximally elliptic, superisolated, Newton non-degenerate 
analytic types. (I.e., their geometric genus is maximal among the geometric genera 
provided by all analytic types supported on the corresponding topological type, and 
it is given by Path’). 
We prove other pg-estimates too, needed in the proof of Durfee’s Conjecture. 
Beautiful identities appear when we compare resolution invariants with smooth- 
ing invariants. Though in this book we do not plan to discuss the theory of 
smoothings, we still decided to mention briefly some famous connections: certain 
formulae of Laufer, Durfee and Wahl, together with some famous conjectures 
regarding hypersurfaces. Also, in order to help the reader in concrete computations 
along the book, we listed some well-known formula for Milnor number, signature 
and geometric genus, valid for Thom—Sebastiani or suspension type hypersurfaces. 
In the investigation of topological invariants we will need the classification (and 
‘parametrization’ ) of the spin‘ structures of X and Lx. This is done in 6.10. As we 
already have mentioned, if b;}(Lx) = 0 then Spin‘(Lyx) is an H-torsor, hence it fits 
perfectly into the equivariant setup. 


Chapter 7: The Artin-Laufer Program Initially, the ‘Artin—Laufer program’, or 
“‘Mumford—Artin—Laufer’ program, covered the collection of those types of results, 
which aimed to determine analytic invariants from the topology of the link (for 
complex normal surface singularities). The first starting models were the following. 
Mumford in [448] determined the fundamental group of the link and proved that if 
this group is trivial then the germ is analytically smooth. Artin in [27, 28] proved 
that rational singularities can be recognized topologically, and he determined their 
Hilbert-Samuel function from the combinatorics of the resolution graph. Then 
Laufer proved similar statements for minimally elliptic singularities (the simplest 
non-rational germs) [363]. The program was continued by the author in [473] 
for Gorenstein elliptic singularities with rational homology sphere links. This was 
followed by several results e.g. by topological description of the geometric genus (in 
certain cases), and the connection of the geometric genus with the Seiberg—Witten 
invariant of the link. In this spirit several ‘pairs of invariants’ were developed (that 
is, certain analytic invariants together with their ‘topological candidates’); e.g. the 
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analytic and topological Poincaré series, or, analytic and topological linear subspace 
arrangements (several of them will be discussed in this book, see also [486]). 


In particular, the ‘Artin-Laufer program’ step by step outgrew (from the col- 
lection of results about certain concrete invariants, like the geometric genus, or 
Hilbert—Samuel function) to a large collection of methods and constructions, which 
stay at the basis of the establishment of even more general and comprehensive 
projects regarding the analytic-topological comparisons. 

This development can be seen even at the level of some technical tools, e.g. 
via different generalizations of Laufer’s ‘computational sequences’. A substantial 
generalization constitutes one of the basic machineries in lattice cohomology (which 
mimics some kind of combinatorial-homotopy). 

The first part of Chap. 7 develops the theory of rational and elliptic singularities 
(in the spirit of Artin and Laufer). In the rational case we determine h ! (xX , L) for 
any line bundle 2 € Pic(X ), we prove .Y/,, = 7’, we compute the Hilbert-Samuel 
function, and we establish py and multiplicity formulae even for the universal 
abelian covering. For elliptic singularities we target basically the same type of 
results (sometimes under some minor restrictions). Moreover, we analyse with detail 
the Kulikov elliptic and minimally elliptic germs as well. 

For an a arbitrary elliptic germ its geometry is guided by the combinatorics 
of the elliptic sequence (it is like a combinatorial ‘skeleton’). In the numerically 
Gorenstein case we use the elliptic sequence considered by Laufer and Yau, however 
in the non numerically Gorenstein case—besides the sequence of Laufer-Yau— 

we introduce a new elliptic sequence too, which is more compatible with the 
(non-integral) canonical cycle. A typical result what we establish: Path’ equals the 
length of the elliptic sequence, and it is also realized as the geometric genus of a 
special/existing analytic structure (characterized by the fact that its restriction to the 
maximal numerically Gorenstein subgraph should be Gorenstein). 

In the last part of the Chapter we develop the theory of generalized computation 
sequences and their applications. The theory will be substantially exploited in the 
next chapters, when we discuss lattice cohomology. 

The starting objects in the lattice cohomology are the weighted cubes. We tile 
R'”! with q-dimensional cubes (0 < g < |¥|) whose vertices are in L (L C 
L@R = R'!). We fix a weight function on L, which can be e.g. the Riemann— 
Roch expression x,(/) = —(l,1 + k)/2, where k is a characteristic element in L’. 
Then for any n € Z we consider Sx», the union of all cubes whose vertices have 
Xx-weight <n. (Since x, is positive definite, S;,, = 4 forn <« 0.) The topology of 
the collection {S;,,}, contains a very deep information about the compatibility of 
the position of the lattice points with the level-sets of the weight function. Though a 
level set in L ® R bounds a convex—hence contractible—domain, each S;,, might 
have a complicated topology, and surprisingly, it reveals very essential information 
about J” (deeper than what we naively might expect from a ‘simple graph’). For 
example, I” is rational if and only if all the (non-empty) spaces S;,, are contractible. 
For an elliptic graph each connected component of S;,, is contractible. Furthermore, 
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fork = K, Sx.» = % forn < 0, it is contractible for n > 0, and for n = O the 
number of components is exactly the length of the elliptic sequence. 

In the homotopy identifications of S;,, we use deformation retractions guided by 
computation sequences (that is, collection of elements {/; es li € L of type lj41 = 
1; = Eyqy). Then xx-monotonity of type xe (lig) < xe(@i) or Xei4t) = xe) 
produces homotopy at the level of certain cubes. 

It turns out that for some vertices v (depending on the global arithmetical 
properties of J”) retraction in direction Ey, can be done naturally, they are not 
obstructed. E.g., for a rational graph no direction is obstructed (hence one can 
prove that S;., is contractible). In general, we say that Y C VY is a set of ‘bad’ 
vertices if replacing their Euler decorations {e,},.7 with a sufficiently negative 
integers we get a rational graph. (They index those directions Ey, v € VY, which 
are or might be ‘obstructed’.) In particular, if |/| = 5, then each Sj.» has the 
homotopy type of < 5 dimensional cubical complex. E.g., ifs = 1 (in this case I" is 
called ‘almost rational’, AR), one can construct an infinite 1-dimensional simplicial 
complex (path) y such that Sk.n My — Sk,n is a homotopy equivalence for every n 
and k. The elements of y are constructed by a special algorithm (generalization of 
that algorithm of Laufer, which finds the fundamental cycle). They are ‘universal’ 
cycles, some of them can be identified by some universal properties as well (e.g., 
fundamental cycle, canonical cycle, members of the elliptic sequence). The local 
minima and maxima of the weight function along y tell very deep information about 
the topological type, while the long cohomology exact sequences associated with 
sheaf-morphisms of type ¥|i,+£,,,, > -F|j, carry important information about the 
analytic type. 

In this chapter we develop the needed technical machinery (for arbitrary 5). 
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Chapter 8: Multivariable Divisorial Filtration In general, when we wish to 
understand the structure of a ring, it is helpful to filter it by a (decreasing) 
filtration {.4;}; and study each .F;/.;+1, together with the Poincaré series P(t) = 
>); dim(F; /.Fi+41) t'. In commutative algebra it is common to use the filtration 
given by powers of a certain ideal. 


In this chapter, once we fix a resolution X > X with exceptional curve EF, we 
consider the multivariable divisorial filtration {F()}ier of Gx, indexed by L, 
the integral divisors supported on EF. Let us assume that bj(Ly) = 0, hence the 
universal abelian covering (Xq, 0) is well-defined. Then this filtration extends to 
an equivariant filtration {F (l/)}yez of @x,,o, indexed by L’. Then the equivariant 
multivariable Hilbert series H(t) is defined as )°y¢,) dim(@x,,0/F U1 t!’ 
(where (-)j7, denotes the ([/’])-eigenspace, where 9 : H — 4 is a natural 
identification). One also defines the equivariat multivariable Poincaré series, P(t) = 
—HA(t) - T],d - # Both H(t) and P(t) have an H-decomposition, H(t) = 
nen An), PQ) = Yrey Pn(t), such that Ho and Po are the Hilbert and 
Poincaré series associated with the filtration {F(J)};ez of the algebra of invariants 
Ox,0 = (6x,,0)". 
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It turns out that H and P determine each other, and they also determine all 


H°(6x(-l')) a ; 
Hoga U € L', | € Lo) and 


the numerical invariants of type dim 
A(X, 6x (-I')). 

In some cases (e.g. cyclic quotient) P(t) can be computed directly and charac- 
terized topologically from I”. This leads to consider a combinatorial series Z(t) 
(already mentioned), defined for any I”. The identity P(t) = Z(t) holds e.g. for 
rational singularities (proved by Campillo, Delgado and Gusein-Zade), minimally 
elliptic or weighted homogeneous singularities. However, when we fix a topological 
type, P(t) might vary with its analytic type. Hence it is natural to ask: (a) what is 
a possible list of series, whose members are realized as P(t), when we vary the 
analytic types, and (b) what are the principles how the analytic structure makes its 
choice for P(t)? (These are very hard questions, we will not provide answers for 
them.) A simpler question, focusing on the candidate Z(t) merely, is the following: 
for what analytic structures does the identity P(t) = Z(t) hold? It turns out that 
P(t) = Z(t) holds if and only if (X, 0) is splice quotient. In Sect. 8.5 we will spend 
considerable time with the study of the invariant of the splice quotients. In fact, our 
investigation starts with germs, which satisfy the ‘end curve condition’. We prove 
for them P(t) = Z(t), we determine topologically and explicitly .%/,,, we determine 
the base points of the maximal ideal of @y,,, and we compute the multiplicity of 
(X, 0) as well. Then, we prove that such germs are in fact the splice quotients, this 
is formulated by the ‘End Curve Theorem’, firstly proved by Neumann and Wahl. 

Then we return to the general case of singularities (with bj(Lx) = 0). 

The series Z(t) has many manifestations, we will provide five characterizations 
of it. One of them is based on a family of linear subspace arrangements (see 
below), another one on the space of effective Cartier divisors supported on E, yet 
another one is based on the weighted cubes. All the manifestations carry important 
geometrical interpretations and consequences. 

The pair P = Z, P(t) = p(t", Z(t) = 1 3(U)t” is just the starting of a 
list of pairs of analytic-topological invariants. Let us mention another one. For each 
l' € L’ we construct from I" a linear subspace arrangement {T(/')y}yev C TCU) 
such that X:op(P(T (I') \ Up T (I'v) = 3(U'). Moreover, each analytic type supported 
on I” determines in each T(J’) a linear subspace A(/’), hence also a linear subspace 
arrangement {A(I')y}vey C A(l’), defined by A(I')y := ACW’) NT (U')y. It turns out 
that Xrop(P(A(I’) \ U,A(’)y)) = pl’). This gives the possibility to extend P(t) 
and Z(t) in several ways, e.g. the motivic version replaces the topological Euler 
characteristic by the corresponding class in the Grothendieck ring of varieties. 

For any subset % C ¥Y we can reduce the variables (in both P and Z) by 
taking t, = 1 for every v ¢ .¥Y. One obtains the series Py,.7 and Zy_.9 (for any 
h € H) in variables {t,},¢.¢. For example, when -% = {vo}, Po,tv9} (tv) equals the 
Poincaré series of the divisorial filtration associated with E,,,. The case |.47| = | is 
exemplified via weighted homogeneous and superisolated germs (when we recover 
certain ‘classical series’ associated with the specific geometry). In the superisolated 
unicuspidal case the difference Zp v(t) — Po,.7(t) is a symmetric polynomial and 
its vanishing obstructs the realizability of the projective curve C. 
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In 8.7, by a regularization procedure, we associate to a one-variable formal power 
series F(t) = )°j..9 a;t' a new invariant, called the ‘periodic constant pc(F )of F’. 
Suppose that there exists a positive integer p and a polynomial p(t) such that 
y ieieen a; = Bp (n) for every n € Zyo. Then we set pc(F’) := 58, (0). (In certain 
concrete cases, the periodic constant measures the difference between the Hilbert 
function and its Hilbert polynomial.) In the book we will discuss several additivity 
formulae (both analytic and topological), where the correction term is given by a 
periodic constant associated with some series. The first such formula appears in 
Sect. 8.7.A, it is Okuma’s additivity formula valid for the geometric genus. The 
setup is the following. Consider a normal surface singularity (X, 0) and fix one of 
its resolutions @ : X > X with exceptional curve E and graph I”. We fix a vertex 
v € ¥. Let UjeyTj be the connected components of I \ {v}, and let X; be the 
singularities associated with the subgraphs J’;. Then (under some mild assumptions) 
Pg(X, 0) — a Pg(Xj,0j) = pe(Po,{v})- 

Later we will generalize this in both analytic and topological directions by 
considering the periodic constant of multivariable series as well. This periodic 
constant will serve as correction term in generalized additivity formulae. In the 
IY = ¥ case the I; terms disappear, and we get direct (non-relative) formulae. 
E.g., the periodic constant of { P,(t)}, is the equivariant geometric genus, while the 
periodic constant of {Z,(t)}, is the Seiberg—Witten invariant of the link. 


Chapter 9: Topological Invariants—The Seiberg—Witten Invariant In this part 
we assume that the link is a rational homology sphere. The first part introduces three 
topological invariants of the link: the Casson—Walker invariant, the Reidemeister— 
Turaev torsion and the Seiberg—Witten invariant. The Casson invariant assigns an 
integer to a connected oriented integral homology 3-sphere. Its generalization, 
the Casson—Walker invariant, assigns a rational number to an oriented rational 
homology 3-sphere. The original definition is based on a Heegaard splitting and 
on the behaviour of the induced SU2-representation varieties. 

Torsion was introduced in the context of 3-dimensional manifolds by Reide- 
meister in 1935 in order to give a classification of the 3-dimensional lens spaces 
up to combinatorial equivalence and homeomorphism [588]. It was extended to 
arbitrary dimensions by Franz [205]. Later it was studied by many authors (de 
Rham, Whitehead, Milnor, see e.g. [429]). 

Even its original version had many powerful applications (e.g. the simple 
homotopy classification) and subtle connections with other invariants (e.g. with the 
first elementary ideal and the Alexander polynomial of 7; (M), or with the linking 
form on Tors H;(M)). But, recent developments of low dimensional topology 
(certain reinterpretations and generalizations) transformed the torsion into one of 
the most important combinatorial invariants of 3-dimensional manifolds. The most 
important generalizations give rise to the sign-refined torsion and to the torsion 
associated with Euler structures, both developed by Turaev. 

Turaev proved (for b}(M) + 0) that the refined maximal abelian torsion is 
equivalent with the Seiberg—Witten invariant (at least up to a sign), hence it gives a 
possibility to compute combinatorially the Seiberg—Witten invariants. (The proof 
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uses the connection between the Alexander polynomial and the Seiberg—Witten 
invariant, established by Meng and Taubes, where they also use the theory of 
torsion.) 

For those readers working in singularity theory, who might not be familiar with 
these recent developments in low dimensional topology, let us comment a little bit 
more on the Seiberg—Witten invariant from a historical point of view. 

Gauge theory, originated in mathematical physics, had an enormous influence in 
the study of smooth three and four dimensional manifolds. In the 1980s Donaldson 
used anti-self-dual Yang—Mills (‘instanton’) equations to create new invariants 
of 4-manifolds. The theory produced a series of extraordinary consequences and 
applications. In 1994 Witten in [754], based on the (far simpler) ‘monopole’ 
equations, introduced a new set of invariants, which reproduced and considerably 
improved the earlier results for 4-manifolds. 

In dimension three, the first (‘gauge theoretical’) homology theory goes back to 
the work of Floer (late 1980s), who using the anti—self-dual equation on the cylinder 
worked out invariants of integral homology spheres (and later, invariants of integral 
homology S! x S*’s). The Euler characteristic of this mod 8 graded theory was 
identified with the Casson invariant by Taubes. 

After the discovery of the Seiberg—Witten equations and invariants associated 
with 4—manifolds, it was immediately applied for 3-manifolds too (via M x R). 
Since then we witness an intensive search for different (other types of) realizations 
of this invariant, (starting from different topological/geometrical properties of 3- 
manifolds). One of them is the Reidemeister—Turaev torsion. As we already said, 
a result of Meng—Taubes—Turaev identifies this torsion with the Seiberg—Witten 
invariant, whenever H\(M, Q) + 0. In the case Hi (M, Q) = 0 Nicolaescu proved 
that the Seiberg—Witten invariant is the difference of the torsion and the Casson— 
Walker invariant [520]. In the present book this identity will be used as starting 
definition. 

In fact, the Seiberg—Witten theory produces a homology theory (similarly 
as the Floer theory), called the Seiberg—Witten—Floer homology, whose Eluer 
characteristic is the Seiberg—Witten invariant. This initiated an intensive search 
for other homology theories of 3-manifolds with similar properties. The approach 
of Ozsvath and Szab6 (bypassing some of the analytic problems with a novel 
topological set-up) around 2000 led to the Heegaard Floer homology of any closed, 
oriented, connected three-manifold (with the wished Euler characteristic property). 
Soon after, Kronheimer and Mrowka came out in 2004 with another construction, 
leading them to Monopole Floer homology. This theory is based on the Seiberg— 
Witten equations (and on their solution space), and as it has been verified later on, it 
produces an invariant isomorphic to the Heegaard Floer groups. Another approach 
to the Seiberg—Witten version of Floer homology is presented by Marcolli and 
Wang. A symplectic geometric construction was found by Hutchings, which is now 
called Embedded Contact homology, yet another definition of the same groups. The 
‘modified’ Euler characterisic of the ‘lattice cohomology’ of the author, valid for 
negative definite plumbed rational homology spheres, is again the Seiberg—Witten 
invariant, cf. Chap. 11. 


1.4 Prologue of the Chapters 17 


In our presentations we will not follow the original definitions of the Casson— 
Walker, Reidemeister—Turaev and the Seiberg—Witten invariants, but we will adopt 
definitions valid for negative definite plumbed 3-manifolds. These are combinatorial 
expressions in terms of J. [In fact, sto(/) in our sense is sto(— M) in the sense of 
Heegaard Floer +—theory H F*, cf. 11.7.2. Our choice in 9.6.1 is motivated by the 
fact that in this way the Euler characteristic of the topological lattice cohomology 
H*(M) will be stv, (with our sign), and also we will have a sign—correction free 
comparison with the analytic theory, cf. 9.6.] 

Both the torsion and the Seiberg—Witten invariant are indexed by H (or, by 
Spin°(Ly)). Our adopted definitions make it possible to combine them with 
methods from singularity theory and to obtain new powerful statements for these 
invariants (valid for singularity links). In particular, we will establish additivity 
formulae for them (in a similar decomposition context as in the above pg-additivity 
formula). E.g., for the Seiberg—Witten invariant the correction term will be the 
periodic constant of Zy y}(t). Using such additivity formulae we can identify 
different combinations of invariants by induction. 

We wish to emphasize that our additivity (or surgery) formulae are of different 
nature than those from low dimensional topology based on ‘exact triangles’. In those 
cases one compares the invariants of three manifolds, in our case we compare the 
invariants of two manifolds (the one associated with I” and another one associated 
with U;¢,/7;) via a correction term, which is usually a periodic constant. The author 
does not know what the analogue of the periodic constant is (and of the series, which 
generate them) in the general context of 3-manifolds. 

Next, we wish to understand how these invariants are reflected by the analytic 
structure of the singularity. The first such amazing connection is formulated by 
the Casson Invariant Conjecture (CIC) of Neumann and Wahl in the context 
of an isolated complete intersection surface singularity whose link is an integral 
homology sphere. Note that in such a case we have a well-defined (and unique) 
Milnor fiber F, and X;op(F), o (F)(=signature(F’)) and pg(X, 0) determine each 
other (up to the link). (Hence if for one of them one can prove that it is link-invariant, 
then all of them are so.) Then the CIC says that o(F)/8 is the Casson invariant of 
the link. We present its verification for several cases (the conjecture is still open in 
general). 

Since there are several important singularities, whose links are not integral 
homology spheres (but we have a big amount of knowledge about them), it is natural 
to ask for a generalization of the CIC to the case when the link is a rational homology 
sphere. This is the Seiberg—Witten Invariant Conjecture (SWIC), formulated by 
Nicolaescu and the author, which compares the (normalized) Seiberg—Witten 
invariant of the link with the equivariant geometric genera (both indexed by #). 
We verify it for several cases (rational, weighted homogeneous, or more generally 
for splice quotients). But we also show that for certain superisolated singularities it 
fails. 

If P(t) = Z(t) then the SWIC holds. If the choice of an analytic structure for P 
is ‘very different’ than Z, then the SWIC fails. In particular, the failure of the SWIC 
gives hints for behaviours of the different analytic structures. The superisolated 
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case is a ‘lucky’ counterexample, since we can understand (later, in terms of lattice 
cohomology) how these germs make their choice for the geometric genus. (We will 
comment these facts again in the chapter of the lattice cohomology). 


Chapter 10: Ehrhart Theory and the Seiberg—Witten Invariant Let us consider 
again the multivariable series Z(t) = )°), ey al ’ yt! with H—-decomposition Z(t) = 
hen Zn (t), Zn() = wien 3)", associated with the graph I”. 


It turns out that several invariants of the topological type can be related with 
the counting function of the coefficients of Z(t), namely with the function 1’ > 
On) := Lig y 3h (i’). (Here it is worth to mention that at the analytic side, the 
similarly defined counting function of the coefficients of P(t) is exactly the Hilbert 
series H(t). This means that Q), is the topological pair of Hj.) 

Since Zj is supported on .Y’, this sum is indexed by {// € L’ : [/] =h, l’ € 
S', i! # V'}. This consists of those lattice points of L’, which have class h (are 
‘collored’ by h € #), and are contained in a (non-convex) finite polytope. Some of 
the walls/facets of this polytope (those given by /’ # 1’) are ‘moving’ with J’. The 
counting function along this ‘equivariant, rational vector-dilated polytope’ creates 
the bridge with the multivariable equivariant Ehrhart theory. 

The ‘truncation’ } °7,,,, is motivated by concrete formulae imposed by singularity 
theory (topology of the link). E.g., the formula from 9.6.21 relates the counting 
function (defined by this truncation) with the Seiberg—Witten invariant of the link. 
This truncation imposes the inequalities, which determine the dilated polytope. 

In fact, the connection with the Ehrhart theory is presented in a more general 
context. We start with a pair of lattices L C L’ of the same rank, a fixed basis {Ey}, 
of L, and with a multivariable rational function f(t), whose denominator Fi (t) has 
the form [her — t“'), where a; € L’ and all the (rational) E,-coordinates are 
strictly positive. Then the summation set of the counting function of fi (t) (with 
truncation Dig aks 1’ € L’) is again a dilated polytope (with lattice points colored 
by H = L’/L). This counting function is a piecewise quasipolynomial. This means 
that L@R decomposes into several (cone-type) chambers such that in each chamber 
the counting function of f is a quasipolynomial. The chambers are determined 
by a general algorithm from {a;}; and {—Ey}y, as part of the general theory of 
“vector partitions’, developed by Sturmfels, Brion, Vergne and others. The counting 
function of f is determined from the counting function of - as a sum depending on 
the coefficients of the numerator. It is a quasipolynomial in a shifted cone pushed 
deeply inside the chambers of a 

In our application, regarding f(t) = Z(t) we are basically interested in those 
chambers, which intersect the Lipman’s cone .~’. The reason is that from the 
quasipolynomial associated with such a chamber we can determine the Seiberg— 
Witten invariant of the link. The general procedure is the following. If the counting 
function of a series (like f(t), or Z(t)) evaluated ‘deeply’ in a cone (chamber) 
behaves as a quasipolynomial, then we define the ‘multivariable periodic constant 
of the series in that cone’ as the evaluation of this quasipolynomial at zero. In 
the case of a plumbing graph and the series Z(t), and for any chamber which 
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intersects the Lipman’s cone, the multivariable periodic constant is the Seiberg— 
Witten invariant (where the H-decomposition corresponds to the spin‘ structures). 
Note that this procedure, in general, is a hardly computable regularization procedure 
of the summation of the coefficients. 

Using the general theory of Ehrhart and of vector partitions, applied for 
On’) = Lirgy 3h i! ), the chamber decomposition of Z(t) is not ‘optimal’: 
Lipman’s cone is cut in several chambers. Therefore, we reorganize our summa- 
tion/truncation (hence our dilated polytopes as well) in such a way that in the new 
context the new chambers are larger, and in particular the Lipman’s cone will be one 
of the chambers. 

More precisely, we replace Dirgy 3n(l') by Yicy(-D!4 Gn W), where 
gn.g (l') equals Ditty al'|y 3h a ) and the summation runs over those I’ for which 


all the .%—coordinates of /’ — I’ are strictly negative. The new counting functions 
l! +> qn.g(U) are called ‘modified counting functions’. They are indexed by 
subsets 4 C Y and have several additional pleasant properties as well. E.g., 
the associated dilated polytopes are convex, their inclusion properties allow us to 
reduce the variables, and the chambers are larger. This leads to important additivity 
formulae of the corresponding (modified) quasipolynomials and of the topological 
invariants (e.g. of the Seiberg—Witten invariant). In such formulae, one compares 
invariants associated with I’ and with I" \ .%, where -Y is any subset of vertices. 
Again, the correction terms are multivariable periodic constants. Furthermore, this 
technique allows us to reduce the J°-dependence of the invariants to the subset of 
‘bad’ vertices. 

In the above presentation, the Ehrhart theory might appear as a nice reorga- 
nization tool. However, using the symmetry of Z(t), and the duality provided 
by the equivariant Ehrhart—Macdonald-Stanley reciprocity law, we obtain really 
unexpected consequences as well. 

Firstly, we are able to decompose Z(t) in a unique way (according to a 
conveniently chosen decomposition of its support) as Z*(t) + Z~(t), where 
Zt (t) is a finite sum—it is called the ‘polynomial part’ of Z(t), and Z~(t) is a 
rational function with negative degree in all the variables. The main point is that 
Z* (|= 1,v y is exactly the multivariable periodic constant of Z),(t). Hence, in 
this way, we recover the periodic constant as a finite sum of the coefficients of 
Zy (t) instead of the hard (mostly theoretical) regularization procedure. In particular, 
the Seiberg—Witten invariant itself appears as a convenient (precisely determined) 
finite sum of the coefficients of Z,. Therefore, the polynomial part Z* is, in fact, a 
multivariable polynomial extension of the Seiberg—Witten invariant. 

In fact, via reinterpretation of the polytopes used in the Ehrhart part, the Seiberg— 
Witten invariant appears as the alternating sum of number of lattice points in certain 
(well-characterized) polytopes. 


Chapter 11: Lattice Cohomology The chapter has three main parts. They focus on 
the topological, combinatorial and analytic lattice cohomologies. The topological 
and analytic lattice cohomologies are associated with a surface singularity with a 
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QH'S? link (though the analytic one can be extended to arbitrary dimension). The 
combinatorial lattice cohomology is purely combinatorial. 


The common setup is the following. Firstly, we need a free Z-module with a fixed 
basis, Z*. Here, the linear structure is unessential, the really essential object is the 
induced cubical decomposition of Z*’ ®z R, determined by the lattice points Z*° and 
the basis (coding the combinatorial proximity). In fact, in most cases we can replace 
ZS ®z R by arectangle R(l, /2) = {x € Z @zR: kh <x <b}. 

Then, we also need a system of weights of the cubes. In most of the cases they 
are induced by a function wo : Z* — Z, and the weight of a cube His max{wo(/) : 
1 is a vertex of L}. 

The output of the construction is H*(w) = @g>o0H4(w), where each Hi? (w) 
is a graded Z[U]-module. It measures the compatibility of the lattice points (and 
their neighboring properties) with the level sets of wo. In 11.1 we provide two 
constructions. The first one is algebraic, based on the construction of a chain 
complex. The second approach determines a tower of spaces {Sn}nez, --: C 
Sn C Sn4t C +++, such that H4¥(w) = @nez H4(Sp, Z), and the U-operator 
is induced by the cohomological restrictions H4(Sj41) — H4(S,). In fact, 
Sn v= UO: w( J) < n}. Via reduced cohomologies and the decomposition 
A* (Sh, ape = 2 : H* (S”", Z), we get a Z[U]-module direct sum decomposition 
H*(w) = ge ing © Hy, ;(w), where 5 ae is a tower of Z’s in degrees > min wo, 
and H*, ,(w) has a finite Z-rank. We define the Euler characteristic of H*(w) by 
eu(H*) := — min wo + yy (— D4 rankzH?,, (w). 

It is convenient to define eu (H°) := — min wo + rankzH? ed (W) as well. 

In our first topological context the weight function wo is defined as follows. We 
fix a negative definite connected plumbing graph I with M(I”) a QH'S?. The lattice 
ZS is the lattice L (with a natural basis associated with the vertices), and we define 
wo(1) as xn) = —(, 1 +k) /2, where k is a characteristic element of L. Convenient 
choices k; of characteristic elements provide the topological lattice cohomology 
{Hop k-)}x,, indexed by the spin® structures o[k-] € Spin°(M(°)). It turns 
out that it is independent of the choice of the graph I”, it depends only on the 3- 
manifold M(JI°) and its spin® structure o[k;]. Furthermore, its Euler characteristic 
is the (normalized) Seiberg—Witten invariant of M(I°): 


eu (Hy, )(L, kr)) = sofx,)(M(L)) — (kr + |V)/8. 


From singularity point of view, it characterizes e.g. the rational and elliptic graphs. 

The g = 0 case can be improved: instead of ®, H Sn, Z), the information can 
be coded in a sharper way via “graded roots’. (They are graded trees, such that their 
grading endows them with a special shape, as the roots of a plant.) The graded root 
determines H, but it provides deeper information, and a more intuitive picture. 

In fact, we show that the homotopy type of the whole tower of spaces {S,}n is 
independent of the choice of I”, hence it is a much stronger invariant than the lattice 
cohomology. It can be reinterpreted as the ‘lattice homotopy type’ of M(I°). 
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In 11.3 we determine the graded roots of almost rational (AR) graphs. (For AR 
graphs, and the structure of the spaces S; see also this introduction, Chap. 7.) E.g., 
star-shaped graphs and resolution graphs of superisolated germs associated with 
rational unicuspidal curves are AR. (In the second case, the link is a surgery 3- 
manifold S? q(X).) For them we prove the vanishing H2'(r,k) =0.In particular, 
H* is determined from the graded root. On the other hand, the root is explicitly 
computed by a concatenated computation sequence (path), provided by generalized 
Laufer computation sequences. In the star-shaped case, the output fits perfectly with 
the analytic computation of the Poincaré series and geometric genus of weighted 
homogeneous singularities. In the case of surgery 3-manifolds (superisolated case) 
we determine the graded root in terms of the semigroup of the cusp. 

Such results are interesting from purely topological point of view as well. Indeed, 
for AR graphs I” the author in [480] proved that Hy,)(M (I)) equals the Heegaard 
Floer cohomology of M(J”), hence in this way we provide new formulae for these 
cohomologies for such plumbed 3-manifolds. For more information regarding the 
connection with the Heegaard Floer theory see 11.7. 

The topological lattice cohomology plays a role in the analytic study of the germs 
as well. E.g., we verify the SWIC for rational unicuspidal superisolated singularities. 
It turns out that the validity of the SWIC is equivalent with a special property of the 
semigroup of the cusp, we call it ‘Semigroup Distribution Property’ (SDP). This 
was verified in several cases via algebraic geometry/singularity theory in [198], the 
complete proof was given in [68] via Heegaard Floer Knot theory. 

In 11.3.C we suggest a deeper geometric reason, which stands behind the validity 
of the SWIC: We expect the stability of the (canonical) graded roots along K ks is 
constant deformations of Gorenstein surface singularities. 

The most important tool for the computation of the topological lattice cohomol- 
ogy is the (Topological) Reduction Theorem. If Y C ¥ isa set of ‘bad’ vertices (this 
can be e.g. the set of nodes, or even a smaller subset of vertices) then a conveniently 
defined new weight function on Z!”! provides the same lattice cohomology. The new 
weight is determined by universal cycles determined by generalized Laufer type 
algorithms (see Chap. 7). In the AR case (|Y| = 1) we provide complete proofs, 
however for the proof of the general case we refer to [350]. 

Using the Reduction Theorem we determine the lattice cohomology of surgery 3- 
manifolds $> Gi Kj) (d > 0), in particular, of the links of all superisolated germs. 
The main combinatorial input is the set of semigroups of the cusps (algebraic knots 
K;). If the number of cusps is v, then H=” = 0, however, all other groups might 
be non-trivial. We also show that from H* one can recover the number of cusps as 
well. 

Using topological lattice cohomology we can understand better the validity or 
failure of the SWIC for superisolated singularities. It turns out that the general- 
ization (for more cusps and for their semigroups) of the Semigroup Distribution 
Property (valid by Heegaard Floer Knot theory, cf. [68]) is equivalent with 
eu (HP 


top 5 qGiki), K)) = pg. (Here K stays for the canonical characteristic 


element, or for the Chern class of the canonical bundle.) The SWIC requires 
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eu (Hi,p(82 1GhKi), K)) = pg. Hence, the possible failure of the SWIC for 
superisolated germs is provided by the non-vanishing of the higher lattice cohomol- 
ogy groups. (It is worth to mention that if we compare the lattice cohomology with 
the Heegaard Floer cohomology, then in the second one the g-grading of {H?}4>0 
is invisible. This is a very important additional property of the lattice cohomology.) 

Next, for any increasing path y in L we can consider the restriction of the 
weight function to the lattice points and segments of y. In this way we obtain a 


lattice cohomology H°(y) and its Euler characteristic eu (Hp ()) =—min wly+ 
rank ZH yy red Y)- This is the topological path lattice cohomology of y. 


It turns out that min, eu(H),,(7)) = Path! (where Path’ is the invariants 
discussed in Chap.6). We show that for superisolated germs (with an arbitrary 
number of cusps, even if the SWIC fails) the identity pg = min, eu(H,,(v)) 
holds. That is, the analytic type of a superisolated germ, for its pg, ‘choices’ this 
topological numerical invariant from the package of lattice cohomology. For these 
surgery 3—manifolds min, eu(H,,(v)) = eu Cha) holds as well. 

In 11.6.A we discuss germs with Newton non-degenerate principal part using 
topological lattice cohomology. For them we prove that (surprisingly) they simulta- 
neously satisfy both identities pg = min, eu (H1(y)) and Pp = eu(H*(M(I), K)). 
This in particular means that their weight table {x (J)}jex is very peculiar. (This 
property can be compared with a similar property of the combinatorial lattice 
cohomology associated with certain combinatorial weight functions, see below.) 

The next part of Chap.11 (Sect. 11.8) is a preparatory part for the analytic 
lattice cohomology, though it has an independent value as well: we define the 
combinatorial lattice cohomology. We consider a weight function]  wo(l) = 
h(l)+h° (1) —h° (0) for/ in some rectangle R(0, c), where 1(0) = 0, / is increasing, 
h° is decreasing. Our main interest is when they satisfy certain additional properties. 
One of them is the stability property of h. This is a consequence of the matroid rank 
inequality, usually satisfied by the Hilbert function associated with ‘nice’ filtrations. 
The second requirement is that the pair (h, h°) satisfies the Combinatorial Duality 
Property (CDP) (in applications usually implied by some geometric duality). 

The point is that if we consider the lattice cohomology associated with wo having 
these properties then eu(H*(wo)) = eu(H°(y, wo)) for any increasing path y 
connecting 0 with c, and this common values is h°(0) — h°(c). 

The range of applications is rather extensive. E.g., having a (convenient) Newton 
diagram in R® , using the weights of the facets we can define a combinatorial lattice 
cohomology associated with a Newton diagram whose Euler characteristic is the 
number of strict positive lattice points not above the diagram. 

Another case provides the analytic lattice cohomology of surface singularities. 
Since this theory is very new and in rapid development, we decided to present only 
certain limited part of it. In particular, we describe only the module associated with 
the canonical spin‘ structure (this is the non—equivariant case associated with the 
local ring @y ,). See [9] for the general case and [10, 11] for other dimensions. 

In this case, we fix a resolution, and / is the restriction of the Hilbert function 
to R(O,c), where c = Zx. Its pair is hA°(l) = py — h!(@,). One shows that the 
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cohomology He .o(X , 0) is independent of the choice of c and of the resolution, 


it is called the analytic lattice cohomology (associated with the canonical spin‘® 
structure). On the other hand, it might depend essentially on the choice of the 
analytic structure of (X, 0) (on a fixed topological type). This can be seen already 
on the case of elliptic topological types (with different analytic realizations), or 
by analysing the analytic lattice cohomology associated with the generic analytic 
structure. 

Furthermore, the pair (h, h°) satisfies the stability and CDP properties, hence 
eu(H%,, (X, 0)) = Pg, that is, it is a categorification of the geometric genus. 

The module Hin. o(X , 0) admits a graded Z[U ]-linear morphism to the topologi- 
cal lattice cohomology Hy, p(M , K) (associated with the canonical spin‘® structure). 
This map is an isomorphism for weighted homogeneous germs, or for superisolated 
unicuspidal germs (to prove this we need to establish the ‘Analytic Reduction 
Theorem’ too). However, they differ in general (since H*,, (X, 0) mirror the different 
analytic structures). Hence, the comparison of the Seiberg—Witten invariant of 
the link and the geometric genus of the germ is ‘lifted’ to the level of their 
categorifications: to the topological and analytical lattice cohomologies. 

We formulate several open problems and conjectures regarding this cohomology 
pair. Furthermore, we expect that the analytic lattice cohomology will play a crucial 
role in the analytic study of the germs as well: e.g. we conjecture the stability of 
H;,, along pg-constant deformations. 


Chapter 12: Appendix—Complex Analytic Spaces Here we collect some gen- 
eral material, which might help the reader during the reading of the book. 


1.5 What Is New? 


The book gathers in one place considerable material of the literature, the presen- 
tation of some ‘classical’ parts follows the original sources, but some of them are 
reorganized, complemented and supported by new statements and examples. Here 
is a (non complete) list of statements, examples and proofs, which has not been 
published yet: 


¢ Chapter 3: the ‘optimal deficiency presentation of z;(Lyx)’ in 3.7.8 is new, and 
the proof of Mumford’s Theorem 3.7.10 is slightly modified. 

¢ Chapter 4: parts 4.1.39, 4.2.4, 4.2.5, 4.2.7. 

¢ Chapter 5: the construction of the ‘special analytic plumbing’ 5.1.36 is new, as 
well as the fact that it admits a weighted homogeneous analytic structure, as 
stated in 5.1.37. 

¢ Chapter 6: the proof of Tomari-Watanabe’s theorem 6.1.11; the definition 
of the analytic/topological canonical coverings 6.1.19 together with several 
statements in 6.3.B; the local version of the Kawamata—Viehweg Vanishing 
Theorem 6.4.3 together with several consequences, and different versions of the 


‘Unbalances Vanishing Theorem’ 6.4.12; certain properties of .%/,,, formulae 
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from 6.8.18, 6.8.19, examples 6.8.22, 6.8.23, 6.8.24, and lemma 6.8.38 regarding 
Path’. 

¢ Chapter 7: parts of 7.2.40 and 7.2.42 regarding elliptic sequences and Corol- 
lary 7.2.66; the proof of Proposition 7.3.5 (which was rather sketchy in [480]) is 
now complete; in 7.3.A several statements regarding the homotopy type of the 
spaces Sx_y: e.g. 7.3.12, 7.3.14, 7.3.31, 7.3.35, 7.3.37; and the organization of the 
‘bad’ vertices 7.3.21. 

¢ Chapter 8: Proposition 8.6.11, and several generalizations of Okuma’s additivity 
formula in 8.7.A 

¢ Chapter 9: we provide new proofs for certain Casson invariant formulae in 9.1, 
and for the verification in certain cases of the Casson Invariant Conjecture in 9.2. 

¢ Chapter 10: the two technical lemmas from 10.3.B are new, they will be fully 
used in the proof of several statements regarding the modified counting function. 

¢ Chapter 11: Proposition 11.5.21 is new (it shows that from the lattice cohomol- 
ogy one can recover the number of link-components of the surgery 3-manifold). 
The material of the analytic lattice cohomology is a newly born theory. 


1.6 Organization of the Sections 


Although there are many interactions between the sections, in a first reading 
focused on specific parts one can leave out some of them. The next diagram 
shows how different sections are built on each other (considering the most essential 
connections). One might skip even certain parts which contain examples (e.g. 
Chap. 5, 7.1, 7.2 or 11.5). 


NN 


She] a | +—] A J +— |] 


/ 
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1.7. What Is Not Covered 


In the choice of the material of the book we had to be very selective. In particular, 
several very important areas of surface singularity theory are not present, or are 
mentioned only partially. Here is (again, a non-complete) list of such areas. Some 
of them are already covered in very good monograph (we provide some references, 
where the interested reader will find the needed information to start). 


deformation of singularities [141, 233, 240, 664], 

smoothing of singularities, rational homology ball smoothing, the new conjec- 
tures of Wahl on the Milnor and Tjurina numbers and h! (Sx) [397, 667, 730, 
732] 

connection of the weighted homogeneous singularities with the geometry of Lie 
groups [153, 155, 431, 622], 

weighted superisolated (Lé—Yomdin) singularities [26] 

Lipschitz geometry of singularities [510] 

reflexive modules, maximal Cohen—Macaulay modules, McKay correspondence 
[156, 188, 216, 295, 592, 757] 

polar geometry, Nash transform [215, 380, 381, 677, 681, 682] 

the Abel map of normal surface singularities [452, 453, 455, 456] 

exact sequences of lattice cohomology [231, 483] 

curve singularities embedded into surfaces, relative Poincaré series [98, 116, 117, 

481] 

more connection with topology, symplectic fillings, contact geometry, Floer 
teory, Heegaard Floer theory. 


In References we collected a considerable list of titles, which are related with 


the treated material (though not all of them are specifically cited in the body of the 
book). In this way we try to help the reader to find sufficient support for the covered 
topics. 


Chapter 2 ® 
Resolution of Surface Singularities peels 


2.1 Modifications and Resolutions 


We introduce the notions of modification and resolution. For resolutions X of 
a surface singularity we also define the exceptional curve, the lattice L = 
Ab (X , Z) (with its intersection form) and its dual L’, the finite discriminant group 
H = L’/L, and the Lipman’s cone. We prove several of their properties, e.g., the 
negative definiteness of the intersection from. The existence of a resolution, and 
the uniqueness of the minimal one, is also proved. & 


Definition 2.1.1 (Local Modifications, Resolutions) Consider the germ (X, 0) of 
a complex analytic set with singular points (2'(X), 0). 

Let @ : X > X bea proper analytic map, where X is normal and X is a 
sufficiently small representative of (X, 0). We also set EF := go! (2'(X)). 

We say that ¢ is a local partial resolution (or modification) of (X, 0) if x \ E is 
dense in X and ¢ is an isomorphism over the complement of an analytic set A C X, 
which contains 4'(X), but does not contain any of the irreducible components of X. 

Given two modifications ¢j; : ¢ — X; Gi = 1,2) of (X,0), we say that ¢) 
dominates $2 if after replacing both X; by some smaller representative X, there 
exists an analytic map w : X, > X> such that drow = q. 

A modification @ is called resolution if X is a smooth analytic manifold. 

A resolution @ is called strong if the restriction @ : go '(X \ (X)) > X \ 
»/(X) is an isomorphism and go! ((X)) is anormal crossing divisor in A (In the 
literature such a ¢ is also called ‘log—resolution’ .) 

A strong resolution is called good if all the irreducible components of 
og !(5(X)) (with reduced structure) are smooth (that is, if they have no self- 
intersections). 
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A resolution is called minimal if it does not dominate (with yw non-isomorphism) 
any other resolution. One defines similarly the minimal strong or minimal good 
resolutions. 


Definition 2.1.2 (Modifications, Resolutions [55, 225]) Let X be a complex 
analytic set with singular points X'(X). A proper analytic map @ : X > Xisa 
modification (resolution) if for any o € 2'(X) a convenient restriction is a local 
modification (resolution) of the germ (X, 0). 


Example 2.1.3 (See 12.2.6) The normalization n : X — X isa modification. In 
this case n is finite, in particular n=! (o) is a finite set {0;};. If (X, 0) has dimension 
one, then the normalization is a good resolution. If (X, 0) has dimension two, then 
each (x , 0;) is normal, hence irreducible with an isolated singularity. 

By the universal property of the normalization (cf. 12.2.6) any resolution 
dominates the normalization. Hence, any resolution procedure might start with the 
normalization after which one has to resolve normal singular germs. 


Remark 2.1.4 ({225]) Tf @ : X > X isa modification with X normal, then the 
minimal set A C X, with ¢ isomorphism over X \ A, has codimension > 2. 


Example 2.1.5 Several modifications appear as incidence varieties. 


(a) (Blow up of a point, see e.g. [632, II.4.1]) Let (X, 0) Cc (C”, 0) be a germ with 
an isolated singularity ©(X) = {o}, and let P”~! stay for the parameter space of 
lines £ in C” with £5 0. Then @’: B:={(x,£)€C"x P™! : xeQeoC'’, 
o' (x, £) = x, is a modification of C”, which is an isomorphism over C” \ o. It is 
called the blow up of C” at o. Next, consider the subspace {(x, £) € X x P”~ Ms 
x € €, x #0} and let x be its closure in B. X is called the strict transform of 
X along ¢’. The map ¢ : X > X, induced by ¢’, is called the blow up of X at 
o. If (X, 0) is smooth then a! (0) is isomorphic to paimxX-! Ty general, go! (0) 
considered with its reduces structure is the reduced projectivized tangent cone 
of X atoe X. 

(Affine cones) Let C c P”~! be an irreducible smooth projective curve in P”~!, 
and let X Cc C” be the (complex) affine cone over it with vertex o being the 
origin. Though X has an isolated singularity, it is not automatically normal at o. 
The embedding C C P”~! is called projectively normal if (X, 0) is normal. E.g., 
the embedding P! <> P?, [uv : v] +> [u* : u3v : uv, v4] is not projectively 
normal. The normalization of its cone is the cone over the embedding P! <> P+, 
[uv] b> [ut : udu: u202 = uv? : v4). 

Independently on whether (X, 0) is normal or not, if we blow up o € X (as 
in part (a)), we obtain a resolution of (X, 0) with X the total space of the line 
bundle @p,-1 (—1)|c, such that its zero section C is g! (0) (considered with its 
reduced structure). 

(Atiyah flop) Set (X,0) := ({xt = zy},o0) C (C4, 0). Consider the family 
of planes AHfa:g) := {Bx = az, By = at} parametrized by [a : B] € ae 


(b 


wm 


(c 


wm 
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Then the incidence variety X:= {pla : Bp) ¢ XxP!: pe Hia:py} 
together with the projection ¢ : XS X xP! X isa resolution of X with 
¢ !(0) = P!. Hence, ¢—!(0) might have codimension > |. Symmetrically, 
taking Aly g] := {Bx = ay, Bz = at} one obtains another resolution. Both 
of them are minimal, however they are not isomorphic: the first one resolves 
(makes regular) the map X --> Pl, (x, y,Z,¢) + [x : z] =[y: ¢], the second 
one resolves (x, y, Zz, f) +» [x : y] = [z: t]. Both of them are dominated by the 
resolution obtained by blow up o € X with E = P! x P!. 

In particular, this (X,o0) does not admit a unique minimal resolution, 
cf. 2.4.7. 

(d) (Degeneration loci of matrices) For k > n > 2 set X := {M 
Hom(C*, C”) : rank(M) < n — 1}. Then 5(X) = {M € X : rank(M) 
n — 2}. Let P"~! be the space of hyperplanes H in C”, and consider xX: 
{(M,H) € X x P™! : im(M) Cc QA}. Then KX = yk, where y is 
the tautological hyperplane bundle over P’~!, hence X is smooth. Morever, 
X > X is an isomorphism over the complement of »'(X), hence it is a 
resolution. The codimension of ¢~!(X(X)) in X is >k—-—n+2 [395, p. 54]. 
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2.1.6 The Exceptional Set of a Modification [3538] Assume that (X, 0) is a germ 
of a normal surface singularity and fix a modification ¢ : X — X, which is not an 
isomorphism. Then ¢ is an isomorphism over X \ {o}, cf. 2.1.4. 


Lemma 2.1.7 (Zariski’s Main Theorem) (See [781], [258, p. 280] for the alge- 
braic and [225, 228] for the analytic case) 
E= o '(0) is connected, compact and one-dimensional. 


Proof This follows from the connectivity properties of normal points from 12.2.6. 
Indeed, there exists a neighborhood X of o such that X \ o is connected. This means 
that g7! (X)\ E is connected. Since d— '(X) is an arbitrarily small neighbourhood of 
E, E itself should be connected. E is compact since ¢ is proper. E cannot be a point, 
since then @ would be finite, and the identity map of (X, 0) (as the normalization of 
(X, 0)) would dominate @ (cf. 12.2.6), hence @ would be an isomorphism. oO 


Definition 2.1.8 Let (X, 0) be a normal surface singularity and ¢ a modification. 


(a) The analytic (reduced) curve E is called the exceptional set (or curve) of @. 
Usually we write {Ey}*_, for the irreducible components of E and gy = g(Ey) 
denotes the geometric genus of (the normalization of) Ey. 

(b) Assume that ¢ is a resolution. Then the intersection matrix J of ¢ consists 
of the intersection numbers (Ey, E,,)y, in Xx. Furthermore, let f : (X,0) > 
(C, 0) be the germ of a holomorphic function. Then the divisor div(f o #) on 
xX decomposes into dive(f of) + S(f o d), abbreviated as dive(f) + S(/), 
where dive (f) is the part supported on E, while S(f) is the strict transform of 
the divisor of f . (This means that S(f) is supported on the closure of @~!({ f = 
0} \ {o}). The irreducible components of S(f) are non-compact.) 
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Example 2.1.9 Let C, X and X be as in 2.1.5(b). If d is the degree of C c P""!," 
and we take a generic linear function f through o, then dive(f) = E and S(f) 
consists of d smooth components intersecting EF transversally, hence (E, S(f)) = 
d. Therefore E* = —d (since (E, div( f og@)) = 0). 

If C ~ P! and d = 1, then the cone is a plane, hence (X, 0) is smooth. Thus, 
by blowing up o we get a modification with an exceptional curve E ~ P! and 
E? =—-1., 

In general, if C is a curve on a smooth surface X with C ~ P! and C? = -1 
then we say that C is a (—1)-curve on X.1n2.4.4 (1) (Castelnuovo’s Contractibility 
Criterion) we will show that any (— 1)-curve appears as a blow up of a smooth point. 


Remark 2.1.10 Assume that X is a smooth surface and C is an irreducible curve 
on it with (C, C) < 0. Let us denote by g(C) its geometric genus and by 6(C) the 
sum of the delta invariants of its points. Then by the adjunction formula (Kz%, C) + 
(C,C) = —2+ 2g(C) + 26(C) > —2, cf. 12.4.8. Therefore, C is a (—1)-curve if 
and only if (K¢, C) < 0. (Here K¥ denotes a canonical divisor of X. In the above 
formula it can be replaced by K := c1(Q2¥) too, cf. 6.1 and 12.4.7.) 


Remark 2.1.11 


(a) The normality of (X, 0) implies the following fact, see e.g. 12.2.6. Assume that 
f: X — C is holomorphic. Then, by Zariski’s Main Theorem 2.1.7, f le 
is constant. Hence there exists a continuous and bounded map f : X — C, 
holomorphic on X \ {o}, such that fi = f og. Then, by normality of X, f is 
holomorphic. In other words, ¢,(0%) = Gx. 

(b) If (X, 0) is normal, then X \ {o} is smooth. Above, in the definition of the 
resolution, X was an open representative. However, (in topological discussions) 
we can assume additionally that X is contractible to o € X and it is closed 
with a compact and C® boundary (cf. Theorem 3.1.2). In particular, X has the 
homotopy type of E and it also has a C® boundary ax. 


The first proof of the next result is attributed to Du Val [167], see also [27, 358, 
448]. 


Proposition 2.1.12 Let (X, 0) be a normal surface singularity and @ a resolution. 


Then the intersection matrix (Ey, Ey 7 ua! 9 negative definite. 


Proof Take a holomorphic function f : (X,0) — (C,0) and its divisor D := 
dive(f). Since D+ S(f) is principal divisor (or, its class is zero in Ho(X, ax, Z)), 
we have (D + S(f), Ey) = 0 for any v. Since (S(f), Ey) = 0 for all v, and the 
inequality is strict for at least one v (since S(f) intersects E), 


(D, Ey) < 0 forall v, and (D, E,) < 0 for at least one v. (2.1.1) 


Since the multiplicities of the irreducible curves E, in D are the vanishing orders 
of f od, D is effective and its support | D| is the whole E. 
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We wish to prove that if Z = ee ryEy (ry € Q) and Z > O then Z = 0. Write 
Z as Z, — Z2 with both Z; effective and having no common component. Then 0 < 
= Zit Z5-2(Z1, Z2) < Zit rie Hence it is enough to prove the statement for 
each Z,, that is, we can assume that Z is effective. If the support | Z| of Z is smaller 
than E, then we restrict D to |Z|; note that the property (2.1.1) will be preserved. 
Now, the proof is an induction on the number of £,’s in |Z|. Let a € Q>so be the 
largest number with aD < Z. Then Z’ := Z —aD is effective, with smaller support 
than Z. Moreover, Z’? = (Z — aD, Z') > (Z, Z') = (Z, Z — aD) > Z? > 0. By 
induction Z’ = 0 hence Z = aD. Since D? < 0 by (2.1.1), we get a = 0, hence 
Z=0. Oo 


Remark 2.1.13 The converse of Proposition 2.1.12 is also true. By a famous 
theorem of Grauert [223], any connected collection of (compact) curves on a smooth 
surface with negative definite intersection form can analytically be contracted to 
an analytic normal singular point, hence it appears as the exceptional curve of a 
resolution of a certain analytic normal surface singularity. For more see 2.5. 


Remark 2.1.14 A similar property characterizes families of curves f : W > D, 
where W is a smooth surface, D is a (sufficiently small) disc centered at 0 and f is 
a surjective proper holomorphic map. We assume that all the fibers over D \ 0 are 
smooth, connected, of genus g. Let (, )w denote the intersection form on W. 

Assume that the central fiber has irreducible components {Cy}, (they are not 
necessarily smooth) and the divisor of f is the effective cycle div(f) = )0,, mvCv. 
Note that H2(W, Z) is freely generated by the classes of {Cy},. Then the following 
facts hold (the statement is usually called Zariski’s Lemma, see e.g. [41, III.8]): 
(Cy, div(f))w = (Cy, f~'())w = 0 (where t is a generic element of D), hence 
div( f )? = 0. Moreover, the intersection form (, )w is negative semi—definite (that 
is, for any C = ye TyCy, Ty € Q, one has C2 < 0), and if C2 = 0 then 
C =r -div(f) for some r € Q. The proof is a small modification of the proof 
of Proposition 2.1.12. 

We refer to such an f as a holomorphic family of genus g curves. 


2.1.15 The Lattice Associated with a Resolution Let (X, 0) be a complex normal 
surface singularity and let ¢ : X — X bea (not necessarily good) resolution. Here 
we take X sufficiently small and contractible (as in Theorem 3.1.2). 


Set L := H»(X,Z). Since X has the homotopy type of F, L is freely generated 
by the classes of {Fy}, (still denoted by the same symbol £,,), and it carries the 
intersection form J. Define also L’ := H>(X, ax, Z). It is dual to L. If for each v € 
VY one takes a transversal disc D, to Ey (at a generic point of F,), then their classes 
form a basis of L’. The duality map L @ L’ — Z in these bases is (Ey, Dw) = dvw. 
Moreover, the homological map L — L’ in the bases {E,} and {Dy} is exactly the 
matrix 7. Since J is non-degenerate, L — L’ is injective. We write H := L’/L. 
Clearly, |H| = |coker(/)| = | det(/)|. (For a topological interpretation of L’/L 
see Proposition 3.4.2.) 
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We extend the intersection form J of L to L @ Q. By the perfect pairing between 
L and L’, L’ is identified with Hom(L, Z). On the other hand, Hom(L, Z) is also 
identified with those elements /’ of L ® Q for which (/',/) € Z for any 1 € L. In 
the sequel we will think about L’ in this way, as a sublattice of L @ Q, and as an 
overlattice of L, endowed with the (rational) intersection form /. 

Effective classes 1] = )>ryE, € L’ with all ry € Qo are denoted by Loge and 
Lo := L4, L. There is a natural partial ordering in L ® Q associated with the 
bases {Ey} : we say that]; > Ip if 1; — Ip is effective. We write 1) > 1h if) > lh 
and 1; # In. The cycle min{l, /} is the largest / with 1), y > 1. If l/ = )°,, Ey isa 
rational cycle, its support |l'| is Uy:r,40 Ey. Moreover, we set [/’] := >, lr] Ev, 
and {7} := 1’ — {I'J. 


2.1.16 The Pontrjagin Dual of H We denote the Pontrjagin dual Hom(H, S!) of 
H by H. Let 0: H > H be the isomorphism [/’] > el.) of H with A. 


2.1.17 Lipman’s Cones Associated with the Resolution [389] We prefer to 
replace the classes [Dy] € Hy(X, ax, Z), reinterpreted in L’, by their ‘opposites’, 
denoted by E*. That is, E* € L’ Cc L @ Q satisfies (E*, E,) = —1 for v = u, and 
0 otherwise. 


In particular, the vectors E*, written in the base {E,},, are exactly the columns 
of the matrix —J~!, and (77!),, = (E*, E*). Let 


%o:={l'eL@Q: W,E,) < Oforallu e VY} 


be the anti-nef rational cone, YW := %g MN L' and Y := SQN L. / is generated 
over Z>o by the elements E}. 
The definition of the cone .” is motivated by the following fact, cf. (2.1.1): 


Lemma 2.1.18 Let f : (X,0) > (C, 0) be a holomorphic function, and $ a good 
resolution of (X, 0). Then dive(f) € SH \ {0}. 


The divisor dive (f) = ae: my,E, obviously satisfies my > 0 for all v. This is a 
general fact of all the elements of .%g by the next corollary. In particular, g is in 
the first quadrant. (This motivates the sign modification in the definition of E*.) 


Corollary 2.1.19 


(a) Ifl =o, rvEv € % \ {0} thenr, > Oforallv € ¥. 
In particular, all the entries of E> are strictly positive. 
(b) For any fixed’ € L' the set {l! € A’, ' #1} is finite. 


Proof Write 1 = 1, — 2 with both /; and /> effective, such that |/;| and |/2| have 
no common E,-components. Write /2 = Ey ryEy with ry > 0. Fix Ey C |b|. 
Since (lj — lo, Ey) < 0 and (i, E,) = 0 one gets (/2, Ey) > 0. Hence (/2, lo) = 
(lo, bee ryE,) => 0. Since I is negative definite, /, = 0. Hence / > 0. Since E is 
connected, the support of / should be E, otherwise there would exists a neighboring 
v of |Z| with (2, Ey) > 0. oO 
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Since {1 € L@zR _: (, Ey) < 0 for all v} is a rational cone, by Gordan’s Lemma 
[88, 2.4.2.9] one has: 


Corollary 2.1.20 .7 and Y are finitely generated (affine, normal) monoids. 
The next statement guarantees the existence of a resolution. 


Theorem 2.1.21 Let (X, 0) be anormal surface singularity germ. Then the follow- 
ing facts hold. 


1. A good resolution exists. 

2. There is a unique minimal resolution and a_ unique minimal good (or strong) 
resolution. 

3. A resolution is minimal if and only if none of the curves Ey is a (—1)-curve. 

4. A good resolution is minimal good if and only if none of the curves Ey is a (—1)- 
curve with (E — Ey, Ey) < 2 (that is, any (—1)-curve must intersect at least 
three other components). 


For comments, references and the proof see Sect. 2.4. 


2.1.22 Embedded Resolutions Fix (X,0) and a local Weil divisor (D,0) C 
(X, 0). 


We say that a strong resolution ¢ : X — X is an embedded resolution of the pair 
gs D), if the reduced inverse image @~ '(D) of D is a normal crossing payee in 

X. The embedded resolution is good if all the irreducible components of @~!(D) 
(with reduced structure) are smooth. 

If (X,0) ~ (C?,0) is a smooth germ, that is, (D,o) C (X,0) is a plane 
curve singularity, then a classical result guarantees the existence of an embedded 
resolution. It can be obtained by iterated blow ups of (infinitely near) smooth points, 
which are not normal crossing points of (the inverse images of) D. See e.g. [258, 
p. 391] or [85, 745]. Therefore, if (X, 0) is a two-dimensional germ, then one might 
resolve first X via some ¢ : ae _X (using Theorem 2.1.21), then one proceeds 
with an embedded resolution of (X, d- ‘(D)) (with x smooth) by resolving the 
plane curve singularities of (the reduced) ¢— '(D). Hence, Theorem 2.1.21 proves 
the existence of embedded resolution of (X, D) too, provided that dim(X) = 2. 

In fact, the pair (X, D) admits even a minimal good embedded resolution, whose 
existence follows similarly as the existence of the minimal good resolution of 
X, cf. Theorem 2.1.21 parts 2 and 4. In this case, @ is minimal good embedded 
resolution if and only if there is no smooth irreducible exceptional curve FE, with 
g(Ey) = 0, EX = —1 and (@"!(D) — Ey, Ey) < 2, where ¢~!(D) is the reduced 
set-theoretical inverse image. 
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2.2. The Embedded Resolution Graph 


In this section we define the resolution and the embedded resolution graphs, 
and we list some of their properties. Arithmetical properties of strings will be 
discussed via continued fractions and Dedekind sums. & 


2.2.1 Let (X, 0) be a normal surface singularity and f : (X,0) — (C, 0) be the 
germ of an analytic function. We write (V(f), 0) for (f~!(0), 0) (with reduced 
structure). Let @ : XK > Xbea good embedded resolution of the pair (X, V(f)). 
Denote by E the exceptional curve of @ with irreducible decomposition {Ey} yey, 
and let Ugew Sq be the irreducible components of the reduced strict transform S(f). 


2.2.2 The Dual Embedded Resolution Graph I'(X, f) Associated with the 
Resolution ¢ [178, 277, 358, 390] We construct a graph '(X, f) as follows. Its 
vertices W = ¥ u & consist of non-arrowhead vertices VY corresponding to the 
irreducible exceptional components, and arrowhead vertices . corresponding to 
the irreducible components of the support of the strict transform. If two irreducible 
divisors corresponding to w,, w2 € W have k intersection points then we connect 
w, and w2 by k edges in "(X, f). 


The graph "(X, f) is decorated as follows. Any vertex v € ¥ is decorated with 
the self-intersection e, := E? and genus gy of E, (denoted as [g,]). Furthermore, 
the third decoration is the multiplicity my of f (denoted as (my)), defined for 
any w € W as the vanishing order of f o @ along the irreducible component 
corresponding to w. (For example, if f defines an isolated singularity, then mg = 1 
for any a € &.) 

In general we assume that Y + @ except one case, when (X, 0) = (C*, 0) and 
f in some local coordinates is x“y?, hence it defines a normal crossing. In this 
“‘unblow up’ satiation "(X, f) is the ‘double arrow’ (a) <—> (b). 

I'(X, f) is called the (dual) embedded resolution graph of the pair (X, f) 
associated with @. If (X, 0) is clear from the context then we denote it by Ir. 

If g, = 0 then usually we omit the decoration [g,]. Note also that e, is also the 
Euler number of the normal bundle of the embedding E, C x 

For any v € V denote by Y, the set of vertices w € YW, which are connected by 
an edge with v. 


2.2.3. The Resolution Graph I’y of (X, 0) If we start with a space germ (X, 0), 
without any function on it, then any good resolution @ provides in a similar way the 
dual resolution graph Ty of (X, 0) associated with @. In this case & = #, and any 
v € ¥ has two decorations: e, and [g,]. From any embedded resolution graph I"y 
one obtains the graph I’y by deleting the arrowheads (and their connecting edges) 
and multiplicities. 


The valency (number of adjacent edges) of a vertex v is denoted by ky. 
Note that the intersection matrix J can be read from the decorated graph. 
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Definition 2.2.4 If I is a graph with negative definite intersection matrix /, then 
the determinant of I” is defined as det(J”) := det(—/). Furthermore, by convention, 
the determinant of the empty graph is det(Z) = 1. 


2.2.5 First Properties of the Resolution Graphs 


1. The graphs Ir and I’y are connected graphs by Lemma 2.1.7. 

2. The resolution is not unique, e.g. one can blow up a point of the exceptional 
divisor of a resolution. Accordingly, the graphs I"y and I’y depend on the choice 
of @. Theorems 2.1.21 and 2.4.4 imply that the dual graphs associated with 
different resolutions are connected by a sequence of blow ups and blow downs 
of (—1)-curves. The next diagram shows the corresponding modification of the 
graph via blow up of a smooth point on E, or of the intersection point Ey N Ey. 
The decoration modifications are based on the fact that if we blow up a smooth 
point of a curve C, then the self-intersection of its strict transform is one less than 
the self-intersection of C (see also 12.4.9). These operations in the language of 
the graph are called blow up the vertex v or the edge (v, u). 


: ev Mey — 1 —l 
; [gu] — [gy] 


(my) (my) (my) 
: ev Cu : Ney — 1 —1 ey — 1 
== : ° 
[gv] [gu] [gu] [gu] 
(my) (my) (my) (my +my) (my) 
3. Let J := Chu = (Ev, Eu))v.uey be the intersection matrix associated with 


@. Since div(f 0 6) = Vycy myEy + Vaeg MaSa is a principal divisor, its 
intersection with any E,, is zero. This reads as 


Yo mvlu+ Y> ma =0 foranyue Y. (2.2.1) 
vEeV aca OW, 


Since J is non-degenerate, cf. Proposition 2.1.12, the multiplicities {my} yey can 
be recovered from / and the multiplicities {m g}gc.v. Furthermore, since m, > 0 
for any v € Y, the set of multiplicities (and the shape of I”) determine the 
Euler numbers {e,},<y too. This has a rather important technical advantage: a 
multiplicity can always be determined by a local computation (in contrast with 
the Euler number, which is a global characteristic class, and usually it is harder 
to identify). 

4. By Corollary 2.1.19 all the entries of the inverse matrix J~! are strictly negative. 
This also implies that if a (rational) divisor D = er MyEy + ee, MgSa 
(with o& 4 %) has the property that (D, E,,) = 0 for allu € Y, and mg > 0 for 
all a € &, then automatically m, > 0 for all v € V too. 
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5. Assume that Ty is a tree. Then for any pair v,u € Y, the entry (=7 Ys, 
multiplied by det(/’y) equals the determinant of the subgraph I,,,, which is 
obtained from I’y by deleting the ‘shortest path’ in I’y connecting the vertices 
v and u and all the adjacent edges. (For a proof use the O-entries in J; for the 
det(I’y) = 1 case see [178].) 

6. ([77]) Assume that I” is a tree, and it has a decomposition as follows: 


u 


The subgraphs G’, G and G” can be empty. If G is empty then v and u 
is connected by a single edge. The vertices v and wu are not allowed to be the 
same. G U G’ U v and G UG” Uu contain the edges adjacent to v and u too, 
respectively. G,, is obtained from G by deleting the minimal path (and adjacent 
edges) connecting u and v. Then one has: 


det(I'y) - det(G) = det(G U G’ Uv) - det(G UG” Un) 
(299) 
— det(G’) - det(G”) - det(Gyy)*. 


Definition 2.2.6 A vertex of a graph with positive genus decoration, or adjacent to 
at least three edges, is called a node. A ‘linear’ (sub)graph of type 


—b, —b2 —bs 
e e sae 


(with all genus-decorations zero) is called a string. 
Strings can be characterized by continued fractions, see Sect. 2.2.A. 


2.2.7 Examples In the body of the book several resolution algorithms will be 
presented for special families of surface singularities together with their graphs. 
See 


e Examples 3.3.10 and 5.3.20 for the embedded resolution graph of irreducible 
plane curve singularities; 

¢ Sect. 2.3 for Hirzebruch—Jung (cyclic quotient) surface singularities; 

¢ Theorem 4.1.17 and Example 5.3.21 for suspension hypersurface singularities 
{f@, y) +2" = 0}, 

e Section 5.1 for weighted homogeneous singularities; 

e Example 5.1.17 for Brieskorn—Hamm complete intersections; 

e Section 5.2 for superisolated (hypersurface) singularities; 

e 5.5.23 for hypersurfaces with non-degenerate Newton principal part and for Weil 
divisors with non-degenerate Newton principal part in 3-dimensional affine toric 
singularities. 

¢ Graphs of rational and elliptic singularities are characterized in 7.1 and 7.2. 

¢ Graphs of cusps (that is, cyclic graphs, cf. 7.2.19) are analysed in 3.5.B. 
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2.2.4 Continued Fraction and Dedekind Sums 


Certain arithmetical properties of string graphs will be present over and over in the 
computation of graph invariants. Here we start the list with the relevant connection 
with continued fractions. 


Definition 2.2.8 To any two relative prime positive numbers n and q we associate 
the following (Hirzebruch, or negative) continued fraction: 


=i banciebell := by — —————_.,_ 9, © 1, by, ..., bs = 2. 
q 


(2.2.3) 


The entries (b1,..., bs) characterize a string graph with decorations —bj,..., —bs. 

Associated with the continued fraction, it is helpful to consider its ‘partial’ 
fractions as well. For 1 <i < j < 5 set njj/qij = [[bi,..., djl], with njj > 0 
and gcd(nj;j, qij) = 1. We also set nji-1 := 1, nj; = O for j < i — 1. Since 
nij/qij = bi —Gi+1,j/Ni+1,;, one gets that qjj = nigi,j and nj = Dinj+1,j; —Ni42,; 
fori < j. This has its ‘symmetric’ version too, namely nj; = bjnj,j;-1 — ni, ;—-2 for 
i < j. Furthermore, 


N+ Ni+1,j—-1 = Nits M1, j-1—Njtis M1 i-1 (i < f). (2.2.4) 


Note that nj; =n andn2,; = q. Symmetrically, n1,;-1 = q’, where q’ is the unique 
integer 0 < g’ <n with qq’ = 1 (mod n). Indeed, by (2.2.4) (fori = 1 and j = s) 


qq’ —\=nt, where t := n2,5_1. (2.2.5) 


For several arithmetical properties of continued fractions see e.g. [578]. 


2.2.9 Continued fractions are tightly related with Dedekind sums as well. For any 
pair n and q besides the continued fraction (2.2.3) and the string Definition 2.2.6 
one also defines the Dedekind sum 


n—-1 ] 


a.m =¥ (5 (7). 
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where ((x )) is the Dedekind symbol: 


{x}-1/2 ifxeR\Z 


wy =| 0 if x €Z. 


Here {-} is the ‘fractional part’. Note that pe, (4) =0. 


n 


The Dedekind sum s(q, 7) satisfies the Dedekind reciprocity law [244, 583] 


W+g?+l 1 


s(q, s(n, g) = —————__ -_ -.. 2.2.6 
(q,n) + s(n, q) Tone Z (2.2.6) 
Note thatn = qb, — 135, hence s(n,q) = S(—n3,5,q) = —S(N3,5,"2,5), 
and s(n35,2,5) iS associated with [[b2,...,bs]] as s(qg,n) is associated with 


[[b1,..., bs]]. This fact, induction and (2.2.6) give the following identity, which 
connects the entries of the continued fraction with the corresponding Dedekind sum: 


12 -s(q,n) = on +)°@-3). (2.2.7) 
i=l 


The Dedekind symbol and Dedekind sum have the following trigonometric expres- 
sion, cf. [244]. 


EN=ISE 

s(q,n) 1+é Le 1 3 1 get 
an 1-£ 1-#@ a dohace + an 
4n eraiwe | é 1-é DS pe (1 —é)(1 —€4) dn 


Dedekind sums have several generalizations. The first one is a slight modification 
[244, 582, 774]: for integers a, b, c (a # 0) one writes 


a-1 


src= 5(2)(), a2 


Since s(b,c; a) = (a,b,c) - s(b/(a, b), c/(a, b,c); a/(a, b)) we can assume that 
(a, b) = 1, and in this case for b’b = 1 (mod a) one has s(b, c; a) = s(b’c, a). One 
also has the generalized reciprocity law (whenever (a, b, c) = 1): 


a*(b, c)? + b*(a, c)* +. c7(b, a)” 


1 
b,c; ,a;b = =F 
s(b, c; a) + S(c, a; b) + s(a, b; c) 4 + 12abe 
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Another generalized Dedekind sum (cf. [583]) what we will need is the following 


4 ys (Ly (ats 
sant ond (Qe). ea 


where again n and q are relative prime, and a € Z. By acomputation, for any a € Z, 


a 


a 1 vaq’ iq’ 
,n, —,0) —s(g,n) = -;( ) + ( ) . 2.2.10 
s(q,n; —, 0) — s(q,n) a7 » = ) ( ) 
A parallel computation shows 


: 5“ I piel 
t Fe, T= a, TTC 


Hence (see also [51]) 


s(q,n: —,0) = 
n 


1 g-4 =i). 1 aq’! 
mo ie “3 aos. 


(2.2.11) 


2.3 Example: Hirzebruch—Jung Singularities 


We discuss five equivalent characterizations of Hirzebruch—Jung (cyclic quotient) 
singularities with several additional complements. & 


Theorem 2.3.1 ((41, 269, 358, 590, 591]) For a normal surface singularity, the 
following conditions are equivalent. If (X, 0) satisfies any of them, then it is called 
Hirzebruch—Jung or cyclic quotient singularity. 


(a) (X, 0) is isomorphic with one of the ‘model spaces’ {Xn,q}n,q, where Xn.q is 
the normalization of ({xy"~4 = z"}, 0), where0 <q <n, (n,q) = 1. 

(b) There is an analytic covering p : (X,0) > (C?,0) such that the reduced 
branch locus of p is {uv = 0} in some local coordinates (u, v) of (C*, 0). 

(c) The resolution graph I’y is a string (with gy = 0 foranyv € V). 

(d) (X,0) is the quotient singularity (C?,0)/Zn of the cyclic group Zn = {& € 
C : &" = 1} ofordern, where the action is & * (Z1, 22) = (€z1, €42z2) for some 
0 <q <nwith (q,n)=1. 

(e) (X, 0) is the germ ato of Spec C[aYNZ?], where oY is the real cone generated 
in R2 by the vectors (1, 0) and (q, n). 
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Proof (a = b) follows from the composition (Xp,q,0) > ({xy"~4 = 2}, 0) > 
(C?, 0), where the second map is induced by (x, y,z) (u,v) = (x, y) with 
branch locus A = {uv = 0}. If in TJ = 21(C? \ A) = Z* the base elements (1, 0) 
and (0, 1) are represented by the class of the oriented elementary loops around the u 
and v axes, and € := exp(2zi/n), then the monodromy representation p : IT > Zp 
of the covering is (1,0) + & and (0, 1) & &~4. Hence ker p = Z((n, 0), (g, 1)) C 
TT. 

Now, consider an arbitrary covering p as in (b). We show that p has a 
factorization p2 o pi : (X,0) — (C*,0) — (C?,0), where p; is isomorphic 
to (Xn,q,0) > (C?, 0) considered in the previous paragraph and po is of type 
(u,v) (u™, vl"), 

For this, set K := 2 (X \ p~!(A)) C 17. Any subgroup K of rank two in Z” has 
a decomposition into the form 


= Z((nm 1,0), (qm, m2)) C Zm, © Zm2 C IT (2.3.1) 


for some m1, ™m2,n,q positive integers, gq < n and (n,q) = 1. These inclusions 
corresponds to p2 o p;: both p; and p2 can be identified by Stein’s Theorem, 
cf. 12.3.3, once we identify their branch locus and the corresponding monodromy 
representations of the regular coverings. This shows (b => a). 

In order to prove (a = c), we construct the resolution of Xy,,. Set n/q = 
([b1,..., bs]] with b; > 2. We will show that DXi is the string with s vertices and 
self-intersection numbers —bj,..., —bs. Indeed, consider s + 1 copies Up, ..., Us 
of C? with affine coordinates (ui, BY, For each | <i < s we glue Uj_ 1\{ui- 1 = 0} 
with U; \ {uj = 0} by uj, = u;_ 7 and uj = uri ,vi-1. We call this space Xx. 


uo v2 Us KU 
vo E3 a Es 
u 
v1 


Consider the integers njj (1 < i, j < s) as in Definition 2.2.8. Using their 
inductive properties from Definition 2.2.8, one shows by induction on i that 
Ni+1,5 + (nm — g)ny,i-1 is divisible by n, hence equals nm; for some positive integer 
Mj. 

Then we define three functions f, g and h on X via their restrictions on the open 
sets Uj by: 


utyl = — ,Mitls, Nit2s _ bs 0 
f= ugg = =U; U; — _ U,* {Us—1 = UsUs, 
0 by Mil Me _ 7 Als-lon 
8 =Unvo = WV) = SHU, Se SHU US, (2.3.2) 
bi-1 i. 
h = ugvo = uv)! = Sa, a, BD oy as 


Then fg”"4 = h", hence (f, g,/) defines a map x= {xy"~% = z”}, which 
(since X is smooth) factorizes through X — X,,4. Analyzing the maps on the 
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affine charts U; one shows that it is the minimal resolution with exceptional curve 
ae] E;, where E; := {vj-1 = 0} U {u; = 0}. The strict transform of f and g are 
S := {uo = 0} and S’ := {vs = 0} respectively. Hence the dual graph of all three 
functions f, g, A is the following: 

—b, —b —bs 


S ~< e e sie ® a AM 


where the multiplicities of f, g, h aren, 0, 1 along S, and 0, n,n—q along S’, while 
Ni+1,s,11,i-1, mj; along each E; respectively. 

(c => a). Assume that the resolution graph of (X,0) associated with the 
resolution @ is a string with decorations —b,,..., —bs. In the proof we will use 
the following fact: there exists a small neighborhood Xx of the exceptional curve 
E such that Pic? (X ) = 0. This will be proved for more general (namely, rational) 
graphs in 7.1.10 and 7.1.14. Once we accept this fact, the proof runs as follows. 
Insert two transversal (non-compact) curves S and S" in order to get the dual graph 
as in the above picture. Consider the three divisors F = nS + Ee ni+1,5 Ei, 
G = nS’ + Yo}_, mi-1E; and H = S + (n — q)S’ + Y;_, miEj, where the 
coefficients n;; and mj; are the same as in the proof (a > c). By their construction, 
any of them intersected by any £; gives zero. Hence the line bundles associated 
with these divisors are topologically trivial. But since Pic? (X ) = 0, they are even 
analytically trivial. This means that these divisors are linearly equivalent to zero. 
Being positive divisors, they are divisors of holomorphic functions, say f, g,h. 
Moreover, the divisor of i := fg”~%/h”" is trivial, hence i is an invertible function. 
Hence, if we replace f by f/i, they define a holomorphic map X — {xy"-4 = z"}, 
which factorizes through yp : em ae ¢ n,q (where n and q are as in the proof of 
(a => c)). 

Since the £;-coefficients of f,g,h are positive, w contracts E. Hence y 
factorizes through a continuous map a : X — Xy,q, which is holomorphic since X 
is normal. 

We wish to show that the degree of a is one. Indeed, take the projection c : 
Xnq > C induced by the coordinates (x, y) (cf. the proof (a > b)), andr = 
(f,g) : X — C*. Thenr = co w. Clearly, c has degree n. But this is true for 
the restriction r’ of r to X \ E too. Indeed, in some local coordinates (ug, v9) of 
the intersection point $M FE; one has S = {up = O}, FE; = {vo = O}, f = TAS 
and g = vg. Hence S is sent to the divisor V(x) = {x = 0} of C? isomorphically. 
Therefore, degr’-V (x) = ryr*V (x) =rx(F) = rx(nS) = nV (x). Hence both c and 
r’ have the same degree n and yw : x \ E — Xn.q \ 01s biholomorphic. Therefore, 
a : X\\o > Xpn.q \ 0 is an isomorphism too, which extends to an isomorphism over 
the singular points because the spaces are normal. 

(a & d). Write Z, = G. Consider the invariant monomials x := z5, y := z} 
and z := a, ee Note that xy”"? = z”. The inclusions of algebras C[x, y, z] C 
Clz1, 221% C Cz, 22] (and the fact that C?/G is normal, cf. 12.3.5), provide maps 


cs C?/G aa Xn,q. Note that both maps q and p o q have degree n, hence p 
has degree one. Since C*/G and X. n,g are normal, p is an isomorphism. 
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(a < e). The proof uses some notions of affine toric varieties, for terminology 
see e.g. [208, 522]; for this equivalence especially [208, 2.2] and [522, 1.6]. For a 
short introduction see also 5.5.B here. 

Consider the terminology of the proof (a < c). We consider Up = 
Spec C[vo, uo]. Equation (2.3.2) shows that the functions f, g,/ in this chart is 
given by f = Uae g = vo andh = vouo. Let G be the semigroup in Z? 
generated by the corresponding exponents, namely by (qg,7), (1,0), (1, 1). Then 
SpecC[G] = {xy"~4 = z"} and (f, g,h) induces a map Xn,q — SpecC[G], 
which is isomorphism on a dense open set. The normalization G of the semigroup 
S consists of all the lattice points oY N Z* of the cone oY. Indeed, nl € G for any 
1 € oY OZ. Hence the normalization of Spec C[G] is Spec C[G] providing the 
isomorphism X;,,q¢ — Spec C[G]. Oo 


2.3.2, Addendum to Part (b) of Theorem 2.3.1 Usually, Hirzebruch—Jung sin- 
gularities appear via characterization (b). From the proof (b = a) we also read 
the following facts. If a normal singularity (X,o0) admits an analytic covering 
p: (X,0) > (C?, 0) whose reduced branch locus is smooth then (X, 0) is 
smooth. If the branch locus is the union of the two axes, usually we have the 
“‘uncanonical’ situation, and the proof shows a way how one can rewrite it in a 
canonical form. Here we will emphasize a situation which appears in the case of 
cyclic coverings 4.1.C or in the Jung construction 2.4.2. Assume that (X, 0) is the 
normalization of ({x@y? = z°}, 0) c (C3, 0), where a, b, c are positive integers, and 
p is the projection to the (x, y)-plane. Then (X, 0) is locally irreducible if and only 
if gcd(a, b,c) = 1. In this case, the embedded minimal resolution graph of (X, 0) 
and of the function z : (X, 0) > (C, 0) induced by the z-coordinate projection can 
be obtained as follows. (Below we write (a, c) for gcd(a, c).) 


First, consider the unique 0 < X < c/(a,c) and m, € N with: 


a Cc 
b+xX-—~ =m, -——. 2.3.3 
Go Go vee) 
If A + 0, consider the continued fraction: cia.c) = [[b,...,bs]], with 
bi,...,b; > 2. Then the embedded resolution graph of z is the next string: 
—b, —b2 —bs 
b 
Va ae ~< e © ao e a (Gc) 
(m1) (m2) (ms) 
The first non-arrowhead vertex has multiplicity m, given by (2.3.3); all the others 
m2,...,ms can be computed by (2.2.1). Moreover, X = Xn,q, where n = 


c/(a, c)(b, c) and g = 4/(b, c) (see also [41, pages 83-84]). 

If A = 0, then (X, 0) is smooth, and the embedded resolution graph of z becomes 
a double arrow (without non-arrowhead vertices) with the same decorations as 
above. 
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2.3.3. Addendum to Part (d) of Theorem 2.3.1 


(i) In parallel to 2.3.2 there is a similar extension of part (d), too. Consider a 
linear action of an arbitrary cyclic group Z, on C?. This, in some coordinates, 
can be written as € * (z1, Z2) = (€°z1, &~%z9), for some positive integers a, b. 
If d =gcd(a, b,c) > 1, then the action factorizes to an action of Z-/q, hence 
we can assume that d = 1. Take the invariants x = Len y= 25 and z = ree 
then these, as maps, define an isomorphism C?/Z, > {x@y? = z°}. Hence X 
is the Hirzebruch—Jung singularity described in Addendum 2.3.2. 

(ii) Next, consider a linear action of a finite abelian group G on C?. We claim that 
C*/G is again a cyclic quotient. Indeed, we can assume that G acts diagonally, 
hence G C Z,y x Z, (for some n). If pry : Zy x Z_y — Zp denotes the first 
projection then the nonzero elements of ker ( pila: Go Zn) are pseudo 
reflections. Since by 12.3.7 G is small, pri|G is a monomorphism. Hence G C 
Zn and it is cyclic. 

(iii) In particular, using the linearization result 12.3.6, we obtain that if a finite 
abelian group acts on the regular germ (C’, 0), then (C/G, 0) is a cyclic 
quotient. 


2.3.4 Addendum to Parts (a) and (c) of Theorem 2.3.1 Note that the graph of 
part (c) is a string with decoration —b,,..., —bs. Since this graph ‘is the same’ as 
its left-right mirror image, the string with decoration —b,,..., —b, should provide 
the same singularity. This symmetry at the level of continued fractions corresponds 
to 


n/q = [[b1,.--, sl] n/q' = U[bs,.--, bil], (2.3.4) 


where 0 < gq’ < n, gq’ = 1 modulo n (for the proof use (2.2.5)). Since this is the 
only ambiguity at the level of graphs, we obtain: 


Xn,qg and Xm,» are isomorphic if and only ifm =n and p € {q, q'}. (2.3.5) 


This isomorphism can be seen at the level of the Z,, action as well: if we choose the 
primitive root 7 = &% instead of &, then (7, 4) = (7 , E77) = (7 , €). 


Moreover, (a => c) also shows that once we fix the resolution graph of a cyclic 
quotient singularity, the analytic type of the singularity is uniquely determined; that 
is, the topological type carries only one analytic structure. Singularities with this 
rather special property are called taut, cf. [361]. 


2.3.5 Addendum to Parts (d) and (e) of Theorem 2.3.1 The monoids in 
C[z1, zo |2n correspond to the lattice points of oY N he providing the isomorphism 
Clz1, 2212" ~ C[oY M Z?]. This can be seen as follows (cf. e.g. with [522]). 


Consider the convex closure of the lattice points of ¢’ N Z?, and the sequential 
lattice points {(p;, qj)}o<j<r+1 on the part of its boundary connecting (1, 0) with 
(q,n). We number them in such a way that (po, go) = (1,90), (pi1.91) = C.D), 
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(Pr+i,9r+1) = (q,n). We rewrite the vector V; = (pj, qj) as (mj, m°), and we 


0 
identify it with the monomial uo! 1! in the C[uo, vo] plane (cf. the proof of (a > 
c)). Hence m’ serves as the multiplicity of S and mi’ as the multiplicity of F1. 


s+l1 


These can be continued uniquely to a multiplicity system {m'} via the identities 


i=0 
mi! + mi = bm’, providing multiplicities for S, E,,..., Es, S’. Set rj := 
te the multiplicity of S’. Then the monomials gj := ra form a minimal 


set of generators of C[z1, z2]”". (The string with multiplicity system {mi is the 
embedded resolution graph of g;.) Clearly the pairs {(p;, ¢ DYto and {(rj,q ayA) 
determine each other; (po, go) = (1, 0) provides (ro, go) = (n, 0) and go = 2}, 
(pi, 41) = C1, 1) provides (n—q, 1) and gy = 2) “22, while (p,-+1, 9-41) = (q.n) 
gives (0, 7) and 9,41 = 25. 


The point is that for each j = 1,...,r there exists aj € Zo such that Vj;_, + 
Vj+1 = aj Vj. Furthermore, the entries {a;}’,_, determine exactly the continued 
fraction of n/(n — q), that isn/(n—q) = [[a, ...,a,]] (for the geometric meaning 


of the duality connecting n/g andn/(n—q), hence [[bj,..., bs]] and [[a1, ..., a,]], 
see Example 3.1.6.) 

There is a much shorter combinatorial way to compare the dual entries of the 
continued fractions of n/q and n/(n — q) formulated in Riemenschneider’s point 
diagram [590]. Assume that 


n/(n — q) = (lar, ..-,@rJ) = (2)™"—|, my, (2)! na, ... me, (2, 


where (2) means the constant sequence with £ terms all equal to 2, and nj = 3 for 
alll < j <¢t. Thenn/g = [[bi,..., bs]] is 


nfq = (len + 1, (2) 73, m2 + 2, (2)273,..., me + 2, (2)"73, me + UI. 


The corresponding point diagram providing this ‘transformation’ is the following: 


e@e:--e a, — 1 dots in the first line 
e@e::-e a2 — 1 dots in the second line 


eoe--- a3 — | dots in the third line 


while the number of dots in the columns are b; — 1, b2 — 1, ... respectively. 
In particular: 


r=1+ )) (bj -2)=-1+ Yo om and s=1+ Y° aj—2). 


l<i<s 1<i<t+1 l<j<t 
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Besides the identities V;_; + Vj4+1 = a; Vj; the vectors V; in oY NZ? satisfies also 


Vji-rt Veer =Vit 05 @-BW4+h I< j<k<r) 
jslsk 


and all the semigroup relations connecting {V;}j; are generated by these identities. 
These automatically extend to a similar set of identities connecting the multiplicities 
{m'}j, hence providing relations in C[z1, z2]“” (ef. [54, 110, 662]): 


8j-18k+1 = Bj °C I] gee «<j sks<r). 
isl sk 


These are the (toric) equations of X;q in C[go, ..., gr+1], realized as a toric variety 
SpecC[oY M Z7]. It is worth to emphasise again that the entries {m'}i, ; for fixed j 


satisfy mi + mi + = b;mi., and for fixed i the identities mi, + ms = ajm',. 

In order to have a complete picture of the duality, let us consider the dual cone o 
of oY in R?, that is the cone generated by (0, 1) and (n, —q). Similarly as above, we 
can determine the minimal set of generators of o MZ? by taking the lattice point on 
the boundary broken segment connecting (0, 1) and (n, —q) of the convex closure 
of all lattice points of o M Z?. It turns out that we get s + 2 vectors (with, and 
they satisfy W;-1 + Wj41 = 0; W; for alll <i<s. 

In particular, the cone o is responsible for the resolution graph of Xy,4 (hence 
for its topology, cf. next chapter), while oY for the equations of Xj,q. 

If we rotate o by 2/2, we can replace it by the cone o’ generated by (—1, 0) and 
(q,n) (hence it becomes an adjacent cone of 0), then even more combinatorial 
duality properties can be read from the pair (o’, oY), cf. [578]. 


Example 2.3.6 Fix positive integers {ag};_,, {be}y_,, {ce}g_, (for some « > 1). 
Define X as the normalization of {(x, y, Z1,.--, 2%) ! xk hk = ae forall 1 < 
k <x}. 

The branch locus of the projection to the (x, y)-plane is contained in {xy = 0}, 
hence each locally irreducible component of X has a Hirzebruch—Jung singularity. 

Consider the monodromy map p : Z* > Zo X ++: X Ze, of the regular 
covering above Cc? \ {xy = 0} (cf. the proof of part (b)=(a) of Theorem 2.3.1). The 
image of p is generated by p((1,0)) = (e77/41/1, ..., e?!4«/¢e) and p((0, 1)) = 
(e27bi/er | e2tibe/ce) Therefore, the number of irreducible components of 
(X, 0) is the order of [], Zc, /im p. Since the group [], Zc, acts transitively on 
these components, all the components are isomorphic to each other. 

Next, we determine the lattice K := ker p C Z?. Using the above generators, 
one gets that (m,n) € K if and only if (+) mag+nb,z = 0 (modcg) forall l <k <k. 

We search for solutions of (+). First assume that n = 0. Then m should be 
divisible by M := Icmg{cg/gced(ax, cx)}, hence K M (Z x {0}) = Z((M,0)). 
Next, note that.’ := {n : (m,n) € K forsomem} is a subgroup of Z. Let 
no be the smallest positive integer from ./. Then there exists a unique integer 
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A with 0 < A < M such that (A,no) € K. Moreover, K is generated over Z 
by (M,0) and (A,70). Therefore, via a similar decomposition as in (2.3.1), an 
irreducible component of (X, 0) has type Xn,q, where n = M/gcd(M, A) and 
q = A/gced(M, A). 


2.4 Existence and Uniqueness of the Minimal Resolution 


2.4.1 The Existence of a Resolution At the beginning of the twentieth century 
the Italian geometers proposed several approaches to resolve complex surface 
singularities, see e.g. [784, I.6] for the early history. The most significant one, the 
method of Albanese [13], can be made precise, and it had serious impact and several 
(even higher dimensional) generalizations. For a detailed presentation of this and 
several other methods see also [330, 390]. Albanese’s method proves that every 
d-dimensional projective variety X is birational to another variety whose points 
have multiplicity < d!. In short the algorithm runs as follows. First, we start with a 
convenient embedding of X into P”. Then we choose a singular point p € X with 
high multiplicity, and projects X \ p to P’~! from p, and takes its closure. Repeating 
this step finitely many times one gets the wished birational transform. In dimension 
two, in this way we obtain a surface whose singularities have multiplicity 2, hence 
locally they are of hypersurface suspension type {z7 = f(x, y)} (see Example 
6.7.13), and they can be resolved basically via resolution theory of plane curve 
singularities (see 4.1.18). 


The first completely rigourous proof for resolution of analytic surface singu- 
larities was given by Walker [740] patching together the local resolutions of Jung 
[293]. Based on Jung’s work, another proof was given by Hirzebruch in [269] 
(who additionally also realized the power and elegance of continued fractions in 
the resolution procedure of surface singularities). These methods can be carried out 
algebraically as well. Later Zariski provided several algebraic proofs over fields 
of characteristic zero. In [779] he showed that if one blows up the singular set 
and normalizes the resulting surface, this procedure repeated finitely many times 
provides a resolution. In [780] he obtained the resolution by successively blowing 
up points and smooth non-singular curves of maximal multiplicity. The existence of 
resolution in arbitrary dimensions (in the analytic case and in the algebraic case over 
fields of characteristic zero) was established by Hironaka in his celebrated article 
[265]. For new proofs and recent developments, see [260, 330] and the references 
therein (e.g. [58, 79, 185, 718, 755)]). 

Below, we will present the ‘oldest’ algorithm, given by Jung in 1908 [293], 
discussed also in [41, 330, 358, 390]. It gives not only a qualitative proof of the 
existence of the resolution, but also a rather clear recipe how this resolution can 
be constructed. Moreover, it can be related with several geometric constructions as 
well, e.g. (cyclic) coverings, see [358, §III] or [475, 501, 502]. 
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2.4.2 The Jungian Strategy Jung’s method reduces the construction of a resolution 
in dimension d to the existence and properties of a strong embedded resolution of 
(d — 1)-dimensional divisors embedded in (C4, 0). In order to run the program, one 
needs to understand the resolution of finite covers of (C?, 0) with normal crossing 
branch loci, and one has to glue these local resolutions together. In dimension two, 
for a normal surface singularity (X, 0), it can be summarized in the diagram: 


(X,0) 


\ |e | 


(C?,0) > (B,0) 


where: 


(a) w : (X,0) > (Cc. 0) is an analytic covering (guaranteed by Noether’s 
Finiteness Lemma) with branch locus (B, 0) c (C?, 0); 

(b) og is an calor resolution of (B,0) C (C’,0). In particular, Y is smooth 
an B' = 63 (B ) is a divisor with normal crossing singularities; 

(c) mw’: X'S Y is the pullback of z via @g, and X’ is the normalization of X’. 
Then X’ has only normal singularities, and the branch locus of the projection 
7 has normal crossing singularities only. This property characterizes exactly 
the Hirzebruch—Jung singularities, cf. Theorem 2.3.1. In particular, X’ has only 
finitely many singular points, all of them of Hirzebruch—Jung type. 

(d) X -— YX’ is the resolution of the Hirzebruch— —Jung singularities of x 
cf. Sect. 2.3. 


Hence the knowledge of the embedded resolution of plane curve singularities and 
of the resolution of Hirzebruch—Jung singularities provides the wished resolution. 

The resolution @ : X — X can be made good by composing with a good 
embedded resolution of the pair (Xx , exceptional curve of ¢). 


2.4.3. The Existence of Minimal Resolutions and Its Uniqueness The minimality 
and uniqueness (under minimality assumption) of a resolution are based on the 
following facts regarding (—1)-curves on smooth surfaces. 


Theorem 2.4.4 


(1) (Castelnuovo’s Contractibility Criterion) Let S be a smooth surface andC CS 
a (—1)-curve on it. Then C can be contracted to a smooth point: there exists a 
smooth surface Sc and a modification k : S — Sc which maps C to a point oc 
and its restriction S \ C — Sc \ {oc} is an isomorphism. 

(2) Assume that ¢ : S — T is a modification, where both S and T are smooth 
surfaces. Assume that ¢ is an isomorphism over T \ {or} for some point or € 
T, but @ is not an isomorphism over T. Then at least one of the irreducible 
components of o7! (or) is a (—1)-curve. 

(3) Assume that @ : S — T is a modification with both S and T smooth surfaces, 
and all rational curves on T have negative self-intersections. If C is a (—1)- 
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curve on S then $ maps C either to a (—1)-curve or to a point. In the second 
case, @ factorizes through «: that is, there exists 6c : Sc — T such that 


ocok=¢. 


Proof 


(1) The first part has a similar proof as the proof of (c => a) in Theorem 2.3.1. In 


(2 


(3 


~m 


wm 


the present case the starting graph is A 1, A’. Consider the divisors 


F = A+CandG = C+ A’. Similarly as in the proof of 2.3.1, one 
obtains that both are divisors of holomorphic functions, say of f and g, 
defined in a sufficiently small neighborhood U of C. Since AN A’ = @, 
(C, A) = (C, A’) = 1 and C* = —1, we get by topological reasons, that 
for any (c,d) 4 (0, 0), but in a sufficiently small neighborhood V of (0, 0) in 
C?, the curves f —l(c) and g!(d) (in U) intersect each other in exactly one 
point transversely. (Indeed, the graph, as a plumbing graph, cf. 3.3, represents 
S3, and A and A’ represent two link components with linking number one.) 
In other words, the holomorphic map (f, g) : (f, g)7!(V) \C > V \ (0,0) 
is biholomorphic. Since F and G contain C with positive coefficients, (/, g) 
contracts C. Finally, the contraction globalizes: Sc can be obtained from gluing 
S\ C and V via (f, g): (f, g)~!(V) \ C > V \ (0,0). 

See also [41, p. 78], and [587, p. 103] or [258, 330, 632] for algebraic proofs. 
(The above existence of holomorphic functions with given topology/divisor 
will be explained and generalized for all resolutions of rational singularities 
in 7.1.13.) 

Let x and y be local coordinates at or. Then @*(dx A dy) is a holomorphic 
section of (22 in a neighborhood of E = @~! (or) with divisor K supported on 
E. In fact, K is supported all along FE. (Indeed, at a generic point of E, with 
convenient local coordinates (u, v) one has @*(x) = u%, @*(y) = uu, v), 
E = {u = 0}, where a, b are positive since ¢ contracts E. Then ¢*(dx A dy) 
vanishes along u = 0.) K being a positive cycle, K? < 0 by Proposition 2.1.12, 
hence there exists at least one component E; of E with (K, E;) < 0. Then E; 
is a (—1)-curve by Remark 2.1.10. 

Assume that ¢ does not contract C. Set C’ := @(C). Then d|C : C > C’ is 
finite. Since @ over a dense set is an isomorphism, ¢|C is a homeomorphism, 
hence ¢,(C) = C’, and the multiplicity of C in ¢*(C’) is one. Hence, by 
projection formula, C’” = (¢,(C), C’) = (C, ¢*(C’)) = C*+(C, ¢*(C’)—C). 
Since C’ < 0, and (C, o*(C’) — C) > 0, and C? = —1, we must have 
Cc” = —1 and (C, o*(C’) — C) = 0. The last condition guarantees that ¢ 
does not modify any point along C’, hence C and C’ are isomorphic. Hence C’ 
is a (—1)-curve. 

If @ contracts C then @ factorizes to a continuous map @c : Sc > T. 
Since continuous maps are weakly holomorphic, and Sc is smooth, ¢@c is in 
fact holomorphic. 
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2.4.5 The Proof of the Existence of a Unique Minimal Resolution 

Let  : X => X bea resolution of (X, o) (guaranteed by 2.4.1). Contract all 
(—1)-curves via Castelnuovo’s Criterion successively. What we get is a minimal 
resolution by Theorem 2.4.4(2). Next, we show the uniqueness of such a resolution. 

Assume that we have two minimal resolutions ¢; : xX ; > X,i=1,2. Let JT be 
the closure in xi x x, of {(x1, x2) € x; x X> : 1 (x1) = @2(x2)}. We normalize 
it, and if it is not smooth then we even resolve it by 2.4.1. We obtain a smooth space 
X and natural holomorphic maps yj : x =X i with gd o W, = d2 o Wo. If Wy; is 
not an isomorphism, being birational (and Xx; smooth), the domain of definition of 
its birational inverse is the complement of certain points. Hence, by Theorem 2.4.4, 
parts (2) and (3), if at least one of the maps yj; is not an isomorphism, then there 
exists a (—1)-curve C in X which is contracted by both w;. Moreover, both yj; 
factor through Wi.c : Xc —> X;. We continue this procedure till both maps wv; 
became isomorphisms. Then yw, 0 yf ' establishes the needed isomorphism. 


This proof shows part 3 of Theorem 2.1.21 as well. 

The existence and uniqueness of the minimal good (strong) resolution follows 
from the existence and uniqueness of the good (strong) embedded resolution of 
plane curve singularities (or it can be proved by similar arguments as above). 


Remark 2.4.6 The existence of a unique minimal resolution of a normal surface 
singularity can be compared with the following combinatorial fact. Using blow 
downs of rational (—1)-vertices with at most two adjacent edges, cf. 2.2.5.2, any 
(negative definite) plumbing graph can be blown down to a graph which contains no 
such vertices. The point is that any graph admits a unique such minimal graph. 

Since any graph has an analytic realization, and for this fixed analytic structure 
any blow down of the graph has an analytic realization too, this combinatorial 
statement follows from the previous analytic one. For a combinatorial proof see 
[505]. 


Remark 2.4.7 Uniqueness of the minimal resolution exists only in dimension one 
and two, cf. 2.1.5. 


2.5 Analytic Realizations: Theorems of Grauert and Winters 


We review two deep classical theorems. The first one is related with the analytic 
realization of a connected curve configuration with negative definite intersection 
form as an exceptional curve (Grauert theorem [223]). The second one is related 
with the realization of a negative semi—definite intersection form provided by a 
central fiber of a holomorphic family of curves over a disc (Winters theorem 
[753]). Additionally, we also recall a statement regarding the realizability of 
certain analytic germs defined on normal surface singularities from [567], a 
consequence of Winters theorem. & 
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2.5.1 The next theorem guarantees that any connected negative definite graph can 
be realized as the dual resolution graph of a normal surface singularity. 


Theorem 2.5.2 (Grauert [223], See Also [358]) Let S be a smooth complex 
manifold of dimension two, and {Cy}yey a collection of irreducible curves in S such 
that UyCy is connected and the intersection matrix (Cy, Cu)v,u is negative definite. 
Then there exists a normal surface S and an analytic contraction ¢ : S —> S such 
that @(UyCy) is a point p € S and is an isomorphism over S \ {p}- 


For any negative definite connected graph I” (whose intersection form satisfies 
(Ey, E,) => 0 for v 4 uw) one can construct S and a normal crossing divisor U, Cy 
such that the intersection matrix of I” agrees with (Cy, C,,)y,,. In particular, after 
contracting U,C,, I appears as the dual resolution graph of the resolution of (S, p) 
given by the restriction of @. (This is the ‘converse statement’ of Proposition 2.1.12.) 

We emphasize that if we allow in the graph negative edges too (that is, the entry 
(Ey, E,,) in the intersection matrix is negative for an edge (v, u))—as in the case of 
general plumbing graphs, cf. 3.3.13—then even if I” is negative definite it cannot be 
a resolution graph. (In Example 3.7.17 we exemplify such negative definite graph 
which cannot be resolution graphs even if we modify them by plumbing calculus 
from 3.3.13.) 


2.5.3 In the projective algebraic context the analogue of the Grauert theorem is 
not true: for a connected configuration of projective curves sitting on a projective 
smooth surface X , such that (Cy, Cy)v,u 18 negative definite, does not necessarily 
exist an algebraic variety X and projective map X — X which contracts UyCy. 


An example of Hironaka is the following (for details see [258, p. 417]). Take an 
elliptic smooth curve C3 C CP? (of degree 3). Blow up 10 generic points {P;}; on 
it, let X be the resulting surface. The strict transform C of C3 is a smooth elliptic 
curve with self—intersection —1. The statement is that this cannot be blown down 
algebraically. 

Indeed, assume that this contraction X > X exists, _ where C is contracted into o. 
Let D be acurve in X which does not contain o. Let D its inverse image in X, and 
Dg its image in CP”. It is a plane curve, say of degree d, which intersects C3 only 
in the points {P;};, with intersection multiplicities {m;};. Then the divisor of the 
intersection is }; mj P; (of total degree 3d). Consider the group low of C3 such that 
its neutral element is an inflexion point O, whose tangent line is L. Since Dg ~ dL 
as divisors of CP?, in the group low of C3 we have @; pe = 63¢O = O. But for 
generic choice of the points this identity cannot hold. 

See also 7.2.101 for another analytic contraction, which is not projective. 

On the other hand, some configurations admit algebraic projective contractions. 
For example, Artin in [27] proved that if the dual graph of the curve configuration 
UyCy is rational (in the sense of Chap.7, that is, after analytic contraction 
the analytic normal singularity will have geometric genus zero), then the curve 
configuration can be algebraically contracted. 
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Despite the above difference between analytic and algebraic cases, we wish 
to observe the following ‘positive’ comparison statement. If (X, 0) is an analytic 
normal surface singularity germ (in fact, any analytic isolated germ), by a theorem 
of Artin [29, 3.8], there exists an affine algebraic variety Y and a point y € Y such 
that (Y, y) and (X, 0) have isomorphic formal completions. Moreover, by a result of 
Hironaka [266], (Y, y) and (X, 0) are analytically isomorphic. In particular, for any 
analytic germ (X, o) there exists an affine algebraic variety Y and y € Y such that 
(X, 0) is isomorphic to the associated analytic germ (Y, y). 

In particular, any analytic structure supported on a fixed topological type of an 
analytic normal surface singularity comes from a certain algebraic situation in the 
above sense of Artin—Hironaka. This also shows that if @ : X — X isan analytic 
resolution of (X, 0) (X is a small Stein representative), then there exists an algebraic 
Y,a projective contraction ¢, : Y — Y such that X can be analytically identified 
with a convenient strictly Levi pseudoconvex neighbourhood of the exceptional 
divisor of @q, and the analytic restriction of ¢, to this neighborhood is analytically 
isomorphic with @. 


2.5.4 Regarding negative semi-definite intersection forms we have the following. 
(It should be compared with 2.1.14.) The context is the following. 


Let Z(Ey);,_, bea free lattice with an integral negative semi—definite intersection 
form (Ey, Ey)v,, such that (E,, E,) => 0 for any v # u. We assume that for any 
fixed uw the restriction of the form to the sublattice Z(E,)y)2, (of rank s — 1) is 
negative definite, and that the kernel of (, ) is generated by ae myEy,y with m, > 
0 for all v (and gcd,,{m,} = 1). We also assume that for any v, u there exists a 


sequence v = v9, U1,..., ¥; =u such that (£,,, Ey,,,) > 0 for any 0 <i <t. 


Theorem 2.5.5 (Winters [753]) Let us consider an integral negative semi-definite 
matrix as above. We also fix certain non-negative integers gy for any v. Then there 
exists a holomorphic family of curves f : W —> D (cf. 2.1.14) such that f—'(O) is 
a connected curve with all irreducible components {Cy}, smooth, the genus of Cy is 
&y, and all the intersections are transversal, and the intersection matrix (Cy, Cu)v,u 
agrees with (Ey, Ey)v,u. Furthermore, the divisor of f in W is - MyCy. 


Remark 2.5.6 There is a conceptual difference between the two theorems. 

In Grauert Theorem we can start with a smooth analytic surface and a collection 
of embedded analytic curves, and by the theorem we can contract the curves to a 
normal point. In particular, the analytic structure of the germ (S, p) inherits the 
analytic structure of (S$, U,C,) we started with. 

On the other hand, in Winters theorem we start with a combinatorial (topological) 
data, and the theorems provides an analytic realization: the existence of f is linked 
with certain analytic realization of the ambient space W. More precisely, if we 
would like to start with a fixed smooth analytic surface W and a collection of 
embedded curves {C,}, satisfying all the topological requirements, the existence 
of the holomorphic f (with divisor }°,, m,C, on this W) is not guaranteed. 
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2.5.7 Winters Theorem has the following consequence. 


Theorem 2.5.8 ((567], For Integral Homology Sphere Link See [178]) Let us fix 
a connected negative definite graph I’ with intersection matrix (Ey, Ey)v,yu, and 
also a nonzero element of the Lipman’s cone 1 = )°,, myE, €  \ {0} (hence, with 
all my € Zs). Then there exists a normal surface singularity germ (X,0) and a 
holomorphic function f : (X,0) — (C,0), and a resolution ¢ of (X, 0) such that 
the dual resolution graph agrees with I’, and dive(f) = I. 


Again, the theorem guarantees the existence of the pair (X, f) simultaneously: f 
exists only for certain analytic types of the ambient space. If one starts with a fixed 
analytic type (X, 0) (with a resolution graph J”), the existence of a holomorphic f 
(defined on this analytic (X, 0)) is not guaranteed. In particular, any / € .Y \ {0} can 
be realized as dive (f) whenever we choose (X, 0) properly. For more see 6.7. 

Theorem 2.5.8 follows from Winters Theorem as follows. The graph J” and the 
cycle / can be completed to a larger negative semi-definite graph I’ and a cycle 
l’ such that /’|r = 1 (and the assumptions of Winters Theorem are satisfied) — 
this is a combinatorial procedure. Then we consider the pair (W, f) given by 
Winters theorem, and we set X a small neighbourhood of U,erCy in W. This is 
the resolution space of (X, 0). The expected function is given by the restriction of 
f tox. 


Chapter 3 M®) 
The Link cna 


3.1. The Local Conic Structure of Isolated Analytic Germs. 
The Link 


We define the link of an isolated singularity and we state its first properties. 
The most important one says that it is a complete topological invariant: it 
characterizes topologically the local germ. This is guaranteed by the real cone 
structure of a complex analytic set near any given point. & 


3.1.1 Let X be a complex analytic set, o € X an isolated singular point, and U 
a neighborhood of o such that U \ {0} is smooth. We fix a real analytic function 
p:U = [0, co) with p'(0) = {o}. Such a function always exists: take e.g. any 
embedding (X, 0) C (C”, 0) and the restriction of the distance function p(z) = |z|?. 
More generally, take h1,...,4m € O(U) with {x € U : h(x) =--- =hyn(x) = 
0} = {0}. Then p = ¥>; |hj|* also works. 


It is convenient to write Xs5 for ae (S) for different subsets S$ of [0, co). 

The next theorem characterizes the local homeomorphism type of (X, 0) showing 
its conic structure. In the general case the conic structure of semi-analytic sets was 
proved by Lojasiewicz [393]. The next set of results for germs of complex algebraic 
hypersurfaces with isolated singularities was established by Milnor [430], while 
the generalization to non-isolated hypersurface singularities was done by Burghelea 
and Verona [93]. For the neighbourhood structure of an arbitrary algebraic set see 
also [164]. Proofs valid for analytic sets with isolated singularities can be found in 
[2351,, 377, 395]. 
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Theorem 3.1.2 


(a) There exists a sufficiently small €9 > 0 with the property that for any 0 < € < € 
the inverse image X te} := p—!(e€) isaC® manifold. Its C® type is independent 
of the choice of € and p. 

(b) The homeomorphism type of the pair (X{0,¢], X{e}) is independent of the 
choice of €, and it is the same as the homeomorphism type of the pair 
(real cone(X {e}), X{e}), where the vertex of the cone corresponds to o. 

(c) The homeomorphism type of (X{0,¢], X {e}) is independent of the choice of p too, 
hence it depends only on the germ of the analytic set (X, 0). 


As X10,¢] \ {0} is a C® manifold with a canonical orientation (induced by the 
complex structure), its boundary X;<} inherits a canonical orientation too. If the 
complex dimension of X \ {o} is d then the real dimension of X{<} is 2d — 1. 


Definition 3.1.3. The oriented diffeomorphism type of X,{<} is called the link of X 
at o. We denote it by L(X, 0), or just by Ly if there is no danger of confusion. 


Example 3.1.4 


(a) If (X, 0) is smooth and of dimension n then Ly = S7”~!. 

(b) Let C c P""! be an irreducible smooth projective variety in P’~!. Let X Cc C” 
be the affine cone over it; cf. 2.1.5(b) and 2.1.9. Then L(X, 0) is an oriented 
S'-bundle over C whose Euler class is cj (@pn-1 (—1)|c). In particular, if C is a 
curve, then the Euler number of the S!-bundle is —deg(C). 

(c) Assume that X is a normal affine surface, which admits a good C* action 
(cf. 5.1). Then L(X, 0) is a Seifert 3-manifold (see 5.1.12). 

(d) Usually, the link is not connected and is not even equidimensional. (Take for X 
e.g. the union of the (z;, z2)-plane and the z3-axis of Coy 


Lemma 3.1.5 


(a) Consider a holomorphic map f : X —> X such that the restriction of f to 
f° \ {o}) is an isomorphism and f (0) = {01,..., Ox}. Then L(X, 0) is 
the disjoint union of the manifolds {L(X, 6; ) Vey. 

(b) If (X, 0) is locally irreducible then L(X, 0) is connected. Hence, in general, 
the number of connected components of L(X,0) equals the number of local 
irreducible components of (X, 0) at o. 


Proof (a) \f o, asin 3.1.1, defines L(X, 0), then po f defines the links of U(X, Oj), 
and the diffeomorphism is induced by f. For (b) use 12.2.6 and the fact that 
the normalization of a locally irreducible germ with an isolated singularity is a 
homeomorphism. oO 


Example 3.1.6 Consider the situation of Theorem 2.3.1(d). Set S> = {|z|? + 
|z2|> = €}. Then the Z,-action preserves S*, where it acts freely. Hence the link 
L(Xn,q, 0) is the lens space L(n, g) = S3 /Zn. Moreover, (2.3.5) is compatible with 
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the fact that L(n, gq) and L(m, p) are orientation preserving diffeomorphic if and 
only if m =n and p € {q,q'}. 

Let us denote by —L(n, q) the manifold L(n, g) with opposite orientation. It is 
known that —L(n, q) is again a lens space, namely L(n, n—q). (This can be verified 
e.g. by plumbing calculus from 3.3.13, proving that —I"(n, q) is equivalent to 
I'(n,n—q), cf. 3.3.15). For more combinatorial properties of this duality see 2.3.5. 


Remark 3.1.7 Replacing complex analytic sets with real analytic ones (or real 
algebraic ones), the link of an isolated singularity still can be defined. Though not 
any manifold M might appear as such link (e.g. necessarily x (M) should be even 
[671]), the restrictions are not so severe. Indeed, Nash proved in [460] that every 
compact differentiable manifold M can be realized as a real algebraic variety in 
some RPY , hence, by taking real cone over M in R+! one sees that the double 
cover of M (via SY + RPY ) is realized as the link of a real algebraic isolated 
singularity. 

On the other hand, links of complex analytic sets are more restrictive: e.g. the 
link of a complex cone over a smooth algebraic projective variety C C CP% 
is an S'-bundle over C. More generally, a 3-dimensional link is always a graph 
manifold (plumbed S'-bundles)! This last fact has the following advantage: since 
graph manifolds (in particular, the topological types of isolated complex surface 
singularities) are classified, one has a better chance to understand the effects of the 
topological (=link) invariants on the analytic structure. 


3.2 Embedded Links. Milnor Fibration 


We review the definition and basic properties of the nearby fibration and Milnor 
fibration associated with a germ of analytic function f defined on an isolated 
singularity. If f itself defines an isolated singularity then the Milnor fibration 
extends to an open book decomposition. In dimension two we generalize the 
open book decomposition to the case when f is not isolated via the open book 
decomposition of multilinks. The basic terminologies and properties related with 
the homological package are also introduced and discussed. & 


3.2.1 The Link of Pairs Let (X, 0) be an irreducible analytic set with an isolated 
singularity ato € X, and assume that (D, 0) is an analytic subset of (X, 0) such 
that D \ {o} is smooth, equidimensional and nonempty. Then Theorem 3.1.2 can 
be repeated for the pair (X, D). In particular, for a real analytic function p : U > 
[0, oo) with pg! (0) = {o}, the level sets (X{¢}, X{ej.D) determine a pair of oriented 
smooth manifolds, which is independent of the choice of € and p. In particular, we 
get a canonical embedding L(D, 0) C L(X, 0). 


Therefore, if f : (X,0) — (C,0) is a holomorphic function such that the 
reduced zero set V(f) is smooth off 0, then one gets the oriented diffeomorphism 
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type of the embedding Ly,f) C Lx, where Ly, has real codimension two. The 
normal bundle of Ly, f) C Ly has a complex line bundle structure trivialized by 


grad(f). 


Definition 3.2.2 The embedding Ly, ) C Lx is called the embedded link of f, 
and denoted by L(f, 0), or Ly. (The notation Ly, +) will stay for the ‘abstract’ link 
of V(f), when Ly and the embedding are disregarded.) 


Not any embedding L(D,0) C L(X, 0), associated with a reduced Weil divisor, 
can be realized (up to an isotopy of L(X,o0)) as Ly for a certain f. This is 
obstructed even topologically, e.g. the homology class of L(D, 0) should be zero 
in H,.(L(X, 0), Z), cf. Theorem 3.2.6. The analytic obstruction is coded in the local 
divisor class group, see 6.1. 

If (X, 0) is smooth, then (V(f), 0) C (X, 0) is called a hypersurface singularity. 


Proposition 3.2.3 ([372, 430]) Fix an isolated singularity (X, 0), a real analytic 
function p and a holomorphic germ f : (X,o0) — (C,0). Then there exist a 
sufficiently small € > 0 and0 < 6 « €, such that 


(a) Xpo,qN f—!() is smooth and intersects the link Xe} transversally for any 
t € Dy \ {O}, where Dy, := {t : |t| <n}; 

(b) the restriction of f on (Xo, f *(8D,); Xe} a ime (0D,)) is a locally trivial 
C® fibration of pair of spaces over 0Dy ; 

(c) if V(f) is an isolated singularity, then the fibration X{e O ; i (ODy) > ODy 
extends to a trivial fibration X {eM fF * Oy) — Dy, given by the restriction of 


f. 


Definition 3.2.4 The above fibration is called the ‘nearby’ fibration associated with 
the germ f. The space F; := X[0,61M f—'(@) fort € D, \ {O} is called the Milnor 
fiber of f ato; itis a smooth oriented manifold with boundary dF; = X{e\N fF UW: 


If f defines an isolated singularity, then 3.2.3(c) guarantees that 0 F; is diffeo- 
morphic to the link Ly, ¢). Moreover, 3.2.3(c) also shows that the restriction of the 
nearby fibration to the boundary is the product projection 0D, x 0F — dDy. 

By the next result of Milnor [430], whenever f defines an isolated singularity, 
the nearby fibration of f can be realized inside of the link Ly as well, and it can be 
identified with an open book decomposition of Lx. 


Definition 3.2.5 An open book decomposition of a closed manifold M consists of a 
codimension 2 submanifold L, embedded in M with trivial normal bundle, together 
with a smooth fiber bundle decomposition of its complement p : M\L —> S!. 
One also requires a trivialization of the a tubular neighborhood of L into the form 
L x D (D acomplex disc) such that the restriction of p to L x (D \ 0) is the map 


(x,y) F y/Iyl. 
The existence of an open book decomposition of an arbitrary oriented closed odd- 


dimensional manifold M was establish for dim(M) = 3 by Alexander [14], for 
dim(M) = 5 by A’Campo [4], for higher dimensions see [675, 752], for discussions 
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and other references see [403]. (For connection with contact geometry see e.g. 
[191].) 

The submanifold L is called the binding of the open book, while the fibers of p 
are the pages. The differential dp induces natural co-orientations on the binding and 
on the pages of the open book. Thus, any fixed orientation of M induces a natural 
orientation on L. If L itself is oriented a priori, then we say that the open book is 
compatible with the orientations of M and L if the two orientations of L coincide. 

Two open books (M, L, p) and (M’, L’, p’) are isomorphic if there exists a 
diffeomorphism ¢ : (M, L) — (M'’, L’) which preserves the pages and their co- 
orientations. 


Theorem 3.2.6 [113, 377, 430] Fix an isolated singularity (X, 0) and a holomor- 
phic germ f : (X,0) — (C,0). Then there exists a sufficiently small € > 0, 
such that arg(f) = f/\f\ : Xtey \ Xa NV) > S! is a locally trivial C® 
fibration. Its isotopy type does not depend on the choice of € and p, and it is 
isomorphic with the nearby fibration of f. Furthermore, if f defines an isolated 
singularity, then the above fibration f/| f\ extends to an open book decomposition 
(Xtey, Xp VP), F/I F |) which is compatible with the natural orientations of X te} 
and Xtey ON V(f). 


Definition 3.2.7 The fibration arg(f) : Ly \ Lyf) > S' of Theorem 3.2.6 is 
called the Milnor fibration of f , respectively the Milnor open book decomposition 


of f. 


Remark 3.2.8 


(a) Let M be a smooth manifold and L be an oriented smooth submanifold of real 
codimension 2. Assume that F is an oriented manifold with boundary of real 
dimension dim(M) — 1, F C M, such that its interior F° embeds in M and its 
oriented boundary dF equals L. Then F is called a Seifert ‘surface’ of L. 
Note that the pages of an open book decomposition (M, L, p) are Seifert 
surfaces. 
If f defines a non-isolated singularity, then the Milnor fibration near V(/f) 
is more complicated. In the next paragraphs we describe it in the case 
dim(M) = 3. 


(b 


wm 


3.2.9 Seifert Surfaces of Multilinks Let M be a smooth 3-manifold and L 
be an oriented smooth submanifold of dimension 1 with trivial normal bundle. 
Furthermore, we associate with each component {La}agew of L an integer mg € 
Z>o. We say thatm L = {mgLa}aee is a multilink in M. 


Definition 3.2.10 


(a) A Seifert surface of the multilink m L is an embedded oriented open 2-manifold 
F° € M\L, such that its closure F satisfies: (i) F\ F° C L, and (11) F intersects 
a tubular neighborhood T(L,) C M of Lg as follows. 
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Assume first that mg 4 0. Identify T(L,) with a disc-bundle over Ly with 
projection pg : T(Lq) — La. Then, for any x € Lg, the subset FM pb 
of the disc p, (x) can be identified with the subset % := {z € C : |z| < 
1, z’¢ € Rso} of the disc {z € C : |z| < 1}. The orientation of F is such 
that FN dT (La) in T(Lq) homologically is mgLg. (Though T (La) is a trivial 
bundle, we do not require that F M T(L,) has a product structure % x Lg.) 

If mg = 0, then F M T(L,) consists of several discs transversal to Lg (of 
type p, '(x)). In particular, F M T(Lq) is an embedded smooth manifold. The 
orientation of F is such that at each intersection point with L, the intersection 
multiplicity is 1. 

An open book decomposition of M with binding the multilink m ZL is a smooth 
fibration p : M \ L — S! such that the closure of each page p~!(@) is a Seifert 
surface of the multilink. 


(b 


wm 


This definition is motivated by the following fact. (For the proof combine The- 
orem 3.2.6 with the fact that the equation of f near a generic point of V(f)q is 
(z, Zz) a Zima .) 


Lemma 3.2.11 


(a) Fix an isolated surface singularity (X,o0) and let f : (X,0) > (C,0) be 
the germ of a holomorphic function. Consider the irreducible components 
{V(f)ahaew of the reduced zero set of f, and let mg € Zso be the vanishing 
order of f along V(f)a. Then the Milnor fibration arg(f) : Lx \ Lyf) > 
S! extends to an open book decomposition of the multilink m Lyf) = 
{mgLv(f)qhaed- 

(b) Moreover, consider additionally a Weil divisor (D, 0) C (X, 0) with irreducible 
components {Da'}a’eq@ Such that D1 V(f) = {o}. Then all the pages of the 
above filtration arg( f) intersect D transversally, with intersection multiplicity 
+1 at all the intersection points, hence it can be interpreted as an open book 
decomposition of the multilink m Ly: ¢) U0 Lp, where the multiplicity of any 
Dag: is Zero. 


3.2.12 The Geometric Monodromy and Some of Its Properties Any C™ fibra- 
tion over S! with fiber F determines a geometric monodromy, a diffeomorphism 
Ngeo of F, well defined up to isotopy and conjugation. In the context of Lemma 
3.2.11(b), Ngeo is a diffeomorphism of the pair (F, FMD). Moreover, if mg = | for 
all a € o&, then one can assume that the restriction of hge, to a neighborhood 
of dF is the identity. (For this, first one fixes a trivialization of the extension 
Xe : i (D;,) — Dy, cf. Proposition 3.2.3(c).) Conversely, any oriented manifold 
with boundary (F, dF), and orientation preserving diffeomorphism h of F’, which 
is identity in a neighborhood of dF’, determines an open book decomposition of the 
mapping torus M = F x [0, 1]/ ~, where (h(x), 0) ~ (x, 1) and (x,t) ~ (x, 1’) 
for x € dF andt,t’ € [0, 1]. The isotopy and conjugacy class of h determines M 
up to an isomorphism. 
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If (M, L, p) is an open book decomposition, where dim(M) = 3 and F is 
connected, then the page F is a K(21(F), 1) space with free fundamental group. 
Hence, via the homotopy exact sequence of the fibration, M \ L is a K (z, 1) space 


too. The exact sequence 1 > m\(F) > m,(M\L) pas m1 (S,) = Z — O determines 
an action of the (positive) generator of Z on m;(F), which, in fact, is the action 
induced by hgeo. 

If, additionally, M is an integral homology sphere and |.7| = 1, then px is 
the abelianization (cf. 3.4.6), hence 2;(F’) is the commutator subgroup [7r1, 7] of 
7 (M \ L). In particular, [71, 71] is free. If Ly = S? then the converse is also true: 
by a theorem of Neuwirth and Stallings [518, 648], if L C S? is a (tame) knot, and 
the commutator subgroup of 1 (S* \ L) is free (or, ‘only’ finitely generated), then 
5S? \ L is the total space of a fiber bundle over S! with a connected orientable fiber. 


3.2.4 The Homological Package of the Milnor Fibration 


We give a nutshell presentation of the standard terminology related with Milnor 
fibration and of its basic properties and invariants (which frequently will be used 
in the sequel). For more see e.g. [20, 21, 395, 430] or [471]. & 


3.2.13. The Homology of F Fix an isolated singularity (X, 0) of dimension n + 1, 
and let f : (X,0) — (C, 0) be a holomorphic germ as in 3.2.3 and 3.2.4. Since the 
nearby Milnor fiber F is a Stein space of (complex) dimension n, by a theorem 
of Andreotti—Frankel [17] it has the homotopy type of a CW complex of (real) 
dimension n. Hence, its homology H,(F, Z) vanishes for g > n and H,(F, Z) 
is free. 


If (X, 0) is smooth and f defines an isolated singularity, then by Milnor [430] F 
is (n — 1) connected, hence its homotopy type is a bouquet of spheres F ~ V,,S”. 
Here yu is the Milnor number, it can also be computed as the codimension in @y 4 
of the Jacobian ideal generated by the partial derivatives of f. More generally, if 
(X, 0) is a complete intersection, and f defines an isolated singularity then by a 
result of Hamm [252] F ~ V,,S" again (see also [395]). Furthermore, the link L ¢ 
is n — 2 connected. In particular, ifn = 2 we get the connectivity of the link. 

Above, the assumption that V(f) has an isolated singularity is essential. E.g., if 
(X, 0) is smooth but the dimension of the singular locus of V(f) is k, then F is 
‘merely’ (n — 1 — k) connected [304], and this bound is sharp. In this case about the 
(homotopy) type of F it is hard to say anything (however for some special cases see 
e.g. [375, 376, 470, 636, 639, 640, 686, 775, 776] and the references therein). 

Since F is an oriented 2n—dimensional smooth oriented manifold, its middle 
homology carries an (—1)”—symmetric intersection form. If n is even we write W+, 
Lo, 4— for the Sylvester invariants of this quadratic form; hence w = w4++Motpu-. 
We define the signature of f as o(f) := + — _, the signature of this form. 
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Assume next that f defines an isolated complete intersection singularity. Then 
the only interesting part in the long homology exact sequence of the pair (F’, 0 F) is 


0 A,(OF)/Ansi(F, OF) > Ay(F) 4 Ay(F, oF) > Hn-1(9F) => 0. 
(3.2.1) 


Here Hyii(F,0F) = O if n > 1. However for n = 1 it equals Z and 
H\(0F)/H2(F, dF) ~ Z'—!, where r is the number of components of a F. 
Consider the perfect pairing (Lefschetz duality) (, ) : H,(F,0F)@H)(F) > Z. 
By this, H, (F, 0F) is the Lefschetz dual of H;,(F), andi identifies with the natural 
morphism b : H,(F) > Hy(F)* given by the intersection form. This provides the 
description of the homologies of the link in terms of the intersection form of F. 


3.2.14 The Monodromy Let (X, 0) and f be arbitrary. The geometric monodromy 
induces (algebraic) monodromies hy, : Hy(F) — Hg(F) with characteristic poly- 
nomials A, (t) := detU/ — th,). The monodromy zeta function is a ‘multiplicative’ 
generalization of the Euler characteristic of F: ¢(t) := |] g Ag (ryD", 


Since hy preserves the intersection form, the complex intersection form decom- 
poses into forms @,(, )a according to the generalized eigenspace decomposition 
An(F, C) = @, An(F, C)a, with (a,b), =(—-1)"(b, a)a. 

If J is any complex hermitian form d=1 ) its signature o(/) is defined 
similarly as in the real symmetric case. If J satisfies J’ = —J then set o(1) := 
o(J/—11). In particular, we have the equivariant signatures o,(f) := o((, )a) for 
any eigenvalue A. Clearly )°, o,(f) = o(f) and 05 (f) = (—1)"o(f). 

By the celebrated Monodromy Theorem (see, e.g. [6, 7, 84, 347, 373]), all the 
eigenvalues of hg are roots of unity, and the maximal size of the Jordan block is 
q + 1. (The proof for n = q = 1 is given in 4.1.D.) 

The Wang exact homology sequence of the Milnor fibration Ly \ Lyf) > S ; 
connects the monodromy with the homology of Ly \ Lyf). Via Lefschetz duality 
this reads as 


0 H"(Ly,0F) > H,(F) “3 A,(F) > A? (Ly, aF) > By-1(P). 


For a detailed study of the homological monodromy when n = | see 4.1.D. If Lx 
is an integral homology sphere and H,—\(F’) = 0, then we get 


hy-I ~ 
O— A,(OF)/An41(F, OF) > An(F) — HAn(F) > Ay-1(0F) > 0. 
(3.2.2) 
This provides the description of the homologies of the link in terms of hy — I. 


3.2.15 The Variation Map (See also [160, 303].) If f defines an isolated 
singularity, then one can choose the geometric monodromy in such a way that 
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hgeolar = idar. The correspondence [c] +> [hgeo(c)—c] determines a well-defined 
map V : H,(F,dF,Z) —> H,(F,Z), called the variation map. Automatically, 
Voi =h-— 1 (where h = h,). If Ly is an integral homology sphere, then in fact 
V is an isomorphism. Furthermore, in this case, under the (Lefschetz) identification 
H,(F, 0F, Z) = H,(F, Z)*, 


heave fe) boa = eye eV. 


where 0 : H,(F,Z) — H,(F, Z)™ is the natural isomorphism. Note also that via 
the identity V oi = h — | one identifies the exact sequences (3.2.1) and (3.2.2). 


Local trivialization of arg(f) over a small interval eorlhel (0 < € < 1) provides 
an identification of F = arg(f)~'(1) with F* = arg(f)' (e*”'*), denoted by hf... 
Then, whenever Ly is an integral homology sphere (hence the linking number £7 is 
well-defined), one defines the Seifert form S : H,(F) ® H,(F) > Z by S(a, b) := 
en(a, a (b)). Then, S and V can be identified via S(a, b) = (V-'(a), b). 

Under the assumption that Ly is a simply connected integral homology sphere, 
Durfee [160] and Kato [303] proved independently (based on results of Levine) that 
the set of isomorphism classes of open book decompositions in Ly is equivalent 
via the variation map with the set of conjugacy classes of unimodular bilinear forms 
over Z, whenever n > 3. The bijection cannot be extended to the cases n < 2, see 


e.g. [157, 158] forn = 1 and [22] forn = 2. 


3.3. Plumbed 3-Manifolds: Plumbing Graphs 


In this section we describe the construction of oriented plumbed three and 
four manifolds associated with plumbing graphs. Then we discuss two cases 
of the plumbing calculus: the case of connected graphs with negative definite 
intersection form (which provide links of normal surface singularities) and the 
more general case of graphs of oriented plumbed 3-manifolds. & 


3.3.1 To any normal surface singularity (X, 0) we associated its link Ly and its 
resolution graph I’y (well-defined up to blow up/down of (—1)-curves). In this 
section we explain how they determine each other. 


First, we show how Ly is recovered from I’y via the plumbing construction, by 
considering I°y as a plumbing graph. For more details, see [270, 277, 448, 505, 578]. 


3.3.2 Plumbing Graphs A plumbing graph (of a closed oriented plumbed 3- 
manifold) is a graph whose vertices carry two integral decorations. One of them is 
the ‘Euler number’ e,, which can be any integer, while the other one is the ‘genus’, 
a non-negative integer, written as [g,] (and it is omitted if it is zero). 
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3.3.3. The Plumbing Construction Fix a connected plumbing graph I”. As usual, 
we denote the set of vertices and edges by ¥ and &. 


The oriented plumbed 3-manifold M (I) associated with I” is constructed using 
the set of S!—bundles {my : By — Sy}vev, whose total space By, has a fixed 
orientation. They are indexed by the set of vertices Y of the plumbing graph, so 
that the base-space S, of By is a closed orientable real surface of genus g,, and the 
Euler number of the bundle B, is the Euler number decoration of the vertex v on 
the graph. Then one glues these bundles corresponding to the edges of I” as follows. 
First, for each v one chooses an orientation of S, and of the fibers compatible with 
the orientation of B,. Then, for each edge adjacent to v one fixes a point p € Sy, 
an orientation preserving trivialization Dp x S daa ly D p) above a small closed 
disc Dp > p, and one deletes its interior ae x S!. Here, S! is the unit circle with 
its natural orientation. Then, any edge (v, w) of I’ determines 0D, x S ! in By 
and dD, x S ' in By, both diffeomorphic to S' x S!. They are glued by the map 
(x, y) > (y, x). 

In this construction in the plumbing graph we can allow loops as well (edges with 
identical end-vertices). If the vertex v supports several loops then in the plumbing 
construction for each loop we choose a pair of points p,g € S, and we make a 
‘self—gluing’ of dD, x S ' and dD, x S ' in By (in the bundle with Euler number 
ey). 

The orientations of B, provide a unique well-defined orientation on M, (and this 
is independent of the choices of the base/fiber orientations in the construction: we 
can change all the orientations of the of base/fiber spaces simultaneously, but this 
will not effect the orientation of M). 

Next, assume that I” is not connected. If {7}; are its connected components, then 
one defines M(J”) as the connected sum #; M(I;). 

Furthermore, we allow the empty graph too: it corresponds to M(@) = S?. 


3.3.4 Oriented Links in Oriented Closed Plumbed 3-Manifolds Any plumbing 
graph as in 3.3.2 can be complemented with a set of arrowhead vertices; the other 
‘old’ vertices will be called non—arrowheads. Arrowhead vertices have no ‘Euler 
number’ or ‘genus’ decorations, each of them is connected by a unique edge to 
some non-arrowhead vertex. We write .~/ for the set of arrowheads, and ¥ for the 
set of non-arrowheads, and W = WUY. 


If we disregard the arrowheads and their supporting edges, by 3.3.3 we obtain 
an oriented 3—manifold M(J"). The arrowheads represent an oriented link L (1- 
dimensional submanifold) in M(J"): any arrowhead supported by a non-arrowhead 
v codifies a generic S!-fiber of By. The collection of all such fibers carries a 
natural orientation well defined up to a simultaneous change of orientation of all 
the components. (In the construction 3.3.3 we fix an orientation of the base spaces 
and fibers in order to glue these pieces. These fiber-orientations are ‘remembered’ .) 
Usually we fix a choice, hence we orient compatibly all the fibers. 
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There is an exception to the above description when the graph consists of a 
double arrow. In this case M(I”) = S?, and the arrows represent two oriented Hopf 
link—components. 


3.3.5 Oriented Plumbed 4-Manifolds The above construction provides even an 
oriented 4—manifold P(J”) with boundary such that dP(I”) = M(J°). Indeed, if one 
replaces the S!—bundles with the corresponding disc-bundles Y, and one glues them 
by a similar procedure (and one smoothes the corners) one gets P(J"). In this case, 
m, |(Dp) and 7,,'(Dq) are bidiscs, which will be identified via (x, y) H (y, x). 
Again, in the presence of a loop, we take for each loop two points p, g € S, and we 
self-glue the bidiscs a! (Dp) and m,,! (Dj). 


The arrowheads will correspond to oriented 2-discs (D?, aD?) Cc (P,0P): 
corresponding to an arrowhead supported on v € ¥ on takes a generic fiber of 
Y, chosen similarly as the link-components of L. The boundary of their union is L. 

Each vertex w € W determines a 2-cycle Cy in P = P(I). Ifa € & is an 
arrowhead supported by v € ¥ then C, is an oriented generic disc—fiber of Y,; it is 
a relative cycle of (P, dP). If v is a non—arrowhead vertex then C, is the oriented 
‘core’ (i.e. the zero section) of Yy, hence it is an absolute cycle. H2(P, Z) is freely 
generated by the classes of {Cy }vey. The intersection matrix J = {(Cy, Cu) }uuey 
codifies the Euler numbers and the combinatorics of the edges connecting non— 
arrowheads. Indeed, if we have no loops, then J, is ey if v = u, and the number 
of edges connecting v and u if v 4 u. However, if v supports k, loops, then J, = 
ey + 2ky. 


3.3.6 Multiplicity Systems Plumbing graphs with arrowheads might carry an extra 
set of decorations, the ‘multiplicities’, denoted by (m,,), for every w € YW. 


By convention, a system of multiplicities {my} ew represent a relative 2-cycle 
Cm) := vex MyCwy in P whose homology class in H2(P,0P, Z) is zero. 
Therefore, since (C(m), Cy) = 0 for all v € Y, it satisfies a similar set of relations 
as the system of multiplicities of an embedded resolution graph (2.2.1). 

A geometric motivation for the above definition is the following. Assume that 
(M, L, p) is an open book decomposition of the multilink {m gLa}aewg. Then p 
automatically induces a set of multiplicities, called the multiplicity system of p. For 
this first we define for each w € W an oriented loop yy in P \ L. For v € ¥ let 
Yy be an oriented generic S fiber of By. Fora € & we define y, as the oriented 
meridian of Ly. Then mg = px([Ya]) € M1 (S!,Z) = Z for any a € &, and if we 
set My := Px([Wv]) € Z for any v € ¥ too, then {my} wey is a multiplicity system. 
(Indeed, C(m) is homologous with a page F pushed in the interior of P keeping 
L = OF fixed, and F in the relative homology represents zero since F C dP). 


3.3.7 Example: The Link Ly. Assume that (X, 0) is a normal surface singularity, 
f : (X,0) = (C, 0) holomorphic and p : (X,0) — [0, 00) as in 3.1.1. We fix a 
good resolution ¢ : X — X, which determines its dual embedded resolution graph 
I'¢. (Note that I has no loops.) 
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Proposition 3.3.8 For 0 < € < _ 1 one has the oriented diffeomorphisms 
| (Xt0,e) ~ PU's) and (Lx, Lypfy) ~ (MUs), L). The diffeomorphism identi- 
fies the cores Cy with the irreducible exceptional divisors; this induces a canonical 
choice of orientations in the base spaces and fibers in the plumbing construction 
(hence of the corresponding link components as well). The multiplicities of Ir 
equal the multiplicities associated with the Milnor open book (Lx, Lyf), arg f) 
(as in 3.3.6). 


Proof The C®™ tubular neighborhood of the smooth embedded curve Ey C X is 
determined by its genus and the Euler number of its normal bundle. Oo 


Remark 3.3.9 By Proposition 3.3.8 the dual resolution graph I’y of (X, 0) deter- 
mines the link Ly, the dual graph Ir of f determines the pair (Lx, Ly, fy) (hence 
the binding of the open book decomposition (Ly, Ly fy, arg f)). Nevertheless, 
in general, from I" one cannot recover the projection arg f of the open book 
decomposition, see Sect. 3.4. 


Example 3.3.10 (Plane Curve Singularities [85, 178, 240, 430, 745]) If (X, 0) is 
smooth then the embedded resolution of the pair (V(f), 0) C (X, 0) is obtained 
by a successive sequence of blow ups at smooth points, and the graph If is a 
tree with all g, = 0. Hence, a graph is the embedded resolution graph of a plane 
curve singularity if and only if after deleting all its arrowheads and multiplicities 
it can be blow down to the empty graph. In this case the embedded resolution 
graph determines completely (besides the embedded link Lyf) C S 3) the Milnor 
fibration too (cf. 3.4.10). In fact, ’y determines the link Lyf) C S? not only up 
to a diffeomophism, but even up to an isotopy. We say that it is a complete local 
topological invariant of /. 

If f is locally irreducible, another complete invariant is the set of Puiseux pairs 
{(nj, m;)};_,, where mj; => 2, gcd(nj,mj;) = 1, 1 < ny/m, <n2/(mjm2) <---, 
defined as follows. Let n : (C,0) — (V(f),0) be the normalization, tf /& 
(x(t), y(t)). After change of local variables, n has the form x(t) = t’”, where 
m is the multiplicity of f, and y(t) is some convergent power series )°)~,, agt®. 
This symbolically can be written as y = )oy.,, aex/™. Then there exist pairs 
{(1;, m;)};_, as above such that 4 E ow - Z whenever £ < ak with 
ae FH 0. 

The set of Puiseux pairs is equivalent to the set of Newton pairs {(p;, gi)};_, 
defined by p; = m; fori > 1 andq; = 7, qi = nj —nj—\m; fori > 1. 

Consider the ‘model’ singularity fy associated with equivalent parametrizations 


y= xT'/PL (| 4 92/PIP2(, 4. . + (1+ 95/PI Psy. 7 -)) — xi/mi vps Mims 


Then (S°, V(f)) and (s", V(fn)) are isotopic. Furthermore, the links of two 
models are isotopic if and only if the set of Newton pairs coincide. 
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The set of Newton pairs and the embedded resolution graph determine each other 
as follows. Consider the continued fractions 


Pi/qi = [lub uj,..., @ FT qi/pi = (lve, vj, ..., vy I, 


with ur, v? > 1 and au ul > 2 for! > 1. Then the graph I’¢ (without multiplicity 
decorations) is the following [178, 468]: 


If (C, 0) = (V(f), 0) has more irreducible components, say {(Cx, 0) };_,, then 
its embedded link is determined by the Newton pairs of each component and by the 
intersection multiplicities (Cx, C;) 9 at the origin (k # /). For I’y and more details 
see [85, 140, 178]. 

There are several other complete invariants, which determine the embedded 
topological type of a plane curve singularity, e.g. the multiplicity sequence [78, 778], 
splice diagram [178], or in the irreducible case the semigroup (for their definitions 
and some discussion see 5.2.2 and 5.3.20 below). For more see [85, 178]. 


3.3.4 The Plumbing Calculus 


3.3.11 The plumbing construction associates a manifold M (J) with any plumbing 
graph J’. But different plumbing graphs might produce the same 3—manifold. 
Therefore, one introduces a set of operations acting on plumbing graphs, which, 
in the optimal situation, satisfy the following properties. (We concentrate here on 
operations, which preserve the orientation.) 


1. (Stability of the Calculus) Applying any of the operations, or their inverses, to a 
plumbing graph I" does not change the oriented diffeomorphism type of M(I°). 

2. (Sufficiency of the Calculus) If 1 and [> are two plumbing graphs and M(J)) 
and M (I>) are diffeomorphic by an orientation preserving diffeomorphism, then 
I, and I are related by a sequence of operations or/and their inverses. 


Usually, in specific geometric situations, we do not use all the possible plumbing 
graphs. Different geometric situations determine special, restricted families of 
graphs and 3-manifolds whose classification and description we target in that 
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specific situation. According to this, we also consider different sets of allowed 
operations connecting these graphs. In this book we will consider two such families. 

Firstly, we make a choice dictated by the complex analytic theory (or complex 
algebraic geometry), motivated by the properties of the resolution graphs of normal 
surface singularities. More precisely, we consider the family of those plumbing 
graphs which are connected and have negative definite intersection matrix. 

For this class, the plumbing calculus consists of two operations (and their 
inverses): blow up/down a vertex or an edge. They are presented in 2.2.5.2. (In 
the presence of arrowheads the pictures should be modified accordingly.) The point 
behind this combinatorial discussion is that these graph operations, in fact, are 
realized by complex analytic modifications. Furthermore, one has the following 
fact. 


Theorem 3.3.12 The blow up/down operation satisfies the stability and sufficiency 
properties of connected graphs with negative definite intersection form. 


The stability part of the calculus is immediate: its proof basically copies the 
analytic fact that blow up of a point on a smooth surface realizes an isomorphism 
over the complement of the point. Furthermore, one verifies that under blow 
up/down the negative definiteness of the intersection matrix is preserved. 

On the other hand, the proof of the sufficiency of the calculus is hard and 
it is based on deep results of 3-manifold theory. It involves the classification 
of oriented plumbed 3-manifolds. This family is precisely the family of graph- 
manifolds; they were classified, with minor exceptions, by Waldhausen [734-739]. 
This classification was completed and rewritten in terms of plumbing graphs by 
Neumann in [505]. Some of the statements from [505] regarding graph-manifolds 
and singularity links will be listed in 3.6 after we review some basic theorems on 
the classification of 3-manifolds. 


3.3.13 Extended Plumbing Graphs and Calculus for Oriented 3-Manifolds 
[505] Our second family is motivated by several proofs and constructions in the 
body of the book involving certain topological/C™ invariants (see e.g. the procedure 
how one recovers the plumbing graphs from a splice diagram in 5.3.10). It is 
the family of oriented plumbed 3-manifolds. In this case we allow non-connected 
graphs too, and we have to extend even the set of connected graphs. Namely, in 
the new situation the edges will have signs + or ©. The (+)-edge represents a 
gluing via (x, y) > (y,x) as in 3.3.3, while a ©-edge represents a gluing via 
(x,y) bk GG, x7), The + sign usually will be not marked. We invite the reader 
to verify that the corresponding ‘extended’ plumbing construction still provides an 
oriented 3-manifold. 


The intersection matrix J associated with I" is defined similarly as in 3.3.5, but 
now we have to be careful on the edge-signs as well. For v ¥ u the entry J, ,, is the 
number of edges connecting v with u summed with their signs, and (yy — ey) /2 
equals the number of loops supported by v summed with their signs. 

For oriented 3-manifolds the set of operations, which satisfy both the stability 
and the sufficiency of the calculus are the following: 
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[O1] Reverse the signs on all edges other than loops adjacent to any fixed vertex. 
Furthermore, if the vertex vj; supports a subgraph as below, with ey = +1, e2 = 
+1 and e = (e; + e2)/2, then reverse the sign on all edges adjacent to v;. 


e 2e1 
Ui 2e2 


[O02] (Blow Down) Below « = +1 and the edge signs €9, €1, €2 are related by 
€9 = —€€1€2. 


€ 
Io disjoint union with e ————> Io 


: ej € Mei — € 
[gi] gil 
> 2 €0 
[gi] és [gil 


[O03] (0-Chain Absorption) The edge signs €/ (i = 1,...,s) are related by €; = 
—e€e; provided that the edge sign in question is not on a loop, and €/ = «;, if it is 
on a loop. 


/ 
€) 


: : ee : 
[gi] [gj] e (gi + gil 
Es 

ej . 0 > 
[gi] — [git] 
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[O5] (Splitting) If Ir has the form 


Tr 
0 ej 
[gi] _ 
T; 
where each J’; is connected and, for each j € {1,...,f}, Ij is connected to the 
vertex v; by k; edges, then replace I” by the disjoint union of I),..., /;, and 


0 
2gi + )0 (kj — 1) copies of e . 
[06] (Seifert Graph Exchange) Replace 


ex) 


where e € {—1, 0, +1}, by a star-shaped graph with all genera zero. 

There are six cases, the pair (e, +) can be (—1,+), (0, +), (,+), (—1, ©), 
(0, ©) and (1, ©). The corresponding star-shaped graphs are in Kodaira’s notation 
(for the graph see 7.2.A) JJ, III, IV, 1V*, III*, II*. 

[O7] (One Unoriented Handle Absorption Followed by Two RE?-Extrusions) 


2e] 

ej . 0 2e2 

— [gi] 2e} 
€ } 

2e5 


where ¢ = +1, €1, €2, €), e, € {—1, +1} and e = (e; + e2)/2, e’ = (e} + €4)/2. 


Remark 3.3.14 For extended graphs we still use the convention det(J") := det(—J), 
cf. 2.2.4. However, though blowing down a (—1) vertex preserves det(J"), in this 
generalized case not any operation preserves det(J”). E.g., blow down of a (+1)- 
vertex or the 0-chain absorption reverse the sign of det(J"). 


3.3.15 Changing the Orientation If I” is an orientable plumbing graph (that is, 
with e, € Z and g, > 0) then let —I" be the same graph with the signs of all Euler 


and edge decorations reversed. Then M(—I") = —M(J-) [505, 3.3], that is, —I" 
provides the same manifold as I” but with opposite orientation. 


3.3.16 For the plumbing calculus of general (unoriented) graph manifolds see 
[505]. In this case some additional operations appear, e.g., the unoriented handle 
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absorption and RP?-absorption (and their inverses, the corresponding extrusions). 
The second operation in [O1] and operation [O7] above constitute their ‘traces’. 


3.4 Homological Properties of the Link 


In this subsection all the homologies will have integral coefficients. 
Let (X, 0) be acomplex normal surface singularity and let ¢ : X > Xbea good 
resolution. We will use the notations , E = Uyey Ey, {Dy}y, L, L’, J asin 2.1.15. 
In the following X will denote any ‘small neighbourhood’ of E topologically 
echivalent with go! Go ({O, €])), where p is as in 3.1.1 (and3.1.2)andO <e <1. 
According to Proposition 3.3.8, in all the topological discussions below, the pair 
(X, 9X = Lx) canbe replaced by the plumbed pair (P, dP) associated with I’. 


3.4.1 The Homology of the Link Since X has the homotopy type of E, and 


Hy (X, 9X) = H3(X)* = H3(E£)* = 0, andi : L + L’ is injective (see 2.1.15), 
one has the exact sequence of (X, 0X) 


64 ilo — + he. 6) SS i SH SO (3.4.1) 
Set g(I’) := )oyey Sy and let c(J”) be the number of independent cycles in I’. 


Proposition 3.4.2 ([277, 448, 614, 615]) L'/L = coker(I) = Tors(Hi(Lx, Z)), 


and 
H,(Lx, Z) = coker (1) @ Hy (E, Z) = coker (J) @ 22TH), 


Hence, Ly is a rational homology sphere if and only if I” is a tree with all gy = 0, 
and Lx is an integral homology sphere when additionally det(—I) = 1. 


Remark 3.4.3 Since —E, = Yo, lwE%*, L’/L is generated by the classes 
{LE*}}vey with relations >, li[E*] = 0. If ly is a tree then these identities 
and induction show that L’/L is already generated by the classes {[E*]}v:«,=1 
of end-vertices. In fact, if vp is such an end, then L’/L is already generated by 
{LES ]}:1y=1, vévp- (Use induction as in the proof of 3.7.8.) 


Remark 3.4.4 Usually, for an arbitrary manifold, the cohomology ring contains 
more information than the (co)homology groups. But this is not the case for 


H*(Lx,Q): the cup product H!(Ly,Q)®2 > H2(Lx,Q) is trivial [672]. 
Indeed, in the exact sequence 


H!(X) =. H'(aX) — H2(%,aX) 2 H2(X%) ws H?(aX) (3.4.2) 


70 3 The Link 


with Q-coefficients, i* is an isomorphism. Hence r2 = Oandr'! is onto. Therefore, 
ifa=r'(a’),b =r'(b’) thena Ub =r?(a' UD’) = 0. 


3.4.5 The Homology of the Pair (Ly, Ly, f)) Fix an analytic germ f : (X,0) > 
(C, 0). Our next goal is the computation of H,(Lx \ Lyf). 


Let Z!”! be the free abelian group generated by {(w)},,cy. Define the group Hy 
as the quotient of Z'”! factorized by the subgroup generated by: 


pa Tuy (v) + Z (a) (forallu eV), 


veV aeEay 


where for any u € ¥ we denote by .%, the set of arrowheads supported by wu. 
Proposition 3.4.6 [277, 505, 614, 615] One has the following commutative 


diagram with exact rows and columns: 
0 0 


¥ ¥ 


gil =5 lel 


ae ad k 7 

O-Ay me A (Lx \ Lyf) =a8 Hy (E) > 0 
{ 1 += 

0 > coker (I) > Hi (Lx) +, H(E)—> 0 
0 0 


Above k is the composed map Z\“| <-> ZIY| + Hy, and J(U(w))) = [vwl, 
where the classes {[Ywl}wew are defined in 3.3.6. 


Proof The exact sequence (3.4.1) is modified as follows. Consider the homology 
exact sequence of the pair (X, Lx \ Lycpf)). Note that Ay (X, Lx \ Lwp) = 
H3(X, Ly:f))* = 0, and HX, Lx\Lycf)) is Ve , freely generated by the relative 
homology classes of discs of type {Dy}vey (as in 2.1.15), and of type {Da}aey, 
where for each a € &, Dg is a local disc in Ly, transversal to Lg, intersecting Lg 
with intersection multiplicity 1. Note also that H (X ) ~ Z!”!, Moreover, in 


-» > Hy(X) “> A(X, Ly \ Ly) > Ai(Lx \ Ly) > Mi (E) > 0 
(3.4.3) 


coker(i’) is exactly H,y. Furthermore, Hy /Z'”' is D(X, Lx)/im(i) ~ coker(/), 
cf. (3.4.1). Finally note that the circle y, (w € W) is the boundary of the disc Dy. 
oO 
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3.4.7 Our next goal is to connect the morphism arg, : H)(Lx \ Lycf)) > H,(S') 
induced by arg(f) with the multiplicity system of f. 


Definem: Hy — Z by m([(w)]) = my. This is well defined, and, in fact, m is 
the restriction of arg, to H,y, cf. 3.3.6. Hence arg, oj = m inserts into the diagram: 


0-> Hy 4 Ay (Lx \ Lyf) 4 M(B) 3 0. 


me 


Z, 
Regarding arg, we emphasize two facts. 


3.4.8 Fact I [475] As the above diagram shows, in general m does not determine 
arg,, hence it does not determine the Milnor fibration. Examples show that both 
conditions g(J”) > 0 or c(’) > O can appear as obstructions. For example, if 
one takes (X,0) = ({x? + a =" = 0},0) Cc (Cc. 0) and the two functions 
fi= 2? and h= es y onit, then '(X, fi) = I'(X, fo), hence m(f;) = m(/f2) 
(with coker(m) = Zz). Nevertheless, in the first function coker(arg,.) = Z2, while 
in the second case it is trivial. Here both functions define non-isolated singularities, 
however this can be modified by their ‘series of singularities’. E.g., on the very same 
(X, 0), the two functions 4 yh and z7 — yt y* (k > 2) have the same minimal 
good embedded resolution graphs but their arg,,’s are different. Here c(J”) = 0 but 
gg) > 0. 


Examples with c(”) > 0 and g(I”) = 0 are given by (X,0) = ({z7 + (x7 — 
y?)(x3 _ y’) = 0}, 0) and the pair of functions f; = x and h= a y? (non- 
isolated case), and f; = xe yk, f= x = y? + yk (k > 4) in the isolated case. 
For details see [475]. 

Note that a page has k connected components, where Z, = coker(arg,,). In 
general one has the divisibilities k | ged{my :w € BW} | gcd{mg : a € &}, and 
it might happen that these integers are different, and k cannot be determined from 
m. 


3.4.9 Fact II arg, determines uniquely the Milnor fibration. 


Theorem 3.4.10 (([59, 108, 737], [178, page 34-35]) Fix an oriented 3-manifold 
M and an oriented link L in it. Then the following facts hold. 


(a) If two smooth locally trivial fibrations pj : M\L — S! (i = 1,2) induce the 
same morphism (p\)x = (p2)«x : H\(M \ L, Z) = Z, then they are isotopic. 

(b) Fix a multilink structure mL of L. If two open book decompositions of M with 
binding mL and projections p; (i = 1,2) induce the same morphism H\(M \ 
L,Z) — Z (which automatically extends [ya] +> ma for alla € &), then they 
are isotopic. 

(c) In particular, if Lx is a rational homology sphere, then mL, the multilink 
binding determines completely the open book decomposition. 
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In fact, in this case, any page of the multilink mL is a Seifert surface with 
minimal genus, and conversely, any Seifert surface of the multilink with minimal 
genus is isotopic with the page of the open book decomposition. 


3.5 Examples of Special Graphs 


3.5.4 Star-Shaped Graphs 


3.5.1 A connected graph I" is called star-shaped if it has a central vertex vo, and 
I \ vo consists of v > 0 strings (legs). Each string is connected to vo by an edge at 
one of the end-vertices of the string. In some cases, for a fixed I”, the choice of the 
central vertex is not unique; e.g. if I” itself is a string then any vertex can be central. 


We use the following notations: vo has Euler number —bo and genus g > 0. The 
Euler numbers of the vertices v;; of the Fi string (1 < j < v)are—Dji,..., —bjs;, 
with b;; = 2, determined by the continued fraction aj/@j; = [[bj1,..-, bjs)]], 
where gcd(a;, w;) = 1, 0 < w; < @;. For each j, vo is connected with v;; by one 
edge. 

In such a case the plumbed 3-manifold M(I°) is a Seifert fibered 3-manifold, 
which means that M(J") is foliated by circles such that any circle has a compact 
orientable saturated neighbourhood [289, 291, 505, 511, 624]. The Seifert structure, 
the Seifert S'-action, and its relation with singularities with good C*-action will 
be discussed in Sect. 5.1. M(J") and the foliation is characterized by the collection 
(bo, g; {(@j, @;)};), called the Seifert invariants, for details see again 5.1. Here we 
only fix some notation and list some combinatorial invariants of I, L or M(I") 
and we prepare the terminology for the basic classification theorems of plumbed 
3-manifolds and for the discussion of their fundamental groups. 

If either g > 0 or v > 3 then the choice of the central vertex is unique (compare 
also with 5.1.14). In the sequel we assume this fact. (The remaining case of strings 
was fully studied in Sect. 2.3.) 

The virtual (or orbifold) Euler number e is defined by 


e:=—bo + > aj/aj. (3.5.1) 
j 
The meaning of the word ‘virtual’ will be explained after Theorem 5.1.23. 
Note that e < 0 if and only if the intersection matrix J = J(J’) is negative 
definite. 


By plumbing calculus, —I also can be represented as a star-shaped graph 
with decorations in the above ‘normal form’: the Seifert invariants of —I" are 
(v — bo, g; {(@j, a; — @;)};) (compare also with 3.1.6), hence e(—I") = —e(I’) 
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too. Therefore, if J (J”) is negative definite then —J” cannot be represented (even up 
to the plumbing calculus) by a negative definite plumbing graph. 


3.5.2 Lattice Identities [478] We will assume that I” determines a negative definite 
lattice L, the base elements {F,} will be indexed as the vertices. 


The following identities will be used several times. For their proof use (I~!) yy, = 
(E*, E*) and the last two parts of 2.2.5, cf. [478, (11.1)]. 


(Ej, E) =e, 

(Ep, EX.) = (eo), 

Crain = {Cm |, Tis 
1S; Sj 


(ea?) !—ai/a; ifi = j, 


(3.5.2) 


r fo ee 
where 0 < Oo; < aj and Ojo; = 1 (mod aj), and 1 <i, j < v. 


Remark 3.5.3 The analogue of the identity (2.2.7), valid for quotient singularities, 
in the case of star-shaped graphs transforms into the following identity: 


D5 x (Ev) — Uw + (EF +3) = 
vEeV veV 
(3.5.3) 


“- 2g—vt Dye 3— 12 oT aj). 


j=1 j=1 


(Use the above lattice identities for i and (2.2.7)). For topological interpretation, 
see 6.3.10-6.3.12. 


3.5.4 The Group H = Tors(H\(M(I), Z)) = L'/L [506] 
Let h; denote the class [E%..] G=1, a) and ho the class [Eg] in H. Since (by 


similar notations as in 2.2.8) [E71] = [n! Mists; E*. J in H, {hj yer and ho generate 
H. The relations are the following: , 


boho = CLE and ajhj =ho (j =1,...,v). (3.5.4) 
(Use repeatedly [}*,, Iv, E*] = 0.) Let o be the order of ho in H. Then (cf. [506]) 
|H| =a,---ale|, o=alel, (3.5.5) 
where 


= Icm{aj,..., a}. 
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For the first relation compute the determinant of the matrix of relations; for the 
second one use the exact sequence 0 > G > Zy, x --: X Za, — H/(ho) > 
0, where G is the cyclic subgroup of Zg, x --- x Za, generated by the v-tuple 
(@1,..., @y), whose entries are the classes of w;’s; hence G ~ Zy. 

Similarly, from an exact sequence of type 0 > ((@2,...,@v)) @ Za, X +++ X 
Zou, > H/(h\) — 0, we get that the order of h; in H is ord(hj) = ajay |e|, where 
ay := Iem{a;; i 4 j}. ) 


3.5.B Cyclic Graphs 


3.5.5 A connected plumbing graph is cyclic if g, = 0 for all v, and each vertex has 
exactly two adjacent edges, and all the edge decorations are +. We denote the Euler 
numbers of the ordered vertices by —b,, ..., —bx (up to cyclic permutation), k > 2. 
We consider also the graph with one vertex with genus zero and Euler number —)y, 
which supports a (+)-loop (this is the k = 1 case). In this k = 1 case the intersection 
matrix has entry —b; + 2. For all cases k > 1 we assume that each b; > 1 and the 
intersection matrix is negative definite. If each b; > 2 then J is negative definite 
exactly when )°,(b; — 2) > 0. If we regard I’ as a resolution graph with exceptional 
curve EF (cf. 2.1.13), then 2;(£) = Z and we fix one of its generators. If k > 2 then 
fixing a generator of 7; (E) is equivalent to fixing the cyclic order of the vertices of 
the graph. Usually we prefer a minimal graph, however, in order to keep the next 
discussion uniform, in the k = | it is convenient to blow up the loop and introduce 
anew (—1)-vertex. (Or, the next parts should be slightly adopted to the k = | case.) 


In several parts of this subsection we follow [333], for more see also [273]. 

By the plumbing construction, M = M(J) consists of k copies of (P! \ 
{2 discs}) x S! ~ [0, 1] x T (where T denotes the torus S'x oe The segments [0, 1] 
are glued together into another S$! (whose fundamental group can be identified with 
m\(E)), and M becomes a torus bundle over this S'. This is what we will explain 
next. 

We fix an edge, say (vz, v1), which by the plumbing construction determines a 
torus T in M, cf. 3.3.3. Then M cut along T is represented by 

—b, —b —bx-1 —by 
e 


a < e e 28 e f 


> a 


We fix a base point in M, and we complete the free loops y, (defined as in 3.3.6) 
by connecting paths to get elements of zr; (MV); we denote them by the same symbols 
YO = Var Vis +++> Veo Vkt1 = Ya'- By a convenient choice of the connecting paths we 
may assume that they commute with each other and yi = yi-1Vi+1 forl <i <k. 
(See e.g. the proof of 3.7.2.) In particular, yp and y; generate freely Z? ~ 1(T), 
and all y; can be expressed by them. It is convenient to organize this as follows. 


3.5 Examples of Special Graphs re 


For any collection of integers a1, ..., @, we define the matrix 


A(a},.-+,4n) = (ie ») ees ie i) € SLo(Z). 


Introduce the column vectors {uit of Z? by vy = (°) and A(bj,...,5;) = 
(vi41,0;) forl <i < k. Eg, vy = (). w= ane For any v = (") we set 
vy” :=Vi¥9 € m1 (7). Then, by induction, y, = y” foranyO <i <k+1. 

The matrix A = A(bj,..., bx) € SLo(Z) is called the monodromy operator 
associated with the choice of the torus T and the bases {vo, v1} of Z7, and the 
representation yp +> v9, y1 / vy, of m(T) > Z*. Note that Avg = vx and 
Av, = vg+1. The sequence of vectors v; can be extended to a sequence {v;}jez of 
Z? by ven+i = A‘v; (€ € Z), which evidently correspond to loop generators of the 
infinite string ...,b,,..., bg, b1,..., bg, .... Then, M is a torus bundle over si, 
(where the fiber is identified with T), and one has the extension 


+2 amy > Fit) 3 Zam (2) 1, (3.5.6) 
where 71 (E) acts on 7 (7) via the monodromy A. Hence, 
m(M) = (v,t |v eZ’, tut7! = Av) 


such that g(v) = 0 and g(t) = Iz. 


Remark 3.5.6 ([743]) In a sequence like (3.5.6), the projection g splits (since Z is 
free). Any splitting s is given by s(1z), which has the form tv, for some v € Z?. 
In particular, the splitting is not unique. Take any two splittings s and s’ and write 
s'(1) := s(1)u for some u € Z?. Then one can define an automorphism ¢, of 
m\(M) by ¢@u(v) = v forv € Z* while du(t) = tu. This shows that any two 
splittings of (3.5.6) can be identified by an automorphism of 1 (M). 

At homological level one has the exact sequence 0 — coker(A — J) —> 
W\(M,Z) > HA\(E,Z) = Z — 0. The above fact reads as follows: any two 
splittings of this last sequence can be identified by an automorphism of zr; (/). (This 
is a special property of cyclic graphs; for further consequences regarding coverings 
of M(I’) see 4.2.8.) 


3.5.7 The Monodromy Operator A The monodromy operator A € SLo(Z) 
satisfies t := trace(A) > 3. Therefore the characteristic polynomial 47 — tA + 1 
has two positive (non-rational) roots. We denote them A; > 1 > Az > O. Let 
V; and V2 in R? be the corresponding eigenvectors chosen such that V, is in 
the fourth quadrant and V2 in the second one. Then limj-,o. Rsov; = RsoVj, 
and limj-+—oo Rsouj = RsoV2. Let Cone(”) be the real (open) positive cone 
Rso0(Vi, V2) generated by V; and V2. Note that v; € Cone(I") N Z for any i. 
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A depends on the above choice of the edge, or of 7; —> ZL, Yo > V0, V1 b> VY. 
For the edge (1, 2) the new monodromy operator is A(j.2) = A(b2,..., bg, b1) = 
A(b)~!-A-A(by), hence Ac1,2) and A are conjugate. The same is true for any other 
choice of the edge. In fact, the correspondence (bj,..., bg) t+» A from oriented 
cycles to the set of conjugacy classes of C € SL2(Z) with trace(C) > 3 is a bijection 


(cf. [273, 298], [505, 6.3]). One recovers (b1,..., bg) from A = (: ") as follows. 
c 


Write w := (a — d +. \/t? — 4)/2b as an infinite (negative) continued fraction. It is 
periodic, let (cj,...,c;) be its shortest period. Set C = A(c),...,c;). Then there 
exists k € Zs such that trace(C*) = t (or equivalently, Ay(C)* = A, (A)). Then 
the wished b-sequence is the k-repetition of the c-sequence (hence Ck = A too). 
(The c-sequence repeated infinitely many times can be recovered from the cone 
Cone(I) M Z? as well, noting that {v;}; are the lattice points of the boundary of the 
convex closure of Cone(I”) N Z2, which satisfy the identities from 3.5.5). 

If we change the orientation in the cycle of the graph (or, the generator of 71 (E)), 
then the new monodromy operator will be A= A(bx,..., by), and 


A=SA7—'S—!, where S=S-! = € ») 


If T(C) denotes the torus bundle over S! with monodromy C (where trace(C) > 3 
always), then T (C}) is orientation preserving diffeomorphic with T (C2) if and only 
if C, is conjugate in SL2(Z) to either C2 or sc, Ss") [S05, 6.2] (according to the 
cases when the generator of 2;(£) is changed or not). Hence T(A) ~ T (A), and 
their fundamental groups are isomorphic via t < t~!, ¢ oS @ ) and A <> A7!, 


3.5.8 The Dual Cyclic Graph The dual graph is associated with — J". By plumbing 
calculus (in such a way that we never blow up/down the cutting edge) —I” can be 
transformed into a cyclic graph I™* with negative definite intersection form, with all 
Euler decorations —by, ..., —bj. satisfying b > 2, and with all edge decorations 
positive. One checks (see e.g. [505]) that if the b-sequence is 


Hol ky $2,281 ko +2, ...,kg +2, 
(where 2‘ represents k copies of 2), then the b* sequence in I* is 
eS a ae oe OA? ae 


We wish to identify 7;(T) in the two manifolds M(") and M(—I") = —M(I") in 
a canonical way, such that both monodromy actions will act on the same Z?. 
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Since }°;(b; — 2) > 0 we may assume by > 3. Consider the next plumbing 
graph: 


By plumbing calculus (0-chain and oriented handle absorptions), this graph is 
equivalent to a single vertex with genus | and Euler number 0, hence representing 
the trivial torus bundle over S!. Since the monodromy acting on the torus is trivial, 
the tori associated with the edges can be identified by canonical isomorphisms. 

In this graph, on the ‘top subchain’, we can proceed the calculus, which provides 
the b* sequence of I"* (just repeating the steps, which provide the normal form of 
—I°). Then we get the graph (here we use the fact that by > 3): 


—l —bF —b; om —bhs —2 
@ @ @ @ 
% VM v2 
) 
vo V1 v2 
@ @ aise @ @ 
—2 —b, —b2 —by_} —bz —1 
We fix 21(T) = Z? under the canonical identification of [ as in 3.5.5 with 
base elements v9 = (°) and yp = (a); and we represent yj = y” fori = 1,2. 
Then, we express in the above graph the elements y* (i = 1, 2) in terms of yo 


and y; as well. Namely, using the relations % = yiyg and yy = yoy;’, we get 
% = en and YoY; Hence, though in the canonical representation of I"* 
(considered independently from I”, and repeating 3.5.5 for it), we would send yj 
to (°) and y;" to (}); in this representation (imposed by the canonical representation 
of I” when we send yo to G) and yj to ey we have to send y to uo := ee and 
vi tou, i= ‘Ge Let Cone°(J") be the complementary cone of Cone(J"), namely 


Rso(—Vi, V2). Then uo, uy € Cone®(I7)N Z*, hence Cone‘ (I°) is ‘the cone of "*’ 
in the canonical representation of I’. 
Moreover, one has the following identity, cf. [458, 505, 578]. 


Proposition 3.5.9 Set T := ‘Gi oi and consider the monodromy operators 


A= A(b,...,b¢) and A* = A(bj,..., bjs). Then AT = T A*. 
In particular, 11(M (I")) and 1,(M(I"*)) can be canonically identified. 
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Proof In the above graph the monodromy operator of the trivial torus-fibration is 
the identity. This reads as (starting from the left — 1-vertex) 


AC, 2)-A-A(L, 2)- A(bjs,..., bf) = I, 


where the sign is given by the unique negative edge. Since A(1, 2) = ST~' = -TS 
and by 3.5.7 one also has A(bj.,..., bf) = S(A*)—!S, we get AT = TA*. oO 


Hence 21(M) does not determine the torus bundle M, however 7;(M) does 
determine the 3-manifold up to the ambiguity M(I") < M(I%*). Note also that 
det(T) = —1, hence the proposition does not say that A and A* are necessarily 
conjugate in SL2(Z) (although, in special cases they can be conjugate or even equal, 
see e.g. the case k = 3, b} = bz = b3 = 3, which is auto-dual). 


Remark 3.5.10 By Grauert’s Theorem 2.5.2 any cyclic graph as in 3.5.5 is a link of a 
normal surface singularity; these singularities are called cusps. They are minimally 
elliptic singularities, cf. 7.2.19, and they are taut (the topological type supports a 
unique analytic structure). Those which can be realized as hypersurface singularities 
are exactly the 7, 4, germs with (unimodal) equations x? + y? + 2’ + axyz = 0 
(1/p+1/q+1/r < 1,a € C*). (Their graphs can be computed by the algorithm 
from 5.5.23.) For some other cases see 5.5.30 and 5.5.31 below, or [174]. 


3.5.C Surgery 3-Manifolds 


3.5.11 [213, 5.3] Assume that K is a knot in the oriented S?. Let T(K) be a tubular 
neighbourhood of K. Fix an orientation of K, an oriented meridian jz and longitude 
din OT (K). Then glue the solid torus S! x D? to $3 \ T(K) along their boundaries 
such that the circle a = {point} x dD? from S! x D? in H,(dT, Z) is represented 
by pu. + qa for certain relative prime integers p and qg. Changing the orientation of 
K or of @ reverses the signs of both p and gq, but the rational number p/q and the 
diffeomorphisms type of the glued manifold is unaffected. The resulted oriented 3- 
manifold, denoted by S$ : ie (K), depends only on the Dehn surgery coefficient p/q € 
QU {oo}. Surgery with coefficient 00 is trivial, it recovers S*. If p/q € Z then we 


speak about integral surgery. One has Hy (S} /4(K), Z) = Z/pZ. 


Example 3.5.12 (The Graph of So Gi K;), K; Algebraic) We fix an integer d and 
a collection of algebraic knots {K;}?_, in S 3 (determined by irreducible plane curve 
singularities (C;,0) C (c. 0)). Set the connected sum K = Kj#.---#Ky C Ae 
of the knots K;. Then S? q(K) is a plumbed 3-manifold whose plumbing graph is 
constructed as follows. First, let 7; be the minimal good embedded resolution graph 
of (C;,0) C (C’, 0) (see 3.3.10) with a unique —1 vertex v; which supports the 
strict transform. One also considers the cycle Z; = dive(n)(fi) € LU7) given by 
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the local reduced equation f; of (C;, 0); let m; be the multiplicity in Z; of the —1 
curve of J}. (One can show that m;, in terms of spice diagram 5.3.20, is as ps, and 
in terms of the multiplicity sequence is the sum of the squares of the multiplicities, 
including the 1’s, cf. 5.2.2.) 

Then, in order to get the graph of Vel q(X) from the disjoint union LU; J;, one 
introduces a new vertex vi, which is glued to each graph J; via a new edge 
connecting v+ and v;, and one inserts the Euler decoration —d — 0; mj on v4. 
The Euler decorations of {J}}; stay unmodified. For a proof see e.g. 9.1.17. 

The resulting graph is negative definite if and only if d > 0. (fd < 0 then J is 
semidefinite, and in general | det(7)| = |d|). 


Example 3.5.13 (The Graph of 3 y1q (#; Kj), K; Algebraic) Choose p > 0,q > 0 


and gcd(p,q) = 1 and let K; C S? be an algebraic knot as in 3.5.12. Then the 


plumbing graph of the surgery manifold S? aie (#; K;) is the following. 


where in the boxes we have I; (without arrowhead) and kj > | andk; > 2(2< 
j <5) are integers determined by the continued fraction p/q = [[k1, k2,..., Ks]]. 


3.6 Basic Classification Theorems on 3-Manifolds and Links 


In this section we collect the basic terminology and certain fundamental facts on 
the classification of oriented closed 3-manifolds. For more details see e.g. [262, 
289, 736]. Then we recall relevant consequences (given by Neumann) regarding 
links of normal surface singularities. Some properties of the fundamental groups 
of links are also listed. & 


3.6.1 We start with the original version of the Sphere Theorem. 
Theorem 3.6.2 (Sphere Theorem, Papakyriakopoulos [557]) Let M be an ori- 


entable 3-manifold such that 12(M) is not the trivial group. Then there exists a 
non-zero element of 12(M) having a representative that is an embedding S* —> M. 
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An embedded 2-sphere S* <> M is incompressible if it does not bound an 
embedded ball in M. M is called irreducible if it contains no incompressible 2- 
sphere. 

An incompressible 2-sphere separates M if M \ S? is not connected. If M has an 
incompressible separating 2-sphere then M is a connected sum M,#Mp of the two 
components of M \ S? (M, and M2 are obtained by completion of the components of 
M \ S? by balls glued on their boundaries). Recall that the connected sum M|#M 
of two 3-manifolds M; and M2 is obtained by removing from each manifold the 
interior of a ball and then the resulting boundary components are glued. 

M is called prime if it contains no incompressible separating 2-sphere. One 
proves that M is prime if and only if either M is irreducible or M ~ S* x S!. 


Theorem 3.6.3 (Prime Decomposition Theorem, Kneser [320], Milnor [428]) 
Any 3-manifold has a unique connected sum decomposition into prime 3-manifolds; 
the list of summands is unique up to an order and homeomorphism. 


The next step is to describe the irreducible/prime 3-manifolds. They can also be 
decomposed/cut along incompressible surfaces. 

A connected surface F, F 4 S?, embedded in M is incompressible if m(F) > 
7t\(M) is injective. Two disjoint embedded surfaces F; and F are parallel if they 
bound a subset of M isomorphic to F; x [0, 1]. 


Theorem 3.6.4 (Kneser-Haken Finiteness Theorem) The number of disjoint 
pairwise non-parallel incompressible surfaces that can be embedded in M is 
bounded. 


Next we concentrate on incompressible tori. Such a torus T is called canonical if 
any other embedded incompressible torus T’ can be isotoped to be disjoint from T. 

We will consider in M a maximal disjoint collection 7 = {T),..., 7} of 
canonical incompressible tori such that no two of them are parallel. The existence of 
a maximal collection is guaranteed by the Kneser-Haken finiteness theorem. Such 
a collection will be called JSJ-system (Jaco—Shalen—Johannson-system), and the 
splitting M \ U;T; will be called the JSJ-decomposition of M. 


Theorem 3.6.5 (Jaco—Shalen—Johannson [290, 292]) Assume that M is compact, 
oriented and irreducible. Then a JSJ-system is unique up to an isotopy. 


3.6.6 JSJ-Decomposition of (I) In the case of an oriented plumbed 3-manifold 
associated with connected negative definite graph I all the tori in 7 are provided 
by certain edges via the plumbing construction and all the pieces of the JSJ- 
decomposition are Seifert, that is, plumbed 3-manifolds associated with star-shaped 
graphs (including strings). For more on Seifert structures see 5.1.11 and 5.1.12. 


If I is a string or star-shaped then 7 = 9. If I is cyclic then 7 consists of one 
torus, which is associated with one of the edges as in 3.5.B. 

Next, we assume that J” is minimal good, and it has at least one node. Consider 
a maximal string of J” whose end vertices are nodes of I” (in the case of a loop, the 
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two ends meet in a unique node), and they contain no other ‘interior’ nodes. The tori 
determined by the edges of the string are parallel in M(J"). From each such string 
fix one of them. Then their collection 7 constitute a JSJ-system. 


3.6.7 We include here some statements regarding singularity links. 


Theorem 3.6.8 ({505]) 


(a) Singularity links are irreducible, hence prime (corresponding to the fact that 
resolution graphs are connected, cf. with 2.1.7 and with the end of 3.3.3). 

(b) The dual graph of the minimal good resolution of a singularity (X, 0) is 
determined by the oriented homeomorphism (or diffeomorphism) type of the 
link Ly. In particular, the link and the resolution graph contain the same 
information. 

(c) If L is a singularity link, then —L (L with reversed orientation) is also a 
singularity link if and only if L is either a lens space L(n, q) withn > 1, ora 
torus bundle over the circle whose monodromy has trace > 3. This holds if and 
only if the resolution graph is respectively a string or a cyclic graph; see 3.1.6 
and 3.5.8. 

(d) Any singularity link which is not in the list of exceptions of part (c), is 
determined by its fundamental group. For the exceptions, see again 3.1.6 
and 3.5.8. 

(e) If a Seifert manifold is a singularity link then the corresponding resolution 
graph is star-shaped (see also Sect. 5.1). 


E.g., if M is realized as the link of (X, 0), and 7;(M) = 1, then by part (d) 
M ~ S?, and by the sufficiency of the calculus the minimal resolution graph of 
(X, 0) should be empty, hence (X, 0) itself should be smooth (hence this reproves 
Mumford’s theorem [448], see also 3.7.10 here). 

The Sphere theorem and JSJ decomposition have the following consequences. 


Corollary 3.6.9 Assume that L = M(I) is a singularity link with graph I. 


(a) 12(L) = Oand Hg (mm, Z) = H,(L, Z) forg = 1,2. 

(b) If m\(L) is finite then I” is star-shaped (including the case of strings). 

(c) Ifm, = 1 (L) is infinite then L is the Eilenberg—Mac Lane space of 7, that is 
L = K(m, 1). Moreover, 1 is torsion free. 

(d) If (Lx) is abelian then it is finite cyclic. 


For the description of all finite and nilpotent fundamental groups of links see 3.7. 
Proof 


(a) We follow [31, p.32]. By the Sphere Theorem, if N is an orientable 3- 
manifold with m2(N) # 0, then N contains an embedded 2-sphere which 
is homotopically non-trivial. Hence, since L is irreducible, we must have 
mt2(L) = 0. Hence K (71, 1) is obtained from L by attaching q—cells with g > 4. 

(b) If L contains a JSJ torus T, then 21 (T) is a subgroup of 2(L). Hence Z = @. 
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(c) When 7 is infinite, the 3-manifold L , the universal covering of L, has H3 (L) = 
0 (use non-compactness). Hence, by the Hurewicz theorem z;(L) = m;(L) — 
H,(L) = 0 for anyi > 1. Next, any finite dimensional Eilenberg—Mac Lane 
space L = K (1, 1), has a torsion free fundamental group. Indeed, if Z, C 7 
is a non-trivial finite subgroup, then let L be the regular covering of L with 
al (L) = Z,. Then L is at the same time K (Zx, 1) and finite dimensional. By 
the first statement Hg (L, Z) is non-zero for infinitely many q, contradicting the 
second statement. 

If (Lx) is infinite, then (since it is torsion free) it is Z*. But K(Z*°,1) = 
(S')°, which even for s = 3 cannot be represented by a negative definite 
plumbing graph. In the finite abelian case apply 2.3.3(ii). 


(d 


wm 


oO 


For several other properties of the fundamental groups of 3-manifolds see [31]. 


3.7 The Fundamental Group of the Link 


We give a ‘canonical’ finite presentation for 7;(Lx) (including versions with 
optimal deficiency zero). The Seifert case is compared with the crystallographic 
and Dyck—Schwarz polygonal groups. We provide a classification of J” whenever 
m1(Lyx) is finite or infinite nilpotent. We also present Mumford’s theorem: if 
(Lx) = | then (X, 0) is (analytically) smooth. & 


3.7.1 Let (X, 0) be a normal surface singularity. In this section we provide a finite 
presentation for the fundamental group zy of the singularity link L = Ly. If the 
graph has cycles then this presentation is more involved. Therefore, first we study 
the case when the link is a rational homology sphere. 


Let us fix a plumbing graph I" (e.g. the dual graph of a good resolution), a base 
point in M(J°), and also an ordering of the vertices. Furthermore, for any v € V 
we consider the generic S!-fibers around Ey (as in 3.3.6), and we complete this free 
loop with connecting path to the fixed base point. We will use the same symbol y, 
for them. 


Theorem 3.7.2 (Mumford [448]) Assume that L is a rational homology sphere. 
Then there exists a convenient choice of the connecting paths such that 1, (L) has the 
next finite presentation: the generators are {yy}yev, while the relations are YyVy = 
YuYv whenever (v,u) € &, and], yee = 1 for every v € ¥. Here in the product 
we list the terms in the increasing order of u according to the ordering of V. 


Proof Consider the S'-bundles B, — S, from the plumbing construction 3.3.3. 
Then for any v one has 71(By) = (yw | yor = 1). On the other hand, if from 
B, we remove the spaces Ds x S° corresponding to all edges adjacent to v, and 
we denote the remaining space by Ly M B,, then 1;(Lx M B,) is generated by 
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{Yu | lou 4 0}, with the relation [],, Va *“ = |. These relations are glued together 
via van Kampen’s theorem. The relation yyy, = ¥yYy for (v, uv) € & corresponds to 
the fact that Ly N B, M B, is a torus with abelian fundamental group. The existence 
of the convenient connecting paths is guaranteed by the fact that I” is a tree. For 
more details see [270, 448]. oO 


The above statement has the following immediate generalization. 


Proposition 3.7.3. Let I" be a tree with ordered set of vertices, such that the genus 
decorations might be non-zero. Then 1\(L) has the following presentation. The 
generators are {Yy}ycy, and for each v with gy > 0 one needs 2g, additional 
generators {dy,m, Dy,m}i<m<g,- The relations are: [yy, Yu] = 1 whenever (v,u) € 
E, Ws avn] = (yw, bym] = 1 for every v and 1 < m &< gy; and finally 
[ay,1, bv1] +++ Lav,9,5 v.20] ° TL," = 1 for every v € ¥, where, as usual, in the 
(last) product we list the terms in the increasing order of u (and [a,b] = aba~'b™'). 


Remark 3.7.4. Assume that I” is not a string and it has a leg with Seifert invariant 
(a, w) = [[b1,..., bs]. Tf yi, ..., ys are the corresponding elements in 7, (with ys 
corresponding to the end-vertex) then yes a an a yi = Yj-1Vi+1, and each y; 
(1 <i <-s) can be eliminated. Indeed, if nis /qis = [[bi, ..., bs]] (as in 2.2.A) then 


Nis 


Vi-1 = Vs 


Example 3.7.5 (The Case of Star-Shaped Graphs) If I is star-shaped then the 
above presentation via 3.7.4 has the following form. Below the loops yo, {yj j=l 
are associated with (the central and end) vertices vp and vjs j respectively. , 


(Yo, (7j}in1+ {am Bm¥%,—1 | yo central, ¥77 = 0, Vi, ¥9 = TImlam, Om)-T1j7;7) 


yo is the loop corresponding to the regular/generic S! Seifert fiber. If aj; > 1 then 
y; is the corresponding singular Seifert fiber. Clearly, 77 := 71 /(yo) is 


= 


T= ({Yj}j= 1 {Qn, Pale 1 ly yi! =1,Vj, TLnlam. bm]: 1-T]jy = 


By xj := ¥;" ; a = x, where wj@ ‘ = 1 (moda;), 77 transforms into the 
crystallographic group (if g = 0, it is also named Dyck—Schwarz polygonal group) 


({x hia {am, Bike) lay = =a" =I11m lam, Bm 1-TT; jxj = 1). 


One shows that zr is infinite if and only if 77 is infinite (see e.g. [289, VI.11)), if 
and only if yo has infinite order in 7; (use 3.6.9(c)). 

For a topological interpretation in terms of a resolution space see the paragraph 
after 5.1.25. (Groups with presentation of 77 in classical literature of ‘surface 
topology groups’ are also called F-groups.) 
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Example 3.7.6 (Schwarz Triangle Group [620]) Let P be either the surface of unit 
2-sphere, or the Euclidean plane, or the Bolyai-Lobachevsky plane. For any fixed 
integers p, g, r > 2 we consider a triangle T in P with angles z/p, m/q,/m/r 
and geodesic edges. The full Schwarz triangle group A*(p,q,r) is the group of 
isometries of P, which is generated by the reflections 01, o2, 03 in the three edges 
of T. Its presentation is 


A*(p,q,1r) = (01, 02, 03 |07 = of = of = (0102)? = (0703)4 = (o301)" = 1). 


The Schwarz triangle group A(p,q,r) is the subgroup of A*(p, qg,r) of index 2, 
consisting of all orientation preserving elements of A*(p, q, r). Its presentation is 


A(p,q,r) = (T1, Ta, 73 (Ty = ts = 13 = T1273 = 1). 


T1, T2, T3 represent rotations of angle 27/p, 2/q,/,2m/r, hence their order 
in A are p,q,r. A is a finite group of order 2/(p~! + g7! + r7! — 1) 
if P = S?, or equivalently, p~-' + q~! + r7! > 1 (that is, (p,q.r) € 
{(2,3,3), (2,3,4), (2,3,5), (2,2,7r)}). Otherwise the group A is infinite. For 
more details and properties see [431, 620]. 

The hyperbolic case extends to nj; = oo as well by taking the modular triangle. 

For more topological connections and for the centrally extended triangle group 
see 5.1.35. For generalization to polygonal groups see [168]. 


Remark 3.7.7 In fact, some of the relations in the presentation of 2; from 3.7.2 
and 3.7.3 are superfluous. Before we eliminate them we note the following. 

If (y |r) is a finite presentation of a group z, then the deficiency def(y |r) of 
the presentation is defined as the difference of cardinalities |y| — |r|. By Epstein 
[187], for any presentation of a finitely presented group z one has def(y |r) < 
rank H\(z, Z) — pH2(x, Z), where pH is the minimal number of generators of 
Ad. 

Since by 3.6.9 one has Hy (71, Z) = Hy(L, Z) for g = 1,2, def(y |r) < 0. 

Define also def(zr) as the supremum of def(y |r), where (y |r) runs over all 
finite presentations of zr. Then (see e.g. [289, V.3]), for any compact 3-manifold M@ 
without boundary, one has def(z1(M)) => 0. Hence, for any link L, def(z,(L)) = 0. 

This motivates us to find ‘optimal’ presentations with def(y |r) = 0. 


Theorem 3.7.8 (Optimal Deficiency Version) Assume that I" is a tree. Then in 
the presentations of 1\(L) from 3.7.2 and 3.7.3 one can eliminate all the relations of 
type [Yv, Yu] = 1 for (v, u) € & (since they automatically follow from the remaining 
relations). The deficiency of the presentations after this elimination is zero. 


Proof If the vertex v has exactly one neighbour, say u, then [yy, yu] = 1 follows 
2. 


from the remaining relations (since ve *y, = 1). The other commuting relations are 
proved by induction as follows. Fix a vertex « € VY and define d(v) for every v € V 
as the graph-distance in I” of v and *. Fix v € VY andu € %. Then u is an input, 
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respectively output neighbour of v whenever d(u) — d(v) is +1 or —1. * has no 
output neighbours, any other v has exactly one. The remaining relations show that 
if yy commutes with all the input neighbours, then it necessarily commutes with the 
output neighbour as well. Hence the relations [7, ¥,] = 1 for (v, u) € & follow by 
decreasing induction on d(v). E 


3.7.9 2\(M(I’)) for General Assume that I" is a negative definite plumbing 
graph with c(”) > 0. Let I’ be a maximal tree in I, that is T’ = I \ &°, 
where &° = {e1,..., @ecr)} are certain edges of I”. Recall that each edge e € &° 
represents a embedded torus 7, in L. Let N(T.) be an open tubular neighbourhood 
of it in L. We endow I’ with a set of arrowheads, for each edge e = (u,v) € &° 
we put an arrowhead a(u) on u and one arrowhead a(v) on v. Then each arrowhead 
represents a torus boundary component of the boundary of M(I") \ Uecego N (Te). 


Let W(I’) be the union of the old vertices Y (I”) with the 2c(I”) arrowheads. 
We order W(I"’), and we define the incidence matrix J,,,,v ¢ V(), u € W(I’) 
as follows. Ifu, v € V(I), (u, v) ¢ &°, then it is the entry of the usual intersection 
matrix of I”. If v supports an arrowhead a(v) then J, q(y) = 1, otherwise it is zero. 

Furthermore, for each v € W(I’) we construct a loop yy as in the previous cases. 
For an arrowhead the starting loop is an oriented meridian of the missing solid torus 
(see 3.3.6). Then 21(M(I°) \ Ueewe N(T.) has the following presentation (the proof 
is similar as in the case of 3.7.2 and 3.7.3 combined with 3.7.8). 

The generators are {yy}vew ry, and for each v € ¥(I") with g, > O we take 
2gy additional generators {ay,m, by,m}i<m<g,. The relations are: [Yy, Yaw)] = 1 
whenever a supports the arrowhead a(v), [¥y, dv,m] = [Wv, bv.m] = 1 for every 
vand 1 < m < gy; and finally [ay,1, bv,1]--- [av,e.5 v.01 - Tvewery Ya" = 1 
for every v € ¥(I’). Here, in the last product, as usual, we list the terms in the 
increasing order of wu. 

Since I is a tree, the construction of the connecting paths for each y, is 
canonical, and they produce along each string of I’ the typical relations ye = 
YuYw (+) (u, w adjacent vertices of v). However, this type of relation in ” would 
fail if we wish to propagate along an edge e € &°. Indeed, a loop associated with 
a(v) (or v) would need a different connecting path (one, which would be compatible 
with the paths of uw and a(u)) if we wish to have propagation relations (+) along e. 
This connecting path (compatible with the one of u) and the existing path (associated 
with I’) form a loop in M(I”). Hence, for any such e € &° one has to introduce 
a new generator of 7;(M(JI-)) (the above loop), which corrects by conjugation the 
above ambiguity. 

Therefore, a possible presentation of 2; (M(J")) is the following. Let (Gen | Rel) 
be the finite presentation of 21(M(I°) \ Ucege N(Te) given above. Then a presenta- 
tion of 71(M(I°)) is (Gen U {te}ccee | Rel U {re}ecgo), where for e = (u, v) one has 


le: tiihite = Ya(v) and ieiste = Vp. 
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Note that by the relation r, the previously defined relations [yy, Ya(y)] = 1 and 
[Yus Ya(u)] = 1 are equivalent. So, one of them can be eliminated for each e. In this 
way we get a presentation of 7;(M(J’)) with deficiency zero. 

One can write 71(M(I‘)) also in the language of graph of groups, see e.g. [333] 
based on [580, 631]. See also [35] for a presentation. Compare also with 3.5.B. 

The first application of the presentation 3.7.2 is the following topological 
characterization of the smoothness given by Mumford. 


Theorem 3.7.10 (Mumford [448]) Jf the minimal good resolution graph of a 
normal surface singularity is non-empty then m\(Lx) #4 1. In other words, if 
(Lx) is trivial, then necessarily Lyx is S? and (X, 0) is smooth. 


Proof Since IJ have difficulties to understand the original proof from [448], here I 
modify it slightly. We start with the following group theoretical statement. Below 
G « H is the free product of G and H. Oo 


Proposition 3.7.11 Suppose that Gj (i = 1,2,3) are groups, gi; € Gi, and set 
G := G, * G2 * G3/(g1g2g3 = 1). Then G; injects into G for at least one index i. 


Proof If g, = 1 in G; then G = G, * (G2 * G3/(g2g3 = 1)) contains G; asa 
subgroup. If g; ~ 1 for every i then we prove that each G; is a subgroup of G. 

Let nj, 1 < nj < ©, be the order of g; in G;. Let Z,,; be the subgroup of G; 
generated by g;. First we note that each Z,, embeds into Zy, * Zn, * Zn; / (218283 = 
1). This fact follows from the structure of the triangle group, see 3.7.6. (Here one 
has to analyse the n; = oo cases as well.) 

Next note that the amalgamated product of G; and Z,,, * Zn, * Zn; /(219223 = 1) 
over the common subgroup Zp, is G1 * Zn * Zn;/(g1g2g3 = 1). By the general 
theory, see e.g. [400], Gj and Zn, * Zn, * Zn, /(81 9283 = 1) inject into Gy * Zp, * 
Zn3/(818283 = 1), hence all the factors of G1 * Zn * Zn; / (819283 = 1) inject into 
this group as well. Then by a similar way we replace each Z,, by Gj (i = 2,3). O 


Now we return back to the proof of 3.7.10. Since H;(Lx) = 0 we can assume that 
g(’) = c() = 0 (cf. Proposition 3.4.2) and we will apply 3.7.2. We proceed by 
induction on the number of nodes. We verify that if J” is a non-empty negative 
definite connected graph, and 7;(M(I")) = 1 then I cannot be minimal good 
(hence it can be blown down inductively to the empty graph). 

If I has no nodes then the statement follows from 2.3.1 and 3.1.6. Assume that 
I” is a minimal good graph such that 27;(M(JI")) = 1, and it has at least one node. 

Next, we fix a node v. If we delete v and the adjacent edges we get v > 3 
connected graphs I\,..., 7. Assume that v; € W(J;) is adjacent to v in I’. 
Since 7|(M(I")) = 1 one gets from 3.7.2 that m;(M(I))/(y% = 1) = G1 x 
-o& Gy/ (Yo, --+ Yu, = 1) is trivial, where G; = 2)(M(JI;)). Then G, * Go x 
G3/ (Yu, Yor ¥v3 = 1) is trivial too. Hence, by 3.7.11 there exists i such that G; is 
trivial. By induction [; cannot be minimal good. Since I" is minimal good, this can 
happen only if v; is a node in I” and it is a —1 vertex. This shows that must have 
a node with Euler decoration —1. Let us restart the previous discussion where v is 
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such a node. Then by the above discussion we get another node v;, adjacent to v, 
and with Euler decoration —1. But this contradicts the negative definiteness of I". 


Corollary 3.7.12 If a normal surface singularity (X,0) has the property that 
m (Lx) is finite, then the universal covering of Lx is S*, and (X, 0) is a quotient 
singularity (X,0) = (C*,0)/m\(Lx) for some linear representation m\(Lx) C 
GL2(C). In particular, the possible finite fundamental groups m(Lx) are exactly 
the finite small subgroups of GL2(C). Two quotient singularities are analytically 
isomorphic if and only if the corresponding fundamental groups are conjugate in 


GL2(C). 


Proof Consider the universal covering (Xyc,0) of (X,0) associated with the 
trivial subgroup of 2) (Lyx), cf. 12.3.3. Then L(Xy¢, 0) is simply connected, hence 
by 3.7.10 (Xue, 0) is smooth, (C?, 0). Furthermore, the action of 2; on Cc. 0) 
can be linearized in some local coordinates. Indeed, the action of z; induces 
an action on the cotangent space m/m? of (C7,0) and on the exact sequence 
0 > m > m > m/m — 0. Since z; is finite, this sequence equivari- 
antly splits, which provides the wished local coordinates in m. See also 12.3.6 
and 12.3.7. oO 


Remark 3.7.13 The normality in 3.7.12 is essential. Indeed, the link of an irre- 
ducible isolated non-normal singularity is the same as the link of its normalization. 
A possible construction for such germs is the following. Take the subring R of 
C[t, s] generated by all the monomials of type t7s, where (a, b) € Ts \ {(0, I}. 


Then R is generated by x = s?, y = s?, z = t and w = st with relations 
x3 - y? =w-2x = wy — zx? = xw — yz = 0. It defines a non-normal 


irreducible isolated surface singularity, whose normalization is smooth. 


Remark 3.7.14. Theorem 3.7.10 can be formulated in this way too: if the link is 
homeomorphic/diffeomorhic to S* then (X, 0) is smooth. This implication is lost in 
higher dimensions: the link of the (non smooth, but normal) isolated hypersurface 
singularity {zoe + z + Zz + ras feet Zi = 0, 0} for m = 2 is a topological 
sphere for any k, and it is even diffeomorphic to S’ if 28|k [82, 271, 275]. For 
k = 1,...,28 it provides the 28 classes of exotic smooth structures on S’. For 
m =3andk = 1,..., 992 we obtain the 992 exotic structures on S!!. 

Regarding this higher dimensional phenomenon it is worth to add the following: 
if we supplement the smooth manifold structure of the link of the Brieskorn 
singularity (X, 0) with its natural contact structure €y, induced by the complex 
analytic structure of (X, 0), then (X, 0) is smooth if and only if &y , agrees with the 
standard contact structure of the sphere (induced by the smooth germ) [707, 708]. 
In a more general context, the following fact was conjectured by Seidel and proved 
by McLean in [414]: Assume that (X,0) is an isolated normal 3—dimensional 
singular germ. Then, if (Lx, &x,o) is contactomorphic with (L¢3, &¢3 9) then (X, 0) 
is smooth. Hence the analogue of Mumford’s theorem works if we involve contact 
structures. 
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For links of normal surface singularities the diffeomorphism type of the link 
already determines uniquely the contact structure induced by any analytic type 
(X, 0) up to a contactomorphism (in the rational homology sphere case even up 
to isotopy) [107]. 


3.7.15 Classification of I with 7;(M(I")) Finite The classification of conjugacy 
classes of finite small subgroups of GL2(C) has been carried out by Brieskorn [83], 
see also [54]. Our argument below is different: it is based on two facts, namely 
that the quotient singularities are rational, and that the universal abelian covering of 
a weighted homogeneous singularity is a special Brieskorn complete intersection. 
Although both statements will be proved later, we prefer to place the next discussion 
here. (In 6.3.33 we will also show that the canonical covers of those singularities 
which have finite fundamental groups are ADE, hence this fact also characterizes 
them.) 


Any finite 2; of GL2(C) commutes with the diagonal subgroup C*, hence 
(X, 0) = (C”, 0)/z is weighted homogeneous. In particular, its graph is a string or 
star-shaped with g = 0 and v > 3 (this follows from 3.6.9 too). The case of string 
happens if and only if zr) is cyclic and the action is as in 2.3.1 producing cyclic 
quotient singularities. Assume next that the graph is star-shaped with v > 3 and with 
a—Seifert invariants {a ;};. Then, by 5.1.33, the universal abelian covering (Xq, 0) 
is a Brieskorn complete intersection in C” with Brieskorn exponents {a ;};. Since 
the (Xq, 0) has a link with finite fundamental group—[z, 2;]—it is a quotient 
singularity by 3.7.12. On the other hand, a quotient singularity is rational, see 7.1.5. 
Therefore, (X,, 0) being both rational and complete intersection, it should be an 
ADE singularity of Brieskorn type, cf. 7.1.5(d). (Hence one of Ay, Da, Eo, Es.) 

In particular, v = 3 and > j 1/aj; > 1. Returning back to (X, 0) with this 
information, one verifies that any arbitrary completion of such triple {a;}; with 
{w;}; and b to get the Seifert invariants of I’y (satisfying e < 0) is allowed. This 
provides all the possible graphs, and the corresponding finite fundamental groups, 
which agree with all the possible small finite subgroups of GL2(C). 

We mention that for fixed {a;};, e (mod 1) determines completely the entries 
{w;};, hence e determines all the Seifert invariants (see e.g. [83, 291, 592)). 

For completeness, we say a few words about the finite subgroups G of SL2(C) 
as well. The existence of a G-invariant hermitian inner product on C* shows that 
any such G is conjugate to a finite subgroup of SU. On the other hand, using the 
quaternion algebra one constructs a double covering homomorphism SUz — SO3 
with kernel +1. Hence, any finite subgroup G of SU2 maps onto a finite subgroup G 
of SO3, and any subgroup G of SO3 is covered by a group G C SU) with kernel of 
order < 2. Since —1 is the unique element of order 2 in SUg, it is contained in any 
subgroup G of even order. Moreover, if the order of G C SU? is odd, then G must by 
cyclic. Hence, the kernel of G + G is trivial only if G is cyclic of odd order. On the 
other hand, finite subgroups of SO3 are exactly the group of rotation symmetries of 
one of the regular polyhedrons, or of the dihedron and pyramid. The corresponding 
groups G are the cyclic (pyramid case), dihedral (dihedron), 24 (tetrahedron), G4 
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(octahedron, cube), 2l5 (icosahedron, dodecahedron), where Gx (resp. 2%) denotes 
the symmetric (resp. alternating) group of k letters. Their order is n, 2n, 12, 24, 60. 
The corresponding finite subgroups G in SU? are the cyclic, binary dihedral, binary 
tetrahedral, binary octahedral and binary icosahedral groups of order n, 4n, 24, 48, 
120. The corresponding quotients are Ay_1 (n > 2), Dn42 (n => 2), Eo, E7, Eg (for 
their equations see 7.1.5). 

The finite subgroups of SL2(C) have the major advantage that they preserve 
the volume form dz, A dz2, hence the corresponding quotients (C/G, 0) are 
Gorenstein, cf. 7.1.5. 

From a different point of view, the ADE singularities are exactly the (numeri- 
cally) canonical singularities, see 6.3.33. 


Remark 3.7.16 ([505, 6.1]) Assume that I” is a connected negative definite minimal 
graph. If M(I’) is a torus bundle over S! then I’ is either a cyclic graph or it has 
only one vertex with g, = | ande, = —b. 

Hence, in this second case (gy = 1, €y = —b), 2; has two descriptions. First, 
since M(I’) is an S! bundle over the torus with Euler number —b, 7 is the central 
extension of Z? by Z with Euler class —b € Z = H*(Z?; Z). Or, M(L) is a torus 
bundle over S$! with monodromy matrix A = (( a 

In this second description, the exact sequence 0 > Z? > my 2 9s 
suggests that zr; can also be represented as the Heisenberg group H, of the unipotent 
matrices 


1Z Z lt x 
01bZ] with q|Olby]=t. 
00 1 00 1 


This is the only case when the fundamental group of a surface singularity link is an 
infinite nilpotent group (this last statement follows from 3.6.9 and [676]). 


Remark 3.7.17 Consider a cyclic graph I” with decorations —b),...,—bx as 
in 3.5.B. Let © be the graph obtained from I" by changing one of its edges into 
a ©-edge. Them M(I°°) is again a torus bundle over S', whose monodromy is 
—A(by,..., by), cf. [505, 6.1]. M(®) cannot be a singularity link, nevertheless 
some of them appear as the boundary of the Milnor fiber 0 F of certain non-isolated 
hypersurface singularities. E.g., in the case of Tp go with equation x? + y?+xyz = 
0, dF is —M(I°), where the cyclic graph has two vertices, their Euler numbers are 
p and q, and one of the edges is a ©-edge [502, 22.2]. (Compare with 3.5.10.) 


Remark 3.7.18 Assume that an oriented 3-manifold M is the boundary of a smooth 
Stein 4-manifold Y. 

For example, we can consider the boundary aX = M (’) of x , a resolution of 
(X, 0). This complex manifold X is not Stein, however by [66] the holomorphic 
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structure of X can be deformed into a Stein structure preserving (even the contact 
structure of) the 3-manifold boundary. 

Also, as a different second case, one might consider an analytic smoothing of 
(X, o) Gif there are any), where Y is the nearby smooth fiber with OY ~ 0X = M. 

We claim that for such Stein boundary M, the inclusion M = dY <> Y induces 
a surjective homomorphism 7;(M) —> 71 (Y). 

Indeed, there exists a (strongly pseudoconvex) Morse function g : Y — R and 
c1 < c2 such that g~!((—o00, c)]) = Bg is the closed 4-ball, g~!((—00, c2]) = Y 
with boundary 0Y = go! (c2), and Y is obtained from By via the Morse construction 
by attaching 1 and 2 handles. Turning the Morse function upside down we obtain 
that Y is obtained from dY by attaching 2 and 3 handles and a 4-ball. 


Chapter 4 ® 
Coverings om 


4.1 Cyclic Coverings 


In 4.1.A we define the purely graph-theoretical notion of cyclic covering of 
graphs, and in some key cases we classify all the cyclic coverings of a fixed 
graph. This will be applied to the embedded resolution graph I"(X, f). First, 
in 4.1.B, we associate with any analytic germ f : (X,0) — (C,0) the 
‘universal’ cyclic covering graph G(X, f) > I(X, f). This usually contains 
more information than I"(X, f), however, if Ly is a rational homology sphere 
than G(X, f) — I(X, f) can be recovered merely from I"(X, f). Then, for 
any such f and integer N > 0 we define the cyclic covering associated with f 
and N, and we determine its resolution graph from G(X, f) > I'(X, f) and N, 
cf. 4.1.C. & 


4.1.4 Cyclic Coverings of Graphs 


4.1.1 In this subsection we present a graph-theoretical construction. It is motivated 
by the structure of the resolution graphs of cyclic coverings of a normal surface 
singularity (ramified along a curve or ramified only along o). For more, see [475]. 

For any graph ', ¥ = V(I‘) and & = &(L) denote the set of vertices and 
edges. For v € V let &, be the set of edges adjacent to v. Let c(”) be the number 
of independent cycles in I”. We assume that I” has no loops. If e is an edge with 
end-vertices v and u, we write de = {v,u}. Abbreviate [n,m] = Icm{n, m} and 
(n,m) = gced{n, m}. 
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Definition 4.1.2 


(a) A morphism of graphs p : I, — I consists of two maps py : V(I\) > 
V (12) and pe : &() > &(14), such that if de = {v1, v2} fore € &(/)) then 
dpele) = {py (v1), py (v2)}. If p is a morphism of graphs and py and pg are 
isomorphisms of sets, then we say that p is an isomorphism of graphs. 

(b) If I is a graph, we say that Z acts on I’, if there are group actionsay :ZxV —> 
Y andag :Zx& — & of Z such that if de = {v1, v2} then dag(h,e) = 
{ay (h, v1), av (h, v2)}. The action is trivial if both ay and ag are trivial actions. 

One also has the natural notion of equivariant morphisms and isomorphisms. 

(c) Fix a finite graph I” with a trivial Z action. A Z (or cyclic) covering of I" 
consists of a finite graph G, that carries a Z action, together with an equivariant 
morphism p : G — I such that the restriction of the Z action on any set of 
type p-'(v) (v € V(L)), respectively p\(e) (e € &(L)), is transitive. 

Fix a cyclic covering p : G — I. For any v € V(J’) (respectively 
edge e with de = {vj,v2} € (1 )) let nyZ (respectively de[ny,, ty,]Z) 
be the maximal subgroup of Z which acts trivially on p7~!(v;) G@ = 1,2) 
(respectively on p~!(e)). This defines a system of strictly positive integers 
(n, d) = {{mreviry; Weleescry}. 

It is called covering data of p. 

(d) Two cyclic coverings pj : Gj; > I” (i = 1,2) are equivalent, (G1 ~ G2), if 
there is an equivariant isomorphism g : Gj —> Gp such that p20 q = py. 

The set of equivalence classes of cyclic coverings of I”, associated with a 
fixed system of covering data (n, d), is denoted by Y(I, (n, d)). 


Remark 4.1.3 For any fixed (n, d) there exists a unique cyclic covering p: T > I" 
(up to an equivariant isomorphism) which admits a (non-equivariant!) morphism of 
graphs s : I > T with pos = idr. It is called the trivial cyclic covering. 

In [475] it is proved that Y (I, (n, d)) has the structure of an abelian group, where 
the trivial cyclic covering is the unit element. 


Example 4.1.4 ([475]) Fix a graph I’ and (n, d) as above. 


(a) YI, (n, d)) is independent of d. 

(b) If I” has k connected components (ye ,- then the covering data (n, d) induces 
a covering data on each component, and Y(I, (n, d)) = o_o, (n, d)|7;). 

(c) If c(”) = 0 then YC, (n, d)) = 0 for any (n, d). 

(d) Denote by ¥! := {v € V(r) : ny = 1). Let Iz, be the subgraph of 
I’ obtained from I” by deleting the vertices Y! and all edges which have at 
least one endpoint in “!. If each connected component of I | iS a tree, then 
G(T, (n, d)) = 0. 

(e) Let I be a cyclic graph. Set n = gcd{n, : v € V(I")}. Then YU, (n, d)) = 
Zn: 

(f) More generally, assume that I" is a graph with cr = 1. Let I’ be the minimal 
cyclic subgraph of I’, and set n := gced{ny : v €e V(I")}. Then Y(I, n) = Zy. 
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Remark 4.1.5 If p: G — I is acyclic covering then c(G) > c(J’). Indeed, if |G| 
and |J"| denote the topological realizations of the corresponding graphs, then the 
invariant subspace Hj (|G|, Q)? is isomorphic to H;(|I"|, Q). 


4.1.6 The mody-Construction Fix an arbitrary graph I” and system of integers 
n = {ny}yey and d = {0¢}-c¢ as above. For any strictly positive integer N, 
we introduce a new set of integers (N,n) := {(N, ty)}yey and d’, where 07, := 
(Oe, N/(N, [My,, My, ])). In other words: if ne = 0¢ - [My,, My], then (ne, VN) = 
ov, - [(y,, NV), (ty, N)]. Using these data we define a natural map 


mody : Y(I’, (n, d)) > Y(L, ((N, n), d’)). 


Let G be a representative of an element of Y(I, (n, d)). Then mody (G) is the orbit 
graph of the induced action of NZ. More precisely, we introduce the equivalence 


relation a on ¥(G), respectively on &(G): v1 x v2 (resp. e1 a e2) if there is an 
integer k such that ay (kN, vj) = v2 (resp. ag (KN, e1) = e2). Then mody(G) = 


Gr 


4.1.7 Enriched Coverings We will apply the following extensions as well. 


(1) Assume that the vertices of all our graphs have two types: arrowheads .% and 
non-arrowheads VY, ic. W = of UY. Then in the definition of the coverings 
p:G—T we require: A(G) = p-!(WA(L)). 

(2) Assume that our graphs have some decorations. Then for coverings p: G > I" 
we require that the decoration of G must be equivariant. 

(3) We might change (in an equivariant way) any edge of G into a string. If Str = 
{Str(e)}eeecr) 18 a collection of (oriented) strings (each with two end-arrows, 
see below), and G —> I is an element of Y(I", (n,d)), then the new graph 
G(Str) denotes that graph in which we replace equivariantly every edge of G 
above e by the corresponding string Str(e). That is, if 


—k, —k2 —ks 
Str(e): ~ e ° rr nd 
ay a2 
then any 
- is replaced —ky —ky —ks 
a by ° © © tee —_o—___» 
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4.1.B The Universal Covering of the Embedded Resolution 
Graph 


Fix a normal surface singularity (X, 0) and a germ f : (X,0) > (C,0) of an 
analytic function. Let ¢ be a good embedded resolution with dual graph "(X, f). 
For simplicity we assume that any two irreducible components of the exceptional 
divisor have at most one intersection point. The final goal of this subsection is to 
construct a cyclic covering of graphs p : G(X, f) — I(X, f), abbreviated as 
p:Gr- Ty. 4 


4.1.8 The Construction of p : Gs — I’y via the Milnor Fibration of f [158, 
475] We start with the following decomposition of the Milnor fiber. 

Let T, (v € VY) be a small closed tubular neighborhood of £,,. Then for any edge 
e = (v, u) connecting two non-arrowheads, the intersection T, 7, is a bidisc Ty. 
If Ty, fora € &, is a small tubular neighborhood of the irreducible component 
Sa of the strict transform S, and a is adjacent to vg € VY, then corresponding to 
the edge e = (a, vq) we introduce the bidisc T, = T, N Ty,. Set T = UwewTw 
W=VUD). 

Next, consider the lifted fiber F := (f 0 ¢)! (t). For sufficiently small t > 0 it 
sits in T. Set Fy = FT, for any w € W, and Fe = FT, for any e € &. 

It is possible to choose the geometric monodromy acting on F in such a way that 
it preserves the subspaces { Fy} wey and { Fe}cce. In fact, the connected components 
of F,, respectively of F., are cyclically permuted by this action. 

Let n, and ne be the number of connected components of F,, and F, respectively. 
Then for any edge e with de = {w1, w2} we have ne = 0¢ - [Nw,, Nw] for some 
% > 1. 

The covering p : Gf — I’;, with these covering data, is constructed as follows. 
Above a vertex w €¢ W (I's) there are n,, vertices of G¢ which correspond to the 
connected components of F,,,. If w is an arrowhead in I” then all the vertices above 
w are arrowheads. Above an edge e of Is, there are nz edges of G y: they correspond 
to the connected components of F,. The Z action is generated by the monodromy. 

Fix an edge é and a vertex w of Gy, which correspond to the connected 
component F3 and Fy respectively. Then, by definition, w is an end of é if and 
only if Fz C Fy. In particular, if w,, w2 lift the ends of e, then Fy, 1 Fy, has 0. 
connected components, and w and wz are connected in G ¢ exactly by 0, edges. 

Gr = G(X, f) is called the universal cyclic covering of '(X, f). 


Lemma 4.1.9 The number of connected components of the graph Gy and of the 
Milnor fiber F agree. This number is \coker(arg,)|. In particular, G ¢ is connected 
whenever gcd{my :w € W} = 1. 


This fact has the following generalization. Fix a connected subgraph I’ of I"y 
with non-arrowhead vertices /’. Since the intersection form associated with the 
exceptional divisors E’ := Uyey Ey is negative definite, by Grauert theorem [223] 
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E' c X can be contracted to a singular point (X’, 0’). Moreover, since f 0 ¢ is 
zero along E’, it gives rise to a germ f’ defined on (X’, o’). Let the corresponding 
representation be denoted by arg’,. It is obvious, that I’ (complemented with the 
corresponding induced arrowheads) is a possible embedded resolution graph of f’. 


Proposition 4.1.10 Fix a germ f, its embedded resolution graph I'¢ with multi- 
plicities {my}w and genera {gy}y, and the universal cyclic covering p: Gf > If. 
Forvé V(I), let W, denote the set of adjacent vertices w € W(I’) of v. 


(a) For any connected subgraph I" of If, p (I) has |coker(arg’,)| connected 
components. 

(b) In particular, for any v € V(I’) with gy = 0, the cardinality ny of the 
set p-'(v) is gced{my : w € WU {v}}. Similarly, for anya € A(T), 
the cardinality tq of p~'(a) is gcd(ma, My,), Where vq is the adjacent non- 
arrowhead to a. Finally, the number of edges ne above e with end-vertices 
w1, w2 is gcd(my,, Mwy). 


In contrast, for v € V(L) with gy > 0 for |p~!(v)| := ny only the following 
divisibility is guaranteed: ny | gcd{my : w € GW VU {v}}. 


Example 4.1.11 If Lx is a rational homology sphere, then I’y is a tree with all 
8w = 0. Therefore, by Proposition 4.1.10, the covering data (n,d) of Gf > I’ 
is determined by I’¢. Furthermore, by 4.1.4(c), Y(U7, (n,d)) = 0. Hence Fy 
determines completely (and explicitly) the covering Gf > If. 


Example 4.1.12 Assume that I’; is a tree. Then, again, G(s, (n,d)) = O, hence 
the covering is determined from Iy once we know ny forall v € ¥(’) with gy > 0. 
Nevertheless, ny for gy > 0, in general, cannot be determined from I's. 

Indeed, set (X, 0) = ({x? + y’ — z!4 = 0}, 0) and take f|(x, y, z) = <> +? and 
folx,y,z) = 2—yt y? as in 3.4.8. Then P(X, fi) = P(X, f2), this graph is a 
tree, and it has a vertex with g, = 3. The two graphs G(X, f;) are different, in the 
first case v is covered by two vertices, while in the second case by only one [475]. 
Hence G(X, /{) is a tree, while c(G(X, f2)) = 1. 


Example 4.1.13 Assume that cI") > 0, but gy = 0 for all v. Then the covering 
data (n, d) is completely determined by Proposition 4.1.10, hence each covering is 
an element of %(I"/, (n, d)). Nevertheless, this set can have more than one element. 

E.g., set (X,0) = ({z2 + (x? — y?)(x3 — y?) = 0}, 0) and f; = x? + y* and 
fo = x? —y> + y* as in 3.4.8. Then again '(X, f1) = P(X, f2), gv = 0 for each v, 
nevertheless c(U/") = 1. The two graphs G(X, f;) are different: in the first case the 
cycle of I” is trivially double covered, while in the second case non-trivially double 
covered. 


Remark 4.1.14 The author does not know which elements of Y(I’, (n, d)) can be 
realized as G ¢ — I"¢ = I” provided by some holomorphic germ f/f. 
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4.1.C Ramified Cyclic Coverings of Germs 


4.1.15 Let (X, 0) be a normal surface singularity and let f : (X,0) — (C, 0) be 
the germ of an analytic function. For any integer N > 1, take b : (C,0) > (C, 0), 
zh 2) and let X ¢,n be the normalization of the fiber product {(x,z) € (X x 
C,ox0): f(x) = 2"), The second projection (x, z) t+ z induces an analytic 
map X¢n — C, still denoted by z. The first projection (x, z) +> x gives rise to a 
ramified cyclic Zy-covering pr : X ¢y — X, ramified along V(f). If f defines an 
isolated singularity then X ¢ y is irreducible; but, in general, it is a multigerm. 

TheZy = {€€C: é% =1} action of X ¢ y is induced by & * (x, z) > (x, &z). 
The covering is guided by the monodromy representation py : 7(X\V(f)) > Zy 
of the regular covering X ¢y \V(z) ~ X\V(f). Since X \ V(f) is connected and 
Zy is abelian, py factorizes throughry : H\(Ly \ Lyf), Z) > Gy. 

Let arg, : H\(Lx \ Lyf), Z) — Z@ be the morphism induced by f and 
mody : Z — Zy the natural projection. Then ry = mody o arg,. Hence, if 
the Milnor fiber F of f has k connected components, then X¢y is a multigerm 
(X¢n ,{01,--+, O(k,Ny}) with ged(k, N) connected components. They are isomor- 
phic and are permuted by the action. By definition, the resolution graph I"(X fy ) 
is the union of the resolution graphs of (X fn , oie - (similarly for the embedded 
resolution graph I"(X fn , Z)). 

In the sequel we provide an algorithm how G ¢ and N determine I'(X fn , Z). 


4.1.16 The Embedded Resolution Graph of I"(X ;,v, z) Recall that the universal 
graph covering p : Gf — Ty is an element of Y(I'y, (n,d)), where ny = 
|p~'(w)| and ne = 2¢[Mw,, Nw] = |p! (e)| for any e € & (I) with de = {w, wy}. 
Moreover, the graph I" also has some decorations: multiplicities {my}wew, genera 
[guluevcr) (and Euler numbers, which can be recovered from the multiplicities, and 
will be neglected in this algorithm). 

For any fixed integer N > 1, we construct a new graph in four steps. 


Step 1. We take the ‘orbit covering’ mody(Gyf) — Ty of the subgroup 
NZ c Z of Gf, as an element of Y(I7, ((N,n),d’)). Here, (N,n) = 
{gcd(N, Nw )}weW(Pp)> and 0), = (Qe, N/(N, [Nw,, Mw ])) for any edge e with 
de = (uw, w2), cf. 4.1.6. 

Step 2. We put some decorations on mody(G f) as follows. 


(a) The multiplicity (m,) of any vertex w € W(mody(G )), which lies above 
we Wy), is my/(my, N). 

(b) The genus [gj] of any vertex v € ¥Y(mody(Gyf)), which lies above v € 
V (If) and has genus gy and multiplicity my, is given by 


a (2 — 29) — Ky) - gcd(my, N) + Le weWo(Pp) gcd(my, my, N) 
oie gcd(N, ny) 


where W,(I"f) is the set of adjacent vertices of v and ky = |Wy(I'f)| is its 
cardinality. 
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Step 3. Any edge ée of mody(G yf), with end-vertices w; and w2, lying above e 
with end-vertices w; and wo, will be replaced by a string Str(e) as follows (cf. 
4.1.7(3)). 

If te = gced(my,, Mw, N), then set N’ = N/te and My, = My, /te fori = 1,2. 
Consider the unique 0 < A < N’/ (my, , N’) and m, € N with: 


m N’ 
(m’,,, N’) (m,,, N’) 
If A = 0, then the edge é remains unchanged. 
If A * 0, then take the continuous fraction: 


N'/(m,,, N’) 


x = [[ki, ko,..., ks], ky,...,ks = 2. 


If both w; and w2 are non-arrowhead vertices, then Str(e) is the string 


[i] [0] [0] [0] [$i] 
—ky —ky —ks 
e @ eS sere e @ 
(mo,) (m1) (m2) (ms) (Mi) 
with genera [0], self intersection numbers —k),...,—ks, and multiplicities 
mi, ...,ms. (In the diagram we inserted also the genera [2%,], [2%] and 


multiplicities (my,), (my,) of the vertices Ww, and wz already determined in 
step 2.) The integer m, is the number given by the the congruence (4.1.1). The 
multiplicities m2,..., ms are determined using (2.2.1), namely mz = kym, — 
My, and m+) = kim; — mj; fori = 2. 
Then any edge é of mody(G f), lying above e, is replaced by the string Str(e). 
Furthermore, if w. € &/ (I",), then we do a similar replacement, with the only 
modification that in the string Str(e) given above the right vertex corresponding 
to W2 is replaced by an arrowhead with only one decoration, its multiplicity 
(mg). 
This new graph is denoted by mod, (G ¢) (Str). 

Step 4. The decoration of mody(G¢)(Str) is not complete: the Euler numbers 
corresponding to the vertices v of mody(G f)) are missing. We determine them 
by (2.2.1). 


Theorem 4.1.17 ([475]) The decorated graph mody(G f)(Str) is (a possible) 
embedded resolution graph I"(X f,n, z). In particular, if we delete all the arrows 
and multiplicities of mody (G ¢)(Str), then we obtain a resolution graph I'(X 7,n) 
of X pn. 
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The proof is based on the identification of the quotient singularities appearing in the 
‘Jungian diagram’ (cf. 2.4.2), for details see [475]. 

The construction, in general, gives a non-minimal resolution graph. 

For the appreciation of the role of Gy (versus Ir), the reader is invited to 
construct (say) the double covers of the examples from 4.1.12 and 4.1.13. 


4.1.18 The Case When Ly Is a Rational Homology Sphere If Ly is a rational 
homology sphere, then the covering Gf — I’ can be reconstructed from I's, 
cf. Theorem 4.1.10. In particular, "(X ¢,y ,z) is completely determined by the 
embedded resolution graph I", of f and the integer N. 

In particular, if (X,0) = (C2, 0), and f is a plane curve singularity, then X fy 
is the normalization of ({ f(x, y) = z%},0) Cc (C?,0). If f defines an isolated 
singularity, then ({ f(x, y) = 2%}, 0) is automatically normal. 

For different particular cases of the algorithm see [22, 358, 472, 536, 541]. 


Remark 4.1.19 Using the formula of (Step 2), one shows that g; > gy. Moreover, 
c(mody(G ¢)) > cU"¢), see 4.1.5. Hence rank Hy (Lx;) = rank Hi(Lx) too. 


Remark 4.1.20 Assume that Ly is a rational homology sphere link, and let f : 
(X,0) — (C,0) be as above. Let g : (X,0) — (C,0) be another holomorphic 
germ, and we assume that Ir might serve as the embedded resolution graph of g as 
well (with different set of arrowheads and multiplicities). Then the above algorithm, 
which produces I"(X ¢ 7) form I’; and N, can be improved in order to obtain on the 
graph I"(X ¢,7) the divisor of germ go pr : X ¢,y > Cas well. 


4.1.D Algebraic Monodromy and Cyclic Coverings 


We relate the algebraic monodromy of f : (X,0) — (C, 0) with the properties 
of the universal covering G(X, f) — I(X, f) and also with induced properties 
of the resolution graphs of cyclic coverings {X ¢,y }n. & 


4.1.21 As the construction of Gr shows, the fibration of f and the structure of the 
cyclic covering is strongly related. This has an effect on the algebraic monodromy 
of f as well. In this section we support this fact. We adopt the notations of 3.2.A. 

If the Milnor fiber F has k connected components, then Ho(F) ~ Ze, 
ho(x1,...,Xk) = (x2,...,Xg, X1) and Ao(t) = 1 — tk, 
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Proposition 4.1.22 


(a) The characteristic polynomial A,(t) is determined by the graph I'¢ of a good 
resolution via A’Campo’s formula [6, 7]: 


£() = Ao(t)/A1@) = [ [a — 2)? 2, 
vEeV 


where Ky (I'¢) is the number of edges adjacent to v in I'r. 
In particular, if F is connected then 1\—u(f) = er My(2—2gy—Ky (Tf). 
(b) The maximal size of the Jordan block is 2. 


Proof We use the decomposition 4.1.8. Note that F has the homotopy type of 
Uvey Fy. We also write Fy := Fy \ Uwew, w4uFw forv € ¥. 


(a) follows from the multiplicativity property of the zeta-function with respect to 
this decomposition. 

(b) The my power of the restriction of hgeo to F’, is homotopic to the identity. There- 
fore, if M = Icm,{my}, then im(nv — J) is in the subspace im (Uceg M1 (Fe) > 
1 (F)) of H\(F). But each F, is homotopic to a union of circles, which are 
cyclically permuted by the hge,. Hence A lim(h™ — I) is the identity. 


oO 


4.1.23 Derivatives of Characteristic Polynomials/Rational Functions In several 
(e.g. surgery) formulae we will use certain identities satisfied by the derivatives of 
A, at t = 1. Here are the needed elementary algebraic statements. 

Assume that A is a rational function of type |], (1 — rmi)ki (mj € Zao, ki € Z) 
such that }>, kj = 0. Then the derivative A’(t) of A(t) satisfies A’(1)/A() = 
deg(A)/2. 

Furthermore, define the symmetrized rational function A,(t) := tH/2 . A(t), 
where jz := deg(A). Then A;(1) = A(1), A, (1) = 0, and 


A" (1)/A() — w(u — 2)/4 = AN(1)/As() = 4 - Y; kim? 


4.1.24 For an interpretation of A; as the Alexander polynomial of the link 
Lyf) C Ly see [178], or 9.1.2 here. For some additional properties and special 
formulae in the case of plane curve singularities see 5.2.2 and 5.3.20. 


4.1.25 We write H),, for the generalized eigenspace corresponding to the eigen- 
value A of hj, and let # be the number of Jordan blocks of size / of the restriction 
hi|n,,- Obviously, #} + 24; = dim (Mj ,,) and dim (ker(hi|n,, — AD) = #, + #5. 

For A = 1 A’Campo’s formula and the Wang exact sequence (cf. 3.2.14) give the 
following. 
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Corollary 4.1.26 ((500]) For a good embedded resolution one has: 


(a) dim (H1,1) = 2g(V'¢) + 2c'¢) + |Y| — 1; 
(b) dim (ker(h; — 1)) = 2g) + cy) + | #| — 1. 
Therefore, # = c's) = c(x). In particular, # is independent of the germ 
f, and depends only on the topology of the link Lx. 
(c) Assume that f defines an isolated singularity with |@| = 1, and Lx is a 
rational homology sphere. Then A,(1) = |coker(h; — 1)| = |coker(/)|. Hence 
A\ (1) is independent of f, it depends only on Ly. 


The number of Jordan blocks associated with eigenvalues A 1, in general, 
cannot be determined from I”y. Assume e.g. that F (or, the graph G ) is connected. 
Then X ¢n is also connected for any N. Moreover, 


SY Hf) =H =cU(X pn )) = c(mody (Gp). (4.1.2) 
1 


We 


This says that h; has finite order if and only if there is no cycle in any of the cyclic 
coverings of (X, V(f)) (fact noticed in [161]). Hence #(f) follows by Mobius 
inversion. (4.1.2) combined with 4.1.C gives i #(f) = c(Gf) as well. 

The combinatorial Z action on G ¢ can be interpreted topologically as well. Let 
|G ¢| be the topological realization of Gr. The generator of Z acts on |G ;| too. At 
homological level, this induces a finite morphism on H)(|G |). Let Hi (|G |), be 
the corresponding A-eigenspace. Then, #(f) = dim Aj(|G|),, see [475]. 


Example 4.1.27 In the situation of 4.1.12 h1(f\) is finite, but 4; (f2) has a Jordan 
block of size 2, with eigenvalue 7 = —1. In the case of 4.1.13 both operators for 
i = 1,2 have the same structure. That is, (fj) has a Jordan block of size 2 with 
eigenvalue 2 = 1, because Ir has a cycle. Since Gy has two independent cycles, 
there is one more Jordan block of size 2 and this one has eigenvalue A = —1. 


Example 4.1.28 (The Case When Lx Is a Rational Homology Sphere. [178, 508]) 
In this case cU"(X ¢,y ) can be computed merely from If: 


VRN= YS @.M-D- YO (uy. N)-l) sc py), 41.3) 


Nal ecé&n (Ip) veV (ly) 
where &;, is the set of edges connecting two non-arrowheads. 


Remark 4.1.29 The integers {#5 (f )}a are not totally independent of each other. 
E.g., if f defines an isolated singularity and c(I’x) = 0 then one has the next fact 
[500]. Assume that # # 0 for A with AX = 1. Write k = pq with ged(p,q) = 1. 
Then there exists certain 7 with # 4 0 such that either n? = 1 orn? = 1. 


4.1.30 Examples When / Is Finite In [369] Lé Ding Trang proved that the 
monodromy of an isolated irreducible germ f : (C*,0) > (C, 0) is always finite. 
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In Lé’s result the irreducibility assumption is really essential. Indeed, if we take 
the non-irreducible germ f(x, y) = (x2 + yr je + y’), then the resolution of the 
double covering has a cycle, hence h;(f) has Jordan block of size 2 with A = —1 
[6]. 

Similarly, if f : (X,0) — (C, 0) has a finite monodromy /;(f), then c(’y) 
necessarily must be zero as well (see 4.1.26). 


Proposition 4.1.31 ((500]) Assume that Lx is a rational homology sphere and 
f : (X%,0) > (C,0) defines an isolated singularity with |@(I")| = 1. Then, if 
# # Wiad some x of order k, then there exists a prime number p > 2 such that p|k 
and p*| |H\(Lx, Z)|. 

In particular, if |H\(Lx, Z)| is square free, then h(f) is finite for any f. 


The above result is sharp. Indeed, take (X, 0) = ({x10+ gy + y? +2z* = 0}, 0) 
in (C?, 0) and f(x, y,z) = x. Then |A; (Lx, Z)| = 4 and hy contains one Jordan 
block of size 2 with eigenvalue —1. (See [500].) 


4.1.E o—Ramified Cyclic Coverings 


We say that a finite map (Y,o0) — (X,o) of normal surface singularities is 

a (Galois) o-covering if the restriction Y \ {o} — X \ {0} is a regular (i.e. 

unramified) (Galois) covering. Any surjective character a : Hi(Ly,Z) > Zy 

provides a Galois o-covering (Xq~,0) — (X,0) with Galois group Zy. In this 
subsection we extend the previous algorithms to obtain the plumbing graph of 

Lx,y- 
4.1.32 The Setup of an o-Ramified Cyclic Covering In the next discussion it is 
instructive to distinguish the next two related levels. In the topological setup we 
start with a negative definite plumbing graph I” of a plumbed 3—manifold and we 
consider H; := H,(M(I’), Z). In the analytic situation we start with a normal 
surface singularity (X, 0) with link Ly and we take H, := H\(Lx, Z). 

In both cases, we fix a character a € an of finite order N > 1, or equivalently, an 
epimorphism a : Hj — Zy. In the analytic context, by covering theory (cf. 12.3), 
a determines a unique normal surface singularity (Xq, 0), and a Galois covering 
(Xq, 0) — (X, 0), which is regular above X \ {o}. At the level of links this induces 
a regular Galois Zy—covering Ly, — Ly of smooth manifolds. In the topological 
context we can consider (‘merely’) the regular Galois Zy-covering My of M(I") 
associated with the representation 7;(M(I")) > M ss ZN. 

The topological type of (Xq, 0) depends only on Ly and on the character a. The 
analytic structure of (Xq, 0) is the ‘pullback’ of the analytic structure of (X, 0); in 
particular, it depends only on the topological covering and the analytical type of 
(X, 0). Hence, for fixed (X, 0) and N, the following data are equivalent: (1) a Zy 
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analytic o-ramified covering (Xq,0) — (X, 0), or (2) an epimorphism a : H; > 
ZN. 

The main aim is to determine the graph I’y, (or, in the topological context, the 
plumbing graph of M,). Or, even more, if we know the analytic type/equations of 
(X, 0) then we wish to determine the equations of Xq as well. 


Case 1 Let us start with the following observation. Assume first that we have an 
analytic germ f : (X, 0) — (C, 0) such that mody oarg, : H\(Lx\Lyp)) > Zn 
is onto. Then, from 3.4.6, if mody oarg,|zi~| = 0 (that is, N|mg for every a € &), 
then mody o arg, induces a well-defined character a € A, of order N. 

Next, for our fixed character a € A, of order N, assume that we can find a 
function f such that mody o arg,|ziv; = O and the induced character on Hj is 
exactly a. Then we claim that (Xq, 0) is exactly (X ¢,7, 0). Hence in this way we 
obtain explicitly even the analytic singularity (Xq_, 0) (even at equation level). 

In order to prove the claim we have to show that (Xfy,0) — (X,o) is 
unramified along the generic points of V(f). In a neighbourhood U of a generic 
point of V(f)q the covering can be modelled as follows. Let us choose in (C?, 0) 
some local coordinates (x, y), where {x = 0} = V(f)q NU. Then its Zy)—covering 
is the normalization of {(x, y,z) : x4 = zN }, which is unramified over U (since 
N|ma). 

Since Xq depends only on a, the isomorphism class of the singularity (X ¢,y, 0) 
is independent of the choice of f (under the properties considered above). The 
plumbing graph of Ly, is determined via the algorithm from 4.1.C. In particular, 
Lx, is determined from the multiplicity system of I’y and from the covering data 
of Gf — Iy. Again, the output of the algorithm is independent of the choice of f. 


Case 2 If we are interested merely in the topology of Xjq (or, if it is hard to find 
some germ f, or, if its existence is even obstructed by the analytic type of (X, 0)) 
then in order to find I’y, we proceed by the topological parallel of Case 1. 

Namely, we find an open book decomposition (Ly, L, p) with binding L (the 
analogue of V(f)), with fiber F, geometric monodromy /ge, and plumbing graph 
I’, such that mody o px|zi«; = O and the induced character of H; is a. Then Ly, 
is the Zy-covering of (Lx, L, p): the total space of the open book with the same 
fiber F and geometric monodromy hy, o: Lhe plumbing grap I’y, can be computed 
via the algorithm 4.1.C from the multiplicity system of (Lx, L, p) and from the 
covering data of G + I (constructed similarly as G ¢ — I’¢ from the open book 
decomposition). 

We make this construction explicit in 4.1.33-4.1.35 whenever Ly is a rational 
homology sphere (hence G — I is not needed, cf. 4.1.11). In this case 'y, can be 
determined from the multiplicity system of I” and from N. 


4.1.33 Assume that H;(Ly, Q) = 0, hence H := L'/L= Tors(H) equals Hy. 
Then a becomes a character of H. Since @ : L'/L = H — H is anisomorphism, 
there exists /’ € L’ such that @([{/']) = a. A possible /’ can be found as follows. 
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If Dy is a transversal disc to E,, then the homology classes {[0 Dy]}) generate H 
(see 3.4.3 and note that [Dy] = —[E*] in L’). Let us write a([0D,y]) = e27#"/N 
for some integers m,. We set I! := )>,, my» Ey/N € L @ Q. Taking the composition 


oe :L'o HS Zn, for any v one has 
a’ (E*) = a(—[0D,]) _ oe 2mimy/N — eer EQ 


ie, a/(-) = e27i’, JO, Since a’|; = 1 we obtain that /’ € L’ and @({/']) =a. 
Note that the choice of the integers {m,}, above is not unique. 


Lemma 4.1.34 Assume that H\(Lx, Q) = 0, fix a character a € H, and construct 
a possible l' € L' as in 4.1.33. Set also m* := (l', Ey) € Z for every v. Then there 
is a choice of the integers {my}, such that my > 0 andm* <0 forallv € ¥. 


Proof Let 0, € Zo be the order of [E*] in H, hence 0, E* = >>, cuy Ey for some 
positive integers cyy, cf. 2.1.19. Then in D(X, aX) one has —o, Dy = Sa CuvEy, 
hence adding r Cuy Ey tol’ the coefficient my is modified into my+ Ncyy for every 
v, while m* into m* — o,. Repeated application of this step proves the statement. 

oO 


Assume that the choice of /' in 4.1.33 satisfies the properties of the above lemma. 
For any fixed vertex v, if m* < 0 then we put a unique arrowhead a = a(v) on the 
graph, supported by v, with multiplicity mg := —Nm*. 

In particular, we constructed a plumbing graph I” with non-arrowhead vertices 
¥ (Ix) and arrowheads .~/, and a multiplicity system {my}yeyiry), {Mahaew- 


Theorem 4.1.35 Assume that H\(Lx,Q) = 0. Then a possible resolution graph 
of (Xq, 0) is given by the algorithm 4.1.16 (the version applied in the situation 
when Lx is rational homology sphere, cf. 4.1.18) where the multiplicity system of 
the divisor of f should be replaced by the system {my}yey(ry), {Mahacw defined 
above, and the covering degree is N. The multiplicity system on the new graph 
(the analogs of the multiplicities of z) are used to determine some of the Euler 
decorations of the covering graph, but at the end must be deleted together with 
all the arrowheads of the covering graph. 


Proof The proof is similar to the proof of Theorem 4.1.17, if we notice that analytic 
realization of the divisor N1'—)~,, Nm* Dy (as the divisor of an analytic function f) 
is not essential in the construction of the topological covering Ly, — Ly. [Hence, 
naturally, the algorithm does not guarantee the analytic realization of the output 
divisor, the analogue of the divisor of z in Theorem 4.1.17.] oO 


The above discussion shows that if H;(Ly,Q) = 0 then any I’ € L’ provides a 
well-defined topological o-ramified covering Tl, — I associated with 6([/’]) € H. 
This fact will provide later the topological canonical covering, cf. 6.1.10, 6.3.22 
and 6.1.19. 
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Remark 4.1.36 The coverings associated with /’ and —/’ agree. Indeed, the corre- 
sponding characters 0({/']) and 6([—1’]) = 6({I’]) have the same kernel. 


Example 4.1.37 (Quotient-Cusps) Consider the following graph I”, with all b; > 2, 
and at least one b; > 3. 


22). —2 
—b, —b2 —be-) by 


2 —2 


Define /’ € L’ as follows: its Ey-coefficients are 1/2 for end-vertices, and 1 
for others. Then a := 6({/']) determines a Z2 o-ramified covering (Xq, 0). Since 
l’ satisfies the output condition of Lemma 4.1.34, using the algorithm from 4.1.35 
applied for the multiplicities of 2/’, we get that (Xq, 0) is the cyclic graph with 
decorations 2 — 2b;, —bo,..., —bg_1, 2 — 2bz, —be_1, ..., —b2. Since this is the 
graph of a cusp singularity, singularities with graph I” are called quotient-cusps. 
They are taut rational singularities [361]. For several of their properties see e.g. 
[514]. 


Remark 4.1.38 As we mentioned above, if H;(Lx,Q) = 0 then the correspon- 
dence 0: H > GH, [/'] > @ from 4.1.33 provides a character of H = L'/L for 
any I’ € L’, hence a well-defined covering. However, if Hj(Lx,Q) # 0, @({/’]) 
still provides a character a € fal , but a morphism H — Zy fails to provide 
a unique/canonical morphism H)(Lx,Z) — Zy, since there is no canonical 
projection H; > H = Tors(A)). 

This fact, in some cases, can be remedied in the presence of some additional 
properties of (X, 0). E.g., in the case of cusps (cyclic graphs), the ambiguity of 
the splitting of O-~ H — HA, > Z — O is unraveled by the existence of an 
automorphism of (Ly), cf. 3.5.6 and 4.2.8. 


4.1.39 Group Extensions Associated with the Covering Consider the covering 
c: Lx, — Lyx from 4.1.32. The exact sequence of the fundamental groups 1 — 
mi(Lx,) > m1 (Lx) > Zy — 0 induces the homological exact sequence 


Hy(Lx,,Z) —> Hy(Lx, Z) —> Zy > 0. (4.1.4) 


In fact, since the Galois group Zy acts freely on Ly, , we can apply the homological 
Cartan—Leray spectral sequence aS = H,(Zy, Hy(Lx,,Z)) => H,(Lx, Z) (cf. 
[104, Ch XVI, §9]), which identifies the kernel of c, with the module generated by 
elements of Hi(Ly,, Z) of type t -x — x, where t € Zy and x € Hi(Ly,, Z) and 
- denotes the action. In other words, ker(@) is the module of coinvariants of the 
action. 

Later in the study of the divisor class group of (X, 0) and X we will need certain 


cohomological properties of the covering as well. The exact sequence (4.1.4) can 
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be dualized in two different ways. Taking Hom(-, Z), or Hom(-, Zj) and using 
Ext(Z, Zy) = 0, we obtain the inclusion H!(Lx, Z) © H'(Ly,, Z), respectively 
the exact sequence 


0—> Zy > H}(Lx,Zy) > H'(Lx,, Zy). (4.1.5) 


However, in Chern class computations (see e.g. 6.1.A) it is more useful to consider 
the identifications H?(Ly, Z) = H,(Lx,Z) and H?(Lx,, Z) = Hy (Lx,, Z) given 
by Poincaré duality [645, page 297]. E.g., H *(Lx,Z) fits in the exact sequence 
0-> HEU, aXZ) > A, Z) > H?(Lx,Z), which is Poincaré dual to 0 > 
H>(X, Z) => HD (X, ax, Z) > H,(Ly, Z), ie. it is another interpretation of 0 > 
L—> L' > L'/L > O with L'/L = Tors(A, (Ly, Z)). 

Now, one can read from the cohomological Cartan—Leray spectral sequence 
ER’ = H?(Zy, H1(Lx,,Z)) => H*(Lx,Z) the following facts (below AZ" 
denotes the module of Z\y—invariants): 


H'(Lx,Z) = H'(Lx,,Z)”, (4.1.6) 
and 


0 — ker(c*) > H?(Lx,Z) <> H2(Lx,,Z)2" “+ H?(Zn, H\(Lx,,D), 


0 > Zy > ker(c*) > H'(Zy, H'(Lx,,Z)) > 0. 
(4.1.7) 
Here, if « = @({I']) then Zy is generated by [/'] € L’/L = H?(Ly, Z). 
In particular, the kernel of c* : H*(Lx, Z) > H?(Ly,, Z)#N is the cyclic group 
Zy if and only if H' (Zn, H' (Lx, ,Z)) = 0, otherwise it is larger. 
Recall also that if t denotes the generator of Zy then H!(Zy, H'(L Xy>Z)) 
equals 


ker(T : H'(Lx,,Z) > H'(Lx,,Z)) i 
(1-1): H(Lx,,Z) oe 
where T := 1+¢t+---+2¢%—!. In particular, if Zy acts trivially on H'(Ly,,Z) 
then H!'(Zy, H'(Ly,, Z)) = 0, and ker(c*) = Zy. (Use the fact that H'(Ly,, Z) 
is torsion free.) But in general ker(c*) 4 Zy, cf. 4.1.40. 

Recall also that H?(Zy, H'(Lx,,Z)) = H'(Ly,, Z)“" /T-H'(Ly,, Z). Then, 
via (4.1.6) and (4.1.7), if Ly is a rational homology sphere then c* is onto. 

Finally, let us identify the restriction c* : Tors(H* (Lx, Z)) > Tors(H? (Lx,,Z)), 
or the morphism c* : (L’/L)((Lx)) > (L’'/L)U(Lx,)), where the graphs are 
connected by the algorithm from 4.1.16. If v is a vertex of (Lx) and V is one of the 
vertices of '(Ly,,) above v given by the algorithm 4.1.16, then the E;—coefficient 
in the pullback c*(E,) is N/(N, my). [Indeed, if in local coordinates (x, y) of xX 
the curve E, has local equation x = 0 and f = x’, then the covering is the 
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normalization of x””» = z\. This has d = (N, my) components, one of them is 
normalized by (w, y) viax = wN/4, z = w"»/4, Hence c* (div(x)) = div(w®/4),] 


Example 4.1.40 Consider a quotient-cusp singularity with k = 2, b) = 2, bo = 
3, cf. 4.1.37. Consider the Z2—-covering described in 4.1.37. In this case (Xq, 0) is a 
cusp singularity whose graph has two vertices decorated by —2 and —4. Moreover, 
H?(Lyx,Z) = Z4 © Za and Tors H?(Ly,, Z) = Zo ® Zp». The kernel of c* 
generated by two elements, say /| and /4, where /; has coefficients 1/2 on the two 
left end-vertices and all the other coefficients are integers, while /5 is defined by 
symmetric properties. (Compare with the last paragraph of 4.1.39.) Both generate 
elements of order 2, and ker(c*) = Z2 ® Z2, where ((21, (51) corresponds to @. 

In particular, in this case ker(c*) is not even cyclic. 

One also sees directly that H' (Zp, H'(Ly,,Z)) = Zp. Indeed, H'(Ly,, Z) = 
Z, the Z2—action is nontrivial, hence (4.1.8) gives Zo. 


4.1.41 H'X, Oz) and Cyclic Coverings Assume that c : (Xq,0) > (X,0) is 
an o—covering with Galois group Zy associated with a € A, as in 4.1.32. Fix a 
resolution @ : x> X, and let C: Xo —> X be the normalized pullback of c via ¢. 
Then c* injects H! (X, OF) into the Zy—invariants of H! oon OF ¥,)- We claim that 
in fact 


Ha 0g Pe" = HK, Og). (4.1.9) 


Since C is finite, by the Leray spectral sequence H! ce OF )= H\(X, Cx OF). If 
ee (C,.0%,)p is the eigenspace decomposition of c,. 0%, , then H UX, OF )= 
@pH UX, (&O¥ %,)p)- On the other hand, each (c,@%,)p is a (nonempty) line 
bundle tg the first paragraph of the proof of 6.2.9, or [328]). Furthermore, 
(Cx OF, Zn = O¥. This last fact can also be verified locally over X,e. g. over a 
small neighborhood of an intersection of two exceptional divisors in X we have the 
local model of the natural projection of a Hirzebruch—Jung singularity, cf. 2.3.1. 


4.2 Abelian Coverings 


The results regarding cyclic coverings are generalized for (ramified and o- 
ramified) abelian coverings. The o-ramified coverings of cyclic graphs (including 
the discriminant covering) are exemplified. & 


4.2.1 Abelian Coverings of Graphs We fix a finite abelian group H. All the 
definitions and results of Sect. 4.1.A regarding cyclic coverings of graphs can be 
extended naturally to H-coverings. We provide briefly the needed material, the 
details can be completed by the reader. 
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Definition 4.2.2 If I” is a graph, we say that H acts on I’, if there are group actions 
ay: Hx¥ > Vandag: Hx é& —> & of H such that if de = {v1, v2} then 
dag(h, e) = {ay(h, v1), ay(h, v2)}. The action is trivial if ay and ag are trivial. 

Fix a finite graph I” with a trivial H-action. A H-covering of I” consists of 
a finite graph G, that carries a H-action, together with an equivariant morphism 
p : G — T such that the restriction of the H-action on any set of type p~!(v) 
(v € V(L)), respectively p'(e) (e € &(L)), is transitive. 

Two H-coverings pj : Gi > I G@ = 1,2) are equivalent if there is an H- 
equivariant isomorphism qg : G1; — Go such that p20 g = pj. 


For any v € V(I’) and for any edge e let Stab, and Stab, be the stabilizer 
subgroup of v and e respectively. By the definition of the action it follows that 
Stabe is a subgroup of Stab, whenever v € de. The system of subgroups of H, 
Stab := {{Staby}vem(r); {Stabe }ec er) }, is called the covering data of p. 

Similarly as in the cyclic case, one has the following facts. 


Theorem 4.2.3 Let Y(I", Stab) be the set of equivalence classes of H-coverings 
of I” associated with a system of covering data Stab. Then Y(I, Stab) is a finite 
abelian group. It is trivial whenever c(I") = 0. 


4.2.4 Abelian Ramified Coverings of Normal Surface Singularities Let (X, 0) 
be a normal surface singularity and f, : (X,0) > (C,0) 1 < k < x) germs of 
analytic functions. Furthermore, we fix « positive integers Nj,..., N,. Let X¢n ( 
St ={fk}x and N = {Nx}x) be the multigerm defined as the normalization of 


{(x, 215 «+s Ze) € (X x CK,0 x 0) + fe(x) = z for all k}. 


The group JT := ie Zn, acts on Xen by (&1,...,6&) * (2) = 
(*, §1Z1,.--5 &eZx). 

We wish to determine the resolution graph of X ¢y from the common embedded 
resolution graph I"¢ of the germs { f;}; and the collection {N;};. However, as we 
already know from the cyclic case (k = 1), this is not possible in general: if the link 
of (X, 0) is not a rational homology sphere then one needs some extra information 
about the open book decomposition provided by the Milnor fibration of f. Since the 
analogue of this extra structure for « > 1 is rather technical (and we will not need 
later), in the sequel we will assume that Ly is a rational homology sphere. 

We emphasize the following fact too. Though X ¢ can be constructed induc- 
tively by « consecutive cyclic coverings starting from X (at step k introducing 
Kk = ans the resolution graph of X ¢,y cannot be determined inductively using 
blindly the algorithm valid for cyclic coverings with base space/graph a rational 
homology sphere link. Indeed, even if we start with a rational homology sphere 
link, it can happen that after the first cyclic cover the output graph is not a rational 
homology sphere, hence the continuation of the cyclic algorithm at the next steps is 
obstructed. 
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Let I"y be the embedded resolution graph of the collection of functions { fx}x; 
this means that the resolution ¢ is a good resolution of the product [], fx, and 
each vertex w € W = V U & is decorated by (my, ..., Mw) representing the 
vanishing orders of the functions along the corresponding divisor. If a € & then 
some of the multiplicities mg; can be zero. Set dwx := gcd{myxz, Ne} forl <k <k 
and w € WY. 

We consider the projection q to X of the normalized fiber product of the 
projection p : X ¢y — X and the resolution ¢ : Rae. 

Let Cy (w € W) be either an exceptional curve EF, or a strict transform Sy. 
The local model of g over a small neighbourhood of a generic point of C,, is the 
normalization of {(x, y, Z1,...5Z«) 1 x7" = ay for all k}. Then the monodromy 
around {x = O} is @ := (e27mwi/M1 | e2timux/Ne) E TT, We denote its 
order lem; {Nx /dwx} by My. Hence the local neighbourhood is covered by |J7|/My, 
connected components in the normalized fiber product. In some local coordinates 
(t, y) of one of them, the map g has the form x = t”, y = y, zg = tM@w™w«/Ne Tn 
particular, the pullbacks of the functions have multiplicities {Mymwyx/Nx}x along 
q '(Cw). 

In the previous paragraph, if w = a is an arrowhead, then above Cy = Sg 
there are exactly |J7|/M, irreducible components (discs) (which will be codified by 
arrowheads). Hence Stab, is the subgroup in /T generated by 4. 

Next consider an intersection point of two divisors corresponding to e = (v, w) € 
&. The local model above a small neighbourhood of this point is the normalization 


of {(%, Y, Z1,-.-5 Ze) 1 ave yok = a for all k}. All the irreducible components 
are isomorphic to each other, and they are of Hirzebruch-Jung type. They are 
described in Example 2.3.6. The image imp of the monodromy representation is 
generated in IT by .@, and .@,. Above the point there are |J7|/|imp| points, 
the stabilizer of any of them is exactly Stab, = imp. Furthermore, ker p can be 
generated as follows. Let s, be the smallest positive integer for which the system 
of congruences Aymyk + SyMwk = 0 (mod Nx) (for all k) has a solution Ay € Z. 
Chose the unique solution 0 < A, < M,. Then kerp is generated by (My, 0) 
and (Ay, sy). In particular, |Stabe| = Mysy, and the negative continued fraction of 
M,/Ay provides the singularity type. 

Finally, consider a non-arrowhead vertex v of I’y codifying a component Ey. 
Then above Ey there are |JT/ )° ..3¢5 Stabe| irreducible components. (This number 
equals |IT/(.4 , {Hw}wew,)| too.) The stabilizer of any of these components is 
Staby := > ¢-je3, Stabe. (Here the fact that E, ~ P! is crucial.) The genus 2, of 
such a component is given by 


(2 = ky) « T|/Mv + Viwem, WT/Stabww»y| 


a en 
o [IT/Stab,| 


(4.2.1) 


The gluing of the local data in a unique global graph is guaranteed by the vanishing 
of the group Y(I”, Stab), since cy) = 0, cf. Theorem 4.2.3. 


Hence we proved the following theorem. 
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Theorem 4.2.5 The resolution graph of X ¢,n can be determined as follows. We 
consider the unique covering graph G — If associated with the covering data 
Stab described above. According to this, above v € ¥ (If) we put |IT/Stab,| ver- 
tices, each with genus decoration gy provided by (4.2.1), and (multi-)multiplicities 
{Mymyx/Nx}¢_1- Similarly, above any arrowhead a € &(I'¢) we put |IT/Stabg| 
arrowheads with (multi-)multiplicities {Mamak/ Nie: 

Above each edge e = (v,w) we insert |IT/Stabe| strings where the Euler 
decorations are the negatives of the entries of the continued fraction of M,/Ay 
(where the first entry is glued to the vertices above v). If A = 0 then the strings are 
‘empty’, they are edges. The gluing of the strings with the vertices above W (If) are 
determined by the corresponding surjection of the orbits H/Stabe > H/Staby 
(w € de). 

There is a unique extension of the multiplicities along the strings such that the 
system satisfies (2.2.1). Finally, the multiplicity system just constructed determines 
the missing Euler decorations of the vertices above V (If) (using again (2.2.1)). 

Finally we delete all the multiplicities, arrowheads, and their supporting edges. 

The monodromy group imp of the II-covering X ¢,y — X is the subgroup of 
IT generated by all {Aw }wew (ry): Then the above algorithm provides a graph 
with |IT/imp| connected (identical) components, corresponding to the irreducible 
components of X f.n. 


4.2.6 Abelian o-Ramified Coverings In this subsection we generalize Theo- 
rem 4.1.35, which describes the graphs of o-ramified cyclic coverings, for the 
general case of arbitrary o-ramified abelian coverings. We use (the proof of) 
Theorem 4.1.35 and Theorem 4.2.5 proved in the previous subsection. 

Again, we assume that Ly is a rational homology sphere. 

Fix characters a1,...,@, of orderr,,..., 7% of H = H,(Ly, Z). This provides 
amap A = (q,...,@):H > IT := Th Zr- The composition 2\(Ly) > 
H -— IT determines a o-ramified covering with Galois group /7, which will have 
|IT/im(A)| identical connected components (each associated with ker A C A). 

For example, if A is an isomorphism, then we get a connected space, the 
universal abelian covering of Lx. (This, at the level of analytic germs, provides 
the universal abelian covering (Xq,0) —> (X, 0) of (X, 0).) 

Similarly as in 4.1.33, for any k we choose multiplicities {my}vey(r(Ly)) such 
that a, ([Dy]) = e27/"*/"k, By Lemma 4.1.34 we can assume that for each k and 
v one has mx > Oandm*, := (0, mukEu, Ey)/re € Z<o. We complete the graph 
I(Lx) with arrowheads .%/, one arrowhead a = a(v) for each v € Y(I'(Lyx)), and 
we define their multiplicities by {ma(v)x}k = {-rm* Jk. 


Theorem 4.2.7 The graph of the regular I1-covering associated with A: H > 
IT is given by the algorithm of Theorem 4.2.5, applied for the multiplicity system 
{Myk}vev(r(Lx)) and {mak}aew, and covering degrees Nx = rx. 
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Example 4.2.8 (Certain Coverings of Cyclic Graphs (Cusp Singularities)) Con- 
sider the following cyclic graph with an arrow and multiplicity system. 


3 —3 
Eee + 65) 
(2) B)E2 


Then the multiplicities determine a character a € fal , namely a := 0({/']), where 
I! := (2E, +3E2)/5 € L’. However, in general (when H, (Lyx, Q) # 0), there is no 
canonical epimorphism H; ~ H @ Z — H. Therefore, in the general context, such 
an J’ (or a) does not determine canonically a character a1 € ian (MW = Hi (Lx, Z)) 
(that is, an epimorphism 1; — H — Zs, see the discussion from 3.4 and 3.5.6). 

On the other hand, in the case of cusps, by 3.5.6, different epimorphisms H, > 
Hf are related by an automorphism of (Lx), hence by an automorphism of the 
link, or of the singularity germ. In particular, /’, or w, determine a character a € fail ; 
hence, in our case, a Zs o-ramified covering. 

Also, with the above multiplicity system, J” determines uniquely a (Milnor) 
fibration as in 3.4.10, hence the universal covering graph G as well, see 4.1.13. 
In fact, the graph covering G —> TI is a bijection of graphs. Therefore, the graph 
of the Zs covering of J” can be computed via 4.1.10 using the above multiplicity 
system. It turns out that the Zs covering graph of I" is the very same graph as I" 
itself! 

More generally, let I” be any negative definite cyclic graph. Then by the above 
argument, the projections H; — H are equivalent up to an automorphism of 71, 
hence there is a natural o-ramified covering associated with 7; — H, > H with 
Galois transformation group H. It is called the discriminant covering (the analogue 
of the universal abelian covering valid for Q H S*’s). We claim that the graph of the 
discriminant covering of the cyclic graph I" is exactly its dual graph I’* (cf. 3.5.8). 
(In the previous example, with b-sequence —3, —3, one has = I’* and H = Zs.) 

Indeed, consider the torus bundle M(J"), and fix a generator of 71 (E), hence the 
orientation of the torus (or of 7;(T) = Z) as well. Let A be the monodromy, and 
consider the group extension 3.5.6. Then H = coker(A — J), hence the fundamental 
group 77; of the discriminant covering has a similar group extension, where 7(T) = 
Z? is replaced by another Z”, namely by the image of A — J, which is preserved 
by A (since A commutes with A — J), and whose restriction (the very same A) 
becomes the new monodromy operator. Hence 7; = 7. Recall that in general the 
fundamental group and the monodromy determine the graph (torus bundle) only up 
to the ambiguity of duality (orientation) (in our case up to the ambiguity [ < I“), 
cf. 3.5.9 and the paragraph after it. However, here we have some extra information. 
Indeed, since the generator of Z = ;(S') is fixed, the ambiguity can be dissolved 
if we clarify whether 1(7) has the same orientation as im(A — /) or not. Since 
det(A — J) = 2 —trace(A) < 0, the graph of the covering is "*. 

For more on covering properties of cusps and quotient cusps see [514]. 


Chapter 5 ® 
Examples Seek 


5.1 Weighted Homogeneous Singularities 


In this part we define weighted homogeneous normal surface singularities. We 
introduce the Seifert invariants and we show that the minimal good resolution 
graph is star-shaped and it can be determined from the Seifert invariants. 
We discuss the Seifert 3-manifold structure of the link and the topological 
classification of such singularities. We introduce the analytic Seifert line bundles 
(they appear from a good resolution of a weighted homogeneous singularity 
by contracting the ‘legs’ into quotient singularities). They lead to the analytic 
classification of weighted homogeneous singularities. A convenient covering 
of the total space T — C of the associated Seifert line bundle is a genuine 
line bundle; in this way T — C appears as an automorphic factor. This fact 
provides the Dolgachev—Pinkham—Demazure description of the graded algebra 
of the singularity, and concrete formulae for the Poincaré series and geometric 
genus. 

Then we provide two constructions whenever the link is a rational homology 
sphere. The first one (a result of Neumann) realises the universal abelian covering 
as a Brieskorn—Hamm complete intersection. The second one is an analytic 
plumbing construction, which will have several computational consequences 
later. & 


5.1.1 [541, 542] Fix some positive integers (w1,..., Wy). One defines the action 
of C* on C” with weights (w1,..., Wy) by t- (%1,-.-,Xn) = (tM x1, 2. Xp). 
A polynomial f € C[x] is called weighted homogeneous of degree ¢ with respect 
to the weights (w1,..., Wn) if f(t- x) = FO, where € € Zso. 

Let us fix an affine algebraic variety X C C”. X is called weighted homogeneous 
with weights {w;}; if it is stable with respect to the above action of C*. Since the 
weight are all positive the action on X is good, that is, the origin is contained in 
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the closure of any orbit. If additionally we assume that gced;{w;} = 1 and X Z 
U;{x; = O} then the action is effective too, that is, if t-x = x forallx € X 
then t = 1. If X is weighted homogeneous then its defining ideal is generated 
by weighted homogeneous polynomials. In particular, its affine coordinate ring is 
Z>o-graded: R = @e>o0Re. In fact, all finitely generated Z>o-graded C-algebras 
correspond to affine varieties with good C*-action. 

In this section we will assume that X is an affine surface, which admits a good 
and effective C* action (with w; > 0 and gcd;{w;} = 1) and the origin is its isolated 
singularity. The normality of R = @e>oR¢z is not automatically guaranteed. 


Example 5.1.2 (Homogeneous Affine Cones [258, Ex. I1.5.14]) Let C Cc P"~! be 
an irreducible smooth projective curve as in 2.1.5(b). Let X be the (homogeneous) 
affine cone over it with graded affine coordinate ring R. In general, R is not normal: 
its normalization is R’ := Bro HC, Oc (£)), where Gc (€) = Opn-i(£)|c. In fact, 
Re = R, for £ >> 0, which also shows that R® := ®e>oRedg (d > 0) is normal. (It 
is of type R’ associated with the d-uple Veronese embedding of C.) 


Example 5.1.3 (Algebraic Cones) Let C be a smooth compact curve, and # is an 
ample line bundle on C. Then the graded algebra R = @e>0H°(C, #°) is anormal 
finitely generated graded C-algebra. (In fact, there exists an isomorphism f : C > 
P, where P := Proj(R), and f*(@p(¢)) = Y° for all € > 0.) By contracting the 
zero section in the total space X of LZ! we get a normal surface X with graded 
coordinate ring R. Multiplication in the fibers of “—! induces a good C*-action on 
X. 

Ifs € H°(C, #*) then the pullback of s to the resolution X in convenient local 
(C, fiber)-coordinates (x, ) has the form a(x)u°, hence divc(s) = €C. (Indeed, 
using the above property of f*, it is enough to verify the case of Example 5.1.2 
and & = Opn-i(1)|c. In this case the total space of L7' is the blow up X of 
Oe XcC") 


Lemma 5.1.4 Let C, & be as above and let x : X — C be the projection. Then 


(a) x*(27!) = OF(C), Lt a=a*(L ic = O(c, m(Ox) = Srr0 FH", 
(b) Kx(C) = 2*(Kc) (compare it with the adjunction K%(C)|c = Kc). 

Proof For the first statement of (a) we construct a section of 7*(Z—!). This in 
local (C, fiber)-coordinates (x, u) of X is the tautological (x, uv) b> uw. Its divisor is 


Cc, 
Next we prove (b). We cover C with charts {Uq}q with local coordinates {za }q, 


such that the transitions are zg = @p(Zq). Therefore, sections of Kc in local 
charts have the form {¢g}qa (or, {Ga (Za)dZata), where gy = pf (Pap) - Dip: Let 
the transition functions of “~! be tg = hap(Za)ta. Then as sections of 2%, 


WadZqy \ dty = Wedzg A dtg if and only if wg = Val (Pophap)s hence Ky = 
m*(Kc ®@ Z). Oo 
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Definition 5.1.5 In the sequel we assume that the origin is a normal point of X. 

A normal analytic surface singularity (Xqn, 0) is called weighted homogeneous 
if there exists a normal affine surface X, which admits a good C* action and a 
singular point o € X such that (Xqn, 0) is analytically isomorphic with the (induced 
analytic germ) (X, 0). 


In order to avoid the redundance of notations, we will use X or (X, 0) for both 
objects, when we need the global action we think about X as affine variety, when 
we discuss local properties then we handle it as a germ. 


5.1.6 Seifert (Or Singular) Line Bundles Consider the cyclic quotient singularity 
X¢.o= C*/Za as in 2.3.1(d) (with (a@, w) = (n, q)). We recall that € € Zy acts as 
E- (21, 22) = (Ez, €%z2). We replace Cc? by D x C, where D is the unit disc. Let 
[z1, Z2] € (D x C)/Zzy be the class of (z1, z2) € D x C, and consider the projection 
Tv: pea = (D x C)/Za > D, [z1, 22] + zf. All the fibers are isomorphic to C. 
C* acts on XT 6 byt - [z1, 22] = [z1, tz2]. 


Definition 5.1.7 Let C be a smooth compact curve. An analytic space of dimension 
two T and an analytic map z : T — C with all the fibers isomorphic to C is 
called Seifert line bundle, if any point c € C has an open neighbourhood U such 
that 2—! (U) — U is isomorphic (by an isomorphism linear on fibres) either with 
DxC-— Dor with bcm — D for some pair (a, w) (and c corresponds to 0 € D). 
In this second case, p} (c) is called a singular fiber with Seifert invariants (a, w). 


Theorem 5.1.8 (See e.g. [447]) Let X be a weighted homogeneous normal surface, 
cf. 5.1.1. Then C := (X \ 0)/C* is a smooth compact curve. Let T be the closure of 
the graph of X\\0 — C in X x C. Then the first projection ¢ is a modification T > 
X, which is an isomorphism above X \ 0 and the exceptional curve is isomorphic to 
C. The second projectionn : T — C isa Seifert line bundle (with zero section being 
the exceptional curve). T itself is not smooth, it has a cyclic quotient singularity at 
the intersection of exceptional curve with each singular fiber. 


The Seifert invariants can be interpreted as orbit invariants of the singular fibers. 
Orbit invariants are defined as follows. We can assume that X C C” is not contained 
in any coordinate hyperplane, and let {cx}, be the images in C of the orbit closures 
sitting in X M {[]; xi = 0}. Since ged;{wi} = 1, m is a trivial line bundle over 
C \ Uxcg. Let x = (x1,...,%n) be a point in XN {[]; xi = O}, x 4 0. Seta := 
gced{w; : x; 4 O}. Then, the isotropy group G; C C* of x is Zy; letA = eet i/o 
denote its generator. Let Ny be a G,-invariant normal section at x to the orbit, hence 
multiplication by A € G, C C* preserves N,. Define y € Z such that 4 acts on Ny 
by multiplication by 4”. The integers (@, y) are the orbit invariants of the singular 
fiber given by x. 

On the other hand, by Holmann’s Slice Theorem [279], for a small neighbour- 
hood U of a(x) = c one can identify a —!(U) — U witha certain Aes —> D. 

The numerical invariants (@, y) and (aq, w) are related as follows. 
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In the model x? — D the isotropy subgroup of the point [0, 1] is {¢ : t% = 1}, 
and on No.1] = {[z1, l]},, the generator A acts by [z1, 1] > [z1, A] (as C* acts), 
which equals [z;A”, 1] (by the definition of y). Hence A” = & and 1 = Aé® fora 
certain €. This shows that the orbit invariants (a, y) and Seifert invariants (@, w) are 
related by yw = —1 (moda). 


5.1.9 The Resolution [541] T is not smooth, but resolving its cyclic quotient 
singularities we get a minimal good resolution X. Its graph is star-shaped with 
(the strict transform of) C central. Set g for the genus of C and —bp = (C, C). 
(The proof of) 2.3.1 shows that if we resolve a singular point of type (a, w) with 
continued fraction a/w = [[b,...]], then C intersects the (—b;)-curve. For the 
resolution graph I” we use the notations from 3.5.A. Recall also the definitions of 
the orbifold/virtual Euler number e := —bo + par wj/O;. 


5.1.10 Covering Property of e [291] In fact, since T is a Q-homology manifold, 
by Q-Poincaré duality one defines the (rational) self-intersection of C in T, which 
equals e € Q [291, Th. 3.3]. Moreover, by the projection formula, if T’ > C’ and 
T — C are Seifert line bundles, and the following diagram commutes (with p onto) 


/ ne 
L L 


C36 


then deg(T|o¢)e’ = (deg(T|o¢)C’, C)o = (°C, CI = (C,deg(p)C)g = e- 
deg(p), where T|,¢ denoted the restriction to the generic fiber. Note that deg(t) = 
deg(T| gf) -deg(p) too. This can be compared with the interpretation from 5.1.24 and 
covering properties from 9.7.38 and the comparison of weights in 6.2.12; for more 
see [509]. 


5.1.11 The Link. Seifert S'-Bundles To any Seifert line bundle one can associate 
a natural Seifert disc bundle: in the construction 5.1.6 the fiber C is replaced by 
the unit disc D. The boundary of this Seifert disc bundle is a Seifert S'-bundle. 
For the convenience of the reader we (re)write the definition. Z, acts on D x S! 
by € - (z1, z2) = (€z1, €°z2). Let [z1, z2] be the class of (z1, z2) € D x S', and 
consider the projection zr : ee := Dx SZ. > D,[z1, Z2] PB ae All the fibers 
are isomorphic to S!, and S! acts on by ¢ - [z1, Z2] = [z1, tza]. 

Let C be a C™ oriented compact Riemann surface (without boundary). A C® 
map z : LS ' _s C with all the fibers isomorphic to S! is called Seifert S'-bundle, 
if any c € C has an open neighbourhood U such that 7~!(U) — U is isomorphic 
(S!-equivariantly on fibres) either with D x S'! > D or with Ly » — D for some 
(a, w). In the second case, p (ec) is called a singular fiber with Seifert invariants 
(a, w). 

The S! action globalizes to an action on L* , the orbits being the fibers of zr. 
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Theorem 5.1.12 (Topological Classification Theorem [624]) The graph, hence 
the link Lx of (X, 0) too, is completely determined by the Seifert invariants 


Sf := (bo, g; (aj, aj), 1< j <v). 


The link Ly is the underlying total space of the S'-bundle with Seifert invariants Sf. 
In particular, it admits an induced Seifert S! action and Seifert S'-bundle structure 
i, The invariant Sf determines the Seifert structure ji up to an orientation 
preserving S'-equivariant homeomorphism. 


Example 5.1.13 (Algebraic Cones) If X is a cone singularity associated with 
(C, @) as in 5.1.3, then v = 0, g = g(C) and —bo = dego f7!. 


Example 5.1.14 ((Non)uniqueness of the Seifert Structures) On the same 3- 
manifold L one might produce several non-equivalent Seifert S! actions. E.g., on 
S= {(x, y) : |(x, y)| = 1} the Seifert invariant of the action tf * (x, y) = (tx, ty) 
is (1,0; ), of the action t * (x, y) = (tx, ty) is (1, 0; (3, 2)), while of the action 
t* (x,y) = (t?x, ty) is (1, 0; (2, 1), (3, 1)). Similar phenomenon appears for lens 
spaces as well (even on the minimal graph with different choices of the central 
vertex). In fact, the only 3-manifolds, which are diffeomorphic with links of normal 
surface singularities, and which admit non-equivalent (even non-isotopic) Seifert 
structures are exactly the lens spaces [67, 505]. 


Example 5.1.15 (Hypersurface Singularities) ‘Topological types (that is, resolution 
graphs) of isolated weighted homogeneous hypersurface singularities in C? are 
completely classified. In this case the three weights and the degree d provides a 
plane $B = {}0, x; w; = d}, which supports all the monomials of the equation. 3 tam 
the part of 58 in the closed first quadrant, should satisfy certain restrictions in order 
to get an isolated singularity. These conditions are: $8* must have a lattice point on 
every coordinate plane, and for every coordinate axis $8 must have a lattice point at 
most | far from the axis, cf. [345, 1.13]. The monomials on such Bt (with generic 
coefficients) provide an equisingular family of singularities with constant resolution 
graph. The possible types are represented by the following normal forms [541, 543]. 


CQ) ay ay Fa", Q) xp Hay + a%3", a2 > 1, 
(3) xp! +.x57x3 + x2x33, ag > 1, a3 >1, (4) xf) + xix? +x0x$3, a > 1, 
1 2 3 1 2 é 
a 
(5) Le + be + Hy tis (6) ie + x2x3, 
bo _b 
(7) xf! + xpxy? + .x1x55 + x74), (a, — 1)(anb3 + a3b2) = ayazaz, 


(8) xf'x2 + x1x3" + x1x33 a (a; — 1)(a2b3 + a3b2) = (ayaz — 1)a3. 


For each case, the corresponding Seifert invariants can be found in [541, 543]. 
Elements of (1) are called Brieskorn polynomials/singularities. 
In the next list of invariants the dimension can be arbitrary, that is, {f = 0} 
is a hypersurface weighted homogeneous singularity in C’+! (n > 1) of weights 
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{wi}; and degree d. Then R = C[x]/(f) is graded according to these weights. The 
Poincaré series of R (associated with this grading), Px(t) = )°, dim Re - t®, is 
(1 — 14)/]],(1 —t”) (see e.g. 8.1.2). 

Some of the invariants from the Milnor homological package are the following 
(cf. 3.2.13). 


(a) [432] u(f) = DCE — D. 

(b) [432] If A,(t) has roots det(1 — thy) = Me & — t), then we can write 
Div(An) := > >, (&) € Z{S']. For each a € Zso we also set Ag := 
Lae") € Z[S']. Then, if we write d/w; as u;/v; with uj, vj > 0 and 
gcd(u;, vj) = | then Div(A,,) = [hG@, Aw —(1)). 

(c) [654] Let M(f) be the Milnor algebra Cage, oe mo). (As a vector 
space, it can be identified with H,, (F’, C).) Let us redefine the (rational) degree 
of a monomial x® by €(a) := y (a; + 1)w;/d, and consider the graded 
vector space M(f) = @eMe graded by €. Then the Poincaré polynomial 
Pucp)(t) =, t* dim Me of M(f) is 


guild —4 
Puc) =] para 


L 


[Though in this book we do not plan to discuss the Hodge theoretical aspects 
of the vanishing (co)homology of hypersurface singularities, here it is worthy 
to mention the following connection. If {s1, ..., s,,} is the collection of spectral 
numbers in the sense of the mixed Hodge theory developed by Steenbrink and 
Varchenko [654, 657, 712, 714], then Py fy(t) = 0; t*.] 

(d) If Pucpy(t) = 0, t, then Div(A,) = >, (e77!). 

(e) Moreover, 19 = )opez dim My and wt = eg dim Mp, sum over (—1)!41 = 

+1. 

(f) Each & € (0,2 + 1) and Py) (t) is symmetric with respect to (n + 1)/2. 

(g) [602, 603] Consider the graded subvector space M(f)(0,1; of M(f) generated 
by monomial x® with €(@) € (0, 1]. Then its dimension is pg. (Hence, the 
number of spectral number in the interval (0, 1] is pg, a fact valid even for 
non-weighted homogeneous hypersurface isolated singularities as well [602].) 


If n = 2 (case of surface singularities) we have additionally the following facts. 
By symmetry dim M, = dim Mo, hence the link is a rational homology sphere if and 
only if M, = 0 (via (d)). M; is freely generated by monomials x® with €(a@) = 1, 
which stay in bijective correspondence (via a +> a+(1, 1, 1)) with the lattice points 
in $+ with all entries positive. Similarly, pg appears as the number of lattice points 
under and on the plane $8 with all entries positive. 


For invariants of weighted homogeneous isolated complete intersections see 
[234, 254] and 9.7.24 below. 
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Example 5.1.16 A germ f : (C"*!,0) — (C,0) is called quasihomogeneous if 
f belongs to the Jacobian ideal J(f) = (Fe, bate wea): Weighted homogeneous 
singularities, by the Euler relation )), w;x;(0f/0x;) = d- f, are quasihomogeneous. 
By a theorem of K. Saito [601] if f is quasihomogeneous and defines an isolated 
singularity then after a biholomorphic change of coordinates it becomes a weighted 
homogeneous polynomial. 

Recall that the Milnor number jz of a hypersurface germ is the dimension 
of the Milnor algebra M(f) = C{x}/J(f), while the Tjurina number t is the 
dimension of the Tjurina algebra T(f) = C{x}/(Cf, J(f)). In particular, for isolated 
hypersurface germs, 44 = tT if and only if f in some coordinates is weighted 
homogeneous. 

For some other characterizations, properties (and conjectures) of weighted 
homogeneous hypersurfaces see [769]. 


Example 5.1.17 (Brieskorn—Hamm Complete Intersections) Fix n > 3 positive 


integers a; > 2(i = 1,...,). Fora generic set of complex numbers C = {cj}, i = 
1,...,n, 7 = 1,...,n — 2, (in fact it is enough that all the (n — 2)-minors are 
nonzero) 


Xc(a,..-, an) = {x € (C", 0) : cjxt! +++ + cjnx8" =0 for all 1 < j <n—2} 


is a complete intersection, whose link Ly = X(a1,...,d,) is independent of the 
choice of coefficients C, cf. [253]. The Seifert invariants are (cf. [291, 511]): 


(do, 8: (ct, 1), «+5 1, @1)3 «+3 (ny On)s +++ ln @n)) 
—— eee ——— 
val qn 
where 


n 
A:=]| fai, a:=l|em{aj; 1 <i <n}, 


i=1 


. Se Say 
Qj -—=—., gg := — <i<n), 
‘Tem{a;, 7 4i)) aaj 
a 
Vi =—, w vi =—1(moda;) Ud <i <n), 
di 


2g —2:=(n—2)A/a— Digi, —e = A/a’. 


Additionally, the following facts hold: 


« Ay(Lyx,Q) = 0 iff g = 0; this in terms of {a;}; reads as follows (cf. [82, 253, 
489]): (a1, ..., Gn) (after a possible permutation) has one of the following forms. 
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(i) (a1,---,4n) = (kpi,kp2, p3,.--, Pn), where k > 1 and the integers 
{Pj}ja1 are pairwise coprime, and gcd(k, p;) = 1 for any j > 3; 

(il) (a1,.--,4n) = (2° pi, 2p2, 2p3, pa--.-, Pn), Where the integers {Pjyjni are 
odd and pairwise coprime, and c > 1. 


¢ Ly is an integral homology sphere if and only if {aj}; are pairwise coprime. 


5.1.18 Analytic Classification of Seifert Line Bundles We fix a smooth curve C, 
distinct points P},..., Py, on C, and positive integers @1,..., Qy. 

We wish to provide the analytic classification of the Seifert line bundles zr : 
T — C over C, with the property that the set of singular fibers are included in 
U;a7!(P;), and the isotropy group of 7~!(P;) is a factor of Za;. We denote this set 
by Pic(C, P, a) = Pic(C, {P;, aj};). 

Let us define local models as in 5.1.6: 7 : XP, := D x C/Zy — D is defined 
similarly, with the only exception that now we allow any w with 0 < w < a, not 
necessarily relative prime with a. Let d := gcd(qa, w). Then the Seifert invariants of 
the central fiber are (w/d, w/d). Then, by definition, Pic(C, P, w) consists of Seifert 
line bundles over C such that over points from C \ {Pi,..., Py} one has usual local 
trivialization, while at any P; one takes a local model of type z : X, a .o; 2 D, for 
certain 0 < @j < a;, and where the origin of D is identified with P;. 

First we note that there is a natural tensor product of elements of Pic(C, P, a). 
The tensor product of two models Xq; , and Xa;,0! over D is Xq,,a,, Where @; = 


Oj 


aj +o, (moda), 0 < @ < a;. This makes Pic(C, P, a) a semigroup. Each a; 
(associated with the fiber 1~!(P;)) defines a map @; : Pic(C, P,a) > Zy,, which 
is (semigroup) multiplicative. Furthermore, I]; a; : Pic(C,P,a) > I]; Zu; is 
onto, and its kernel (I; w;)~!(0) is Pic(C), the group of (genuine) line bundles on 
C. Since Pic(C) is a group, Pic(C, P, a) becomes a group as well. The identity 
component in Pic(C, P, a) is the identity component Pic9(C) of Pic(C). Set P := 
Pic(C, P, a)/Pic°(C). 

Then one has the following commutative diagram (where i and j are injective 
and the last two vertical arrows are surjective): 


0 — Pic9(C) —  Pic(C) —> Z —->0 


fb | | 


0 — Pic9(C) — Pic(C, P,a) > P —->0 


! 


[]j Zo; = |]; Zo; 


The group P has the following abelian presentation (ho, hj,...,hy | ajhj; = 
ho, j =1,...,v). Moreover, i(n) = nho € P. If c(T > C) = —bho + 3; ahi 
(written in a unique way with 0 < a; < a;), then the Seifert invariants of T > C 
are (b, g; (a}, w);), where a; = a;/d, w; = w;/d,d := gcd(a;, w;). (Hence P 
provides the ‘topological’ classification, and c takes T — C to the topological 
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type of the corresponding Seifert bundle.) If g = 0 then Pic?(C) = 0 too, and 
Pic(C, P,a) = P. 


5.1.19 Let us consider C = (X \ 0)/C* again, as in 5.1.8, and let {Pj}; be the 
collection of points of C parametrizing the singular fibers (with a; > 1). 


Theorem 5.1.20 (Analytic Classification Theorem [125, 507, 543, 571]) 

The set of isomorphism types of normal surface weighted homogeneous singular- 
ities X with fixed topology (Seifert invariants) and fixed analytic type of (C, {Pj} ;) 
is isomorphic to Pic9(C) modulo an action of Aut(C, {P;};). (The correspondence 
is given by Theorem 5.1.8 and the description of Pic(C, P, a) in 5.1.18 above.) 


5.1.21 Following [742] we define the virtual Euler characteristic of a Seifert S! 
bundle by 


a; —1 
x=2-2¢-)0 - : 
F J 

j 


The words ‘virtual’ is motivated by the fact that x behaves like the Euler character- 
istic with respect to coverings (as it will be explained after Theorem 5.1.23). 

The sign +,0, — of x subdivides Seifert manifolds into three, geometrically 
rather different families. This is reflected (almost faithfully) by the fundamental 
group 7 of the link as well. For the following facts see [125, 540, 676, 685], 
and 3.7.15, 6.3.30, 6.3.33 here. 


() x > O if and only if z is finite. This happens exactly if g = 0 andv < 2, 
or g = 0, v = 3, and ar 1/aj; > 1, cf. 3.7.15. These are exactly the quotient 
singularities, compare with (6.3.6) and 6.3.33. (Note that zr is finite if and only 
if the order of the generic fiber yo in 7 is finite, cf. 3.6.9). 

Gi) x = Oif and only if either (a) g = 1 and v = 0, or (b) g = 0 and oF l/aj = 
v — 2 (the possible solutions are (3, 3, 3), (2,3, 6), (2,4, 4), (2, 2,2, 2)). m 
is infinite nilpotent if and only if x = O and (a) holds. In such a case zy is 
determined by —do, it is a Heisenberg group, and Ly is a torus bundle over S!, 
as described in 3.7.16. 


5.1.22 T — C as Automorphic Factor Consider the notations of Theorem 5.1.20, 
let (@;, w;) be the Seifert invariant at P; (aj > 1). 


Theorem 5.1.23 ((102, 125, 152, 153, 155, 431, 503, 571]) There exists a smooth 
compact curve C’ and a Galois (ramified) covering p : C' > C with Galois group 
G such that the ramification locus is exactly U; Pj, and the ramification index at 
any point Q ;; above P; is a; (that is, the stabilizer subgroup of each Q ;; has order 
aj). 


120 5 Examples 


5.1.24 The set p~! (P;) consists of deg p/aj; points Q ;;. Set g’ for the genus of C’. 
Then the canonical divisors of C’ and C satisfy K’ = p*(K) + DV jij — )Qji, 
hence 


2 — 2g’ = degp - (2— 2g — Yj (aj — 1)/a)). (5.1.1) 


This identity x;o)(C’) = x - deg p motivates the ‘virtual Euler characteristic’ name 
of x (here X;op denotes the topological Euler characteristic). 
Let D denote the rational Dolgachev—Pinkham—Demazure divisor 


gs 
D==—Cle-> . P;, 
: J 
Ff , 


where —C|c denotes the divisor of the conormal bundle of C in the resolution x 
Then deg D = —e. Furthermore, set D’ := p*(D) = p*(—C|c)— Vij w; Q ji. Itis 
an integral divisor invariant under the action of the Galois group G of the covering. 
Define the ample line bundle Y := G@c/(D’). The degree of Y'~! is degp - e, 
which will be denoted by —b’. Let 7’ — C’ be the total space of Y’~! with its 
projection, and X’ the cone singularity T’/C’, cf. 5.1.3. The identity deg ’—! = 
deg p - e explains the terminology ‘orbifold/virtual Euler number (or degree)’ of e 
(see also 5.1.25). 

We recall that if B is a curve and G is a group of automorphisms of B, then a 
G-invariant line bundle L — B such that G acts freely outside the zero section is 
called an automorphic factor with respect to G. 


Theorem 5.1.25 ({102, 125, 152, 153, 155, 431, 503, 571]) The line bundle T' > 
C’ is an automorphic factor with respect to G and the quotient T'/G — C is 
isomorphic to the Seifert line bundle T — C. The actions of G and C* on X' 
commute inducing a good C* action on X'/G. The surfaces X and X'/G are 
isomorphic C* equivariantly. 

In particular, the restriction of T' — T to the generic fiber has degree one 
(compare with 5.1.10). 


By Van Kampen theorem 7) (T \ Uj; P;) = 77. Undeed, write T \ U; P; as the 
union of T \ C and x MC \ U; P;). For the definition of 777 see 3.7.5.) Note also 
that 24 (T’ \ Ui; Qij) = m1 (T’). The regular covering T’ \ Uj;Qj; — T \ U;P; 
gives the extension of groups 1 > 2,(T’) > 7] ~ G — 1. Hence, 77 admits 
a normal subgroup of finite index isomorphic with the surface fundamental group 
m1(C’) = 2,(T’). (Since the fundamental group (T’) is torsion free, we have 
the following: 77 admits a normal torsion free subgroup with finite index. This is 
the statement of the classical so-called Fenchel’s conjecture. Hence, the affirmative 
answer to Fenchel’s conjecture (see [92, 204]) is equivalent to the existence of the 
covering from 5.1.23.) 

Definitely, one can pull back the line bundle T’ — C’ further to the universal 
covering C’. Since Xtop(C’) = x - degp, if the sign of x is +,0 or —, then 
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C’ = P', C or the upper half plane respectively. In the last two cases the pullback 
line bundle is trivial, hence T’ — C’ (or T — C) appears as the automorphic 
factor of C x C’ > C’ with respect to the discrete properly discontinuous group 
of automorphisms z1(C’) (or 77) of C’. Hence the graded ring of X appears as the 
graded ring of automorphic forms. 


5.1.26 The Dolgachev—Pinkham—Demazure Formulae [571] Fix X normal, and 
let R = @e>oRe be the graded algebra of X, and Px(t) = D0 dim Ry - t® the 
corresponding Poincaré series. Then (using the cone singularity T’/C’ and 5.1.4) 


Re = H°(C’, Oc (LD'))®. (5.1.2) 


Set D = £(—Cle) -— a | oj /a; | P;. Then D© is the greatest divisor on C 
with p*(D) < €D', hence H°(C’, Gc (€D'))° = H(C, Gc(D)). Therefore 


Re = H°(C, Gc(D™)) and R = @ez0H(C, Gc(D)). (5.1.3) 


Similarly, using again 5.1.4(a), the geometric genus pg := h'(@r) of X is the 
dimension of 


H' (67) = H'(67/)© = @es0H | (C’, cr (LD'))®. 


By duality H!(C’, @c:(€D'))* = H°(C', Gc: (—LD! + K")). Since —D© + K is 
the greatest divisor on C with p*(—D© + K) < —€D’ + K’, one also has 


H°(C’, Oc(—£D' + K'))® = H°(C, Gc(—D© + K)) = H'(C, 6c(D))*. 
(5.1.4) 


Therefore, 
Pe = ®ez0h'(C, Gc(D™)). (G15) 


Assume next that Ly is a rational homology sphere, that is C = P!, and set 


N(€) := deg D© = bby — > [ Ce; /oj |. (5.1.6) 
j 


Since e < 0 one has limg_,.5 N(€) = oo. Moreover, 


Px(t) = >. max{0, N(€) + 1} t°, (5.1.7) 
£>=0 
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and pg = Pyi(t)|:;-1, where Py: (t) is the polynomial 


Py (t) = Yo AM(C, 6c(DO)t® = Y~ max{0, —N(e) — I} t° (5.1.8) 
£>0 £>0 


In particular, Py and p, are topological (whenever C = PY), 
Note that 1 + £bo — Yj aj /e;1 < 1-—eé,hence 1+ N(£) < 0 for 2 < 0. 


Example 5.1.27 (Continuation of 5.1.15) Assume that (X, 0) is a weighted homo- 
geneous hypersurface normal surface singularity with rational homology sphere 
link. Let {w;}; be the weights and d the degree. Then (cf. 8.1.2) the Poincaré series 
is Py(t) = A - )/ 11,0 — t”'). This fact together with (5.1.7) show that the 
topological type of (X, 0) determines (via Px (t)) the data (w1, w2, w3; d) too. 


Remark 5.1.28 (Py: as ‘Polynomial Part’ of Px, cf. 8.7) 
From Px (t) one can recover the polynomial P;;1(t) completely. Indeed, take 


PQ) = >) x(6c(D))t* = WO + Ds. 


£>0 £>0 


Then (see 8.1.9) P(t) can be written as a rational function p(t)/q(t) with p,q € 
C[t] and deg p < deg q. Hence, if one writes (in a unique way) Px (t) as p(t)/q(t)+ 
r(t) with p, g, r € C[t] and deg p < degg, then p/q = P andr = Py. 


Remark 5.1.29 


(a) Recall the following result, see e.g. [449, Theorem 6] (compare also with 
6.5.8): If LY and -#@ are invertible sheafs on the smooth curve C of genus 
g, and deg Y > 2g + 1, deg. W > 2g, then H°(C, Y) @ H°(C,. M) > 
HC, L ® M) is onto. Since deg D™ tends to infinity (cf. (5.1.6)), one 
can identify easily an £9 such that @¢s¢)Re C My 0: and @e<e,Re contains 
a set of generators for R. (In this way we get a concrete £0; the existence of a 
non-concrete £9 follows more rapidly from the fact that R is finitely generated 
Ro-algebra.) See part (b) as well. 

Take, e.g. g = 0, and define tr = x /e. Then by the formulae from 5.1.24 t = 
deg Kc’ / deg D’. Hence, using (5.1.4), for £ > t one has h!(@c(D)) = 0, or 
N(€) => —1. This also shows that P71 = Oif t < 0, and deg Py: < t otherwise. 

Note also that N(a) = o > 1 (where o is the order of ho in H, cf. (3.5.5)), 
and for any € > 0 one has N(€ +a) = N(€) + N(q@). Hence for € > a+r one 
has N(€) => 0, and by the above theorem Re C myo for all £ > 2a + v. (This 
bound 2@ + t in general is not sharp.) 

For other interpretations of rt in terms of the canonical cycle see 6.3.30. For 
formulae of e and t in the case of complete intersections see 9.7.24. 

(b) The optimal £9 from part (a) is subject of the representation theory as well. 
E.g., if the finite group H acts linearly on C[x,--- , xg], then C[x1,--- , xg] 
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is generated in degree < |H| [521]. This is called the Noether bound (and it is 
sharp for the cyclic group) and it has several generalizations in the literature. 


Example 5.1.30 ([571]) 


(a) Assume that g = 0, b = 1, v = 3 such that each pair (a, w) is (4, 1). Let 
P\, P2, P3 be the points of C = P! corresponding to the singular fibers, we 
identify them with 0, 1,00 on P!. We also write G@c(—C) = Op: (P3). Then 
D© = ¢P3— » j!/4]P;. The graded ring R is generated by an element 
x in degree 3 and by y and z in degree 4. Indeed, D? = 2P3 — P; — Po, 
and we take x = st(t —s) € R3, while DY = 3P3 — P; — Py, and we 
take y = s’t(t — s), z = st*(t — s) from R4. The relation between them 
(that is, the equation of X is) yz(z — y) = x*, a hypersurface singularity with 
Pg = 1. The above formulae for x, y, z are considered via the monomorphism 
@eRe C OH (C, Gc (EPs) ~ SrCls, te. 

(b) Assume that g = 1,b = 1, v = 1 and (a, w) = (3, 2). Let P be the points of 
C corresponding to the singular fibers, and we set @c(—C) = @c(R) for some 
ReC.Then D® = €R — [2¢/3]P. One can distinguish three cases. 


If R ~ P then R is generated by three elements in degrees 1, 6 and 9, pg = 
3. A possible equation is e.g. z> = y? + x!8. (Here and below ~ means ‘linear 
equivalent’.) 

If R ~ P but 2R ~ 2P, then R is generated by three elements in degrees 2, 3 
and 7, pg = 2, a possible equation is 22 = x(y* + x). 

If2R ~ 2P, then X is not a hypersurface, and p, = 1. 


Example 5.1.31 For any negative definite star-shaped graph I” there exists an 
analytic weighted homogeneous structure such that the corresponding resolution 
graph is I’. This fact follows from 5.1.20. More directly, one can also argue as 
follows. Having the Seifert invariants Sf(bo, g : (aj, @j);), one can take a curve 
C of genus g and a rational divisor D on it of degree —e, which plays the role of 
the rational Dolgachev-Pinkham—Demazure divisor —C|c — > j(@j/aj) Pj. Then 
(X, 0) is Spec(R), where R is the graded algebra defined as in (5.1.3), for details 
see [144, 748]. (See also 5.1.36-5.1.37 for g = 0 case as well.) 

On the other hand, fixing an analytic singularity (X, 0), whose dual resolution 
graph I” is star-shaped, usually it is not automatical that (X,0) is weighted 
homogeneous, or that it is an equisingular (that is, p,g-constant) deformation of a 
weighted homogeneous singularity. We consider the following two examples. 

The first example is the hypersurface isolated singularity (Y,o) = (x? + y? + 
7)? + x6 + y® + 2° = 0. Its minimal resolution graph contains only one vertex 
with Euler number —4 and genus 5, though the equation of Y is not (semi-)quasi- 
homogeneous. However, there exists a family of isolated complete intersection 
singularities (X,, 0),ec : {x7 +y* +27 +Aw = 0, x© + vy + 26+ w? = 0}, 
with (Xo, 0) weighted homogeneous (with 4 = 63 and pg = 9), such that the 
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deformation is equisingular (pg and also the link stays constant), and (X_},0) = 
(Y, 0). 

The second example is the singularity (Xz, 0) from 6.8.13, which has the same 
rational homology sphere link as a Brieskorn hypersurface singularity, nevertheless 
the two germs are not equisingular (for details see 6.8.13). Similar phenomenon can 
appear even with integral homology sphere links, see [399]. 


5.1.32 The Universal Abelian Covering If the resolution graph of X is a string of 
rational curves then its universal abelian covering is smooth, cf. 2.3.1. 


Theorem 5.1.33 ([506]) Assume that X is a weighted homogeneous surface 
singularity with g = 0 and v > 3. Then its universal abelian covering Xq is a 
Brieskorn complete intersection singularity 


{zeC” | fi:scuzy +. teyiz’ =0, i=1,...,v—-2}, 


where every maximal minor of (c ji) is non zero (that is, (cj;) has ‘full rank’). The 
coefficients (c;;) and the action of H are described in the next proof. 


Proof We show that there is a choice of the coefficients (c;;) such that the quotient 
singularity with respect to H is exactly (X, 0). Let us fix first any set of coefficients 
(c;;) of full rank. By row operations, the matrix (c;;) can be transformed into 


G2 C25 0 Oo 1 


such that all the entries cj and c} are nonzero and c;c,, — cxe; # Oif i Fk. 

In this way the complete intersection remains unmodified. Let us denote it by Z. 

The integral weights of the equations are w; = a/a;, hence the C* action on C” 
and Z ist: (z1,..., Zp) = (t%/ zy, 2.2, £°/z,). 

We invite the reader to recall the structure of the group H from 3.5.4 and also the 
lattice identities from 3.5.2. Next we define an H-action on Z. 

The group H acts on C” by h * zj = ALE}, Dh)zj- (For the definition of 0 
see 2.1.16.) Since the equations f; are eigenvectors we obtain an induced action on 
Z too. The action on Z is free off the origin. Indeed, assume that z € Z \ 0 is fixed 
by h € H. Since at most one coordinate of z can be zero, say z;, and {LE%, Vi Likj 
generate H (use 3.5.4), we get 0(h) = 1, hence h = | too. 

The C*-action and the H-action on both C” and Z commute (since both are 
diagonal), hence we obtain an induced C*-action on Z/H. However, note that the 
C*-action restricted to Zp = (t = e?7'/**) C C* coincides with the restriction of 
the H-action to the subgroup (fo). Hence the induced C* action on Z/H has an 
isotropy group Zo; factorization by it we get the effective good C*-action on Z/H. 
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Our goal is to verify that Z/H is isomorphic to X (if we make the right choice of 
the coefficients (c;;)). First we verify that for any choice of (c;;) the quotient Z/H 
has the same Seifert invariants as X. 


The Seifert invariants of Z are given in 5.1.17 (by changing (a1, ...,a,) into 
(a@1,..., @y)). We use for them the standard notations with tilde. E.g., A = Tk ak, 
£= 0.04; = e/a, where ay = Iem{ax, k # j}s gj = Tk oy / (jor); je] = 
(TT ex) /a. 


All the singular C* orbits of Z are in the coordinate hyperplanes. Let us analyze 
those in z} = 0. This is the complete intersection curve —Z," = a jt, == 
rat /c\,_5. This has exactly g; components. Using the identities 3.5.2, one sees that 
h, preserves each component, while H acts transitively. Furthermore, using the 
group relation of H and 3.5.4 one has that |H/(h1)| = jv aj/ay = qi. Hence 
the set of components is an H/(h1) torsor. In particular, in Z/H these components 
are glued together into a unique orbit. 

Each nonsingular orbit of Z covers its image in Z/H by degree 0, hence C \ 
{singular orbits} — Cz, \{v points} is an |H|/o regular covering. Since 2 —2¢ — 
Par qj = 2- v)A/a = (2 — v)|H|/o (cf. 5.1.17), we get that g(CzjH) = 0. 
Similarly, since C= Cz/xH is a (branched) |H|/o-covering, by 5.1.10 ez/y = 
é0*/|H| =e. 

The isotropy subgroup of a point z € Z with z} = 0 has order @ = a/a/, 
cf. 5.1.17. Since this point has an (1)-orbit of length ordy (/1), the isotropy group 
in Z/H has order q - ordy#(h1). In fact, this should be divided by o, the order of 
covering of the generic orbits. Hence, (@1)z/H = | - ordy(h1)/o = a. 

The invariants (wz /); will be determined via the orbit invariants. 

Take z = (0,1,73,r4,...) on z} = O, where ie = —c., fori = 3. Next, 
take the normal section N, of type z(u) := (u, 1, @3(u),...,@ ,()) in Z, where 
u € (C, 0). Here ¢;(u) is the local branch of (—c/_, — cj-2u!)!/% with (0) = ri, 
i> 3. 

The action of h; identifies z with h, * z in Z/H. The generator of the isotropy 
group in Z/H of the C*-action is A = e?7'/“!, This lifted to Z acts as 


2: 


ead Ve 
A+ Cisevs ) HUE 4 iy I Zp). 


This should be modified by the argument o = a|e| of the isotropy group Z, into 
. 1 . 1 
(677! Har zy, ne eo"! wal z,,), 


This, by the action of h; can be mapped back to N, C Z/H, this happens by 
multiplication by the diagonal action (cf. 3.5.2) 


- 
2ni(-t,- A) Init Lae 
(e ime M1" 192, e rave), 
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Hence, the action on N, transforms (u, 1, @3(u),..., dy (u)) into 


JT 


(CHD IM, 1, Pal), GoW) = (CP Hue, 1, P(t), «5 uw) 
> 1, 93 peeey v 1, D3 peeey v é 
(Note that ¢;(€u) = ;(u) for any € with €%! = 1.) Thus the orbit invariant (yy/z)1 
is —a (mod a), hence (wH/z)1 = 1, cf. the paragraphs after Theorem 5.1.8. 
Hence, the Seifert invariants of Z/H and X agree. Next, we wish to apply the 
Analytic Classification Theorem 5.1.20: we show that with the right choice of (c;;) 
the analytic types of Z/H and X agree. 
Note that C (the base of the Seifert fibration of Z) has equations { f; = 0}; in the 


weighted projective space P’~'. Consider C” with coordinates (w1,..., wy) and 
the plane S := (og cijwj =0,i=1,...,v—2}. The fibers of the map C” > C’”, 
wi; = a are the orbits of the action (z1,...,Zy)  (&1Z1,..-,&Zy) of I] Ze; - 


This induces a map Z — S and a covering C > PS =P! at the level of projective 
spaces. In this way PS appears as the quotient of C under the induced action of 
T]; Za; /Zo- Since []; Za;/Zo = H/(ho), the covering C > PS can be identified 
with the covering C> Cz /H together with the base points of the Seifert fibers. In 
the case of PS = P! they are the intersection points with the coordinate hyperplanes 
w; = 0, which can be determined from the coefficients (c;;). In particular, with the 
right choice of these coefficients we can match the base points of the Seifert fibers 
of Z/H and xX. Oo 


Remark 5.1.34 Motivated by the above proof (having in mind the weights of 
X = Z/H) and also by certain combinatorial/topological reasons (see e.g. 6.2.12, 
or 8.1.B and 8.6.13) we can renormalize the weights {a/a;}; of C” (and of the 
universal abelian covering and Z) by dividing them by 0 = ale|. Accordingly, we 
define the new weights wt(z;) = (jelaj)! E 12. In fact, wt(z;) = —(E5 ; Ei.) 
too, This induces a grading on the polynomial ring C[z], and all f; are weighted 
homogeneous of degree |e|~!. 


Example 5.1.35 ([152, 153, 431]) Consider the integers p,g,r > 2 with 1/p + 
1/q + 1/r < 1, and the Schwarz triangle group A = A(p,q,r) acting on the 
Bolyai—Lobachevsky plane, as in 3.7.6. Then A C PSL2(R). It is known that 
m1(PSL2(R)) = Z. Let @ : SLo(R) — PSL2(R) be the universal covering (the 
universal coverings of PSL2(R) and SL2(R) agree). Set AX = A°(p,qg,r) := 
¢ |(A(p, q,1r)). It is called the centrally extended triangle group, and it satisfies 
00> Z-> A > A — 1. Its presentation is fee — ot = T3 = TT2T3} 
(where T7273 generates the central subgroup Z), cf. [431]. This can be compared 
with 3.7.5: A agrees with the fundamental group of the plumbed 3-manifold 
associated with the start-shaped graph I"(p,q,r) with g = 0 and central vertex 
—1, and the three legs of length one decorated by —p, —q, —r respectively. (This 
is the link of the triangle singularity of Dolgachev Dp ,q,r, cf. 7.2.20.) In particular, 
the compact 3-manifold PSL2(R)/A = SL2(R)/A° is the link of Dp... (Indeed, 
SL2(R)” is diffeomorphic to R3, and the link is a K (s11, 1) space, cf. 3.6.9.) 
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On the other hand, SL2(R)"/[A’, A” ] is the link X'(p,q,r) of the Brieskorn 
singularity x? + yf +z’ = 0 [431] and z,(X(p,q,r)) =[A’, A J. In particular, 
{xP + y1 + z’ = 0} > Dp.gq,r is a universal abelian covering with group H = 
A’/({A’, A” ]; a fact compatible with the construction of 5.1.33. 

The case 1/p + 1/q + 1/r > 1 is analogous. In that case the graph = 
I(p,q,r) described above is not negative definite, hence we have to consider 
the negative definite plumbing graph associated with —J-. It has three legs and all 
decorations are —2’s. This is the graph of some DE singularity (X, o). The central 
extension is the Zz extension SU2 — SO3, hence0 — Z ~> A> A 1. 
Finally, again, {x? + y4 + z” = 0} > X isa universal abelian covering [431]. The 
order of A* and A™ is 4/(p~! + q~! +r! — 1), while the order of [A™, A” ] is 
4/(pqr(p7!+q7!+r7! — 1)%). (Por the definition of A* see 3.7.6.) 


5.1.36 Special Analytic Plumbing Let us fix a star-shaped plumbing graph with 
given Seifert invariants Sf with g = 0. We determine a normal surface singularity 
(X, o) with this fixed resolution graph by the construction of its resolution xX by an 
‘analytic plumbing’. Corresponding to the legs we fix the distinct complex numbers 
{pj}i<j<v in C (the affine coordinate of the points P;). Each leg (with divisors 
{Ej} 1 < j < v) will be covered by open sets (Ua) ys copies of C? with 
coordinates (u jj, vj,i), exactly as in the proof (a => c) of 2.3.1 (with a p; shift in 
-1 


: F bii 
vo). The gluing maps are vj; = Uj j-4 (1 <i < sj) and u;,; equals Us Vj,i-1 


for 2 <i < s; and a (vj,0 — pj) fori = 1. Furthermore, all U; 9 charts will be 
identified with each other: uj.9 = ux,0, Vj,0 = Ug,o; denoted simply by Uo, with 
coordinates (uo, vo). Until now, the curve Eo appears only in Uo, it has equation 
ug = 0. To cover Eo completely we need another copy U_; of C? with coordinates 
(u_1, v_1) as well; the gluing of Uo \ {vo = 0} with U_, \ {u_; = O} is vp = Ce 
uo = iu, V_1. 

Proposition 5.1.37 The above analytic structure admits a C* action. Moreover, 
the minimal good resolution of any weighted homogeneous singularity with g = 0 
admits such an analytic plumbing representation for certain constants {pj} j. (The 
equation of the lifted C* orbits to the resolution constructed by such an analytic 
plumbing are given by v9 = constant # pj in the case of generic orbits and 
Vj,s; =O for j = 1,...,v in the case of singular ones.) 


Proof We blow down the legs in X. We obtain a space 7’, which contains Eo, and it 
has a cyclic quotient singularity Xq,,4, at the point Pj € Eo. We show that there is 
a natural Seifert line bundle structure T — C = Epo. For this we analyze different 
local charts in a neighbourhood of P; organized in the next diagram. For simplicity 


128 5 Examples 


we drop the index j; by D, (resp C,,) we mean a disc (affine line) with coordinate u. 


Ww 
(21,22) € Dz, x Cz, — Dyy X Cug C Uo 


v [2 [0 


® = 7! normalized 


[z1, Z2] € Dz, x Cy, /Za > Xow = {(x, y,z): xye— 
Above the left hand column is the factorization from 5.1.6; ¢o (the restricted 
resolution) is x = ujvg, y = vo, Z = uguo; the Zy-equivariant yo is vo = zt, 
uo = 2%) which factorizes through (z1, Z2) +» [Z1, Z2]. Note also that gp o Wo is 
the map x = 25, y = z{, z = z2z © from the proof (a) (d) of Theorem 2.3.1. 
These spaces project to C, in compatible local charts the maps are (z;, 72) > zf, 
(V9, Ug) H> v9, (x, y, Z)  y. Furthermore, they admit the following compatible C* 
actions: t - (z1, Z2) = (z1, tz2), t - (vo, Uo) = (vo, tuo), f - (x, y, Z) = (f%x, y, tz). 
This identifies the projection Xy~ — Dy) and the C* action in Xq,4 with the 
wished local model from 5.1.6 and 5.1.18. This extends naturally to T — C (as the 
vo-projection). The generic C* orbits are given by v9 = const. # pj. 

The special C* orbit can be seen in the chart U;. By the transformation u; = 


Ugvp and vs = in” te (or up = uz tu,®, vo = u®’ v%) in Us the projection to C 
1S (Us, Us) b> u® y@ and the C* action is t - (us, vs) = (t"Uus, t~' ys). Hence the 
special orbit is given by {vs = 0}. (For the notation ww’ — 1 = at see (2.2.5).) 

The C* action on the other charts can also be detected. 

This shows the existence of the C* action on the constructed analytic type. 

Conversely, if we start with a weighted homogeneous singularity X, the existence 
of the plumbing is guaranteed by the Analytic Classification Theorem. Indeed, for 
any such X we construct an analytic plumbing Xq, with the same graph and the 
same meeting points P; (via the appropriate choice of numbers p;). Then, by 5.1.20, 
the two analytic structures X and Xap agree. Oo 


5.1.38 In this model, several statements and formulae of the Dolgachev—Pinkham 
theory can be reproved. Let us explain first in this language the contribution of 
the singular points in the Dolgachev—Pinkham—Demazure divisor, that is, the term 
—[la@;/oaj;]| in each D©, The €-homogeneous element f = U6 (v0 — py" é 
—tjlt+ajm —wjltajm . ; 
C[uo, vo] of the chart Up has the form uj : a | A Uj,s;- Since 
QjTj = @j wi — 1, f has a regular (holomorphic) extension in U; U;,; if and only if 
m > [lwj;/aj],1 <j <v. 

The element ubvy has a regular extension to Up U U_ if and only ifn < bo. In 
particular, a basis of Re, the vector space of £ homogeneous elements, consists of 


uf, - [] = pj) eile yk 
j 


where 0 < k < lho — ¥>; [£e;/aj | = deg D (compatibly with (5.1.7)). 
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Remark 5.1.39 (End Curve Functions) Theorem 5.1.33 and its proof shows that 
any weighted homogeneous singularity with g = 0 satisfies the ‘end curve 
condition’. This condition requires for each fixed ‘end exceptional component’ of 
the exceptional locus the existence of an ‘end curve function’, whose reduced strict 
transform is irreducible and it intersects only that exceptional component, and the 
intersection is transversal. (This property will be discussed in detail in 8.5.) 

Indeed, take the coordinate function z; from 5.1.33. Then gj := a. is H- 
invariant, hence g; € R. The reduced strict transform of its zero set is a singular 
C* fiber in T — C, hence in the good minimal resolution it satisfies the above 
requirements. 

This can be seen directly in the model 5.1.36 of the analytic plumbing as well. 
First note that the multiplicity of ord(h ;) - Ee along Eo is ord(h;)/(\elaj) = ay. 
Hence g; should be in Ray. Indeed, in Up it is 


ay Vv 
uo! | [@0 — pe)! - vo = pj)”, 
kj 


where m := ay (bo — esi w/a). The vanishing order of gj along {vj,s; = O}, 
the strict transform of the singular orbit, is aja; +ajm= cLjary |e| = ord(hj). 


5.1.40 Is the Hilbert-Samuel Function Topological if g = 0? Assume that g = 0. 
Since pg and the Poincaré series Py are topological, cf. (5.1.7) and (5.1.8), it is 
natural to ask the analogue question for other analytic invariants, e.g. for the local 
Samuel—Hilbert function (for its definition see 6.7.16). The Hilbert-Samuel function 
determines several other invariants, as the multiplicity or the embedding dimension. 
Theorem 8.5.31 shows that the multiplicity is indeed topological. However, in 
general, the whole Samuel—Hilbert function is not, e.g. already the embedding 
dimension dim(my,o/ my 9) cannot be recovered from the Seifert invariants. 
Indeed, consider the Seifert invariants bb = 2, v = 6, ay = 2,2,3,3,7,7, and 
w; = | forall 7. Then o = 2. We apply Theorem 5.1.33 with c; = 1 and parameters 
eae (which by the full rank condition are all non-zero and distinct); all of them 
determine certain analytic structures. Following the algorithm of Theorem 5.1.33 
one can write the equations of the universal abelian covering and its quotient. (For 
the computation see [494].) One finds the following two defining equations for X: 


ys — yaya + (c1 + c2)yzya + c1c2y4, 


yf = y3 + (ce) +02 — ¢3 — c4)y3 + (c1c2 — €3¢4) y4. 


Hence, if c1c2 — c3c4 ~ O then the embedding dimension is 3, otherwise it is 4. 
(Note that the restriction cjc2 — c3c4 = 0 is non-trivial in the space of analytic 
structures. ) 


130 5 Examples 


On the other hand we have the following positive results; note that via the above 
example the assumptions are rather sharp. 


Proposition 5.1.41 ([494]) Ler P,, 


col? (t) be the Poincaré series of the induced 
, X,o0 
grading on mx,o/My ,. Then Pray o/m2, ©) has a (precise) combinatorial charac- 


terization in terms of Seifert invariants if any of the following assumptions holds: 
(a)o=1; (b)o< a/a (equivalently, ord(h;) < aj) for all j; (c)v <5; (d) 
bop > v—2> 1, anda; = 1 for all j. 


Example 5.1.42 (Some Algebraically Defined Coverings) Consider the graded ring 
R = ®eso0R¢ as in 5.1.26. For any positive integer k take the graded ring R® := 
®e>oRxe as well. Then R™ is normal and the inclusion R <> R gives a regular 
map between the corresponding affine varieties X — X“). In fact, we can regard 
X) as the quotient of X with respect to a cyclic action of Zx. Indeed, regard Zz 
as a subgroup of C*, hence Z, acts naturally on X, and R = R“ hence X = 
X/Zx. 

E.g., if k = lo + 1 for certain integer /, then X — X) is an o-ramified cyclic 
covering (we will give some more details regarding this case in 5.1.43). However, 
in general, the covering X > X“ is not o-ramified. Take e.g. for X the germ 
from 5.1.30(a) and k = 4. Then X is smooth with local coordinates (y, z) and the 
covering is the cyclic ramified covering x+ = yz(z — y). Note that if a|k then X 
is an algebraic cone (use (5.1.3) and 5.1.3). 


Example 5.1.43 (Some Topologically Defined Coverings) First we construct a topo- 
logical regular covering of a Seifert 3-manifold. For simplicity we will assume that 
g = 0 (the general case runs similarly). 

Start with Seifert invariants (b; (q;, @;);_,) and with the corresponding Seifert 
manifold. For any positive integer / set k = Jw + 1 and b’ := b + |e|la. Then the 
fundamental groups associated with (b; (a;, Wj); ,) and (b’; (a, @j)j ) are 7] = 
(go, 8); 8; = 80 I]; 8)’ = 8) and x] = (po, pj; P;’ = Po. 11; Pj’ = PO). 
Then x embeds into zr} by go = pe and gj = PID, where a; = la/aj;. There is 
a similar embedding H <> H’ of first homology groups as well. In fact, there is an 
epimorphism H’ + Z, given by [po] > 1, [pj] + —Gj with kernel H; and the 
kernel of x} + H' > Z, is 1. (The corresponding topological Z; covering at level 
of plumbing graphs can also be constructed as in 4.1.35 by putting an arrowhead on 
the central vertex of the graph of X’ with multiplicity 0’ = ko). 

In this way we get a topological regular covering of links of singularities, 
however, the construction does not guarantees that if (X, 0) is a singularity, whose 
link is the Seifert manifold associated with (b; (a;, @i)}_1) then the Galois action 
of the link can be extended in an analytic way to (X,o0) (hence, X/Zx, as an 
analytic space would make sense). In general this is not happening. However, if X 
is weighted homogeneous, then the Galois action of the covering will be compatible 
with the C* action, hence we get a o-ramified covering X — X’, whose topology 
is given above. In fact, this covering can be obtained algebraically by the choice of 


5.2 Superisolated Singularities 131 


k = la+1in 5.1.42. In this algebraic situation the induced covering C — C’ at the 
level of central curves is trivial. 

In conclusion: for any weighted homogeneous singularity whose link has 
Seifert invariants (b, g; (@;, @;);_,), there exists another weighted homogeneous 
singularity X’ such that X is an o-ramified cyclic covering of X’, the universal 
abelian coverings of X and X’ coincide, and the link of X’ has Seifert invariants 
(b’, g3 (ai, @;)};—1), Where b’ can be arbitrarily large. (Hence, to any X one can 
associate an infinite tower of singularities {X’} with b’ larger and larger, such that 
all the universal abelian coverings are the same.) 

In particular, any weighted homogeneous singularity with g = 0 is an o-ramified 
cyclic covering of a weighted homogeneous singularity with py = 0 (this vanishing 
is guaranteed by b’ > 0, cf. (5.1.8)). 

This fact can be used e.g. as follows. Using a diagram of type (6.2.1) associated 
with the covering X —> X’ (instead of the universal abelian covering) and a 
statement as in (6.2.4), the cohomology of certain invariant line bundles on the 
resolution of X can be computed via the cohomology of line bundles on the 
resolution of a rational singularity; and this last part is solved completely, see 
Corollary 7.1.12. 


Problem 5.1.44 Characterise those normal surface singularities (X,0) which 
admit a finite abelian/cyclic o-ramified covering (X,0) — (X',o) with (X’,o) 
rational. 


5.2 Superisolated Singularities 


This part contains an introduction to the theory of superisolated singularities 
with a special emphasise to the subtle relationship with the theory of projective 
rational cuspidal curves. We present the ‘Semigroup Distribution Property’ 
(SDP) of such curves. Several properties of the superisolated singularities (as 
testing properties for general conjectures/theorems, like the Seiberg—Witten 
Invariant Conjecture) are deeply related with the SDP. 

We list several rational cuspidal curves, many of them will produce key examples 
later in the next chapters. & 


5.2.1 Hypersurface superisolated singularities achieved historically the reputation 
of being an interesting class of singularities providing a series of nice examples and 
counterexamples. The class ‘contains’ in a canonical way the theory of complex 
projective plane curves, a connection which will be emphasized in this book as 
well. Superisolated singularities were introduced by I. Luengo [398] in order to 
show that the jz-constant stratum in the semiuniversal deformation space of an 
isolated hypersurface singularity, in general, is not smooth. Later Artal Bartolo in 
[23] used them to provide a counterexample for S. S.-T. Yau’s conjecture (showing 
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that, in general, the link of an isolated hypersurface surface singularity and its 
characteristic polynomial do not determine the embedded topological type of the 
singular germ). Based on superisolated singularities and their universal abelian 
coverings, [399] presents counterexamples of the ‘Universal abelian covering 
conjecture’ of Neumann and Wahl [513] and of the ‘Seiberg—Witten invariant 
conjecture’ of Nicolaescu and the author [489], see 9.7.B. On the other hand, 
Durfee’s Conjecture and the Monodromy Conjecture of Denef and Loeser has been 
proved for them, see [24, 416]. 

Before we start the definition of superisolated germs we review some basic facts 
and notations about plane curve singularities. 


5.2.2 Invariants of Plane Curve Singularities Let us fix first an irreducible plane 
curve singularity (C, 0) C (C’, 0). For its minimal good embedded resolution graph 
in terms of Newton pairs {(p;, qi)}; see 3.3.10. For the characteristic polynomial 
Aj (t) (or zeta-function ¢(t)) of the monodromy in terms of the resolution graph 
see 4.1.22. For the splice diagram, splice decorations, semigroup -%c,o, and 
formulae for A; (t) and %c., in terms of splice decorations see 5.3.20. 

Sometimes it is more convenient to code the local embedded topological type 
of an irreducible plane curve singularity (C, 0) by its multiplicity sequence. It is 
the sequence of multiplicities of the consecutive strict transforms in the blowing 
up procedure of the minimal good embedded resolution. Since the number of 
occurrences of the multiplicity 1 equals the last multiplicity greater than 1, we 
omit the multiplicities 1: we denote such a sequence by [m,...,m)], where 
m >m2.>--- > m, > m1 = 1 fora suitable / > 1. In fact, we will write 
[11,,5+-->Mk,,] for a multiplicity sequence, which means that the multiplicity n; 
occurs r; times fori = 1,..., k. E.g.,a germ with Newton pair (4, 11) has sequence 
[42, 3]. [Similarly, if (C, 0) has more components, then m;’s are the multiplicities of 
the corresponding strict transforms at all the infinitely closed points in the minimal 
good resolution procedure. ] 

We also will need the delta-invariant of (C, 0). For an irreducible (C, 0), its 
delta-invariant 6(C) is the codimension of n*Gc¢.9 C @c,o = C{t}, where n is the 
normalization of (C, 0). In general, 5(C) of (C, 0), with irreducible components 
{(Cx, 0)},_1, is the codimension of Gc. C [], C{tk}. It satisfies 6(C) = 
yo, (Ck) + ope (Ck, Cro and the Jung/Milnor’s formula yw = 26(C)-—r+1 
[294, 430]. In terms of a multiplicity sequence one has (for a proof see below) 


26(C) = SY mj(m; — 1). (5.2.1) 


If (C, 0) is irreducible, its semigroup .%c,. C N is the set of all the possible 
intersection multiplicities (4,C)>, where h € O¢2.0- The delta-invariant 6(C) 
appears also as the cardinality of the finite set N \ .%c.o. The largest element of 
N \ -“c,o is w — 1, and for 0 < k < yw — 1 one has the following ‘gap-symmetry’: 
k € Yc. if and only if 7 — 1 —k ¢ .Yc\o. For the generators of -%c,9 see 5.3.20. 
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For an irreducible plane curve singularity the embedded resolution graph, the 
splice diagram, Aj, Y% := -%c.9 are all (equivalent) complete invariants of the 
embedded topological type. For some additional formulae see 5.3.20 as well. 

Some of the interplays are the following. By [94] 


Ao/d-n= >> 4. (5.2.2) 


keS 


Since A(1) = 1 and A’(1) = 6 (use e.g. (5.2.2) or the formulae from 5.3. 20), one 
gets A(t) =14+6¢-D4+C- 1)2. Q(t) for some eeu O(t) = yi 9 ait : 
with integral coefficients. In fact, all the coefficients {ayy _g are strictly positive, 
and 6 = ag > a > --- > &,—2 = 1. Indeed, by the above identity (5.2.2), one has 
6+(t—1)QO(t) = Veer tk, or O(t) = Degr (tt! +.---+t-+ 1). This shows 
that 


aj = Hk ed SY 2 k > ih. (5.2.3) 


[The identity (5.2.2) has another interesting consequence too: the polynomial Aj is 
‘alternating’, that is all the nonzero coefficients are +1 and they alternate. This fact 
cannot be generalized to germs f : (X,0) — (C, 0), for more see [491].] 

Assume that C is a projective curve on a smooth surface S, p € C such that 
(C, p) is locally irreducible with multiplicity m, and delta-invariant 6(C, p). Let 
xz : S’ + S be the blow up of S at p, C’ the strict transform of C, Enew the created 
exceptional (—1)-curve, p’ := EnewMC’. Then using the relations 7*(K 5) = Ksr— 
Enew, 1*(C) = C! + mp Enew (and (12.4.4) and 12.4.8) we get (C’, Enew) = mp, 
C? = (C')? + mi, 8(C’, p’) = 4(C, p) — (m4, — mp)/2 (which proves (5.2.1) as 
well). 


5.2.3 Definition of Superisolated Singularities [398] A hypersurface singularity 
(X, 0) c (C3, 0) is called superisolated if the modification X of (X, 0), induced by 
the blow up 0 € C?, is smooth. The definition guarantees that (X, 0) is isolated. In 
fact, if X is not smooth, this X is exactly the minimal resolution of X, cf. 5.2.4(a). 

Assume that (X, 0) is the zero set of f : (C?,0) > (C,0), f = fut fasit:-::, 
where f; is homogeneous of degree j, fy # 0. Then (X, 0) is superisolated if 
and only if the projective plane curve C := {fg = 0} C P* is reduced with 
(isolated) singularities {p;};, and these points are not situated on the projective 
curve { fa+1 = 0} (cf. 5.2.4(a)). In this case the embedded topological type (and 
the equisingularity type) of f does not depend on the choice of fj’s for j > d, as 
long as fq+1 Satisfies the above requirement. Hence, if one replaces f; by 0 for all 
j >d+land fy4, by /¢+!, where / is a linear form not vanishing at the points { p;};, 
then the embedded topological type stays unmodified. In particular, any reduced 
projective plane curve C with equation fy = 0 provides (the equisingularity type) of 
a superisolated singularity given by equation f; +/¢*! (/ generic). Therefore, those 
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invariants of (X, 0), which are stable with respect to equisingular deformations, 
depend only on C. 

Strictly speaking, Sing(C) = 9 is also allowed, hence all isolated homogeneous 
(or semi-homogeneous) hypersurface singularities are superisolated (and in this case 
the equisingularity type remains unchanged even if we delete /¢+!). But the main 
point in the study of superisolated germs is exactly the way how the local singularity 
types (C, p;) perturb the invariants of an isolated homogeneous singularity. 

We denote by jz; and A; (with the choice A;(1) = 1) the Milnor number and the 
characteristic polynomial of the local plane curve singularities (C, p;) C (P*, pi). 

We denote the irreducible components of C by {Cy}q, set deg(Cy) = dy. 


5.2.4 Invariants (For some proofs and other invariants see also 9.7.B) 


(a) [398] The exceptional curve F in X can be identified with C. In fact, if P? 
is the exceptional surface of the blow up B > CP of OE Cpe EcF’, 
and (u, v, ue are local coordinates in B at p such that P? locally is u = 0, 
then E C P* is given by the local equation g(v, w) of the curve C, and x by 
u = g(v,w). This also shows that the intersection number (Ca, Cg) of two 
different components of E = C considered in P* or in x agree (hence by 
Bézout theorem it is dydg). In particular, the intersection matrix of the curves 
{Co} in X is 


(Cy, Cp) = dodg for a # B, and C2 = —dy(d — dy + 1). (5.2.4) 


[The strict transform of the generic linear function intersects each Cy trans- 
versely in dy points and it has multiplicity 1 ame C, hence the second part of 
(5.2.4) follows from (2.2.1).] Note also that Cc? < —2 unless d = 1, hence X is 
minimal. i 

Therefore, if C is irreducible, then X_has one irreducible exceptional divisor, 
which is isomorphic to C, and C 2 in X is —d. Hence, when C is irreducible, 
the link of (X, 0) is a rational homology sphere if and only if C is rational 
and all the plane curve singularities (C, p;) C (P?, p;) are irreducible. We use 
the terminology cusp for them. Such an irreducible curve C is called rational 
cuspidal plane curve. In this case the minimal good resolution is obtained from 
X by resolving the plane curve singularities (C, p;) C (x pi). Note that by the 
above local equations (first paragraph of (a)) the embedded topological types 
(C, pi) C ee pi) and (C, pj) C (P?, pi) agree. Furthermore, Pm Mi = (d- 
1)(d — 2) from the rationality of C. 

Hence, under the condition that C is irreducible and the link Ly is a 
rational homology sphere, the minimal good resolution graph I" of (X, 0) 
is the surgery graph described in 3.5.12. That is, the link of (X,0) is the 
oriented surgery 3-manifold i gti Ki), where (Kj C S3) are the local knots of 
(C, pi) C (P, p;). In the minimal good resolution E+ stays for the exceptional 
curve corresponding to C (realized by the very first blow up), and v4 is the 
corresponding vertex in the graph. 
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(b) Fix any resolution graph I" of {f = 0}. Let K € L’ be the canonical cycle 
associated with I’, and |V| the number of vertices. Then K 24 |W| = —-d(d— 
2)? + 1. (In the resolution X by the adjunction formula —Ky = (d — 2)C, cf. 
6.3.) 


(c) [23, (3.6.4)] The Milnor number w and characteristic polynomial A ¢ of f are 


wm 


= (d—1) = - _ fl dtl 
w= (d—-1)+d-Dd—-2), As;O=—, I] ane ). 


Aj(1) = 1 implies |H7| = Ay(1) = d. In fact, H = Za, and it is generated by 
[E*]. 

For the Jordan block structure of the monodromy of /, or for the equivariant 
mixed Hodge numbers of the vanishing cohomology of f see [23, 25]. 

Note that both the link Ly and characteristic polynomial Ay depend only 
on the integer d and the local topological types of (C, p;) (that is, on the 
combinatorial type of the projective curve C). On the other hand, the Jordan 
block structure of the monodromy of f usually cannot be determined from 
the combinatorial type, it might depend essentially on the homeomorphism 
type of the pair (P?, C). In particular, there exist (so called) Zariski pairs 
of curves C;, C2 with common combinatorial types, which determine two 
superisolated singularities with identical links and characteristic polynomials, 
but with different monodromy operators (hence different embedded topological 
types) [23]. 

(d) Since 12p, = uw — (K? + |¥|), see [362] or 6.9.6 here, one has pg = d(d — 
1)(d — 2)/6 (which equals the geometric genus of the isolated homogeneous 
singularity of degree d.) 


Remark 5.2.5 (The Link as a Surgery 3-Manifold) By 3.5.12 the link of the 
superisolated singularity associated with a rational cuspidal curve is the surgery 
3-manifold S$? q(#i Ki). In the general surgery construction we require no additional 
assumptions which connect the knots K; and the integer d. However, in the present 
superisolated singularity case, Ly = oy (#; K;) satisfies (d — 1)(d — 2) = ¥°; pi. 

In fact, by Grauert Theorem (see Sect.2.5) for any d > O and any {K;}j, 
the surgery 3-manifold is the link of a certain surface singularity. Nevertheless, 
the concrete construction of a certain ‘distinguished’ analytic type (with topology 
identified by S? q(#iKi)) is not known except for the superisolated case or some 
sporadic cases. E.g., such a sporadic case is the complete intersection {x7 = 
uw +vy, y? = v3 +u?x} Cc (C4,0) with Ly = S3,(7),3#72,3) with graph 


—2 -1l -13 -1 -2 
i . - To,3 = (2,3) torus knot 
—3 —3 
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Here H = 0 and the equations are of splice type, cf. 5.4. [Usually, a negative 
definite graph given by the above surgery procedure does not satisfy the semigroup 
or monomial condition 5.4.10, hence SS q@iK;) cannot be the link of a splice 
quotient singularity. This happens e.g. if the number of cusps is > 3.] 


5.2.6 The Universal Abelian Covering Let S* q(Kit---#Ky) be a surgery man- 
ifold as above, where d > 0 and K; are algebraic knots. Assume that the local 
equations of K; are {f; = 0} C (C?,0). Then H = Hi(S3,(K),Z) = Za, 
and H is generated by [£7]. In particular, the universal abelian covering is a 
cyclic covering and its plumbing graph can be determined via the algorithm of 
Theorem 4.1.35 (taking the multiplicities of dE} and the unique arrowhead with 
multiplicity d supported by v+). This algorithm can be identified on the subgraphs 
I; with the algorithm which provides the graphs I; (d) of the link of the suspension 
singularities fj(x, y) + z4 = 0, see 4.1.C. Let v; be the vertex of I;(d) which 
supports the strict transform of z and m;(d) the multiplicity of z along v; (both given 
by the algorithms in 4.1.C). Then the graph Ij, of the universal abelian covering 
s gdikida of el qt Kj) can be constructed as follows. Consider a ‘central vertex’ 
v with genus decoration 0 and all the graphs [;(d); for each i connect v with v; by 
an edge, keep all the decorations of I; (d), and add the new Euler decoration e, = 
—1— >, m;(d) to v. Furthermore, one has det(J7,) = [], det(7(d)) (use 2.2.5(6), 
or see [64]). Therefore, s qt Kia is rational (integral) homology sphere if and 
only if all suspension graphs [;(d) provide rational (integral) homology spheres. 
[E.g., S3 (To,3#T2,3#T2,34#T2,7)a, the UAC of the superisolated singularity link 
considered in 5.2.8(VI) is an integral homology sphere. | 

By the above discussion S if qi Kia is the link of the universal abelian covering 
(Xq,0) of a superisolated germ. On the other hand, the ‘identification’ of the 
analytic type (e.g. to find equations, or analytic invariants) of (Xq, 0) is very hard 
(this is an open problem). For some concrete examples see e.g. [665]. 


5.2.7 On the Classification Problem of Rational Cuspidal Plane Curves The 
classification of projective plane curves (up to the action of the automorphism 
group PGL3(C)) is a very difficult open problem. Even the classification of the 
combinatorial types is still open; this aims to identify those positive integers d and 
collection of embedded topological types of local plane curve singularities, which 
admit analytic realization, that is, for which there exists an irreducible projective 
curve of degree d having local singularities of prescribed embedded topological 
types. If d is very large compared with the sum of local Milnor numbers then the 
realization is guaranteed (see e.g. [237—239]). The smallest possible d allowed by 
the genus formula is when the curve is rational. In this case the ‘asymptotic methods’ 
do not work. 

In the sequel we focus on the classification of irreducible rational cuspidal 
curves. For examples and partial results see e.g. [202, 203, 302, 412, 538, 539, 771- 
773), and the citations from the next discussions (and the references therein). 

The problem remains very difficult even if we aim much less, e.g. the determina- 
tion of the maximal number of cusps among all the rational cuspidal plane curves 
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(a problem proposed by F. Sakai in [250]). In [698] K. Tono proved that it is less 
than 9; the expected number was 4, a fact recently proved by Koras and Palka [341]. 
(This bound is realized, see below in VI.) 

This classification problem is not only important for its own sake, but it is also 
connected with crucial properties, problems and conjectures in the theory of open 
surfaces, and in the classical algebraic geometry. 

For instance, the open surface P? \ C is Q-acyclic if and only if C is a 
rational cuspidal curve. For the famous Rigidity Conjecture valid for such surfaces, 
formulated by Flenner and Zaidenberg, see [201]. 

Another related, very old problem has its roots in early algebraic geometry, 
and wears the name of Coolidge and Nagata, see [126, 450]. It predicts that every 
rational cuspidal curve can be transformed by a Cremona transformation into a line. 
It was proved recently in [340, 553]. 

Palka proposed the ‘Negativity Conjecture’ for Q-acyclic surfaces [554], which 
implies the Coolidge-Nagata conjecture and the Rigidity Conjecture, see 5.2.8.IX. 


5.2.8 Some (Partial) Classifications 


I. One of the guiding objects of the classification is the logarithmic Kodaira 
dimension kK := k(P? \ C). (Its definition from [284] is the following. Let 
V — P* be an embedded resolution of C C P? and let D be the reduced 
total transform of C. Then « := «(V, Ky + D) is an isomorphism invariant 
of P? \ C.) Its values are {—o00, 0, 1, 2}. It has a subtle relationship with the 
combinatorial type of C: by [733] if v > 3 then k = 2, while if v = 2 then 
kK > 0. One has the following facts: 


(a) If e = —o then v = | by [733], and all the curves are classified by 
M. Miyanishi and T. Sugie [435] (see also H. Kashiwara [302]). 

(b) The case = 0 cannot occur by a result of Sh. Tsunoda [701] (see also 
[537]). 

(c) The curves with k = 1| were classified by K. Tono [695, 697, 698]. 


The case k = 2 is still open. Recently K. Palka and T. Petka achieved 
a complete classification under the assumption that the Palka’s Negativity 
Conjecture holds for complements of rational cuspidal curves, see IX. 
II. One can classify triples (d, a, b) such that there exists a unicuspidal rational 
plane curve C of degree d whose singularity has only one Puiseux pair of type 
(a, b), where 1 < a < b. Let {gj} ;>0 denote the Fibonacci numbers gp = 0, 
gy, = 1, Gj+2 = Gj+1 + ;. Then the following triples are realized [197]: 


(a) (a,b) = (d—1,d); 

(b) (a, b) = (d/2, 2d — 1), where d is even; 

(c) = (97 _» 93) andd = 95-1 + 1 = 9j-29;, where j is odd and 
295 

(d) (a, b) = (@j-2, Gj+2) and d = gj, where j is odd and > 5; 

(e) (a,b) = (ga, og + 1) = (3, 22) and d = ge = 8; 

(f) (a, b) = (2¢4, 293 + 1) = (6, 43) and d = 296 = 16. 
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In the first four cases k = —oo. The last two sporadic cases have k = 2 

and were found by Orevkov and Artal Bartolo, cf. [537]. These two types are 
denoted by C4 and Cj respectively. 
Based on the Thesis of T. Liu [392], J. Bodnar in his Thesis [62] provided 
the following list of combinatorial data for the rational unicuspidal curves of 
degree d, whose singularity has two Newton pairs (~1, q1)(p2, q2) [61, 62]. 
(In (i) k = 2,1 = O degenerates to one Newton pair type.) In the first four 
cases K = —oo, in the cases (v)-(vi) K = 1, while in the last two cases k = 2. 
These last two families are constructed by Orevkov [537], we will refer to 
them later as C4x (case (vii)) and Ch. (case (viii)). 


(i 


a7 


D341 + P3p—3 |PFpe + Pe + 2D OSp—1 |P__-1 + Px-3)> 
d = prK-192K+1 IM5p_1 + Py _3), kK = 2,1 > 0. 
Gi) Upp + 3p 3> lea + Prey + 2)(Gre-1, 12-1 + G2K-5), 
d = pre41(IP3,_1 + P3__3), k = 3,12 0. 
(iii) (n— 1,n)(m,nm — 1),d =nm,n > 3,m > 2. 
(iv) (n, 4n — 1)(m,nm — 1),d = 2nm,n,m > 2. 
(v) (n—1,n)(n, (n + 1)?),d =n? +1, > 3. 
(vi) (n, 4n + 1)(4n + 1, (Qn + 1)*), d = 8n? +4n+ 1,n > 2. 
(vii) (Par /3, Gar+4/3)3, 1D), d = Garza, k = 2. 
(viii) (@4x/3, pax44/3)(6, 1), d = 2pan+2, k = 2. 


The case of unicuspidal curves with more Newton pairs and k = 2 is still 
open. 


. For a list of two-cuspidal rational curves see e.g. [62, 69]. Though the 


completeness of this list is not proved, in [573] it is conjectured that there 
is no (new) rational curve with two cusps, which is not listed in the present 
literature. 


. The next list presents three infinite series of combinatorial types of rational 


three-cuspidal curves given by Flenner, Zaidenberg and Fenske, cf. [194, 
202, 203], see also [436, 573]. There is another ‘sporadic’ curve of degree 5 
not contained in any of the three series with cusp types [22], [22], [22]. It 
is conjectured that these are the only types of rational three-cuspidal curves 
[573, Conj. 4]. 


(i) Cau (with d > 4 and 1 < u < d — 3) of degree d and cusp types: 


[d —2], [2u], [2¢-2-w]. (Here it is enough to take u < | 2], ds Ciy 


Ca,d—2-u-) 

(ii) D; (with 1 > 1) of degree d = 2] + 3 and has cusp types: [21, 27], [37], 
[2]. 

(iii) E; (with? > 1) of degree d = 3/+4 and has cusp types: [3/, 37], [4/, 22], 
[2]. 

In the literature there is only one rational cuspidal curve with more than three 


cusps, it has d = 5 and types [23], [2], [2], [2]. It was conjectured that no 
other can occur. This was proved recently in [341]. 
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VII. For the classification of cuspidal rational curves with degree d < 5 see 
Namba’s book [459], for d = 6 see Fenske [193]. The corresponding lists are 
given below in 8.6.22. For d = 7 there is no complete classification (known 
by the author). 

VIII. Another approach is to classify rational cuspidal curves C such that the 
highest multiplicity of the singular points m is close to the degree d. If 
m = d — | then C is of type II(a). Flenner and Zaidenberg classified the 
curves with m = d — 2 in [202] and m = d — 3 in [203]. The case m = d —4 
is partially solved by Fenske [194]. 

IX. If« + 2 then there is a classification, cf. I, so assume kK = 2. With the notation 
as in Tlet kj/2 = «(V,2Ky + D) € {—ov, 0, 1, 2}. We have -oo = k(V) < 
K1j2S K=2. 

The Palka Negativity Conjecture [554], stated for arbitrary Q-acyclic sur- 
faces, asserts that «1/2 = —oo. Recently, using the theory of almost minimal 
models of quasi-projective surfaces K. Palka and T. Petka achieved a complete 
classification of rational cuspidal curves for which the Negativity Conjecture 
holds [555, 556]. In particular, they confirm the Rigidity Conjecture and list 
all possible multiplicity sequences of rational cuspidal curves. For k = 2 each 
sequence is realized by a curve which is unique up to a projective equivalence. 
There are no ‘new curves’ with three cusps. With these results the last piece 
of the classification problem for rational cuspidal curves is the Negativity 
Conjecture itself. It remains open, but its formulation makes it well suited 
for the methods of the Minimal Model Program. The key role played in the 
classification by the divisor 2Ky + D is related to the fact that fork = 2 
the Kawamata-Viehweg vanishing gives h!(2Ky + D) = 0; its topological 
meaning remains unclear. The above conditional classification of rational 
cuspidal curves has been extended to smooth Q-acyclic surfaces in the Thesis 
of T. Petka [560]. 


5.2.9 Restrictions Satisfied by the Combinatorial Type Next we list some 
properties which are necessarily satisfied whenever the combinatorial type is 
realized by a curve. Usually these are inequalities connecting invariants of the local 
topological type with some universal object depending on d. (If in the analytic proof 
kK appears then the inequalities are sharper whenever k = 2.) 


I. Bogomolov—Miyaoka—Yau Type Inequality Let m be the highest multiplicity 
of the singular points. Then 3m > d by Matsuoka—Sakai [412]. This has the 
following improvement given by Orevkov [537]. If a = ee) then a(m + 
I+ L/S > d. Furthermore, if k = —oo then am > d, and if k = 2 then 
a(m + 1)— 1/75 > d. 

Regarding the inequality am > d in general, Orevkov verified that the curves 
C4x and Ci, (k = 1) satisfy d > am, and he conjectured that these are the only 
rational cuspidal curves with d > am. 
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IL. Spectrum Semicontinuity Assume that C C P? is given by fu(x, y,z) = 0, 
where z = 0 is a generic line identified with the line at infinity. Then the deformation 
{ fa(x, y, t)}, = 0 provides a specialization of the multisingularity }°;(C, pj) to a 
universal plane germ (equisingular to) (U,0) := (x4 + y4, 0). In particular, the 
collection of all spectral numbers of the local plane curve singularities (C, p;); 
satisfies the semicontinuity property compared with the spectral numbers of (U, 0) 
for any interval (a, w + 1) [713, 714]. (For more on spectrum see [654, 656, 657].) 


III. Semigroup Distribution Inequality [198] Let .“c,»; be a semigroup of the 
local singularities (C, p;). Fix an integer 0 <1 < d. Then 


vy 
i #{ So», N[0, 7} > Ut Yd +4 2)/2. 
na ma DH cop, O10, fd) } = @+ DE +2)/ 


Indeed, (+ 1)(2 + 2)/2 is the dimension of the space of homogeneous polynomials 
P in three variables of degree /. Let y;(t) be a local parametrisation of C at pj, 
and write P(y;(t)) as aaa Lich (P)t". The condition, imposed to P, that the local 
intersection multiplicity (C, {P =0})p; is = ji, is given by the equations L;,,(P) = 
0 for 0 < h < jj, and the number of independent conditions is at most #{-7c, p, M 
[0, j:)}. Therefore, if the above inequality failed then there would exist a non-zero 
polynomial P of degree / with (C, {P =0})p, = ji, or (C, {P =0}) = ii = 
ld + 1, contradicting Bézout’s theorem. 

In [198] the authors conjectured under the name Semigroup Distribution Prop- 
erty, that in the above inequality one has equality in any unicuspidal case. 

In [198] the conjecture was verified for several unicuspidal cases (fork < 2 
and for ‘all known cases in the literature’ with k = 2). [The reader might verify 
the property for some examples listed above (or check the proofs from [198]) to 
see its richness (and mystery).] The general proof for any number of cusps was 
obtained by Borodzik and Livingston based on the d-invariant of Heegaard Floer 
theory (and it will not be reproduced in this book), for the statement see below. 
(Note that whilst the proof of the Semigroup Distribution Inequality is elementary, 
this definitely cannot be said for the Semigroup Distribution Property.) 


IV. Semigroup Distribution Property [68] With the previous notations, 
A Zep O10, }= C+ DE+2)/2 
Arte ntat 3 {%e,p;, 10, ji} = C+ DE + 2)/ 


for any rational cuspidal curve. In the unicuspidal case this reads as 
#{ Sop ACU — 1d, ld} = minfl+1,d} (>= 0). 


The distribution property provides a series of inequalities connecting the local 
semigroup and the global invariant d, in this sense is has formal similarities with 
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the inequalities provided by the semicontinuity of the spectrum. Nevertheless, these 
two restrictions are independent. E.g., d = 17 and Newton pairs (2,7), (4,17) satisfy 
the ‘Semigroup Distribution Property’ but not the spectrum semicontinuity [199]; 
d = 30 and the pairs (3,7), (6,23) satisfy the spectrum semicontinuity but already 
fail the Semigroup Distribution Inequality in the first interval [68]. 

It is surprising that the restriction on the very first intervals is already rather 
strong: e.g. it implies the Matsuoka—Sakai inequality 3m > d, cf. [68, 198]. 

For more connection with surface singularity theory, and for the motivation of 
Semigroup Distribution Property, see here 8.6.B, 9.7.B and 11.3.C. 


For generalizations to higher genus g(C) > 0 case see [65, 70]. 


Remark 5.2.10 The above proof from part III can be improved to obtain the 
following reinterpretation suggested by Campillo (for details see [199, Th. 6.8]). 


Let C be an unicuspidal rational plane curve of degree d. The curve C satisfies 
the ‘Semigroup Distribution Property’ if and only if the elements of the semigroup 
Yc,p in [0,ld] are realized via intersection multiplicities at p by projective 
(possible non-reduced) curves of degree | (for 1 < d — 3). 


Remark 5.2.11 The weighted Lé-Iomdin singularities generalize the superisolated 
germs. They are isolated hypersurface singularities of the form fg + fa+x, where 
jj are weighted homogeneous of degree i (associated with the same weights), and 
fa = Ohas a one-dimensional singular locus. It would be rather interesting to extend 
all the results and computations of this book from the superisolated case to this more 
general context. For certain invariants (e.g. for the Milnor package) see [26]. 


5.3 Splice Diagrams 


In this part we introduce the splice diagrams. They codify (negative definite) 
integral homology sphere graph 3-manifolds in a more condensed/conceptual 
way as plumbing graphs do: the diagrams reflect the JSJ-decomposition into 
Seifert integral homology spheres. The “diagram calculus’ is also discussed. 

To any negative definite plumbing tree (with zero genus decorations) we associate 
a splice diagram. Furthermore, we establish a bijection between such plumbing 
graphs with determinant one and splice diagrams satisfying the ‘relative prime 
condition’ and ‘edge-determinant positivity’. We follow [178]. Sb 


5.3.1 Integral homology sphere oriented plumbed 3-manifolds can equivalently be 
codified by their splice diagrams, see the book of Eisenbud and Neumann [178], 
or the article of Siebenmann [635]. Later Neumann and Wahl associated splice 
diagrams with rational homology sphere plumbed 3-manifolds as well [515, 516]. 
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In this section we assume that all 3-manifolds are (irreducible) rational homology 
spheres, hence all the plumbing graphs are trees with zero genus decorations. 


Definition 5.3.2 A splice diagram 6 is a tree with vertices Y® and edges ©. We 
assume that the valency Ke of any vertex v is different than 2. If «© = 1 then v is 
called end-vertex, otherwise it is a node. The tree 6 has certain decorations as well: 
for each node v and adjacent edge e we insert a weight dye € Zso. 


If one studies the splice diagrams associated with arbitrary graph manifolds then 
one has to consider a more general set of decorations, e.g. the weights dy. might be 
negative as well. However, for rational homology sphere singularity links dye € Zso 
always, hence in this book we assume this setup from the beginning. 


5.3.3. From Plumbing Graphs to Splice Diagrams [178, §20], [513, 515, 516] Let 
I’ be a connected, negative definite plumbing tree. One constructs from I" a splice 
diagram 6 = G(J’) as follows. We keep all end-vertices and nodes of I" (they will 
serve as end-vertices and nodes in 6 as well). However, a string of [” connecting 
two vertices with x, 4 2 is replaced in 6 by a single edge. In particular, if I is a 
string, then & is the diagram e—e 

Next we assume that J” has at least one node. For each node v € V® and adjacent 
edge e € &®, let Ie be the connected component of the graph I" \ v adjacent to e. 
Then set dye := det(1ye) for the edge-vertex decoration required by 5.3.2. 

To the ‘empty plumbing graph’ we associate the ‘empty splice diagram’. 


Lemma 5.3.4 Let 6 be obtained from I" as in 5.3.3. 


(a) If det’) = 1, then for any fixed node v € V® the integers {dye}e are pairwise 
relative prime. (This last property will be called ‘Relative prime condition’. ) 

(b) (‘Edge-determinant positivity’) Consider in © the weights in the ‘neighborhood 
of an edge’e € €®: 


a 
! a bg 2! 


ay bs 


Then the expression aobo — | ];s.9 ai ITj~0 bj, called the edge determinant of e, 
is positive. (In particular, | |;.¢ Gi ITj>0 b;/(aobo) € (0, 1).) 

(‘Ideal condition’) Fix a node v in ©, an adjacent edge e, and the connected 
component 6 ye of © which is adjacent to e. For any end-vertex w of ©, which 
is in Bye, let myy be the product of weights of 6 along but not on the path p, 
where p is the minimal path connecting v and w (and the weights around v are 
not counted). Let Iye be the ideal of Z generated by {myw}w. (If ye is a string 
then Iye = Z.) Then dye € Tye. 


Proof Part (a)-(b) follows from 2.2.5(6) applied for I”. For (a) we apply it to the 
node v and an adjacent vertex u. Then we get an expression of type 1 = A - dye — 
B. Tete dye (with A, B € Z), where the product is over all the edges adjacent to 


(c 


—— 
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v different from e. In the case of (b) let u and v be the corresponding nodes of I" 
and let G denote the string connecting them. Then by 2.2.5(6) the edge determinant 
is det(J”) det(G), which is positive since I” is negative definite. 

(c) Consider the graph Ie as in 5.3.3, and complete it with arrowhead a 
on the place of the vertex v. Put multiplicity dye on the arrow, and consider 
the corresponding open book decomposition (topological Milnor fibration) as in 
Sect. 3.4. Since dye is the determinant of the graph, if u is the supporting vertex of 
the arrow, then d,.E* is an integral cycle, its positive entries are the multiplicities 
of the open book. The open book exists since it can be realized even analytically 
by 2.5.8. The multiplicity system of dyeE% on end-vertices w (and even on nodes) 
coincides with the multiplicities {my }w by 2.2.5(5), see also 5.3.17 and 5.3.19. We 
wish to determine im(arg,,). Itis generated by elements of type arg(y,), where y, are 
loops as in 3.3.6 (see also 3.4). However, they satisfy certain homological relations 
similar to the multiplicity system (2.2.1). We claim that im(arg,.) is generated by 
elements of type arg(y ), with w ends of Ie (as in the statement). (Use an inductive 
argument as in the proof of 3.7.8 with « = a, see also 3.4.3.) In particular, [ye C Z 
is exactly the image of arg,,. On the other hand, dye = arg, (va) € im(arg,.) = Ive. 

oO 


Note that for a diagram the ‘relative prime condition’ implies the ‘ideal condi- 
tion’. 


Example 5.3.5 Assume that I” is star-shaped with v legs and leg-determinants 
{aj};, cf. 3.5.1. Then 6 has the shape 


(v end-vertices) 


Remark 5.3.6 


(a) Usually, from (J) one cannot recover I”. 
E.g. if I” is star-shaped, then one cannot recover the Seifert invariants 
{(@j, @j)}; and bo only from the leg-determinants {a ;} ;. 
(b) The converse of Lemma 5.3.4(a) does not hold in general: even if for all v all 
the weights {dy.}¢ are pairwise relative prime, det(/”) = 1 is not guaranteed. 
Indeed, take again the star-shaped case, with pairwise relative prime leg- 
determinants {a;};, but with bo > 0. Then det(J”) ¥ 1, that is, M(J’) is not an 
integral homology sphere. Nevertheless (and this is an important point we wish 
to emphasize), by 5.1.33 and 5.1.17 the universal abelian covering of M(I°) is 
an integral homology sphere. This fact will be generalized in 5.3.24 and in the 
paragraph after it. 
(c) In the star-shaped case, if det(J”) = 1 (hence if the leg-determinants are 
pairwise relative prime too, cf. 5.3.4(a)) then I” can be recovered from 6(J°). 
Indeed, by 5.1.33 if det”) = 1 then I" is the link of a Brieskorn—Hamm 
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complete intersection. Then, with the notation of 5.1.17, det”) = | implies 
gcd(a;,a;) = 1 too. From the formulae of 5.1.17, a; = aj; and the Seifert 
invariants are computable from {a;};. [By an independent argument, the 
identity 1 = |e|[],;ai = []; ai(bo — 0; wi /ai), cf. (3.5.5), determines bo 
and {q;}; in terms of {a;};.] 

Hence, in this case, the splice diagram (as in 5.3.5) represents the integral 
homology sphere link 3'(a\,..., ay) of the Brieskorn—Hamm complete inter- 
section. 

(d) There exist splice diagrams (satisfying even the “edge-determinant positivity’ 
and ‘ideal condition’) which are not associated with any plumbing graph by the 
procedure of 5.3.3. The main reason is that for given integers d and {a;};, a star- 
shaped graph I” with det(/”) = d and leg-determinants {q;}; usually does not 
exist. E.g.d = 8 and a; = a2 = a3 = 4 cannot be realized (use (3.5.5), namely 
det”) = |A| = le|- I; a;, and the expression (3.5.1) for e). In particular, if 
6 is associated with some I” then it cannot have the following sub-diagram: 


Indeed, the subgraph corresponding to the above diagram (without the upper- 
left vertex) should have determinant 32, and by the edge-determinant formula 
from the proof of 5.3.4(b), the determinant of the string corresponding to e 
should be 4. Hence the right node represents a non-existing Seifert piece with 
determinant d = 8 anda, = a2 = a3 = 4. (For determinant computations use 
again 2.2.5(6).) 


5.3.7 Splice Diagrams Codifying Splice Operation on Integral Homology 
Spheres Consider a splice diagram, which has at least one node, and such that for 
any node v the edge weights {dye}e are pairwise relative prime. Let us fix one of 
its nodes v and the adjacent edges together with their weights {d,e}-. These data 
determine a star-shaped splice diagram 6({dye}e). By convention, this represents 
the integral homology sphere XY, := 2 ({dye}e) (compare with 5.3.6(c)). Then 
the original diagram © represents an oriented integral homology sphere, which is 
obtained from the pieces {2’,}, by splicing, where v runs over all the nodes of 6, 
cf. [178]. 

The meaning of this is the following. Let e be an edge of 6 connecting two 
nodes v and u. Consider the two Seifert manifolds X’, and 2. Recall that X', is 
given by the complete intersection equations, where the number of variables {Zye}¢ 
is exactly the number of edges, cf. 5.1.33. Each zero set Kye := {Zve = 0}.N 2X is 
an oriented Seifert fiber in 2, (special if dye > 1). Let Tye C X be a small tubular 
neighbourhood of Kye, whose oriented boundary 07,¢ is a 2-torus. Since 2’, is an 
integral homology sphere, it has a well defined oriented meridian M(Kye) in 0Tye 
(defined in such a way that its linking number €n(M (Kye), Kye) = 1, and M(Kye) is 
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homologically trivial in T,¢), and a well-defined oriented longitude L(Kye) C OTye 
(defined by €n(L(Kye), Kuve) = 0 and L(Kye) is homologous with Kye in Tye). 
Then the splicing of X', and X, along e (or, along the knots Kye and Kye) means 
to glue XY, \ Ty, with 2, \ Tp, along their boundaries 07y¢ and dT, by matching 
M(Kye) to L(Kue) and M(Kye) to L( Kye). 

If we perform all these splicings corresponding to all node-connecting edges, we 
obtain an oriented integral homology sphere M(6), whose splice components are 
the Seifert manifolds {2',},, indexed by the nodes of 6. 

On the other hand, by convention, similarly as for plumbing graphs, the empty 
splice diagram, or the diagram e— , represent S°. 

In 5.3.10 and 5.3.15 we will show that if I” is a plumbing graph as in 5.3.3 with 
det(J”) = | and G is the splice diagram associated with it, then M(I”) = M(6). 


5.3.8 Splice Diagram Calculus [178] Consider the set of splice diagrams as 
in 5.3.7. By the construction of 5.3.7 different splice diagrams might represent the 
same (integral homology sphere) oriented 3-manifold. The corresponding calculus 
of splice diagrams lists several operations connecting splice diagrams, such that 
along these steps the oriented diffeomorphism type M(6) is preserved. Similarly 
to the case of plumbing calculus, we will need a shorter list of operations, which 
already satisfies the stability and the sufficiency of the calculus (cf. 3.3.11) for those 
splice diagrams which are associated with connected negative definite plumbing 
graphs. These operations are: 


e——_—_® > 0) 


OLS. ai i (if r > 2) 61 a 
6, ay S, ay 
6, ay ; 

ah ——> 6, G2 
G> “a 


On the left hand side, the end-vertex supported by an edge with weight | repre- 
sents a generic S!-fiber in the corresponding Seifert component. The corresponding 
‘leg’ can be deleted, unless we wish to highlight the corresponding (generic) knot 
Kve (e.g., if we wish to use it in the future for a splicing with another component). 

If we do not have such edges, and the graph is not of type e——e, then the diagram 
is called minimal. The Seifert pieces indexed by the nodes of a minimal splice 
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diagram provide a minimal Jaco—Shalen—Johannson decomposition of M(6). (As 
mentioned above, the empty splice diagram represents S?.) 


5.3.9 Now we return back to the correspondence between plumbing graphs and 
splice diagrams started in 5.3.3. Several graphs J” might produce the same 6 via the 
algorithm 5.3.3. Nevertheless, one has the following generalization of 5.3.6(c). 


Theorem 5.3.10 ({178, §22]) The algorithm 5.3.3 realizes a bijection between 
minimal (connected, negative definite) plumbing graphs with determinant I and 
minimal splice diagrams satisfying the ‘relative prime condition’ and the ‘edge- 
determinant positivity’. The correspondence preserves the number of nodes. 


The statement can be compared with the remark from 5.3.6(d): the ‘edge 
positivity’ and ‘ideal condition’ do not guarantee that 6 equals G6(J") for some I’, 
however, if © satisfies additionally the ‘relative prime condition’ then 6 = 6(J") 
for some I’. 

We start the proof (which is done in several steps) by the construction of such I’. 


5.3.11 From Splice Diagram to Plumbing Graph We describe the inversion 
algorithm of 5.3.3: we associate to any diagram 6 (as in the statement of Theorem 
5.3.10) a graph I” such that 6(/") = &. (For more details see [178].) 

Let {',}, be the Seifert splice pieces of the splice diagram 6. Each & is the link 
of a Brieskorn—Hamm complete intersection. Its minimal good plumbing graph I), 
(together with the corresponding Seifert invariants) is given in 5.1.17. Next, we will 
glue these plumbing graphs {I°,}, in a special way, as it will be described below. 

Let e ¢ &© bean edge connecting the nodes v and u in ©. Let {dye}e be the 
weights in 6 around v, and take the (negative) continued fraction 


Tete ye! 


= [[Duve,o, Dye, ce) byes I] (5.3.1) 
dye 


with bye.o > 1 and bye; > 2 fori > 2. In particular, bye 9 = Tez dye [dye |. 

Furthermore, [[bye,s,.--, Dve.2, Dve,1]] equals Aye/@vye, where (Aye, Wye) is the 
Seifert invariant of the e-leg in X, (use 5.1.17). Moreover, dye = Qye and the 
determinant of the string with decorations —bye.o,..., —Dve,s is Wee dye'. The 
entry bye.o will serve as the Euler number of an additional vertex needed in the 
gluing. Consider analogously the corresponding data for I, too, and glue I, and I, 
as follows: 


Ty Ty 


—Dye,s —bye,| —bue,) —buer 
> a e e e— --- —e < («) 


—bye.o —bue,o 
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This plumbing graph is not minimal (and it is not even negative definite). 5.3.4(b) 
implies that 1 € {bye,0, buco}. Hence one starts to blow down consecutively 
intermediate (—1)-vertices on this string. It turns out that after several blow downs 
one necessarily creates a O0-vertex, and after the 0-chain absorption the graph 
becomes minimal, good, and negative definite. One shows that the nodes survive 
as nodes. This procedure repeated for all the edges e (connecting nodes) provides a 
graph I”. 

Let us verify that for this J” one has det(J") = 1, and the determinant J). (cf. 
5.3.3) agrees with the original integer dye. These follow from the next Lemmas. 


Ndi: ded 
Lemma 5.3.12 Dye = ) eee) equals any of the following integers: (i) the 
unique integer such that the determinant of the extended graph ,™' of I, with an 
additional vertex decorated by —bye,9 (and glued by edge e, to the vertex Vye,) is 
zero; (ii) —(E* Ea (computed in I,); (iii) det(y \ Vue.1)- 


ue,1? 


Proof Use 2.2.5(6) for [¢*": in the case (i) let G be the string with vertices 
Uue,1, +++, Uue,r, While in case (ii) and (iii) let G be the edge ey. oO 


Lemma 5.3.13 
(a) The determinant of the next graph is —dye. 
Ty 


—bye,s —Ddye,1 e —bue,t —bye,r 
eo... —e e e eo... —e < 


—bveo —bue,d 


Hence, after blowing downs and 0-chain absorption (as in 5.3.11) the corre- 
sponding graph-determinant becomes dye = Aye. 

(a’) The statement of Lemma 5.3.12 and part (a) of the present Lemma remain 
valid if I, is replaced by a graph obtained from I), by gluing to it several 
other Seifert components (by the above procedure). 

(b) In part (a) one can replace the string situated on the left of Vye,, by any 
subgraph I’ of Ty, which contains this string. Indeed, let I’ be the graph 
obtained by gluing I) (via vye,, and e) to Ty, and Io the graph obtained 
from r by blowing downs and 0-chain absorptions (‘near e’). Then det(Iy) = 
—det(") = det(I’). 

(c) If I’ is obtained from © as above then det(I”) = 1. 


Proof (a) Use 2.2.5(6) (where G will stay for e) combined with 5.3.12. For the 
sign change see 3.3.14. For (a’) and (b) proceed similarly (and by induction). For 
(c) assume first that I” is obtained by gluing J, and [;,. Then use 2.2.5(6) in (*) 
of 5.3.11 for the edge (vye,0, Uue,o) and the vanishing from 5.3.12(i). For the general 
case use induction. oO 
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5.3.14 The above discussion shows that for any © there exists (6) (with 
det(”(6)) = 1) such that 6(77(G)) = 6G. This proves the surjectivity of the 
operation I” ~ 6 (from 5.3.3). The injectivity of  ~» 6 follows from the next 
statement. Moreover, its proof explains the topological reason of taking the graph 
(*) as well. 


Proposition 5.3.15 The oriented 3-manifolds M(I”) (constructed via plumbing 
from I as in 3.3.3) and M(©(1’)) (constructed by splicing from 6(°) as in 5.3.7) 
agree. 


Proof We will compare the plumbing construction associated with the diagram () 
and the splicing of I, and l,. Let '°*" be the extended graph of I, as in 5.3.12. Let 
Tye,i : Bye,i > Sve,i be the S!-bundle used in the plumbing of Mr’) associated 
with the vertex vy j. In (*) we have to plumb M (I, ie ) and (the similarly defined) 
M(I¢*"). For this we take a disc Dy C Bye,o and a trivialization of ig Dy) — 
D, x S!. (The center of D, will stay for Eye. MO Eue,o. Later we will need the disc 
Di, © Bye, used in the plumbing of Bye.o with Bye, as well.) Then, in the plumbing 
construction of («) we glue M(I"***) \ i giDy ) with its uw-analogue. 

First we compare M (I76*") \ it, ge) with x, \ Ty,. Note that X), \ T°, can be 
seen via plumbing in (*) as well (it is associated with the subgraph J, of («)). In 
particular, M(") \ 5,9(D8) equals the union of X', \ Ty, with M(Kye X (Bue,o \ 
(Dy U D!,)). This latter space is S! x §! x [0, 1], and it is glued to the boundary of 
y \ T’, via one of its boundaries. Hence the boundaries of M(I"e*") \ fy ee ) 
and Xy \ Ty, are also canonically identified. 

Next notice that in the boundary of M("¢*") VO the ‘vertical S!’, py x S! 
(Pv € OD,), corresponds exactly to the meridian M(Ky-). Furthermore, we claim 
that the ‘horizontal S!’, 9D, x {pt}, corresponds to the longitude L(K ye). To prove 
it, it is convenient to consider the corresponding disc bundle Yye,9 as well (cf. 3.3.5). 
Then take a C™ section in Aye.o, which above D, is D, x {pt}, intersects the tube 
Bye.) ina disc parallel to Aye,1 N Eve,o (hence along a generic fiber of Dye,1), and 
(by Euler obstruction) it has intersection number —bye,9 with Ey¢,9. But the linking 
number (in X',) of Kye with the boundary arnt of the generic fiber of Dye,1) is Dye.o. 
(Indeed, consider the Milnor fibration of 2’, \ Kye, which is a Seifert surface of Kye. 
It intersects Ore in =(Ei 4) EXe.1) points, then use 5.3.12.] Therefore, 0D, x {pt} 
transforms via the contraction along S! x S! x [0, 1] into the longitude of Ky sitting 
in 0OTye C Dy. Hence the claim follows. 

Hence plumbing along («) or splicing 2’, and X, along Kye and Kye is the same. 
Then use induction on the number of {27}, components. oO 


5.3.16 Now we are ready to finish the proof of Theorem 5.3.10, namely the 
injectivity of the operation I ~»+ 6. Let us fix a minimal plumbing graph I with 
det(”) = 1. Then M(J°) is an integral homology sphere, hence the components 
of its (minimal) JSJ-decomposition are Seifert integral homology spheres. In 
particular, there exists a splice diagram 6 such that M(I”) = M(6). Let (6) be 
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the plumbing graph obtained from 6 as in 5.3.11. Then by 5.3.15 one has M(6) = 
M(I'(6)), hence M(I’) = M(I"(6)). Since both and ["(G) are minimal, by 
plumbing calculus (cf. 3.3.12) 7 = I(6). In particular, 6(7") = 6("(6)) = G, 
hence Ir = I"(G(J‘)) too. 


5.3.17 I~! and Splice Decorations Let us consider the situation of 
Lemma 5.3.13(b). Take e.g. any two vertices w, w’ of I, which are not sitting 
on the string (situated left to vye,; in the graph from part (a)). Let I) be the 
subgraph obtained from I, by deleting the minimal path connecting them. Since 
det(I{) is —I,!,(1y) (cf. 2.2.5(5)), we get that J), computed in Fy, or in the 
graph obtained by splicing I, and I[j,, is the same. The same property remains 
true even if we splice together arbitrary many components, and consider any two 
vertices w, w’. 

Therefore, if w and w’ are nodes or ends ina graph, then —/ ” 7 , can be computed 
very conveniently in terms of the splice decorations: it is the product of all dye’s 
along the path but not on the path connecting w and w’ (provided that det(”) = 1), 
compare with 2.2.5(5). 


5.3.18 Arrows on Splice Diagrams Assume that det(/”) = 1, hence I” and 
6 determine each other. This allows us to carry any arrow (arrowhead and its 
supporting edge) supported by a node or end-vertex in I" to an arrow in 6. An arrow 
in I” supported by a node v will become an arrow supported by the corresponding 
node in 6. Its weight (of the supporting edge) near v will be 1, and it represents a 
generic $!-orbit in . Next, assume that we have a leg in I supported by a node v 
and it has w as its end-vertex. It is represented by an edge e and an end-vertex w in 
6 with some weight d,-. An arrowhead supported by w in I” is coded in 6 by the 
following modification: the end-vertex w is replaced by an arrowhead (representing 
the corresponding S ! -special orbit in X', with Seifert a-invariant dye). 

In particular, a set of arrows on 6 represents a link in M(6). 

The splice calculus from 5.3.8 extends naturally to diagrams with arrows. 


5.3.19 Multiplicities Fix I" as above. By 3.3.6 the multiplicities along the nodes 
and end-vertices of a function (or of an open book decomposition) whose arrowhead 
is supported by a node n can be determined from the data {-1,}), where v runs 
over nodes and end-vertices. In particular, by property 2.2.5(5) or by 5.3.17, they 
are determined by the splice diagram weights. (The same is true if the arrowhead 
is supported by an end-vertex, but in that case the multiplicity of that end-vertex 
is not determined by the above data.) In the case of a plumbing graph this set of 
multiplicities (m, with xk, 4 2) determines several numerical invariants (see e.g. 
A’Campo’s formula, 4.1.22). This shows that such invariants can be recomputed 
in the splice diagrams as well. This fact also motivates the definition of the splice 
diagram (and makes it very convenient in such multiplicity computations). 

E.g., assume that 6 has a unique arrow with multiplicity mz = 1 supported by 
a node v. Then the multiplicity of any vertex w of 6 is the product of all weights 
along but not on the minimal path connecting w and v (or w and the arrow). 
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Example 5.3.20 (Plane Curve Singularities [178]) 

Assume that (C, 0) is an irreducible plane curve singularity with Newton pairs 
{(pi, gi) };_,- For its embedded (minimal good) resolution graph see 3.3.10. 

Define the integers {aj}F_) by a) := qi and aj41 := gi41 + pisipiai fori > 1. 
Then the splice diagram is 


. a a _ a a 
I" a ee F 


The diagram represents S° (since the minimal splice diagram obtained from the 
above diagram is empty), while the arrow represents the link of C in S?. 

The weights of the above splice diagram can be deduced from the resolution 
graph described in 3.3.10 via the procedure 5.3.3. The verification of a, and 
P1,---+>5 Ps iS immediate. The weights | are determinants of subgraphs, which can 
be blown down. The determinants of the strings connecting two nodes in I” are 
q2,---,4s, hence the weights a; follow via 2.2.5(6) (where G is one of these 
strings). 

Set Bi := ajpipiti-::ps forl1 < i < 5s, Bo := pipo-::ps, and Bi = 
ajPis1-::Pps for 1 < i < s. Since they are the multiplicities of f along the 
corresponding vertices of 6 (cf. 5.3.19), A’Campo’s formulae 4.1.22 reads as 


A(t) _ Tli<i<s (Fi =) 


clm= = = (53.2) 
t—1 Tlo<i<s (tFi — 1) 
Hence, if A; (a, b)(t) is the characteristic polynomial of x% + y? , then 
s—l1 
A\(C, 0)(t) = Ais, ps)(t) - I] AiGsais Peat LPP), (3.3.3) 


i=l 


Furthermore, the semigroup -“c,. C N has the elements Bi (0 <i < s)asa 
minimal set of generators. [These generators Bi (O <i < s) are the intersection 
multiplicities of f with the germs x, y, g2,..., gs, which will be constructed in 
Example 5.4.7— the ‘end curve functions’ of the diagram.] Each element y € .%c.9 
can be represented in a unique way in the form y = kofo + Yiejes Ki B; with 
ko > OandO < kj < pj —1forl <i < 5s, see [684]. Recall (cf. 5.2.2) that 
{kKEeZ, k> pyc Leo. 

For any j € {1,...,s} let (Cj, 0) be the plane curve singularity with Newton 
pairs {(pi, qi} ,- Then, using the above identities, one verifies that for 7 < s one 
has aj+1 > “(C;), hence aj+1 € SC j,0- (This can be, and will be compared with 
the ‘semigroup condition’ from 5.4.2.) 


5.3. Splice Diagrams 151 


Example 5.3.21 (Suspensions of Plane Curve Singularities [512]) 

Fix an isolated plane curve singularity f : (C?,0) — (C, 0), and let M be the 
link of the suspension singularity f(x, y) + z” = 0. If M is an integral homology 
sphere then f is irreducible. Indeed, one has the covering M —> S? branched along 
the link Ly of f, and the covering group Z, acts on M with fixed point set L . 
But by Smith theory, such an action must have a connected fixed point set. Hence 
Lr=S ie 

Next, assume that f is irreducible. Then M is an integral homology sphere if 
and only if n is relative prime with all entries of the Puiseux pairs (equivalently, of 
the Newton pairs). This also means that the integers (n, a;, p;) are pairwise relative 
prime for any i. Furthermore, the splice diagram of M in this case is 


a1 on 42. Nn as-1 n as Nn 
é ee e 
F 1 F 2 ia F 
This follows either by reinterpretation of the algorithm from 4.1.C for splice 
diagrams, or by an inductive argument (as in [512]). 


Example 5.3.22 (General Cyclic Coverings) The previous example has the fol- 
lowing generalization [512]. Assume that the integral homology sphere M is 
represented by the splice diagram 6, and it has a knot L C M represented by 
an arrow on 6. A weight of 6 on an edge e is called ‘near’ or ‘far’ according to 
whether it is on the end of the edge nearest to or furthest from the arrow of 6. Then 
the Z,,-cyclic covering of M branched along L is an integral homology sphere if and 
only if n is relatively prime to all near weights of 6, and its splice diagram can be 
obtained from 6 by multiplying each far weight by n. 
Here are two examples: 


1 2 
e > e @ 
e i p F 
Here M = {uw +07 4+ w? =O}, L = (u—v—w! = O}, n = 2, hence the 
7 


covering has equation u? + v + w? =u—v3—w! — 2 =0,or(v? + w! + 
2p +u74+w? =0. 
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Here M = {uw +z + w¥ = O}, L = {(u— 2 — w! = 0}, n = 3, hence the 
covering has equation uw? + 23+ w4 =u—2-—w!-v =0,0r(? + uw! + 
2p +723 +wi4 =0. 

The two output 3-manifolds have the same splice components, but they are glued 
differently. 


5.3.23 Before we state the next theorem, let us mention that usually the universal 
abelian covering of M(J‘) is not an integral homology sphere. 


Theorem 5.3.24 ((559]) Assume that a rational homology sphere 3-manifold 
M (I) is given by the plumbing graph I. Let 6 = 6(I°) be the splice diagram 
associated with I’. Then the universal abelian covering of M(I") depends only 
on ©. 


This has the following application. Assume additionally that for any node v of 
6 the weights {dye}¢ are pairwise relative prime. Then we claim that the universal 
abelian covering M(I")q of M(I) is the integral homology sphere M(6). That 
is, the plumbing graph of M(J°), is that unique graph, which has determinant 1 
and corresponds to © by the algorithms 5.3.3 and 5.3.10. Indeed, let 1"(G) be the 
graph given by 5.3.10. Then, since I” and I°(G) have the same splice diagram, 
M(I)qa = M(I'(G))q by the above theorem. But M(I"(6)) = M(6), cf. 5.3.15, 
hence M(I"(6))qa = M(G)q = M(G) = MU (B)). 


5.4 Splice Quotient Singularities 


This part is an introduction to the theory of splice quotient singularities of 
Neumann and Wahl. There are three basic constructions of such germs: the 
‘original’ construction of Neumann and Wahl (based on ‘semigroup and con- 
gruence conditions’), its modification by Okuma (based on the ‘monomial 
condition’), and the presentation based on the ‘end curve condition’. Ana- 
lytic germs satisfying this condition are splice quotients by the ‘End Curve 
Theorem’. & 


5.4.1 Splice quotient singularities were introduced by Neumann and Wahl in [515]. 
From any fixed graph I” (which has some special arithmetical properties, cf. below) 
one constructs a family of singularities with common equisingularity type, such that 
any member admits a distinguished resolution, whose dual graph is exactly J”. The 
construction suggests that the analytic properties of the singularities constructed in 
this way are strongly linked with the fixed resolution and with its graph I”. (Hence, 
the expectation is that certain analytic invariants might be computable from I.) 

A starting assumption is that I” is a tree with rational vertices, that is, the link 
of the constructed singularity is a rational homology sphere. In this section this 
assumption always holds. 
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Presently, there are three different approaches how one can introduce and study 
splice quotient singularities; each of them is based on a different geometric property. 
They are: (a) the ‘original’ construction of Neumann—Wahl, (b) the ‘modified’ 
version by Okuma, and (c) considering singularities satisfying the ‘end-curve 
condition’. It turns out that all these approaches provide the same family of 
singularities. 

In the first two cases we start with a topological type (that is, with I”), which 
satisfies certain restrictions, and we endow it with an analytic structure, the “splice 
quotient’ analytic type. In the third case we start with an analytic structure, which 
satisfies a certain analytic property, and it turns out that in fact it can be represented 
by splice quotient equations as in the cases (a)—(b). 


5.4.2 The Construction of Neumann—Wahl [515] The construction starts with a 
given negative definite graph I”, and one imposes two combinatorial restriction on 
it, the semigroup and congruence conditions. The congruence condition is empty 
if det”) = 1. Using the first condition one writes the equations of a complete 
intersection. The equations depend only on the splice diagram associated with the 
graph, in particular they are called ‘splice diagram equations’. Then one defines an 
action of H on this complete intersection: here the congruence condition is needed. 


Though in the next parts we prefer to use the second approach (of Okuma), we 
will present in short the Neumann—Wahl construction as well. 

Fix a plumbing graph I" and the associated splice diagram 6 = 6(J°), cf. 5.3.3. 
For a node v and adjacent edge e of 6 let 6,. be the maximal connected subdiagram 
of & \ v adjacent to e. For any end-vertex w of 6, which is in Gye, let myy be the 
product of weights of 6, along but not on the minimal path connecting v and w. Let 
Sye be the semigroup of Z>o generated by {my}. Then the ‘semigroup condition’ 
requires that dye € Sye. Note that this is a stronger condition than the corresponding 
‘ideal condition’ from 5.3.4(c): the ‘ideal condition’ is always satisfied, while the 
semigroup condition may not be satisfied (see e.g. the diagram I” in 5.4.5). 

Assume that the ‘semigroup condition’ is satisfied in 6 for any node v and 
adjacent e. Let Y° be the set of ends. We introduce a complex variable z, for each 
v € ¥°, and we write |Y°| — 2 local equations in (C!”*!, 0). 

Let us fix a node v. Write dye as )> @ymyw, where the sum is over the ends of 
6 sitting in Gye, and a, € Zo. Consider the corresponding monomial Mye := 
II zy”. Furthermore, consider a og x ie — 2) matrix (dy,¢,j)e,; of full rank (this 
means that all maximal minors are non-zero). Then for this node v one writes ic? —2 
equations of the following type (the sum runs over all edges e adjacent to v) 


Y- dv,e,jMve = 0 (l<j<«® —2). 
e 


Neumann and Wahl in [515] proved that all these equations define an isolated 
complete intersection singularity in C'”“|. If det(”) = 1, then it admits a resolution 
with resolution graph identical to I’. If det(”) # 1 then this complete intersection is 
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the universal abelian covering of a normal surface singularity (X, 0), which admits 
a resolution with graph I”. More precisely, (X, 0) is realized as the quotient of 
the above isolated complete intersection singularity (Xq, 0) by H (that is, by L’/L 
associated with I”). The action of H on C!”"! is defined by h * zy = O([E*])(A)zy. 
This induces an action (free off 0) on (X,g, 0) too. The existence of monomials 
Mye with the property that the splice diagram equations are H-quasi-invariants is 
guaranteed by the ‘congruence condition’. 


Different choices of Mye, or adding to the equation any power series gy,¢, 


(in variables {ze}vevene,,) having monomials of type [| zpw with ‘higher degree’ 


> BwMvw > dye (and satisfying compatibility with the H-action), produce an 
equisingular deformation of the singularity (with the same resolution graph I”). 
Following Neumann and Wahl, the singularity (X, 0) defined in this way is called 
splice quotient singularity (and the defining equations are the splice equations). If 
det(J") = | then the complete intersection (X, 0) = (Xq, 0) is called a splice (type) 
singularity. 
For an explicit computation of an example (equations and action) see 8.5.32. 


Example 5.4.3 Both particular suspensions considered in 5.3.22 are splice singu- 
larities. E.g. in the first case the equations u> + v? + w? = v+w!? +77 =0 
are of splice type, and the deformation tu + v? + w’ + z* = 0(t € C) isa ‘higher 
degree’ equisingular deformation of the original equation. 

Hence, we obtain an equisingular family of complete intersections (with stable 
integral homology sphere link given by 6), such that the embedding dimension for 
t = Ois 4 while for t 0 is 3. This shows that (although we expect that several 
discrete analytic invariants of a splice quotient is readable from I"), this is not true 
for any invariant. 


Example 5.4.4 (The Universal Abelian Covering of a Quotient-Cusp) 

Consider the graph I” of a quotient-cusp as in 4.1.37. As usual, cf. 2.2.A, we 
write [[b1,..., bg ]] = w/@ and [[bj,..., be-1]] = w/t, hence wa’ = at + 1. Set 
a4:=o0-T,b:=o0'—tandd:=a—w-—a' +t. Then|H| = 16d and the 
splice diagram has the following form (where we already indicated the variables z, 
as well): 


Z1 £3 


£2 £4 
Hence a possible set of equation of the UAC is a + za = 23z4 and n + zi = aon 
with n+m = 2a andk+l = 2b. Let & bea primitive 4d-th root of unity. Then A acts 
on C* as follows: [E;] acts diagonally by (—&“, &*, €, €), [E35] by (&%, —&7, &, €), 
[E3] by (&, &, —£> &>) and [Ej] by (&, &, &>, —&>). The universal abelian covering 
is a cusp with dual b*-sequence (2a, 2b, 2a, 2b) whenever a 4 1 # b, and b*- 
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sequence (2a, 2, 2a, 2) if b = 1, and b*-sequence (2b, 2, 2b, 2) if a = 1 (note that 
ab > | always). For more see [514] and [299]. 


Example 5.4.5 (Suspension as Quotient of Splice Type) Consider the plane curve 
singularity with two irreducible branches ¢, and ¢2 and equation 


8 8 


b 11 b 
ab + (S*) = 1@.b) ha. = + tO +t). 


311 

Define the isolated complete intersection in variables (r, s, a, b) by (Xq, 0) = {r2 = 
di(a, b), r= o2(a, b)}. Z4 acts on it via its generator G byr b s,s hb —,r, 
at> bandb » a. The action of GZ isr BH —r,s H —s,ate aandb wp b, 
and its invariants are a,b, R := r2,S := s*,T := rs with additional equation 
T2 = RS. Hence 


X' := Xq/G* = {RS =T*, R = 1(a,b), S = ona, b)} = {T? = 1 (a, b)gr(a, b)}. 


By the change of variables a = u — v, b = u + v it becomes (T? = (u2 _ v’*)3 + 
ull}, The induced action of Gis T h —T,u bh u,v bt —v with invariants u, 
X := T*, Y := v? and Z := Tv and new relation Z2 = XY. Hence, Xq/Za 
is given by X = (u2— Y)? + u!! and XY = Z?. After substitution it becomes 
Z? = Y¥((u2 —Y)? + u!!), and by change of variables w := u? — Y it has the form 
Z? = (v2 — w)(w? + u!!), 

This is a hypersurface singularity (X, 0) of suspension type z7 = f (u, w) (even 
with non-degenerate Newton principal part), its minimal resolution graph I” is 


Note that, because of the Eg-subgraph with determinant 1, I” does not satisfy the 
semigroup condition. This can happen even with f irreducible. E. Sell classified 
those irreducible germs f and integers n, for which the graph of the suspension 
z"” = f(u, w) satisfies the semigroup and congruence conditions [625-627]. 

In fact, even the following situation can happen: a suspension graph satisfies the 
semigroup and congruence conditions—hence the splice quotient analytic structure 
can be considered—, nevertheless the suspension equations (analytic type) cannot 
be realized by the splice quotient equations, see again [625]. 

The reader is invited to compute the graph of the Zo-covering (X’,o0) of 
(X, 0) (which is a suspension too) and verify that it does satisfy the semigroup 
and congruence conditions, furthermore, the equations of (Xz, 0) given above are 
particular splice diagram equations. For such germs (X, 0), which are not splice 
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type, but some of their coverings are of splice type, we can expect that they 
share the basic properties of splice quotients. Note also that H(X,0) = Z4 and 
H(X',o0) = Zp», and (Xq, 0) is the UAC of both of them. Hence the fact that the 
universal abelian covering is a complete intersection is not the property merely of 
splice quotients. (Here the action of H = Za on (Xq, 0) is not diagonal, as it is in 
the case of splice quotients.) 


Remark 5.4.6 The starting point of splice quotient singularities was that theorem 
of Neumann [506], which says that the universal abelian covering of a weighted 
homogeneous singularity with g = 0 is a Brieskorn complete intersection, cf. 5.1.33 
here. This phenomenon is generalized by the splice quotient singularities. Later 
Neumann and Wahl verified that quotient-cusps are also splice quotients [514]. 
Based on this positive results they conjectured in [513] that any Q-Gorenstein 
singularity with QHS°-link is a splice quotient. Several counterexamples were 
provided in [399], one of them is the suspension from 5.4.5. For others (namely, 
for superisolated germs with v > 3) see the end of 5.2.5. 


Example 5.4.7 Besides that they define the splice quotient (X,0), the splice 
equations can be used to produce equations of holomorphic germs on (X, 0) as 
well. We exemplify this fact in the case (X, 0) = (C’, 0). Consider the following 
splice diagram 6 obtained from the splice diagram of a plane curve singularity 
by replacing its arrowhead with a vertex; for notations and numerical invariants 
see 5.3.20. 


rds a, | a2 | as—1. | as, | of 
P1 P2 Ps-1 Ds 
y 82 8s-1 8s 


Via splice diagram calculus 5.3.8, the diagram is equivalent to the empty diagram, 
hence it represents the 3-manifold S*, or the space-germ (C7, 0). Neverthe- 
less, we will write the corresponding splice equations connecting the variables 
X,Y, 92,---, 8 5, f associated with the end-vertices. First note that for any 2 < j < 
S,aj € SCj-1,0 (see end of 5.3.20), hence there exist positive integers nj,x, Nj,y, 
and nj,2,...,j,s—1 such that 


j-l 
aj =Nj,xBo(Cj-1) + nj,yBi(Cj-1) + > nj, Bi(Cj-1). 
i=2 
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Hence, a possible set of splice equations are 


x4 + yl = £2, 
x M2. yl2,y + a = 93, 
x73.x y"3y go? + gs = &4, (5.4.1) 


Ns i 


, -1 n 
xin ylsy [Es 8° + gy =f. 


Clearly, C{x, y, g2,..., 8s, f}/(equations) is C{x, y}. But the point is that 
82,.--, 8s, f can be expressed inductively as germs in C{x, y}, hence we can regard 
them as elements of C{x, y}. Moreover, the construction provides automatically 
the simultaneous embedded resolution of all x, y, g2,..., 95, f € C{x, y}: they 
are all irreducible, and their strict transforms in the resolution having dual graph I" 
(associated with 6) are transversal cuts of the corresponding irreducible exceptional 
curves corresponding to the end-vertices. We will see, that in the language of 
5.4.13 this means that these germs are ‘end curve functions’. Note also that the 
constructed germ f(x, y) is a possible equation of a plane curve singularity with 
the given Newton pairs. In fact, considering different (allowed) choices of the 
integers nj,x,Nj,y,nj,i, and different (allowed) coefficients in the equations, and 
adding higher degree monomials in the splice equations, we obtain all the possible 
equations of the plane curve singularities with given fixed Newton pairs, cf. [344]. 


5.4.8 Okuma’s Version In the next review we follow Okuma’s approach from 
[533] (which slightly differs from Neumann—Wahl construction [515, (7.1)]). 
According to this, J” has to satisfy a combinatorial restriction: the monomial 
condition (see 5.4.10). This condition is equivalent to the semigroup and congru- 
ence conditions of Neumann-Wahl (see [515, §13]). The combinatorially defined 
equations and H-action are similar to the Neumann—Wahl case, although now they 
involve the monomial condition. We call the equations I"-combinatorial equations. 


5.4.9 Fix a resolution graph I (a tree with all genus decorations zero). Let “7° 
denote the set of end-vertices, and C{z} the ring of local convergent power series in 
variables {z;};eve. As before, H acts on C{z} by h «x zj = O([EF])(h)z;- For each 
node v (Ky > 3) the connected components Jy. of I” \ v are called branches of v 
(they are indexed by the adjacent edges e of v). Let %% be the set of end-vertices 
contained in a branch Iye. 


Definition 5.4.10 ({533]) 


(a) A monomial cycle has the form D(a) = )°,,c.ye AvE} € L’, where ay € Zs0. 

(b) We say that I” satisfies the monomial condition if for any node v and any edge 
e adjacent to v, there exists a monomial cycle D(a) such that D(a) — E* is an 
effective integral cycle supported on Jy. (In particular, a, = 0 forv ¢ V,.) In 
this case, z~ € C{z} is called an admissible monomial belonging to Tye. 
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Fix a vertex v € ¥Y. For any monomial z~ € C{z} one defines its v-degree by 
u-deg(z*) = —(D(a), E) € Q. The v-degree of any power series is the minimum 
of the v-degrees of its monomials having non-zero coefficient. From definitions, any 
admissible monomial belonging to any branch of v has v-degree —(E*, E*) and it 
is a 0([E*])-eigenvector of the H-action. 


Definition 5.4.11 (/’-Combinatorial Equations [515, 533]) Assume that I" satis- 
fies the monomial condition. For any fixed node v we make some arbitrary choices. 

We select an admissible monomial M,. for each branch Iye of v, and we select 
a matrix (dy,¢,;) (e adjacent edge of v, 1 < j < xk, — 2) of full rank. Finally, we 
might choose convergent power series gy; € C{z} (1 < j < ky — 2) which are 
0([E*])-eigenvectors of the H-action (as in 5.4.9) and have v-degree greater than 
—(E*, E>). Then, associated with v, we write «, — 2 equations 


So av.e,jMve + 80, =0 dsj ky—2). 
e 


The set of these equations for all nodes v form the [’-combinatorial equations of I’. 


Theorem 5.4.12 ([515, (7.2)]) A set of '-combinatorial equations of I" define an 
isolated complete intersection singularity in (C!”*!, 0) on which H acts freely off 
the origin. It is the universal abelian covering of its factor by H. The factor (X, 0) 
has a good resolution with dual graph I. 


A singularity defined as in (5.4.12) is called splice quotient. Its equisingularity 
type is independent of the different choices (cf. [515, (10.1)], [532]); in particular, 
one can take gy, ; = 0 to get ‘simpler’ analytic representatives. 


5.4.13 The ‘End Curve Condition’ The third approach defines a family of 
singularities with a special analytic property, with the end curve condition. This 
requires the existence of a resolution of the singular germ, which has the following 
property: For each exceptional irreducible component E,, which corresponds to 
an end-vertex of the resolution graph I”, there exists an analytic function whose 
reduced strict transform is irreducible, it intersects the exceptional curve only along 
E,, and this intersection is transversal. (These are called ‘end curve functions’, for 
details see 8.5). The fact that splice quotient singularities associated with a graph 
I” (an the sense of the first two definitions of Neumann—Wahl or Okuma) satisfy 
the ‘end curve condition’ follows from an addendum of Theorem 5.4.12, cf. [515], 
which says that the coordinate functions of (C ye 0) (lifted to the resolution with 
graph J”) are ‘end curve functions’. 

The converse is harder; it says that a singularity, which has a resolution with 
graph I” and in this resolution it satisfy the ‘end curve condition’ is, in fact, a splice 
quotient (associated with J”). This is the subject of the ‘End Curve Theorem’ [75, 
517, 534]. A proof will be given here in Theorem 8.5.34. 

Several analytic properties of singularities satisfying the end curve condition will 
be given in Sect. 8.5. 
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5.5 Newton Non-degenerate Singularities 


In the first Sect. 5.5.A we review certain facts and invariants regarding hypersur- 
face singularities with non-degenerate Newton principal part. In 5.5.B we present 
the general case of a Newton non-degenerate (analytic) Weil divisor embedded 
into an affine toric variety. We focus on the case of curves and surfaces, on 
the delta invariant, geometric genus, and in the surface case on (generalized) 
Oka’s algorithm, which provides the resolution graph from the Newton diagram. 
Normality and Cartier properties are also discussed. & 


5.5.4 The Classical Case of Hypersurfaces in (C"*', 0) 


Though starting with the next subsections we will discuss the general case of non- 
degenerate singularities, as (local analytic) Weil divisors in affine toric varieties, 
here we prefer to collect some facts relevant to the themes of the book about the 
classical case of hypersurfaces. This serves also as a model for the general case. 


5.5.1 Basic Definitions (The Hypersurface Case) [345] Fix an integer n > 1. For 
any set S C N"+! denote by NI, (S) C R"*! the convex closure of Laes(p + 


Res). By definition, the Newton boundary (or diagram) NI(S) associated with S 
is the union of compact boundary faces (of any dimension) of NI", (S). Let NI-_(S) 
denote the (real) cone Uyewr(sy[0, x] with base NI"(S) and vertex 0. 

Let f: (C"t!, 0) > (C, 0) be an analytic function germ defined by a convergent 
power series )* p 4px? where xP = Tl uF '. By definition, the Newton boundary 
NI(f) of f is NI (supp(f)), where supp(f) is the support {p € N+! : ap FO} 
of f. We also write NI_(f) for NI_(supp(f)). The Newton principal part of f 
is ye penr(f) apx”. Similarly, for any g-face F of NI’(f) (of any dimension q), 
set fr(x) := Doper apx?. We say that f is non-degenerate on F if the system of 
equations 0fp/dx1 = ++: = Off /9xXn41 = 0 has no solution in (C*)"*!. When f 
is non-degenerate on every q-face of NI"(f), we say (after Kouchnirenko [345]) 
that f has a non-degenerate Newton principal part. The diagram NI"(f) (or f) is 
called convenient if NI’ (f) intersects all the coordinate axes. 


5.5.2 When Is the Singularity Isolated? If we fix a Newton boundary NI" (ie. 
NI = NI‘(S) for some S), then the set of coefficients {ay : p ¢€ NI’} for 
which f(x) = >> peNr dpx? is Newton non-degenerate (as its own principal 
part) form a non-empty Zariski open set, cf. [345, 1.10(iii)]. Nevertheless, even 
for generic coefficients {4p} enr> the germ f = > penr dpx? (or any f with 
NI'(f) = NT), in general, does not define an isolated singularity. If n = 1 or 2 
the characterizations are the following (for the general case see [345, 1.13(i)]). For 
convenience, let us assume that f is singular, i.e. 0f (0) = 0. 
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Ifn = | then S = supp(f) supports the equation of an isolated singularity if 
and only if for any of the two coordinate axis, NI” has a lattice point at most 1 far 
from the axis (in Euclidean distance). If f defines an isolated singularity and it has 
a convenient non-degenerate Newton principal part then the number of irreducible 
components is the combinatorial length (the number of primitive segments) of NI". 
Furthermore, any of the local irreducible components cannot have more than one 
Puiseux pair. 

Ifn = 2 then NI’ supports an isolated singularity if and only if 


e {(0, 0, 0), (0, 0, 1), (0, 1,0), 1,0, 0)} ONT =% Ge. Af(0) = 0), 

e the diagram NI" has a lattice point on every coordinate plane, and 

e for any coordinate axis, NI" has a lattice point at most | far from the axis. 
(5.5.1) 


E.g.,a convenient f with generic coefficients defines an isolated singularity. 

The geometric meaning of (5.5.1) is the following. If the second point is not 
satisfied then f = 0 contains a coordinate plane (and some other components), 
hence cannot have an isolated singularity. Otherwise, under the non-degenerate 
condition, it might have singularities only along the coordinate axes. E.g., the x3 
axis is in V(f) whenever f is not convenient along this axis. Moreover, in this case, 
the curve transversal type of V(f) along this axis has a Newton diagram, which is 
associated with the projection of Supp(f) to the x;x2 plane. Hence, V(f) is not 
singular along the axis if and only if this transversal type is smooth, that is, the 
projected Supp(/) contains at least one of the points (0, 1) or (1, 0). 


Example 5.5.3 Assume that n = 2 and (5.5.1) is satisfied. Then NJ” cannot be 
merely one vertex. Moreover, if NI” has no 2-faces then (modulo a permutation of 
the coordinates) it is the segment [(0, 1, 1), (k, 0, 0)] for some k > 2. Otherwise, 
any edge of the boundary NI" of NI’ should lie either on a coordinate plane or 
be (after permuting coordinates) of the form AB = [(a, 0, c), (0, 1, b)] witha > 0 
and b > 0. 


5.5.4 Some Discrete Invariants Determined from the Newton Boundary If / 
defines an isolated singularity and has a non-degenerate Newton principal part, 
then its Newton boundary NI’(f) determines almost all its discrete analytic and 
embedded topological invariants. In such discussions one inevitably faces the 
arithmetical properties of integral polytopes. 


(a) The Milnor number w(f) of f is given by Kouchnirenko [345]. For any NI" let 

Vn+1 be the (n + 1)-dimensional volume of NJ_, and for 1 < q <n, let Vz be 

the sum of the g-dimensional volumes of all the intersections of NJ with q- 

dimensional coordinate planes. Set v(NI") := pau (n+ 1 —i)!-Vp4i1—7. Then 
LL(f) of any convenient Newton non-degenerate germ f equals v(NI"(f)). 

In fact, the same formula is valid for non-convenient isolated singularities as 

well. Indeed, assume e.g. that n = 2, and the diagram NI (f) does not intersect 
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the x3 axis. Let AB be an edge as in 5.5.3. Then the deformation fg := f + tzs 
with d > u(f) + 2 has a uniform stable radius for the Milnor fibration [523], 
hence (ff) = (fa). Moreover, NI_( fa) = NI-_(f) U Wa, where Wz is the 
3-simplex with vertices 0, A, B and (0, 0, d). Since (6V3 —2V2+Vi)(Wa) = 0, 
one obtains that v(NI(fa)) = v(NI'(f)). Gince f is finitely determined, 
f and fa are right-equivalent for d >> 0 and their other invariants agree too. 
Hence, being convenient is not really essential, see also [745].) 

(b) The characteristic polynomial of the algebraic monodromy is determined by 
Varchenko [711]; the set of spectral numbers is computed in [135, 314, 603, 
654]; the multiplicity of f by minp=(p;);eNr(f) >. Di- 

(c) The geometric genus of the surface singularity ({f = 0}, 0) is computed by 
Merle and Teissier as #(NI_(f) 9 Z3 4), cf. [418], see also [443]. 

(d) The embedded topological type and the Milnor fibration of f (with its homo- 
logical ‘package’ as in 3.2.A) is determined by NI(f), cf. (523, 2.1]. 

(e) An embedded resolution of (V(f),0) Cc (C"*+! 0) can be done via toric 
modifications associated with regular subdivisions of the dual fan of /, see e.g. 
[711] (or the next 5.5.B). If nm = 2, an explicit (and canonical) construction of 
the dual resolution graph I'y:f) of the surface singularity (V(f), 0) is given by 
Oka [524]. We recall this below in 5.5.23. 


For certain generalizations to the complete intersection case see [234, 312, 313, 443, 
526, 527] and the references therein, and also 10.6.20 here. 


5.5.5 Equivalence of Newton Boundaries Assume that n = 2. We say that two 
Newton boundaries NJ, and NI are equivalent if both define isolated singularities 
and NI C NI». This definition generates an equivalence relation of boundaries 
(see [76]). E.g., if NI has a boundary segment AB as in 5.5.3, then adding a 
monomial of type fe (t € C*,d > 1) provides a new equivalent diagram 
(however, NI, can be completed near the x3 axis even by more than one 2-faces). 
The equations of germs with equivalent boundaries can be connected by (sequence 
of) jz-constant linear deformations (of type f+ tg). Furthermore, such deformations 
admit weak simultaneous resolutions [525], are equimultiple [700], and along them 
the embedded topological types are constant [558]. In particular, the whole Milnor 
fibrations with their homological packages, and the links associated with equivalent 
diagrams are the same. 


5.5.6 The Case H, (Lyf), Q) = 0 Assume thatn = 2. If Ay(Lyf), Z) = 0 
then the singularity is necessarily of Brieskorn type 5.1.15(1), hence typically 
H,(Lycf), Z) is non-zero. By Oka’s algorithm for Fy), cf. 5.5.23, (or via integral 
spectral numbers [603]) we obtain that 


: : : . : 3 
the link is a rational homology sphere if and only if NI'(f) N Zl, = 9. 
(5.5.2) 
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If this happens then N I"(f) has a very rigid structure, which is described in [76]. 
E.g., NI” can contain at most one non-triangular 2-face, which must be a trapezoid. 


In general, from the link it is impossible to recover the Newton boundary (see 
e.g. the pair of examples from 6.7.11). However, one has the following result. 


Theorem 5.5.7 ([76]) Assume that f : (C3,0) — (C,0) is isolated and it has 
a non-degenerate principal part. If the link is a rational homology sphere, then 
from the link one can recover the Newton boundary (up to ‘boundary’ equivalence), 
hence the equations of the singularity as well (up to an equisingular deformation). 
In particular, the abstract 3-dimensional link (whenever it is realized by a Newton 
non-degenerate equation) determines uniquely the embedded topological type, the 
multiplicity, the Milnor homological package and geometric genus of the germ. 


Let us comment on this statement. For Newton non-degenerate germs, usually 
we construct the embedded resolution of the pair (V(f),0) Cc (C?, 0) by a toric 
modification of C? associated with a regular subdivision of the fan determined by 
the Newton diagram. In fact, there is a subdivision associated in a very precise 
and canonical way to NI’(f); for details see e.g. [524, 711] (or the next 5.5.B). 
Oka’s algorithm, describes the resolution graph from the combinatorics of NI(f) 
based on this canonical resolution (see 5.5.23). Since this subdivision is in some 
sense minimal, one expects that the obtained resolution graph is not very far from 
the minimal graph as well. Indeed, for the minimal representative of the Newton 
boundary (in its equivalence class) Oka’s algorithm provides the minimal good 
resolution graph (see [76, Prop 4.2.5]). Furthermore, one might hope that the above 
procedure is invertible (though the algorithm is rather complex). 

The above theorem 5.5.7 basically says that for Newton boundaries satisfying 
both (5.5.1) and (5.5.2) this is indeed the case, the association NI'(f) t& TI is 
injective. Braun and Némethi [76] provides even an ‘inversion algorithm’. This fact 
also guarantees that the Milnor number or the geometric genus, in principle, are 
computable from the graph; the exact expressions in terms of J” will be given later 
in 11.6.A. 

Part of this inversion is the following fact: the minimal resolution graph is a string 
if and only if NI” is equivalent to a segment (cf. 5.5.3) if and only if (X, 0) is an 
A-singularity. Otherwise, the (non-zero) number of nodes of a minimal resolution 
graph coincides with the number of 2-faces in a minimal representative NJ in its 
equivalence class. 


5.5.B Weil Divisors in Affine Toric Singularities 


For the presentation of the Newton non-degenerate Weil divisors we follow [499]. 
First we start to review some notations from affine toric geometry [208, 522]. 


5.5.8 Let N bea free abelian group of rank r € N and set M = Hom(N, Z) = NY. 
Abridge Mp = M @Rand Np = N @R. Ifo C Np isa finitely generated rational 


5.5 Newton Non-degenerate Singularities 163 


cone we define its ot = {u € Mp|(u, v) = 0 forall v € o}. The dual cone by 
oY = {u € Mp| (u,v) > 0 for every v € o}. 

To any cone o C Np we set the semigroup S; = oY 1 M, the algebra Ag = 
C[S,] and the affine toric variety Uz; = Spec(C[S,]). The r-torus T” = (C*)’ acts 
on Ug. 


5.5.9 A fan A in N is a collection of cones in Np satisfying the following two 
conditions: any face of a cone from A is in A, and the intersection of two cones in 
A is a face of each of them. The support of a fan A is |A| = Useao. If t,0 € A 
and t C o, then one has a morphism U; — U,.. These morphisms form a direct 
system whose limit is denoted by Ya, and it is called the toric variety associated with 
A. Each Ug is an open set of Y,. The actions of T” on the affine varieties U, for 
o € A glue together to form an action on Ya. In fact, T” itself embeds into Y, as 
Ujo}. 

Assume that A’ is another fan in a lattice N’ and @ : N’ > N isa linear map 
such that for any o’ € A’ there is aa € A so that ¢(0’) C o. Then this induces 
maps U/, + Uz — Ya, which glue together to form a map Ya > Ya. This map 
is proper if and only if |}~!(A)| = |A’|. 


Definition 5.5.10 


1. Foraconeo C Np, let A, denote the fan consisting of faces of o. We also write 
Y, instead of Ya,. 

2. If A isa fan andi € N, define A® = {o € A|dimo = i}. 

3. A regular cone (resp. simplicial cone) is a cone generated by an integral (resp. 
rational) basis of N. 

4. A subdivision of a fan A is a fan A such that |A| = |A| and each cone in A 
is a union of cones in A. If Ai and Ad are two subdivisions, then we say that 
A> refines A, if Az is a subdivision of Ay. A subdivision is called regular if it 
consists of regular cones. 

5. If & C Np is a cone and A is a subdivision of A x, then denote by A* the fan 
consisting of 0 € A for which o C @. Here we regard 0S’ as the union of 
proper faces of 2’. Hence, A* is a subdivision of As \ {x}. 

6. Foro ¢€ A, let O, be the closed subset of U, defined by the ideal generated by 
monomials x? where p € (oY \ot)M M. We identify this set with its image in 
Ya. The closure of O, in Ya is denoted by V(c). In the case when o is a ray, 
V(o) is a Weil divisor and we write Dz; = V(a). The orbits of the T” action on 
Ya are precisely the sets Og foro € A. 

7. Foro € A, let N, be the subgroup of N generated by o M N and define M, := 
M/o+ OM too. Note that M, = NY. Let wo : M > Mo be the canonical 
projection. Assuming o € A has dimension s, we have (Us, Oc) = (Yo X 
(C*)"—*, ({0} x (C*)’~*). In particular, Og C Ya has Yq as a transverse type. 


Example 5.5.11 Assume that X C N is a non-regular simplicial simplex defining 
Yy. Let £),...,&, € N be primitive generators of © and set N’ := Z(¢1,..., €;). 
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Then the inclusion N’ <> N induces a finite abelian covering C’ = Yycy > 
Yycn realizing Yy as an abelian quotient singularity. 


5.5.12 Weil Divisors in Affine Toric Varieties [499] Let us fix a fan A. For any 
p € M there is an associated rational function on U,.. These glue together to form a 
rational function x? on Ya. We refer to these functions as monomials. A monomial 
x? is a regular function on Ya if p € |AJY =Necao”. 

Next we fix A = Ay, where » is a fixed rational top-dimensional finitely 
generated strictly convex cone in a lattice N of rank r. The (maximal) ideal 
generated by all {x? | p € YY MM \ 0} determines a point, denoted by 0, and it is 
called the origin of Ya. Write also Y := Y,. It is known that Y is Cohen—Macaulay, 
cf. [89, 278]. 

Consider a function f with (local analytic) expansion 


f@= > apx? and support supp(f) = {p € MN ZY |ap £O}. 
peMnxy 


Here f can be the germ of any holomorphic function at the origin. Thus, (X, 0) 
(defined below via f) will be the germ of an analytic space. Correspondingly, we 
will consider (Y, 0) as a germ of an analytic space, though Y is an algebraic variety. 


Definition 5.5.13 The Newton polyhedron of f with respect to XY is the polyhedron 
NI, (f), the convex closure in Mp of supp(f) + XY. The union of compact faces 
of NI;(f) is denoted by NI’(f) and is called the Newton boundary (or diagram) 
of f with respect to x. 


>’ is precisely the set of linear functions on M, which have a minimal value on 
NI,(f). Denote by F(£) the minimal set of € € & on NI, (f). For €1, 2 € XY 
we write €; ~ €2 if and only if F(€;) = F(€2). Then ~ is an equivalence relation 
on » having finitely many equivalence classes, each of whose closure is a finitely 
generated rational strictly convex cone. These cones form a fan, a subdivision of 
Ay, which is denoted by A -, and is called the dual fan associated with f and &’. 

For any o € Af, the face F(£) is independent of the choice of £ € o°, 
in the relative interior 0° C o. Write Fz = F(€) for such @. Define also 
fo = Deke px? 

For any o € i the semigroup o M N is generated by a unique element: denote 
it by £,. Set alsom,s = minyr,(f) ¢c- In particular, €o|f, = mo. 


Definition 5.5.14 Denote by (X,0) C (Y,0) the union of those local primary 
components of the germ defined by f (with their non-reduced structure), which 
are not invariant by the torus action. 

We call (X, 0) the (non-invariant) Weil divisor associated with f. 


Note that for any p € M, the function x? f defines the same germ (X, 0). 
Furthermore, (X, 0) is the empty germ if and only if NI, (f) = p + XY for some 
peM. 
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Proposition 5.5.15 The ideal Ix C Gyo, which defines (X,0) in (Y,0), is 

generated by the functions x? f for p € M satisfying €o(p) + mo > 0 for all 
(1) 

aoe Ay. 


Note that there are some small differences in the definitions considered in 5.5.A 
and 5.5.B. In the classical hypersurface case we allow irreducible components 
of (X,0) given by the coordinate hyperplanes, in the present new situation we 
eliminate them (as they are invariant). E.g., in r = 2 case, the germ f = xy 
represents the ordinary node in the classical case, and the empty set in the new 
situation. On the other hand, xy + x” + y” (n > 2) represents similar germs in both 
definitions. 

In the sequel we assume that (X, 0) is non-empty. 


Example 5.5.16 Let f be as above. We say that NI°,(f), or f, is (Q-)pointed if 
there exists a p € M (p € Mg = M@Q) such that £,(p) = mg foreveryo € A 

For example, if S’ is regular (resp. simplicial), then any Newton polyhedron (with 
respect to 2’) is pointed at some p € M (resp. p € Mg). 

In [499] it is proved that f is pointed at p € M if and only if (X, 0) in (Y, 0) is 
defined by a single equation x~? f (cf. 5.5.15). In other words, f is pointed if and 
only if (X, 0) is a Cartier divisor in (Y, 0). More generally, f is pointed at p € Mg 
if and only if (X, 0) is a Q-Cartier divisor in (Y, 0). 

For example, if ' is regular, then (Y,0) is smooth and f is pointed, hence 
(X, 0) is a hypersurface singularity. If, however, >’ is not regular, then (X, 0) is not 
necessarily a Cartier divisor. This can happen even if » is simplicial, see several 
examples below. 


Definition 5.5.17 We say that f has a non-degenerate Newton principal part 
with respect to X if for every o € Af such that F, is compact, the variety 
Spec(C[M]/( fo )) (that is, {x € T” : fo (x) = 0} with its non-reduced structure) is 
smooth. 

If this happens then (X, 0) will be called a Newton non-degenerate singularity. 


5.5.18 Embedded Resolutions Assume that f is Newton non-degenerate. Let Ar 
be a regular subdivision of Ay. Then Y = Y Ap is a smooth variety, and we have a 


modification x : Y — Y. Asaresult of the nondegeneracy of /, the strict transform 
X in Y of a small representative X of (X, 0) intersects all toric orbits in Y smoothly. 
In particular, X is smooth, and z is an embedded resolution of (X, 0) C (Y, 0). 


5.5.19 The Singular Locus Sing(X, 0) of (X,0) Assume (X,0) C (Y,0) is a 
Newton non-degenerate Weil divisor. Then, the singular locus of the germ (X, 0) is 
contained in the union of orbits of codimension > 2 (in (Y, 0)). Indeed, let Y‘<"~?) 
be the union of orbits of dimension < r — 2. Let z : Y > Y beas in_5.5.18. The 
restriction z~!(Y \ Y°S"~”)) — Y \ Y‘S"~») is an isomorphism, and X is smooth. 
Therefore, X \ Y‘="~?) is smooth. For example, if r = 3, then the components of 
Sing(X, 0) should sit in the orbits O,, where o is a 2-cone in a. 
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Even without non-degeneracy assumption, fora ao € Ay, we have O, C X 
if and only if the normal fan A; does subdivide o into smaller cones. However, 
if (X,0) Cc (Y,0) is Newton non-degenerate and O, C X, then the generic 
transverse type of X to O, is a Newton non-degenerate singularity too, and its 
Newton polyhedron is w, (1+. (f)) C Mo. (Hence, any criterion which in the r = 2 
case assures smoothness can be transformed into a criterion which in r = 3 case 
assures that (X, 0) has an isolated singularity; see below.) 


Example 5.5.20 (Newton Non-degenerate Curve Singularities [499]) Assume that 
r = 2, and X' C Np is a two dimensional finitely generated strictly convex rational 
cone. If S’ is not regular then, by taking a convenient basis for NV, we can assume 
that © is generated by € = (0,1) and ¢’ = (n,—q), where 0 < q < n and 
gcd(n,q) = 1, cf. 2.3.5. Therefore, Y = Xy,q. In this case the minimal regular 
subdivision, called the canonical subdivision, is formed by the vectors {Wy}5*) 
considered in 2.3.5 (where Wo = €, Ws41 = €’). , 
Regarding some properties/invariants we have the following facts: 


1. The germ (X, 0) is irreducible if and only if NI’(f) is a single interval with 
no integral interior points. In general, the number of components in (X, 0) is 
precisely the combinatorial length of NI"(f). 

2. Assume that (X, 0) is irreducible with NI-(f) = F, for the unique o € Ay 
for which o ¢ 9. Set m := minyp,cf)(€) and m’! := minyr, f)(£’). Then 
the curve (X, 0) is smooth if and only if the following condition holds: For any 
p € M with £(p) > mand £’(p) > m' we necessarily have £g(p) > mg too. 
This happens exactly when ¢, is one of the vectors {Wye or it equals either 
aWo + W, or aWs41 + Ws for some a € Zso. 

3. Assume again that (X, 0) is irreducible with NI(f) = F,.Then Gyo = CIMN 
XY ]/(f) is graded: the class of x” has degree £, (p). Hence, Oxo = OserRs, 
where .Y C N is the semigroup of (X, 0), -Y% = {la(p) : p€ MN ZX}. Since 
F, is primitive one gets that dim(R;) = 1 whenever s € .%. The delta-invariant 
#(N \ .Y) of (X,0) can be identified with the number of lattice points in the 
following open ‘triangle’ 7; 


6(X,0)=HpeM: L(—p)>m, U(p)>m’, lo(p) < mo}. 
Indeed, the lattice points of T can be identified with those in the open triangle 
T’:={peEeM: £(p) <0, lo(p) > 0, L(p) < max,z, £ — m}. Furthermore, 


p €T’ if and only if €,5(p) eN\ #. 
4. In general, in the not necessarily irreducible case, 


5(X,0) =#{p eM : Lp) >m, U(p) >m’, pENTy(f)}- 
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Example 5.5.21 (Newton Non-degenerate Surface Singularities [499]) Assume 
that r = 3, and let (X, 0) be a Newton non-degenerate Weil divisor in Y = Yy. 


1. (X, 0) has an isolated singularity if and only if the following condition holds: If 


p € Mand l,(p) > mg for allo € AW, then £,(p) > mg for allo € a = 


Ay 0’. In particular, if A a A , then (X, 0) has an isolated singularity. 
Surprisingly, even if Sing(X,0) = {0}, in general (X, 0) is not normal. In 
particular, though (Y, 0) is always Cohen—Macaulay, (X,0) in general is not, 
see 5.5.32. In fact, even if Sing(X,0) = {0}, (X,0) might not be (locally) 
irreducible either, see 5.5.32. 
2. Let Ox 9 be the normalisation of Gyo. Then (X, 0) is isolated if and only if the 
sum 


S:= > rank Ho(NIy.(x? f) \ =xY,Z) 
peM 


is finite. In this case dim(@x .0/ Oxo) = S. The vanishing of the above 
expression of S can also be used as a combinatorial criterion for normality. 

3. If f is pointed, then (X, 0), as a Cartier divisor in the Cohen—Macaulay (Y, 0), 
is Cohen—Macaulay. Thus, if f is pointed and Sing(X,0) = {0} then (X, 0) 
is automatically normal. It is harder to prove that if f is Q-pointed and 
Sing(X, 0) = {0} then (X, 0) is still normal. 

4. Define NI, (f, ©) = {p € Mg | £6 (p) = mo for all o € A¥}. Then we have 
two (rather different) formulae 


h\(X, Oy) = D> rank H\(NIy (x? f) \ ZY, Z) 
peM 


=#{(NIY(f.E)°\ NTP?) OM}. 
The second one generalizes Merle—Teissier’s formula [418], cf. 5.5.4(c). 


5.5.22 The Resolution of Newton Non-degenerate Normal Surface Singulari- 
ties Let (X, 0) be a surface singularity as in 5.5.21, and assume that (X, 0) is normal. 
A subdivision A ¢ of Ay is ‘canonical’ if it is a regular subdivision, and if for any 


ae A” \ A%*. the restriction Af to the rank two Ag is the canonical subdivision 
of A,. (For the definition of the canonical subdivision of a cone of rank two see 
5.5.20.) The existence of a canonical subdivision is proved in [524, §3]. 

Since the restriction of a canonical subdivision to the 2-skeleton of A is uniquely 
determined, the dual graph I” of the induced resolution xs. is canonically 
determined from NI'(f) too, cf. [524, §3]. This is the subject of the next algorithm. 


5.5.23, Oka’s Algorithm for the ‘Canonical’ Resolution Graph I" (499, 524] The 
graph I" is a subgraph of a larger graph I’, whose construction is the following. 
We start with a set of vertices, they correspond bijectively to the set ¥ of 2-faces 
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of ONI+(f): we will call them face vertices. Next, consider two adjacent 2-faces 
< and > from #, such that their intersection is a compact 1-face. Let t.,, be the 
combinatorial length of this 1-face, and n.,, be the determinant of the dual primitive 
vectors £4, £5 € &' 1 N of the 2-faces. (This is the greatest common divisor of the 
2-minors.) Then we connect the vertices corresponding to < and > by t., copies of 
the following ‘canonical’ string. 

Ifng, > 1 then let 0 < ga, < na» be the unique integer for which 


bap = (ba +apl.)/nap €N. 


We also write nz./qa,. as a continued fraction [[b1, ..., bs]] where each b; > 2. 
Then the string with the corresponding Euler numbers (and 0 genus decorations) is 


—b, —b2 —bs 
a ; a 


< —_o—____-> 


The left ends of all the t.,, copies of the chain (marked by <) are identified with 
the face vertex corresponding to <, and similarly for the right ends marked by e. 

If. = 1 then any such string consists of an edge connecting the vertices < and 
>, hence we put f., such edges. Also, in this case we set ga, := Oand 0., := &. 

Next, consider a vertex associated with a compact 2-face <. We define its genus 
by the number of interior lattice points of <, and its Euler number —b. by 


—bolat > taplap = 0, 
pEF, 


where .¥, is the collection of all (compact and non-compact) 2-faces of INI':(f) 
adjacent to <. In this way we obtain the graph ’**’. Notice that the face vertices 
corresponding to non-compact faces are not decorated. 

If we delete all the vertices corresponding to non-compact 2-faces (and all the 
edges adjacent to them) we get a dual resolution graph I” associated with (X, 0). 

Note that besides the dual vectors €., associated with 2-faces we have vectors 
associated with all the vertices of ®’. Indeed, along the strings we can associate to 
each vertex a corresponding vector £ € N (the canonical primitive sequence {Wj} ;, 
cf. 5.5.20). In this way, to each v € VW(I"**') we associate a vector €, € N ina 
unique way such that the identity —by,€y + )°,, €) = O holds for any w € V(I), 
where the sum runs over all adjacent vertices in "®*’. (Compare with (2.2.1).) 

This is used as follows. For any p € XY, if we delete all the vertices of T°" 
corresponding to non-compact faces, and we replace the edges adjacent to them by 
arrowheads, and if we add the multiplicity decoration £,(p) to each (arrowhead and 
non-arrowhead) vertex v, then we get the embedded resolution graph of (X, V(x?)). 


Remark 5.5.24 By the above construction, the link of (X, 0) is a rational homology 
sphere if and only if all the lattice points of NI-(f) belong to 0 NI’(f). 
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Remark 5.5.25 If (X,0) is not normal (but it has an isolated singularity), Oka’s 
algorithm still runs: it provides the graph of the normalization. 


5.5.26 In the examples below the Newton diagrams are not always in the cone ». 
This inclusion can be realized by a convenient integral shift (cf. 5.5.15). Also, in 
the identification of the singularity (X, 0) we first determine the resolution graph by 
Oka’s algorithm. If this is a graph of a taut singularity [361] (e.g. it is a string or it 
is cyclic) then the analytic structure is identified uniquely as well. 


Example 5.5.27 (Cyclic Quotients) Let M be Z° and define the Newton diagram 
NT as the triangle with vertices (0, 0,0), (1,0, 0), (0, 1,0). Set V = (0,0, qg/n), 
with qg/n > 0, and let XY be the cone over V + NI. Then, using 5.5.23, we get 
that (X, 0) is the cyclic quotient singularity (Xy,4, 0). 


Example 5.5.28 (Triangle Singularities) Set M = Z and let NT be the triangle 
with vertices (2,0, 0), (0,3,0), (0,0,7). If SY = (R3)°, then (X,0) is the 
hypersurface singularity xt +x3 +xj = 0. Its graph I" is star-shaped, all g,, = 0, the 
central vertex is —1, all the tree legs contain only one vertex, whose Euler numbers 
are —2, —3, —7 respectively. 

Next, fix integers r > 2, q > 3, p => 7, and with the same NI redefine XY by: 
X1/2+x2/3+x3(p—6)/(6p —42) => 0, x1 /2+ (Sq — 14)x2/(14g —42)+x3/7 = 0, 
(lir — 21)x,/(1r — 42) + x2/3 + x3/7 > 0. (if p = 7 the first equation reads as 
x3 > 0, the same for the others.) Then the only modification in the new graph is that 
the Euler numbers —2, —3, —7 are replaced by —r, —q, —p. 


Remark 5.5.29 If NI is contained in an affine plane, then (X, 0) is weighted homo- 
geneous. (However, not any weighted homogeneous singularity can be obtained in 
this way as a Weil divisor in a toric 3-dimensional singularity.) 


Example 5.5.30 (Cusp Singularities (HV = 3)) Set M = Z>. Assume that NI 
consists of the four points o = (0,0, 0) and (1, 0, 1), (0, 1, 1), (0, 0, 1); we think 
about NI" as three triangles having o as a common vertex. YY is given by three 
planes: their oriented normal vectors are (0,a + 1, —1), (6+ 1,0, —1) and (—c — 
1,-—c — 1,c). We assume that a > 2, b > 2 andc > 3. Then (X, 0) is a cusp 
singularity with a cyclic graph decorated by —a, —b, —c. 


Since in all the examples above XY is simplicial (hence Q-pointed) and A*, = 
A* the germs (X, 0) are automatically normal, cf. 5.5.21.2. In the next example 
X” is not simplicial. 


Example 5.5.31 (Cusp Singularities (#V = 4)) Set M = Z>, Assume that MI" 
consists of the five points o = (0, 0, 0) and (1, 0, 1), (0, 1, 1), (0, 0, 1) and C1, 1, 1): 
NT consists of four triangles having o as a common vertex. YY is given by 
four planes with oriented normal vectors (0, a, —1), (b, 0, —1), (0, —c, c — 1) and 
(—d,0,d — 1). We assume that a,b, c,d are positive with (a — 1)(c— 1) > 1 


170 5 Examples 


and (b — 1)(d — 1) > 1. Then (via the criterion above) one verifies that (X, 0) is 
normal. It is a cusp singularity whose graph has four vertices decorated cyclically 
by —a, —b, —c, —d. 


Example 5.5.32 (Non-normal (X,0) [499]) Assume that & is generated by 
(1,0, 0), (0, 1,0), (0,0, 1) and (1,1,—1), and f = xf + xfx3 + x3 + Axjx3 
with 4 generic. Then the ideal of (X,0) is generated by x f for 0 <i < 3, 
(X, 0) has an isolated singularity, it is not normal, its delta-invariant is 4, and its 
normalization is (X51, 0). 

The next pictures show the two connected components of NI“,.(f) \ x? ZY for 
the points p = (2, 1,0), (1, 2,0), (1, 1,0), d,1,-—1): 


Consider now the same 2 and f = xe 4x5. Since Ay = = Ay , (X, 0) has an isolated 
singularity, cf. 5.5.21.1. Note that the Newton season Hae no compact 2-faces, it 
has one 1-face with combinatorial length 2. The graph '**" is 


(j1,-1) <0, 1) 


This means that the embedded resolution graph of (X,0) and of the germs 
x1, X2, x3 respectively is 


d,1,-) (0, 0, 1) 


That is, (X, 0) has two irreducible components, and both of them are smooth. In 
fact, we can see that Y is the cone over CP! x CP! and (X, 0) is a cone over two 
disjoint parallel copies of type {point} x CP!. 

In particular, (X, 0) is not normal. Its delta invariant is 1. 


Chapter 6 M®) 
Invariants Associated with a Resolution Cheek for 


Let (X, o) be a complex normal surface singularity and let ¢ : X > Xbea good 
resolution. By normality ¢,(@%) = @x, cf. 2.1.11. Consider the lattices L C L’ as 
in 2.1.15. We can identify L with the lattice of integral divisors supported on E and 
L’ with a sublattice of rational divisors supported on E. 

In_cohomological considerations, e.g. in the computation of H H*(X, Z) or 
A *(X, #F) (where ¥ is a coherent sheaf), we might take for X the space 
Q- '(p-!((0, €])) (cf.3.4), or more generally, ob! (Xs), where i is a small 
(topologically cone-like) Stein representative of (X, 0). Note that if ¥ is coherent 
analytic sheaf on X then o,f is coherent on X too, cf. [222, 322, 323], or [359, 
p. 599]. Hence, if X is Stein, then H=!(X,¢,-%) = 0. Therefore, by Leray 
spectral sequence, for g > 1 and for an analytic coherent sheaf 7, H4 (X ,F) 
agrees with (RI7¢¥)o = lim_,y H4% (@-'(U), #), where U runs over open sets 
ocUCXx. 

In fact, by a more general argument, if N C X isa (conveniently small) strictly 
Levi pseudoconvex neighborhood of E then H=!(N, #) is finite dimensional by 
[249, Th. IX,B.6]. Furthermore, the restriction H2!(X,.F) > H2!(N,.F) is an 
isomorphism [359, Lemma 3.1]. In particular, H aly ,F) is finite dimensional, 
and we can even assume that X is a strictly Levi pseudoconvex neighborhood of E. 

By ‘Theorem of formal functions’, cf. [258] (or 6.4.4 for a line bundle ¥), 
(RI¢F)o = limez H4(Z, F ®oy @z), where Z runs over (larger and larger) 
effective cycles supported on E. In fact, for a line bundle ¥ we directly will verify 
that HeMX, F) = Oand H! (X, F) = H'(Z, F ® Gz) for Z > 0, hence (again) 
dim H! (X , F) < oo. Furthermore, by Serre duality, for a locally free sheaf F, 
Hi (X, F)y= H\(X, FY @ 23)*, where H! denotes cohomology with compact 
support. 
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Let Pic(X) = HA ed ; Cy) denote the Picard group of Xx, the group of 
isomorphism classes of analytic line bundles on X, cf. 12.4.1. For any effective 
cycle Z € Lyo let Pic(Z) = H\(Z, OF) be the group of isomorphism classes 
of line bundles on Z. 

Recall that the geometric genus of (X, 0) is defined as pg := nl(X, OZ). The 
germ (X, 0) is called rational if pg = 0 (for more see 7.1). 


6.1 Local Divisor Class Group 


For a resolution ¥ > X we consider the Picard groups Pic(X ) and Pic? (X ) and 
the corresponding exponential exact sequence. We also discuss their relations 
with the local divisor class group Cl(X, 0). For more see [83, 389, 448]. Se 


6.1.1 By Poincaré duality, L’ = H>(X, ax, Z) is isomorphic to H2(x, Z), hence 
it is the target of the first Chern class c, : Pic(X )co A 21x , Z). This morphism is 
part of the following exact sequence (induced by the exponential exact sequence of 
sheaves, cf. 12.4.1): 


0 > H'(X,Z) —> H'(X, Oz) > Pic(X) —+ H?(X, Z) > 0. (6.1.1) 


The morphism z is injective since H(X, OR) > H(X, OF) is surjective: this 
follows from the fact that any section of these groups is constant along E. Set 


Pic®(X) := ker(c)) ~ H'(X, Oy)/H'(X, Z) ~ C’s/H'(E, Z). 


Since H4(X,Z) = lim.y H4(U,Z) and H!(X, Oz) = limy H'(U, Oy), 
E CU, from (6.1.1) we also have H!(X, Or) =lim_.y H!(U, O7,). Furthermore, 
by [448], for any line bundle Y € H 184 . Oy) there exists a sufficiently small 


neighbourhood U of E in X such that 7 |y admits a meromorphic section over U. 
Thus, Pic(X) can be identified with the group C1(X) of local analytic divisors near 
E modulo linear equivalence. More precisely, by a local analytic divisor we mean 
a sum )); n;Dj of irreducible analytic divisors defined in a neighbourhood of E. 
Such a divisor is locally linear equivalent to zero if there exists a neighbourhood 
U of E, where all D; are defined, and a meromorphic function on U such that 
div(f) = 37; (D; NU). 7 7 

The lattice L embeds into both L’ = H2(X, Z) and Pic(X). For the ‘homological 
embedding’ H (X, Z) o> Hy(X, ax, Z) see 2.1.15. Here we consider the Poincaré 
dual of this pair, namely H?(Xx, aX, Z) o> H2(X, Z), still denoted by L Cc L’. 
The embedding of LZ into Pic(X ) (where L is considered here as integral divisors 
supported on £, identified with homological integral cycles) is given by!  @(I). 
Since c;(@(J)) is the Poincaré dual of /, the two embeddings commute with c). 
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Similarly to the group L’/L = Tors(H*(X \ {o}, Z)) (cf. 3.4.1), Pic(X)/L is also 
independent of the choice of the resolution X. Indeed, the sequence 


0 > L > Pic(X) —> Cl(X,0) > 0 


is exact (cf. [448]), where Cl(X, 0) denotes the local divisor class group of (X, 0), 

that is, the class group of local Weil divisors of (X, 0) modulo local Cartier divisors. 

If D is a local irreducible analytic divisor on X, then its restriction to X \ E can be 

mapped to X \ {o} by ¢, and the class of | its closure is r(@z(D)). [This is exactly 

the definition of the natural map ¢, : CX ) — CI(X, 0), a reinterpretation of r.] 
Hence we obtain the exact sequence 


O— H'(Ly,Z) > CPt + C\(X,0) < Tors(H2(Lx,Z)) > 0. (6.1.2) 


The een class morphism c;—in the language of divisors and homology—has the 
form c, : Cl(X,0) — Tors(H)(Lyx,Z)), where a assigns to a Weil divisor the 
inoriolosical class of its intersection with the link. 

Cl(X, 0) can also be reinterpreted as the group of isomorphism classes of 
divisorial sheaves on (X, 0), cf. 12.4.1. [¥ is a divisorial sheaf if and only if 
L = ($*(F))” is a locally free sheaf on X, such that L\%\p = Flx\toy (by 
go) and F = jx(F|x\{o}), where j : X \ {o} <> X is the inclusion. By the above 
discussion “ has the form @x¥(D), hence ¥ = r(Ox(D)), that is, F can be 
associated with a Weil divisor @,(D).] For a ring-theoretical reinterpretation see 
also 6.1.4. 


Example 6.1.2 The sheaf wy := pl DPX \ {o})) is divisorial (cf. 12.4.1), it is 
called the sheaf of regular differentials on (X, 0). One can also write it in the form 
Ox (Kx) for a certain Weil divisor Kx. More generally, for any positive integer n, 
the sheaf wl”! = Oy (nKx) = jx((2?(X \ {0})®") (of regular n-differentials on X) 
is divisorial too. 

If Kx is a canonical divisor on Xx, then Ky can be taken as ¢,.(K ¥) (or, r(Q3)). 


Example 6.1.3 By (6.1.2) Cl(X, 0) = 0 if and only if pg = 0 and Ly is an integral 
homology sphere. These imply that (X, 0) is rational and numerically Gorenstein 
(cf. 6.3.18), hence an Eg singularity or smooth, see 7.1.5(d). 


6.1.4 Algebraic Interpretation of Cl(X, 0). Factoriality of Gy, Fix a normal 
surface singularity (X, 0), and its local ring G := @y 9. Ring-theoretically it is a 
local, Noetherian, and integrally closed domain. Let .% be the field of fractions of 
O. A fractional ideal of @ is a sub-@-module a of .# such that there exists d 4 0 
in @ with da C @. The module a is called invertible, or divisorial, if there exists 
another fractional ideal 6 such that ab = @. If this happens then the inverse is 
unique, namely b = @: a, hence a is invertible if and only if a. (@ : a) = @. For 
any fractional ideal a, a** := @ : (@ : a) is divisorial. 
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Divisorial ideals can also be introduce as follows. We say that an G-module A 
has rank one if A is finitely generated over @ and dim y (A @g-%@) = 1. For any @- 
module A write A* = Homg(A, @), and we say that A is reflexive if the canonical 
map A — A*™* is bijective. If A has rank one then so does A*, and the @-tensor 
product of two rank one modules has also rank one. Moreover, for a rank one @- 
module A, the natural map A > A @@ -# is injective, hence A is isomorphic to 
an @-submodule a of .%. One identifies Homg(A1, Az) withag: a, ={xe 4: 
| xa, C az}, hence a is reflexive if and only if @ : (@ : a) = a, that is, if a is 
divisorial. 

Multiplication of divisorial ideals (or tensor product of rank one reflexive 
modules) provides a group structure. Principal ideals (of type x@, x € .#) form 
a subgroup of divisorial ideals, and the quotient group is exactly Cl(@). 

An integral ideal a of @ is divisorial if and only if the prime ideals associated 
with @/a are of height 1. Furthermore, @ is factorial if every prime ideal of height 
one is principal. In particular, the ring Cx is factorial if and only if C1(X, 0) = 0. 


Corollary 6.1.5 ([83]) @yx,o is factorial if and only if pg = 0 and H\(Lx, Z) = 0. 
This holds if and only if (X, 0) is either smooth or it is an Eg singularity (cf. 6.1.3). 


Remark 6.1.6 


(1) [83] @x,o is factorial if and only if its completion is factorial. 

(2) [83, 611][71, §3, p. 99] In the category of algebraic normal surface singularities 
the statement of the above Corollary is not true. For example, the algebraic 
local ring (C[x1, x2, x3]/(x}! + x5? + x$°))m (where m is the maximal ideal 
generated by x;, and the natural numbers a; are pairwise relative prime) is 
factorial. Nevertheless, the completion of this ring fails to be factorial whenever 
qj > 1 and (aq, a2, a3) H (2, 3, 5). 


Remark 6.1.7 By 6.1.2 (X, 0) is rational if and only if CI(X, 0) is finite, that is, 
Oxo has only finitely many rank one reflexive modules (cf.6.1.4). This can be 
compared with the following statement [188]: (X, 0) is a quotient singularity if and 
only if Gy, has only finitely many indecomposable reflexive modules (of any rank). 


6.1.8 Pic(Z) for an Effective Cycle Z We mention that all the statements from 
above, valid for X and the sheaf @ y, have their analogues for a non-zero effective 
cycle supported on E. Indeed, fix such an effective cycle Z ¢ Lso. Denote by 0% 
the sheaf of units of @z. Then Pic(Z) = H!(Z, O07) is the group of isomorphism 
classes of invertible sheaves on Z. It appears in the exact sequence 


0— Pic?(Z) — Pic(Z) > L’(|Z|) > 0, 


where Pic9(Z) = H'(Z, Gz), and L(|Z|) is the sublattice of L generated by the 
base elements Ey C |Z|, and L’(|Z]) is its dual lattice. 
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6.1.4  Q-Cartier Divisors and Canonical Coverings 


We introduce two ‘canonical’ coverings. To any finite order element of C1(X, 0) 
we define an o-ramified cyclic covering of (X, o). If the class of 2% = OF(Kz) 
has finite order in Cl(X, 0) (that is, Kx is Q-Cartier), then the corresponding 
covering is called the ‘analytic canonical covering’ of (X, 0). This is compared 
with the topological coverings discussed in 4.1.E associated with characters of 
L'/L. If Ly isa QHS?, then the topological covering associated with cy (22) € 
L’ is called the ‘topological canonical covering’ of (X, 0). & 


Definition 6.1.9 A Weil divisor of (X, 0) (or its class) is called Q-Cartier, if its 
class in Cl(X, 0) has finite order. Its order in Cl(X, 0) is called its index. 


In this subsection we associate a o-ramified covering (Xp,0) — (X, 0) to any 
Q-Cartier divisor D. 

This is the analytic analogue of the topological construction from 4.1.E. Recall 
that in the topological situation 4.1.E we required H\(Ly, Q) = 0, we started with 
acycle /’ € L’, such that the order of [/’] € H is N, and we considered the character 
a:=96({l'}) € A, which determined an o-ramified Zy-covering (Xq, 0) > (X, 0). 


In the present case, we start with a Q-Cartier divisor D of index N, and we will 
construct a function f and the character mody oarg,.(f) € faa , which determines an 
o-ramified Zy-covering (Xp, 0) —> (X, 0). If Hi(Lyx, Q) = 0, and ci (@x¥(D)) = 
l', then the two coverings (Xq, 0) > (X, 0) and (Xp, 0) > (X, 0) agree. 

In general, if co: (Y,0) — (X,o) is a o-ramified covering then there is a 
morphism Y —> X at the level of (convenient) resolutions (ee below), and the 
pullback Pic(X) > Pic(Y ) induces a well-defined morphism cq: Cl(X, 0) > 
C1(Y, 0). 


Proposition 6.1.10 Let D be a Q-Cartier divisor of index N of (X,0). Then it 
determines a uniquely defined o-ramified Galois Zy-covering c : (Xp,o) > 
(X,0), where (Xp,o) is a normal surface singularity, and c*%(D) = 0 in 
Cl(Xp, 0). The covering c : (Xp,o0) — (X,0o) depends only on the class of D 
in Cl(X, 0). 


Proof Adding principal divisors to D we can assume that D is effective. Then 
N - Dis an effective principal divisor of (X, 0), hence N - D = div(f) for some 
holomorphic function f : (X,0) — (C, 0). Then X p is defined as X ¢ y, which is o- 
ramified by 4.1.32 (Case 1). Moreover, CEP) is the class of the (a priori rational) 
divisor div(f)/N, but this equals div(z), an integral principal divisor of (Xp, 0) 
(see 4.1.17). 

Note that the added principal divisors do not alter the isomorphism class of X ¢ v. 
Indeed, (the normalized) X gn jy and X fy are isomorphic. oO 


The corresponding representation Hj(Lxy,Z) — Zy is described in 4.1.E, it is 
mody o arg,(f) (which is again not altered if we replace f by fg’). 
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Next, fix a resolution @ : oe 3 , and let c : xX D— X be the normalized 
pullback of c via @. The following statements can be compared with (4.1.7). 


Proposition 6.1.11 (See e.g. [530, 692]) The kernel of CC] : ClX,0) > 
Cl(X p, 0) is cyclic of order N and it is generated by the class of D. Furthermore, 
if Lx is a rational homology sphere then the image of Ce] is exactly Cl(X p, 0)2". 


Proof Consider the exact sequences (6.1.2) associated with X and Xp: 


0+ H'\(Ly,Z) > H'(@z) — Cl(X,0) > Tors(H?(Lx,Z)) > 0 
| | Ke Je 
0+ A\(Lx,,Z) > H'\(Oz,) > C\(Xp, 0) > Tors(H?(Lx,,Z)) > 0 


We wish to replace the second exact row by the corresponding Zy-invariants. Since 
the functor A +> A2" is not exact, we split this row into two short exact sequences 
0 > A'(Ly,,Z) > H'(6%,) — im(g) > 0 and0 > im(g) > Cl(Xp, 0) > 
Tors(H?(Lyx p- Z)), and then we consider the long exact sequences associated with 
the functor A ++ A". See below this new diagram completed with the first 
exact sequence from (4.1.7). In this diagram we also inserted a dash arrow, which 
corresponds to the morphism g : ker(c*) > H'(Zy, H'(Lxp, Z)) as part of the 
second exact sequence from (4.1.7). In the diagram below it is defined as follows: 
take an element from ker(c*), take its image by k, lift this element via c), apply 
coy lift by f and apply h. One verifies that these sequence of operations provide a 
well-defined map, which is qg. Hence its kernel is Zy by (4.1.7). 


0 0 
f f 
Ker(éty) — > Ker(c*) 
| 
i| k, 
vy 
0—> H!(Ly,Z) > H'(6z) — Cl(X,0) ar Tors(H?(Lx, Z)) > 0 
a “| 
O— Hi(Lx,)2% > H'(6z,)2" — Cl(Xp, 0)®" — (Tors(H?(Lx,)))2" > --- 


Ne 4 


: Zn ‘ 
im(g) a : q 
0 H'(Zy, H\(Lx,, Z)) 


0 
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The proof runs as follows. One verifies that glim ij) = 0. Hence im(i) C 
ker(q) = Zy. Then by diagram chasing one verifies that im(i) = Zy and i is 
injective. Here we also need that both a and b are isomorphisms, cf. (4.1.6) and 
(4.1.9). 

Finally one verifies that in the above diagram coker(¢qy) embeds into coker(c*). 


(Use diagram chasing and the facts that ¢), g and b are onto.) But if Ly isa QHS? 
then coker(c*) = 0 (cf. (4.1.6) and (4.1.7)) hence coker(¢ p= = 0 too. oO 


Example 6.1.12 (Continuation of Example 4.1.40) The reader is invited to compute 
all the terms of the above diagram for the example from 4.1.40 (as a continuation of 
the data from 4.1.40). Since CI(X, 0) = Z4 @ Za one gets Cl(Xp, 0) =2402Z), 
while (Tors(H?(Lx,, Z))) = Zo ® Zp. Hence Cl(X p, 0) has an element of order 
4 (which is even invariant), but its Chern class has order 2. 

This also shows that for the —4, —2 cusp, in the exact sequence (6.1.2) 
the epimorphism c; does not split. (This should be compared with the splitting 
properties from 6.1.16(b) and 6.2.4 valid whenever the link is a rational homology 
sphere.) 


0+ H\(6z,)/H\(Lxp.Z) = C/Z — Ci(Xp,o0) + Tors(H#2(Lxp,Z)) > 0 


t t t= 
+ (1/2) + Z4@%. > 0% +0 


The second row is 0 > im(g)” —> Cl(Xp, 0)” — (Tors(H?(Lx,,Z)))@ > 0. 
It injects into the first one (as invariants). ([1/2]) = Zs is generated by the class of 
1/2 in C/Z, which is invariant (though C and Z have nontrivial invariants). [Here 
we obtained this cusp as a double cover. However, since the cusps are taut, any cusp 
with this topology has a Z» action and it is realized as a double covering as above. ] 


6.1.13 Additionally, we also have the Riemann—Hurwitz (or, logarithmic ram- 
ification) formula. Recall that  : Xp > x is the normalized pullback of 
c: (Xp,o0) > (X,0) via¢: X¥ > X.Letr: 73 ne be the minimal resolution 
of the Hirzebruch—Jung singularities of X p, and set p=Cor. 


Proposition 6.1.14 


(a) (See e.g. [327, 20.2]) C (Kz + Ez) = Ky + Be. 
(b) p* (Ky + Ex) = Kz + Ez. 


The formulae are valid even if we replace the cyclic covering c by any finite o- 
ramified covering (X’, 0) — (X, 0). Its verification is a local computation. In part 
(a) the point is that ¢ is finite, both X and X p are normal, and red(¢! (Ex)) = Ex,- 

However, in (b) p is not finite. Let us recall a statement valid in such a non-finite 
case (see e.g. [410, p. 117]). Assume that both A and B are smooth, Da and Dg 
are reduced normal crossing divisors, g : (A, Da) — (B, Dg) generically finite, 
regular covering over B\ Dg, Da = red(g7! Dg).Then Ka+Da = g*(Kp+Dp)+ 
Riog, where the logarithmic ramification divisor Rjog is effective and g-exceptional. 
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In our case (b) Riog = O by the following local argument. If p : (C?,0) > 
(C?, 0) is given by x = u*y’, y = uy”, r = ad — bc $ 0, then p* (dx Ady/xy) = 
r-duAdv/uv. 


6.1.15 Applications The above facts can be used to define a covering associated 
with any /’ € L’. The construction depends on a choice, but it has no ambiguity 
whenever the link is a rational homology sphere. 

Though usually we identify the homology classes / € L and the integral 
divisors supported by EF, sometimes—as an accentuation—, we might use for the 
corresponding divisor the notation div(/) as well. 

First, we associate to any I’ € L’ a Q-Cartier divisor as follows. For parts (a)-(b) 
see [530, 692, 693]. 


Proposition 6.1.16 


(a) Fix a resolution © : x oe X,l' € L’, and let N be the order of its class in 
L’/L. Then there exists a divisor D = D(l') on X such that one has a linear 
equivalence N - D ~ div(N -1') and c\ @x(D) = I’. In particular, @.(D) has 
finite order N in Cl(X, 0). 

(b) If H\(X, Z) = 0 then D is unique up to a linear equivalence. Hence, in 
this case, the correspondence l' ++ O@x(D(I')) is a section of the exact 
sequence (6.1.1). 

(c) If H! (X, Z) = 0 then the covering associated with l' defined in 6.1.10 via D(I') 
and the covering associated with l' defined in 4.1.E via 0({I']) agree. 


Proof (a) Since in (6.1.1) cy is onto, there exists a divisor D, on X with 
c\Ox%(D1) = I’. Hence Cx(ND, — div(Nl')) equals €(-) for some 2 € 
Pic?(X) = C?«/H!(X, Z). Define D2 so that Ox(D2) := €(4-L) € Pic(X). Then 
D := D, — D2 works. For (b) use the fact that Pic(X) is torsion free. For (c) use the 
definitions and 3.4. oO 


An addendum to Propositions 6.1.10 and 6.1.11 is the following statement: 


Corollary 6.1.17 Fix l' and one of the possible divisors D associated with it as 
in 6.1.16. Then the image of I' via the pullback L'(X) — L'(Xp) is an integral 
cycle. 


Example 6.1.18 Let (X, 0) be the isolated homogeneous hypersurface singularity, 
the cone over C C FP with deg(C) = 3. Take its minimal resolution with 
exceptional curve F (g(E) = 1 and E? = —3, cf.2.1.9) and set I/ := zE. Then we 
wish to find D such that —3D + E = div(f). This is realized e.g. by a linear form 
f such that in P? the line f = 0 is tangent of C at an inflection point. However, in 
general, for an arbitrary (X, 0) and /’ (even if the link is a rational homology sphere) 
it is very hard to find D explicitly. Explicit examples for superisolated germs are 
given in [665]. 
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Definition 6.1.19 


(a) Write 2% = O% (Kx) and assume that Ky = $,(K xz) is Q-Cartier. Then 
the cyclic covering associated with Ky (as in 6.1.10) is called the ‘analytic 
canonical covering’ of (X, 0). 

(b) Assume that the link of (X, 0) is a rational homology sphere. The well-defined 
cyclic covering associated with ci (@z(K¥z)), constructed in 6.1.16 and 4.1.E 
is called the topological canonical covering of (X, 0). (Note that by 4.1.36 the 
coverings associated with cy (Ox (Kx)) or —c1 (Ox (Kz)) agree.) 


Note that if both assumptions are satisfied then_the analytic and topological 
canonical coverings agree. Nevertheless, if Hj(0X,Q) = 0, the topological 
canonical covering is well-defined even if Ky is not Q-Cartier. 


Example 6.1.20 The Zz-covering of the quotient-cusp singularity constructed 
in 4.1.37 is the topological canonical covering (/' in loc. cit. is Ze = 
—c1(Ox%(K¥))). But, in fact, quotient-cusps are taut and Q-Gorenstein, cf. 6.3.25, 
hence this is the analytic canonical covering as well. 
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Fix a resolution X —> X and assume that the link is a QHS?. Then to 
any Chern class /’ € L’ we associate (in three different ways) a line bundle 
Ox(l') with Chern class /’ and finite order in Cl(X, 0). This provides a group 
homomorphism splitting of the exponential exact sequence (which extends the 
‘classical’ construction L 5 1 ++ @x(J)). The interpretation of some Ox (I)’s as 
eigensheaves associated with the universal abelian covering provides one of the 
main technical tools of the book in the equivariant setup. & 


6.2.1 Let ¢: (x, E) — (X, 0) be a fixed good resolution of (X, 0). For notations 
see 2.1.15. In this subsection we assume that Ly is a rational homology sphere. 

In the exact sequence (6.1.1) cy admits a natural group section sz, over the integral 
cycles L C L’. Namely, for any / € L one takes O(1) := @(div(1)) € Pic(X) with 
c1(@G(1)) = 1. In the sequel we extend sy, in a unique way to a natural group section 
s : L' > Pic(X). Its existence basically is guaranteed by the facts that H = L'/L 
is finite, while Pic°(X) ~ C?e is torsion free. In the body of the section we present 
several constructions of s, which emphasize its different geometrical aspects. 


6.2.2 The First Construction of s (via CI(X, 0)) eget For any /’ € L’ consider 
the divisor D(/') provided by Lemma 6.1.16. Since H! (X, Z) = 0, D(l’) is unique 
with the required properties of 6.1.16. Therefore one has a well-defined map I’ t> 
s(l!) = O%(D(')). By the uniqueness D(/; + 15) ~ D(l,) + D(/4), hence s is a 
homomorphism and a section of (6.1.1) as well. 
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Definition 6.2.3 The line bundles s(/'), indexed by /’ € L’, and denoted also by 
OZ) := s(U’), will be called natural line bundles. 


Corollary 6.2.4 (Recall the Assumption H'(Ly, Z) = 0) 


(a) A line bundle Y € Pic(X) is natural if and only if some power of it has the 
form C3 ()) for an integral cycle | € L. Equivalently, @ is natural if and only 
if its ‘projection’ by Pic(X) > Pic(X)/L = CI(X, 0) has finite order (i.e., if it 
is Q-Cartier). 

(b) One has a natural isomorphism Pic(X) > Pic®(X) @L’ givenby Ze (2® 
s(cy-ZL)~|, cy L). This induces a natural isomorphism Cl(X, 0) > Pic®(X) ® 
H. 


In particular (since Pic®(X) is torsion free), under this identification H is isomor- 
phic with the group of Q-Cartier divisor classes of (X, 0). 


Example 6.1.12 shows that for such statements the assumption H'(Lx, Z) = 0 
is necessary. 


6.2.5 Notations Regarding the Universal Abelian Covering Let c : (Xg,0) > 
(X, o) be the universal abelian covering of (X, 0). Recall that (Xq, 0) is the unique 
normal singular germ such that X, \ {o} is the regular covering of X \ {o} associated 
with 71 (X \ {o}) — AH, cf. 12.3.3. 

Since X \ E & X \ {o}, m(X \ E) = m(X \ {o}) — A defines a regular Galois 
covering of x \ E as well. This has a unique extension ¢ : Z > X with Z normal 
and ¢ finite [242]. (In other words, ¢ : Z > X is the normalized pullback of c via 
o.) The (reduced) branch locus of ¢ is included in E, and the Galois action of H 
extends to Z as well. Since E is a normal crossing divisor, the only singularities 
what Z might have are cyclic quotient singularities. Let r : Z > Z be aresolution 
of these singular points such that (¢ o r)~!(E) is a normal crossing divisor. Set 
p:=cor. 


z le (6.2.1) 


6.2.6 The Second Construction of the Section s (via p* : Pic(X is Pic(Z)) 
[479] One has the following commutative diagram: 


E 
| [p [o" (6.2.2) 


0>Lla> Li > Ha 0 


0—> 


where the vertical arrows are pullbacks associated with p = Cor (e.g., p* is the 
cohomology morphism H 2(X,Z) —- H?*(Z,Z) and the first arrow is the relative 


6.2 Natural Line Bundles 181 


cohomology morphism), and the bottom line is the ‘lattice exacts sequence’ (3.4.1) 
associated with the resolution Z > Xq, of (Xq, 0). First we claim that 


p™ =0, or, p*(l') € Lg foranyl’ € L’. (6.2.3) 


Indeed, fix some I/ € L’. Set a = 6({I']) € A. Then the universal abelian covering 
factorises through (Xq,0) — (X, 0). By 6.1.17, or by the line after (4.1.7) we get 
that the pull back of /’ via this cyclic covering is already an integral cycle. 

Hence, considering the integral divisor div(p*(/')), the element @7(p*(’)) := 
Oz (div(p* (I'))) € Pic(Z) i is well-defined. 


Theorem 6.2.7 The line bundle 67 (p*(1')) is a pullback of a unique element & 
of Pic(X). This universal property of the line bundle & redefines the section s: If 
L& is denoted by Gx (') then s : L' > Pic(X), defined by I' > @x(l'), is a group 
section of cy in (6.1.1), which extends sy. 

Furthermore, the definition of Ox(l') is independent of the choice of the 
resolution r : Z —> Z. 


Proof Let N be the order of [l'] € H. Consider the divisor D in xX (constructed 
in 6.1.16) with the property N - D ~ div(NI’). Then the pullback to Pic(Z) of 
Ox(D) is Oz(p*(U’)). On the other hand, one verifies that p* : Pic(X) > Pic(Z) 
is injective (either using the two exponential exact sequences, or by the identity 
px(p* LZ) = (pxO@z) ® L, see also 6.2.9). Oo 


6.2.8 The Third Construction of s (via c..@x,,.o) [328, 479, 530, 533] Associated 
with the resolution @ : X — X we consider the ‘unit closed-open cube’ Q := {l' € 
L’ : \l'| = 0}. Obviously, for any h € H there is a unique element r, € Q, whose 
class is h. It is the minimal representative of h in the cone L‘ ) 


Theorem 6.2.9 (1429, 530, 533] (For the Cyclic Case see also [188-190])) Assume, 
as above, that H! , Z) = 0. Consider the finite covering ¢ : Z > X. Then &.0z 
is a vector bundle and its H-eigensheaf decomposition has the form: 


C02 ~ @uctLar (6.2.4) 


where Lon) = O%(—rn) for any h € H. In particular, C.0z ~ By eq OX (—'). 
More generally, for any l' € L' one has 


COz(—C*(l')) = Onew Ox (—1n + Ln — 1')). (6.2.5) 


Proof We prove the first identity (6.2.4), the proof of the second one is similar. The 
proof is based on a reduction to a similar statement valid for cyclic Galois coverings, 
which is considered e.g. in [328, §9]. In this way one verifies that c,@z is free, 
rank c,@z = |H|, and c,@z has an eigenspace decomposition @y-Yy, where all the 
characters a € H appear, and Z| %\z 1s a line bundle. By reduction to the cyclic 
case, one obtained that, in fact, % itself is a line bundle. Moreover, the eigensheaf 
corresponding to the trivial character equals Ox. 
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Next, we identify -Lq for any character. Fix a9 € A. It generates the subgroup 
(ao) in H. The morphism 71(M@) — H — (ao) defines a normal space Y as a 


cyclic Galois (ao)-covering of X. Decompose ¢ as @ 0 f. Z at, y —> X. Then 


-Ly. can also be recovered from the cyclic covering é as the a-eigenspace of €,. Oy. 

Let r be the order of ao. Write ag({8D,]) = e27!"/" for some 0 < my < r. 
Set] := )0,, myE, € L. Thenl/r € L’ and @([//r]) = ao. Seth = [l/r] € H; 
cf. 4.1.33. 

On the other hand, see [328, 9.8], the ao-eigensheaf of @,@y is a certain line 
bundle ~! with the properties (i) Z” = Oy (D and (ii) Lf = Oy(e*(l/r)). 
From (i) follows that c} (2) = 1/r. Hence (ii), via 6.2.7, reads as Y = O¥(l/r). 
Therefore, f~! = Ox(—l/r). But //r is in the unit cube Q, thus //r = rp. 

We support the above statements by a local computation, whose globalization 
gives the above proof. Write @, for C[[x]] (which might serve also as the x- 


coordinate in the (x, y)-plane, where the ramification divisor D is x = 0 with 
multiplicity m). 
Consider the ramified covering C := {z’ = x} Cc (C?*,0) 5 (C, 0), 


(x,z) h x. Then p.x@c,o as an OG, module has a direct sum decomposition 
OF p2 @,.. The Z;-action is induced by the monodromy on the regular part, namely 
by the permutation of the pages induced by the loop x(s) = {e27! ‘Jo<s<1. This is 
the multiplication of z by € = e?7!""/", Hence z/ @, is the &/-eigensheaf of p.@c.0. 
If we globalize z@,, we get a line bundle, say #—!. Then the local representative of 
FF is 2’ O, = x" 0, whose global reading is #—~" = O(—D). Hence, for global 
ramified coverings px@c¢ = ae F#-j, where #” = O(D), and the e27'"/"- 
eigensheaf is .¥~!. 

Next, we replace (C,0) by its normalization C. For simplicity we assume 
that ged(r,m) = 1. Set m’ € Z with mm’ = 1(modr). The normalization is 
(C,0) = (C. 0) > (C,0), (x(t), z(t)) = (t’, t), the composed covering P is 
tt x(t) =f". Hence p, OG o= am t/ G, and t@, is the é”' eigensheaf. F-! 
is included as tO, in Zo! = t"'"/"} @,.. With the choice m < r one has Z = F, 
and p* (2 —!) = 6,(—1), where / is the divisor t = 0 with multiplicity m. Hence 
L-' = O(-l/r). oO 


Corollary 6.2.10 The set of natural line bundles on X coincides with the set of 
line bundles of type Z ® OG (1), where L is an eigensheaf of C,Gz andl € L. Or, 
via (6.2.5), the set of natural line bundles coincides with the set of eigensheaf of 
bundles of type Cx@z(—c*(')), I! € L’. 

Corollary 6.2.11 


(a) Let c: (Xq,0) > (X, 0) be the universal abelian covering. Then c.x@ x, 9 has 
an eigen-decomposition 


CxOx,,0 = Breg (bx(CR(-I)o, 


where the 0(h)-eigenspace is indexed by l' = rp. 
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(b) Fix h € H, and consider the correspondence from part (a) between 0(h)- 
eigenfunctions fa € Ox,,o and global sections sq of O%(—rn) (via p*). If the 
restriction of the divisor of Sq to E is € L, then the restriction of the divisor of 
ta (lifted to Z) to the exceptional locus sitting in Z is p*(l+rn). 


In particular, the divisor of any such fq (lifted to Z and restricted to the 
exceptional set) is of type p*(l') for a certain I! € L', which satisfies |I'| = 
divE (Sq). 


Proof Theorem 6.2.9 implies (a). Next we verify (b). First, p*(/) is the divisor of 
p* (sa) in Z := p*(Ox(—rn)). Second, since Y C Oz, the divisor of p* (sq) in Oz 
(that is, of the lifted fj) is the sum of the divisor of p*(sq) in Y with p* (rp). oO 


Example 6.2.12 Let (X, 0) be a weighted homogeneous singularity with a QH S* 
link, c : (Xq,0) — (X, 0) be the universal abelian covering, X — X the minimal 
good resolution and ¢ : Z > X the normalized pullback of c, cf.6.2.5. Let Eo 
and E, 9 be the corresponding central exceptional curves in X and Z respectively. 
Recall that we denoted the order of [E>] in H by o. This means that if y is a 
small loop around Eo in X then its homology class has order 0 in H. Therefore, 
by covering theory, if D C X is a small disc transversal to Eo (sitting in a generic 
fiber) then €~'(D) consists of H/o discs {Dg,;}; in Z (that is, H/o = deg(¢| Eqo))» 
and for each i the degree of Da; —> D is 0. Therefore, the E, 9-coefficient satisfies 
MEq9(€ (Eo)) = 9. 

Thus, if f € Gy, ands € H®(Oxz(—rn)) correspond by the correspon- 
dence 6.2.11(b), and mg, (div(s)) = £, then mg, )(C*(€Eo+rn)) = 0-(€+me,(rn)) 
is the vanishing order of f along E,,9. This is the homogeneous degree of /. 
This motivates to redefine the grading of the graded ring Ox,,o = ®dezs.Ra into 
@d/oRa/o. (See e.g. the expressions from 8.1.B.) 7 

Here Z and ¢ can be replaced by Z and p providing identical formulae. 


Example 6.2.13 Let X be a normal affine surface, which admits a good C* action, 
and let its singular point be o € X. Let X be the resolution of 0 € X, and let 
O €« X be a lifted C* orbit to X. (For their position inside the “special analytic 
plumbing’ X see 5.1.36.) If we replace the resolution of the affine variety by a 
small neighbourhood of £, then let O be the intersection of the lifted C* orbit with 
this local neighbourhood. Note that there is a special orbit corresponding to each 
singular Seifert fiber and a 1-parameter family of ‘generic’ orbits. 

We claim that O(O) is a natural line bundle in Pic(X). 

For each O we need to find a local analytic function fo : (X,0) — (C,0) such 
that the divisor in X of food has the formngo O+>>, ny Ey, forsomeng, ny € Zyo. 
This implies that Oz(ng O) ~ Ox(— Yo, nv Ev). 

In the case of special (singular) orbits we use 5.1.33. Indeed some power of the 
coordinate functions serve as ‘end curve functions’ (see also 5.1.39), which verify 
the above needed requirements. 

A similar argument clarifies the case of the generic orbits as well. Let the UAC 
complete intersection equations be ae ajzi =O1<j<v,lsi<v-2, 
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and where {q;,;};,; has full rank, cf.5.1.33. Then we add one more equation of 
type }°; biz* + w = 0, such that the new larger matrix has again full rank. The 
new system corresponds to a system of splice quotient equations of the graph I”’ 
obtained from I” by blowing up the central vertex. The point is that the resolution 
with dual graph I’ of this splice quotient singularity associated with I”’ can be 
obtained from X by blowing up a certain point P € E,, \ U;P;. The point P is 
determined by the choice of the coefficients {b;};, and modification of the {b;};’s 
provides all the possible points P. By the theory of splice quotient singularities, 
the end curve function w = 0 cuts out an end curve in the UAC, which projected 
on (X, 0) is irreducible. Hence }°; biz“ is a weighted homogeneous function on 
the UAC of (X, 0), and one of its powers is a homogeneous function on (X, 0) 
whose reduced zero set is irreducible. Its strict transform is a certain orbit O, where 
O 1 E,, depends on the choice of {b;};. In particular all such orbits define the same 
line bundle, the natural line bundle associated with Ey. 


6.2.14 More on Coverings (The proof of) Theorem 6.2.9 can be exploited further. 
Recall that any element h € H determines a cyclic (o-ramified) covering of (X, 0). 
Indeed, write a := O(h) € H , and assume that it has order r, and it generates the 
subgroup (a). The epimorphism H — (a) defines a Z, Galois covering Cy : Xy > 
X, ramified only at o. 


6.2.15 The Covering cy : X, — X and Natural Line Bundles Set / € L such 
that //r € L' and1/r = ry. Then, by Corollary 6.2.11, 


(Cu)xOX,,0 ~ Diag Gx (Ox (-{il/TW)o, (6.2.6) 


where the a!-eigenspace is indexed by i. Moreover, if Cy : Zy > X is the 
normalized pullback of cy via ¢, then 


Cu)xOz, ~ BIL} O%(il/r}). (6.2.7) 


Furthermore, cz (J/r) is an integral cycle in Zy supported on Cy '(E), cf.6.1.17. 

Note that, a priori, the right hand side of (6.2.6) (similarly of (6.2.7) is a 
graded vector space (respectively graded sheaf), hence the isomorphism (6.2.6) is 
an isomorphism of graded vector spaces. The ring structure of the left hand side can 
be recovered in the right hand side as follows. We wish to define a morphism 


OF (—{il/r}) @ Cx(-{jl/r}) > COX(AG+ Pl/r}), OSij<r. (6.2.8) 
First we reinterpret this in the language of ‘genuine’ line bundles of X identified by 
integral divisors. Set D := D(I/r), cf. Lemma 6.1.16. Hence r D — div(/) = div(f) 
for certain function f. Write i] as r{il/r} + r[il/r], hence r(@iD — div[il/r]) ~ 
div(r{il/r}), that is D({il/r}) = iD — div[il/r] and 


OR (—{il/r}) = Ox(—iD + div[il/r]). 
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Since [i//r] + [jl/r] < [@ + j)l/r], multiplying sections (and taking a natural 
inclusion) we get a natural morphism 


OF (-iD+div[il/r]) @ Ox(—j D+ div[ jl/r]) > Ox(-—G@+j)D+div[Gi+ j)l/r]). 


Ifi + j <r then this provides the wished multiplication (6.2.8). Ifi + 7 > r, then 
we need to compose the above morphism with another one of type 


OF(-G+ JD + divlG + )l/r]}) > OX(-G+ j —r)D + divlG + j —r)l/r)). 


Hence, via a tensor product, we need a morphism of @y-modules Oy > Ox (rD — 
div(/)). This is defined by multiplication by f~!. 


6.2.16 The Reconstruction of cy : Xy — X from Natural Line Bundles [530] 
Conversely, having ¢ : X — X, we can start to consider the graded vector space 


Bi bx(Ox({il/TP))o = Brag bx(OR(—ID + div[il/r))o = @f2y Ox,o(—ibD). 
We convert it to a graded ring Z = ey &; by the above multiplication, such that 
& becomes an Zy = Oy, module. Then one can define (Xqg, 0) as Specy ,(#) 
together with the natural projection cy : (Xq,0) > (X, 0). 

Moreover, if we consider the graded sheaves of Ox modules, Og Ox (—{il/r}) 
too, and we convert it to a sheaf of rings by the above multiplication, then its Specy 
gives the partial resolution Z, (cf. Proposition 3.1 or Theorem 3.4 of [530]). 


6.2.17 The Universal Abelian Covering Revisited [530] We wish to repeat the 
above construction of the ring-multiplication for the universal abelian covering 
(Xq, 0). In this case, the index set Q or Af of the grading in the right hand side 
of (6.2.4) is less convenient. 


Let us fix /|,...,/, € L’ such that their classes in H generate subgroups 
{Z,,};_, and H is a direct sum of these subgroups. Set aj := A({l) Ee dH. 
Then A := (q@,...,a) : H > J], Z,, is an isomorphism. For the combina- 


torial/topological construction of the resolution graph of (Xq, 0) in terms of these 
data see 4.2.6. 

Choose divisors Dy := Dil) of X as in Lemma 6.1.16, that is, r; DE — 
div(r;l,) = div( fx) for some functions f;. Then, by the very construction, 
O = ((piall} : 0 < ik < rm 1 < k < &}, and Of(-(Dy ikl) = 
OF} (— Vix Dy + div[-; ixl;,]). Let us denote this line bundle by @(i) for every 
t= jp sccate)s 

We define a ring structure on @j@(i). For any pair (i,j) and index k we set 
ex = Oif ix + je < re and ex, = 1 otherwise. Write € := (€17r1,..., €e7%). Then 
we need to define a multiplication O(i) ®@ O(j) ~ GC™ai+j-—e). This, similarly 
as in Sect. 6.2.15 reduces to the existence of a morphism of Gz modules Gy — 
OR ark De — div? xrelj.)). This is given by multiplication by T], f, “. 
Note that O(0) = Gx, hence Gj O (i) is an OY module. 


186 6 Invariants Associated with a Resolution 


In this way, there is a possibility to recover the universal abelian cover (Xq, 0) 
from the natural line bundles. Indeed, one can take (the @y,,-module) Z, := 
Breo (¢x(@x(—I')))o, (with the module and ring structure just defined) and 
(Xq, 0) = Specy ,%q. For more details, see [530]. 


6.3. The Canonical Cycle 


We list several combinatorial properties of the canonical cycle associated with 
a resolution. In 6.3.A we provide a splice formula and several combinatorial 
expressions for the topological (resolution independent) invariant Z : + |V|. & 


6.3.1 Fix a resolution ¢ : Xx — X of anormal surface singularity (X, 0). Let Kx 
be a canonical divisor of X (defined up to a linear equivalence), Og (Kz) = 2%, 


and let K = —Zx bec (22) € L’, the (anti)canonical cycle of the resolution . 


Zx can be determined combinatorially from (L’,(, )) via the adjunction 
formula 12.4.8, namely (—Zx + Ey, Ey) + 2x(Ey) = 0 for all v € Y. That is, 


—ZKe+E=) > (2x (Ey) — ky) ER, (6.3.1) 


Vv 


where ky = (Ey, E — Ey) is the valency of the vertex v in J”. The advantage of 
the (6.3.1) version is that the E,,-coefficients (E — Zx, Ej) of Zx — E can be 
expressed as )©,,(2x (Ey) — ky) (E*, E*,), where each (E*, E*) can be read from 
the graph as a determinant of a certain subgraph, whenever I" is a tree, cf. 2.2.5(5). 


6.3.2. In algebraic geometry in the Q-Cartier situation (when Ky in Cl(X,0) = 
Pic(X )/L has finite order), and for a fixed resolution, one defines the discrepancy of 
an exceptional irreducible component, see e.g. [331]. Note that above we defined the 
rational cycle K = —Zx combinatorially without any kind of analytic assumption. 
Under the Q-Cartier assumption the E,,-coefficients of K € L’ are the discrepancies 
of {£,},. Therefore, as a generalization to arbitrary germs, we can think about the 
coefficients of K as the numerical discrepancies of {Ey} . See also 6.3.33. 


6.3.3. Examples 


(1) If the resolution is minimal then Zk € %, cf.2.1.10. 

(2) If (Zx, Ey) = 0 for some v, then necessarily FE, ~ P! and E2 = -2. 

(3) In particular, if Zx = O then E, ~ P! and E2 = —2 for every v. In this case one 
shows that I” is an ADE (negative definite) graph. (For their form see ae 1.5(c).) 

(4) Assume that the resolution X’ is obtained from the resolution X by the 
modification 2, the blowing up of a point g. Set 7~'(q) = Enew. Then the 
canonical cycles Z, and Zx satisfy 1.(Z,) = Zx and Z, = 1*(ZK)— Enew- 

(5) Ze + |¥| is independent of the resolution, it depends only on Ly (use (4)). 

(6) [367] If the resolution is minimal, and Zx + 0, then all the coefficients of Zx 
are positive. (Use (1) and 2.1.19.) 
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Example 6.3.4 (Zx in a Minimal Good Resolution) We will improve the above 
statement 6.3.3(6) as follows. Assume that (X, 0) is not of type ADE, and X isa 
minimal good resolution. Then we claim that all the coefficients of Zx are positive. 
(For some other specific properties regarding the coefficients of Zx see [579, 716].) 

The proof runs as follows. We start with the minimal resolution. At that step 
we know that all the coefficients of Zx are strictly positive, cf. 6.3.3(6). Then the 
minimal good resolution is obtained by consecutive blow ups of smooth points. 
We show that at each step the newly created divisor still has a positive coefficient. 
Indeed, let X be such an intermediate resolution and 7 : X’ > X the blow up. 
Let {Cj}; be the set of exceptional curves in X which contain p with multiplicity 
mp(Cj) at p. Let gj and 4; be the geometric genus and the delta-invariant of C;. 
Write Zx of X as Due 7 2jCj + D, where D is effective supported on the other 


exceptional curves. Then, by adjunction formula, for any i € J one has C ig +2- 
2g; — 28; = (Zx,Ci) = 0; 2j(Cj, Ci) + pi for some pj = 0. Or, D7; (zj — 
1)(Cj, Ci) = aj, where aj := 2 — 2g; — 26; Pi (C;, UjziCj). Note that aj < 
0 in any situation when such a blow up is needed. Since the intersection matrix 
(C;, Cj)i,; is negative definite, z; — 1 = O for every j by 2.1.19. 

Finally, since Z,, = 1*(Zx) — Enew, the coefficient z),,,, of Z, along the newly 


created exceptional curve is Zjey = 2); ZjMp(Cj) — 1 = DI, mp(Cj) — 1 > 0. 


Example 6.3.5 (Newton Non-degenerate Case) Assume that f : (C3, 0) > (C, 0) 
is a Newton non-degenerate hypersurface singularity, cf. 5.5. Consider the canonical 
resolution graph given by Oka’s algorithm [524, Th. 6.1] (see 5.5.23 here). Recall 
that to each vertex v € VY one defines a vector £, € N. Then, for any non- 
empty set S and v € ¥ one defines wty(S) := minpes(/y, p), and wt(S) := 
ee wt,(S)Ey, € L. Furthermore, for any h € C{x1,x2,x3} we also write 
wt(h) = wt( supp(/)). 

Then one has the following combinatorial expression for Zx, cf. [524, Th. 9.1]: 


ZK —-E=wt(f) — wt(x1x2%x3). 


Let (X,0) C (Y,0) be a Newton non-degenerate Weil divisor as in 5.5.B. Let us 
define wt(f) similarly as above. Then we have the following identity in L, cf. [499]: 


Ze -E=wt(f)—- Som + 1)E%, (6.3.2) 


where the sum runs over edges (n, v) of [°' withn € V("%") \ VC) and 
ve V(), and m, = wt, (supp(f)) (which equals m, for the corresponding non- 
compact face of ONI7, (f), cf.5.5.B). 


Theorem 6.3.6 (Riemann—Roch Formula) Fix a line bundle 2 € Pic(X ) and set 
c(Y) =I! € L' andk := —Zx — 21’. For anyl € Lyo we consider the sheaf 


L ® G, onl. Then its analytic Euler characteristic satisfies 


X(Z @ OG) = -C,1+k)/2. (6.3.3) 
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Proof Use decreasing induction on /. If / > Ey, then use as inductive step the exact 
sequence 0 > @p,(—1 + Ey) > O; > O}_z, > 0 (tensored with @); while for 
1 = E, the classical Riemann—Roch theorem for irreducible curves. oO 


We denote the combinatorial term from the right hand side of (6.3.3) by xz(J), or 
just by x (/) if k = —Zx. This expression motivates the following. 


Definition 6.3.7 The set of characteristic elements are defined as 
Char = Char(L) = {k € L’ : (1,1 +k) € 2Z forany!l € L}. (6.3.4) 


Note that —Zx is a characteristic element and Char = —Zx + 2L’. 
The expression (6.3.3) can be extended to L’, that is, for any k € Char one defines 
xe L' > Q by x’) := -W, +k)/2. if k = —Zx then we write x := xz. 


Remark 6.3.8 The real quadratic form yp(x) := —(x,x — Zx)/2,x € L@R, 
provides the following inequality: 


minx() > min, xR(*) xR(ZxK /2) x/ 


Example 6.3.9 Assume that f : (X,0) — (C,0) defines an isolated curve 
singularity (C,o) := ({f = O},0). Denote by r the number of irreducible 
components of C. Fix a good embedded resolution of (C,0) C (X, 0) (see 2.1.8 
and 4.1.22). Then 6.3.1 and A’Campo’s formula 4.1.22 imply (u(f) +r — 1)/2 = 
x(—-dive(f)). 

On the other hand, if (C,o0) is any reduced abstract curve which admits a 
smoothing (say f), with Milnor number w(f), then by a formula of Buchweitz 
and Greuel [90] (see also 5.2.2 here) 6(C) = (u(f) +r — 1)/2. Hence, for an 
isolated plane curve singularity the abstract (non-embedded) analytic invariant 5(C) 
of C, the embedded topological invariant (4(f) + r — 1)/2 and the resolution 
(topological/combinatorial) invariant x (—dive(f)) agree. 

The identity 5(C) = yx(—dive(f)) is typical for curve-germs cut out by 
holomorphic functions on normal surface singularities, i.e. for Cartier divisors. 
However, without the Cartier assumption the corresponding identity might fail. 
Indeed, consider an irreducible curve germ (C, 0) C (X, 0), an embedded resolution 
ob, let S(C) be the strict transform of C and l/(C) € L’ defined in such a 
way that (/(C) + S(C), Ey) = O for all v. Then, even if /'(C) € L, the 
identity 6(C) = x(—I'(C)) is not necessarily true. (E.g., let (X, 0) be given by 
x* + y3 +27 = 0, and {z = 0} has 6 = 1, and its strict transform in the minimal 
good resolution is supported (as a special cut) on the —7 curve. However, the generic 
cut of the —7 curve projects into a smooth curve in (X, 0) [481].) For more, see 
[116, 117]. 
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6.3.A Ze + |V| Formulae 


The invariant Z : + |V| of the link behaves like a characteristic class in many index 
formulae. Using (6.3.1) and b}(Lxy) = c(I’) + 2g(/’) one obtains the following. 


Proposition 6.3.10 ([489]) Zz + |V| in terms of the graph has the expression 


Zyt|V| = 2-2bi(Lx) +) (EZ+3)+)_ (2x (Ev) ky) (2X (Ew)—Kw) (E*, EX). 


Example 6.3.11 ({273]) Using 2.2.5(5) and (2.2.7), for the cyclic quotient singular- 
ity X;,q one gets 


Zi + |V| = 2(n — 1)/n — 12- sq, n). 


Example 6.3.12 ([490]) Fora star-shaped graph, with the notation of Sect. 5.1, one 
has 


v 
Z2+|V| =e? +e+5— 12-5" s(w;, a;). 
j=l 


For the proof use (6.3.10), the identities (3.5.2), and (2.2.7). 


Example 6.3.13 Consider the surgery 3-manifold Cae (#; K;) (cf. 3.5.12), with w = 
26,6=>)° ; 6; (the sum of delta-invariants of K;). Then, associated with the minimal 
resolution, one has an irreducible exceptional curve FE with E? = —d and 6(E) = 6. 
Hence by adjunction formula Zx = ((d — 2+ w)/d)E and Ze +|V| (valid in any 
resolution) is 1 — (d —2+ p)*/d. If ~ = (d — 1)(d — 2) (as in the superisolated 
singularity case), then Vie + |V| = 1-—d(d — 2)’, see also 9.7.B. 

For the general case of surgery 3-manifolds see 11.3.23 and 11.3.25. 


Z a +|¥V| for Brieskorn singularities or for suspensions can be computed via the 
formulae of Durfee and Laufer from 6.9, for some details see 6.9.14 and 6.9.15. 


6.3.14 Splice Formula Assume that det(J”) = 1 and let 6 be the splice diagram 
associated with the plumbing graph I” (cf.5.3.3). Assume that 6 is obtained 
by splicing the diagrams 6; and 62 along the knots K; C M(6,), K2 C 
M (62) (cf.5.3.7). Let I, be the plumbing graphs, which correspond to 6; by the 
correspondence 5.3.10. Recall also that K; C M(6;) determines an open book 
decomposition, let jz; be the first Betti number (Milnor number) of its fiber. Then 
one has the following. 


Theorem 6.3.15 ({516]) 


(Ze +IVI\) = (Ze + IAI) + (ZR FIA) — 2-H: be. 
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Proof Consider the following graph I from the construction 5.3.10. The graph 
I’ is obtained from by several (—1)-blow downs and one 0-chain absorption. 
Analysing the effect of these steps in the right hand side of the formula from 6.3.10 
we obtain that (Zz + |V|)(T) = (Z% + |Y|)() — 6. On the other hand, if we 
delete from I” the vertices vj,9 and v2,9 and adjacent edges, we get the graphs I) 
and J. 


ry I 


—b\5 —by 1 —b21 —b2,, 
> r ie tei @ @ r e@ rarer @ < 
—b9 —b2,0 


U1 V1,0 U2,0 U2,1 


By A’Campo’s theorem 4.1.22 in I one has Lae ne: — Kw) (EX, Bui = 
41 — 1, and also ae be = —b, 0, cf. 5.3.12. One has similar facts for D> too. 
Furthermore, if v # v1,; is a node or end-vertex in I, and u ¥ v2, is a node or 
end-vertex in J», then by 5.3.17 the expression —(E*, E*) computed in r equals 
the product of (E%, Lia and (E%, a (these last ones computed in I and 
respectively). Then, the statement follows by the comparison of the expression from 
6.3.10 applied for i I, and I and the above identities (see also 5.3.13 and 5.3.17). 


Oo 


For a more general formula valid for rational homology spheres see 9.3.11. 


6.3.B The Gorenstein Property 


We introduce the notion of Gorenstein and numerically Gorenstein singularities. 
Several criteria and examples are listed. & 


Definition 6.3.16 The normal singularity (X, 0) is called Gorenstein if Qry o} 1S 
a holomorphically trivial line bundle, equivalently, if Zx © L and one can choose 
Kz = —div(Zx). Analogously, (X, 0) is called numerically Gorenstein if Qo} 
is a topologically trivial complex line bundle. 


Though Gorenstein (local) rings can be defined even without the normality assump- 
tion, see e.g. [89], (e.g. complete intersections are Gorenstein even if they are not 
normal) in this book we discuss the Gorenstein property only for normal germs. 


Example 6.3.17 Any isolated complete intersection (fi,..., fx) : (Ckt?,0) > 
(CK, o) is Gorenstein. Indeed, Qn o} is trivialized by the restriction to X \ {o} of 
the 2-form (on different charts given by) 


O(fii<i<k 


{dx; A dx; /Jacobian determinant of ———— 
O(XI)IXi, j 


hicigjck2" 


Lemma 6.3.18 ([162]) (X, 0) is numerically Gorenstein if and only if ZK € L. 
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Proof 23, ft is a topologically trivial complex line bundle if and only if its Chern 


class in H2(X \ {o}) x L’/L is zero; see also the next remark. oO 


Remark 6.3.19 ([162]) 


(a) Let € be a rank two complex vector bundle over a CW-complex L with 
H'(L,Z) = 0 fori > 3. Then the following conditions are equivalent: 


(i) & is topologically trivial (as a complex bundle); 
(ii) the first Chern class c1(&) € H?(L, Z) is trivial; 
(iii) the second exterior power A7é is a topologically trivial complex line 
bundle. 


Let us check (i1)=(i). Isomorphism classes of rank two bundles over L are 
classified by homotopy classes [L, BU]. Since H'(L) = 0 fori > 3, and 
1 (BU2) = 13(BU2) = 0, while m2(BU2) = Z, [L, BU2] is identified with 
H?(L,Z) via cy. 


(b) In particular, the following conditions are equivalent: (i) (X, 0) is numerically 
Gorenstein, (ii) Qyry o} (or 2%. » is topologically trivial complex vector 
bundle. 

Remark 6.3.20 


(a) The real tangent bundle of X \ {o} as real vector bundle is always trivial (even 
if (X, 0) is not numerically Gorenstein). Indeed, X \ {0} is C® diffeomorphic 
with Ly x (0, 1), and the tangent bundle of any orientable 3-manifold is trivial. 

(b) On the other hand, the holomorphic triviality of the complex tangent bundle of 
X \ {o} is a much harder problem: the famous conjecture of Zariski and Lipman 
predicts that the holomorphic tangent bundle Ty\ {0} is holomorphically trivial 
if and only if (X, 0) is smooth [388]. 

(c) Any numerically Gorenstein topological type carries a Gorenstein analytic 
structure [579]. 


Example 6.3.21 If det(7) = +1 then (X, 0) is numerically Gorenstein. 


Lemma 6.3.22 


(a) Any o-ramified covering of a numerically Gorenstein singularity is numerically 
Gorenstein. 

(b) Any singularity (X,0) has an o-ramified cyclic Z, covering which is numeri- 
cally Gorenstein. One can choose for r the order of the class of Zx in H. 

(c) The topological canonical covering and the universal abelian covering of a 
singularity with rational homology sphere link are numerically Gorenstein. 


Proof 


(a) Use the general Riemann—Hurwitz formula mentioned after 6.1.14. 
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(b)-(c) Consider a covering from 6.1.11 associated with l’ = Zx (it is not unique 
if H'(Lx,Z) # 0). Since the pullback of Zx is integral (cf. 6.1.17), by 
Riemann—Hurwitz formula 6.1.14 Zz, is integral too. Next, the universal 
abelian covering factorizes through the cyclic covering from (b), then 
use (a). oO 


The following problem arises naturally. 


Question 6.3.23 Can one classify/characterize the graphs of universal abelian 
coverings of rational homology sphere (connected, negative definite) plumbed 3- 
manifolds? 


By the above lemma they are necessarily numerically Gorenstein. 


6.3.24 Q-Gorenstein Singularities Let Ky be the canonical divisor of (X, 0), 
cf. 12.4. Note that (X, 0) is Gorenstein if and only if Ky is Cartier (invertible) at 
o € X, that is, Ky is zero in Cl(X, 0). Furthermore, if (X, 0) is Gorenstein then any 
o-ramified covering (X’, 0) of (X, 0) is Gorenstein (pull back the nowhere vanishing 
2-form, or use the Riemann—Hurwitz formula 6.1.14). 

More generally, (X, 0) is called Q-Gorenstein, if there exists a positive integer 
r such that rKy is a Cartier divisor at o (equivalently, if Ky has finite order 
in Cl(X, o)). This happens if there exists an r-ple holomorphic 2-form, nowhere 
vanishing on X \ {o}. The smallest r with this property is called the index of (X, 0). 
Again, if (X, 0) is Q-Gorenstein then any o-ramified covering (X’, 0) of (X, 0) is 
Q-Gorenstein (by the same argument as above). 

If H, (Lx, Z) is finite, then 


any numerically Gorenstein,Q-Gorenstein singularity is Gorenstein. (6.3.5) 


Indeed, in (6.1.2), c:}(Kx) = 0 andrKy = 0 in Cl(X, 0), hence Ky = 0 since 
C?s is torsion free. In fact, if H;(Lx, Z) is finite and (X, 0) is Q-Gorenstein then 
by 6.2.4 the index of (X, 0) equals the order of [Zx] in H (otherwise it can be 
larger, it is a multiple of it). 

More generally, one has the following. 


Proposition 6.3.25 If H\(Lx, Z) is finite then the following facts are equivalent: 


(a) (X, 0) is Q-Gorenstein; 

(b) 2% = OF (Kz) is anatural line bundle (which automatically should agree with 
OF (-Zx)); 

(c) in Lemma 6.1.16 one can choose Kz for D = D(—Zx) (hence $,(D) = Kx); 

(d) the topological canonical covering of (X, 0) is Gorenstein; 

(e) (X, 0) has an o-ramified abelian covering, which is Gorenstein; 

(f) the universal abelian covering of (X, 0) is Gorenstein. 
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Proof For (a) = (b) use 6.2.4. (a) = (c) follows from the definitions. 

(a) => (d) The topological canonical covering is numerically Gorenstein 
(cf. 6.3.22), and Q-Gorenstein (since (X,0) is Q-Gorenstein), hence Gorenstein 
by (6.3.5). (d) = (e) is clear. (e-) = (f) uses the fact that any abelian 
covering is dominated by the universal abelian covering. Finally we prove (f) => 
(b). 

We will use the notations from 6.2.5. By the Riemann—Hurwitz c*(Ky) = 
—C'(Ex) + Kz + Ez in Pic(Z). But in Pic(Z), Kz can be replaced by the 
corresponding canonical cycle. Hence one has the linear equivalence c*(Kyz) ~ 
c*(—Zx). But one of the eigenspaces of ¢,0z(C*(Kyz)) is Cx(Kx), while 
all the eigenspaces of C,@z(c*(—Zx)) are natural, cf. (6.2.5). (Compare also 
with 6.8.20.) oO 


Example 6.3.26 Any rational singularity is Q-Gorenstein. 


Example 6.3.27 Any numerically Gorenstein splice quotient singularity is Goren- 
stein. Indeed, a splice quotient singularity is Q-Gorenstein since its universal abelian 
covering is a complete intersection, cf. 5.4.12. Then use (6.3.5). 


Remark 6.3.28 


(a) If H\(Lx, Z) is not finite, then it can happen that (X,0) is numerically 
Gorenstein, it is Q-Gorenstein, but it is not Gorenstein. (For an example 
combine Theorem 5.13 and Example 5.20 of [531].) 

(b) By [579] any topological type admits a Q-Gorenstein analytic structure. 


Example 6.3.29 Assume that (X, 0) is a cone singularity. Then, using the nota- 
tions of 5.1.3 one has: 


(a) [154, 748] (X, o) is Gorenstein if and only if there exists an integer n such that 
L" = Kc. In such a case, by taking degrees, n is uniquely determined by 
n-C* = 2-— 2g(C). Therefore, n necessarily agrees with t = x /e defined in 
5.1.29. 

(b) (X, 0) is Q-Gorenstein if and only if there exists r’/r € Q such that —— 
K¢. In this case necessarily r’/r = t = x /e (by the same argument). 


Indeed, let U be the complement of C in the total space of @, and let 7 : U > C 
be the projection. Then, by 5.1.4(b) m*Kc = Ky, hence m1, Ky = Kc @1%0y = 
Kc ® (@jezZ'). The Gorenstein property is equivalent to Ky = @y, that is, Kc ® 
(GiezZ') = PiczZ’. In the Q-Gorenstein case m*Ko = Ky, = Ov, hence KC @ 
(GicezZ') should equal @jez-Z! (compatibly with the weight decomposition). 
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Example 6.3.30 (Weighted Homogeneous Case) 


(a) 


(b 


ma 


(c) 


(d) 


If a good resolution graph I” is star-shaped then (via (6.3.1) and (3.5.2)) 
—(Zx,Ej)=14+t, —-(Zr, Ejs,) =1+(t- w)/o;, (6.3.6) 


where t = y/e, cf.5.1.29. In particular, —t is the ‘log discrepancy’ of Eo. 
Hence, if I is numerically Gorenstein then t € w’.+a j2C Zforalll <j <v. 
The converse is also true. (In fact, in general, if a resolution graph is a tree, and 
l’ € L' has integral E-coefficients on the end-vertices, then! € L, cf.3.4.3.) In 
this weighted homogeneous numerically Gorenstein case t < 0 can happen only 
in the ADE cases (cf.5.1.21), when Zx = 0 and t = —1. The identity r = 0 
cannot happen by the above congruence, hence in any non-ADE case t > 1. 
[154] If (X,0) is weighted homogeneous, numerically Gorenstein, and it 
has g = O, then (X, 0) is Gorenstein. Indeed, consider the special analytic 
gluing 5.1.36. Then, if in the chart U;,; the cycle Zx has multiplicity nj, ; 
along u;,; = 0 and multiplicity m;,; along v;,; = 0, then the local forms 
Ni,j Mi, j 
Wj, j -= Uji Ui 
and zeros along X \ E. The statement follows also from 6.3.27. 
More generally, if (X, 0) is weighted homogeneous with g = 0 then it is 
Q-Gorenstein. Indeed, let r be the order of [Zx] in H. Then the local forms 
wee (q;,; from part (b)) glue together to a nowhere vanishing regular form on 


duj;,; \ dv;,; glue together into a 2-form which has no poles 


x \ E. Or, differently, one can use the fact that the universal abelian covering 
is a complete intersection, cf. 5.1.33 and 6.3.25. 

Assume that g = 0. Recall that h'(@c(D™)) = 0 for € > t (and for £ = 0), 
cf.5.1.29. Assume next that (X, 0) is Gorenstein and pg ¢ 0. Hence, by (a), 
necessarily, t > 1 and deg Py < t (cf. 5.1.26). With the notation of 5.1.22— 
5.1.26, we claim that for any @ with 0 < £ < rin Pic(C) one has 


D® + D&-9 = Ke. (6.3.7) 


Indeed, using the congruences t = OF and @; wi = | (mod q;), one shows that 

D©+ D9 =e—D4+y, 4) P;. But (via the notations of 5.1.23 and 5.1.24) 
rams 

ex(wD+d, 77 Pj) =D! — KL, + p*(Ke) = 2'* — Kt, + p*(Ke) = 


p*(Kc), since @'* = Kc, by 6.3.29. 


Therefore 


Pr@Q)= > A'(6c(D®))t = YO WeccD™ yt, (6.3.8) 


O<f<tr O<é<r 
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which is }>;_) dim Ret*—*, hence, up to a symmetry of coefficients, it is the r- 
truncation of Px (t). In particular, the coefficient of t* in Py: (ft) is 1. 

Even if (X, 0) is not necessarily weighted homogeneous, but J” is star-shaped 
with g = 0 and numerically Gorenstein, then still (6.3.7) is valid at degree level: for 
any € € Z one has 


N(l) + N(e— £) = deg D® + deg D“~9 = deg Kc = 2g(C)—2. (6.3.9) 


Example 6.3.31 Assume that (X, 0) is a quotient singularity (C”, 0)/G, where G is 
a small subgroup of GL2(C) acting linearly on C? (whose coordinates are denoted 
by (z1, 22)). If |G| is the order of G, then (dz A dz2)®!©! is G-invariant. Therefore, 
(X, 0) is Q-Gorenstein. Moreover, cf. [746], (X, 0) is Gorenstein if and only if 
dz, A dzz is G-invariant, hence, if and only if G C SL2(C). 


Example 6.3.32 Consider a Newton non-degenerate (local analytic) Weil divisor 
(X, 0) C (Y, 0) as in 5.5.B, determined by f. We assume dim(X, 0) = 2. 

We say that I, (f), or f, is Gorenstein-pointed if there exists a p € M such that 
Lo(p) =m, +1 forallo € A* with dimo = | and dim(Fy N NI'‘(f)) = 1. 

It is known that the affine toric variety (Y, 0) is Gorenstein if and only if there is 
ap € M satisfying €,(p) = 1 for allo € AY, see e.g. [88, Th. 6.32]. If (Y, 0) is 
Gorenstein, and additionally (X, 0) is Cartier, and A* = A%,, then f is Gorenstein 


pointed (since m, = Oforo € AY. Furthermore, (X, 0) is Gorenstein since (Y, 0) 
is Gorenstein and f forms a regular sequence. 

This fact extends even for non Cartier divisors. Indeed, in [499] is proved that 
the following conditions are equivalent: 


(a) f is Gorenstein-pointed at some p € M; 

(b) there exists a p € M so that €,(p) = my + 1 forallyv e VI") \ VL); 
(c) there exists a p € M so that £,(p) =m, +1—m,(Zx) forallu € VL); 
(d) (X, 0) is Gorenstein. 


(Above the vectors £, are defined by Oka’s algorithm 5.5.23, and my = 
miny rf) €v-) 
When these conditions hold, they uniquely identify the very same point p. 
The above statements have the following extension to the Q-Gorenstein case. 
We say that I’, (f), or f, is Q-Gorenstein-pointed if there exists a p € Mg such 
that €5(p) =m, + 1 forallo € A‘ with dimo = 1 and dim(Fy N NI'(f)) = 1. 
An affine toric variety (Y, 0) is Q-Gorenstein if and only if there isa p € Mg 
satisfying €,(p) = 1 forallo € ee see e.g. [16]. 
For the following properties the following implications (a) = (b) @ (c) > 
(d) hold, cf. [499]. 


(a) f is Q-Gorenstein-pointed at some p € M; 

(b) there exists a p € Mg so that ¢,(p) =m, + 1 forallv e VI") \ V(L); 
(c) there exists a p € Mg so that €,(p) = my + 1 —m,(Zx) forallu €e V(L); 
(d) (X, 0) is Q-Gorenstein. 
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Again (a),(b),(c) uniquely identify the very same point p € Mg. 

Nevertheless, (d) = (a) in general does not hold. A possible example is the 
following. Take N = Vi) generated by (1,0,0), (0, 1,0), G,0, 1), (0,1, 1), 
and f(x) = #2 + x1x3 + + + any Then f is not Q-Gorenstein pointed, 
however (X, 0) is the cyclic quotient X31. 

If (X, 0) is Q-Gorenstein-pointed then the expression of Zx € L’ from (6.3.2) 
transforms into 


Zx — E =wt(f) — wt(p). (6.3.10) 


Example 6.3.33 (Singularities of the Minimal Model Program (MMP)) Terminal, 
canonical, log terminal and log canonical singularities are important in the MMP. 
They usually are defined under the condition that Ky is Q-Cartier using the discrep- 
ancies of the canonical divisor, for details see e.g. [307, 331, 410]. Nevertheless, 
specifically in the surface case, these notions have their combinatorial analogues 
via the cycle Zx ¢€ L’: naturally they are called numerically terminal, canonical, 
log terminal and log canonical singularities [331, p. 56]. Here we discuss the 
‘numerical’ case (nevertheless the three cases discussed below,—the numerically 
terminal, canonical and log terminal—agree with the notion of terminal, canonical 
and log terminal); for more see [15, 307, 331, 410] and the references therein. 

Fix the minimal good resolution graph I" and write Zz = vy dyEy € L’ (ay € 


Q). 


(a) (X, 0) is called numerically terminal if ay < 0 for all v. By 6.3.3(1) this can 
happen only if J” = @, hence in this case (X, 0) should be smooth. 

(b) (X, 0) is called numerically canonical if a, < 0 for all v. This in the minimal 
good resolution reads as Zx = 0, cf.6.3.4, hence by 6.3.3(3) (X, 0) should be 
ADE. 

(c) (X, 0) is called numerically log terminal if ay < 1 for every v. Consider the 
topological canonical covering (Xp,o) — (X,0o); using the notations of 
6.1.11 and 6.1.14, C*(-Zx + E) = —LK (Xp) + EX: Since the coefficients 
of —Zx + E are all positive, the same is true for —ZK (Xp) + EX» too. Since 
ZK (Xp) 1S an integral cycle we must have Zx,x%,) < 0. Hence in the minimal 
resolution of Xp the canonical cycle is zero, and (similarly as in case (b)), 
the topological canonical covering is an ADE. Since the fundamental group 
of the link of any ADE is finite, we get that the fundamental group of the 
link of any numerically log terminal singularity is finite. Conversely, if the 
fundamental group is finite, then the topological canonical covering is ADE 
(see 6.3.34), hence by the above Riemann—Hurwitz formula c*(—Zx + E) = 
—ZK (Xp) + EX, > EX» hence all the entries of —Zx + E are positive. 
This means that numerically log terminal singularities are exactly the quotient 
singularities, cf. 3.7.12. For their classification see 3.7.15. 

(d) (X, 0) is called numerically log canonical if ay < 1 for every v. In 7.1.5(h) we 
will prove that (X, 0) is either (special) rational, or Zx = E. This latter case 
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happens only if (X, 0) is either cusp or simple elliptic (hence special minimally 
elliptic), cf. 7.2.21. The numerically log canonical rational case include e.g. the 
quotient-cusps. 

The argument is the following. Using again the topological canonical 
covering as in case (c), one has Zx,%,) < Ex,. Then this inequality holds 


in the minimal resolution X D.min too. Since Z K (Xp min) is an integral cycle, 
the support property 6.3.3(6) shows that either it is trivial (covering the case 
(c)) or itis E Soa? Hence, in this case, the topological canonical covering of 
(X, 0) is either cusp or simple elliptic. For the complete list of numerically 
log canonical graphs see e.g. [331, 410]. (Note that the minimal resolution of 
the (2,3, 7) Brieskorn minimally elliptic singularity has a single vertex and 
Zx = E, nevertheless it is not numerically log canonical.) 

According to [720] (X, 0) is numerically log canonical if and only if the 
fundamental group is either finite or solvable. 


Remark 6.3.34 The argument from part (c) can be replaced by the next one as well: 
the topological canonical covering of a numerically log terminal singularity has 
finite fundamental group—hence it is rational—, but it is numerically Gorenstein as 
well. Hence it is ADE by 7.1.5(d). This property can also be used to classify links 
with finite fundamental group as well, replacing the argument from 3.7.15. 


6.4 Vanishing Theorems 


We prove the local analogue, valid for resolutions of normal surface singularities, 
of the General Kodaira Vanishing Theorem (or Kawamata—Viehweg Vanishing 
Theorem). The GKVT is valid for smooth complex projective varieties, for 
different versions see [306, 325, 717] and [190, 328, 329, 332] for applications 
and general overview. Some versions of the local case are called Grauert— 
Riemenschneider’s, or Laufer’s, or Ramanujam’s Vanishing Theorem [229, 
359, 584]; see also [210, 442, 593]. In these (local) theorems the required 
‘additional positivity’ (compared with being an element of —.Q) is distributed 
according to the coefficients of —Zx along all the exceptional components. 
We will prove the Unbalanced Vanishing Theorem too, see 6.4.12. In this case 
the required additional positivity is reorganised differently: one requires some 
stronger positivity along some of the components (indexed by .% C V) and 
nothing along the others. This version will be used several times later when we 
wish to prove that certain properties of some objects indexed by Y depend only 
on the indices from a (well-chosen) subset .% CY. r 
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6.4.1 Fix a resolution @ : X — X as above. For nto € Lso with 1, > 1, the 
morphisms H! (OZ) > H! (Gy) and H! (G1) > H! (@,) are onto, and by the 
‘Theorem of formal functions’ H! (X, O%) = (R! bx O%)0 = lim H! (@;) (limit 


over / € Ls). Similarly, H! (X, L) =lim H'(L ® O)) for any Y € Pic(X). 
<< 


Theorem 6.4.2 , (h°-Vanishing Theorem) Fix any A € L @ Qwith |A| = 0, 
le Lyo, and Z € Pic(X) such that (c1 (F) + A, E,) < Ofor any E, C |l|. Then 


h°(1, O11) ® LZ) = 0. 


Proof We proceed by induction on the coefficients of /. Since the intersection 
matrix is negative definite, there exists EF, C |l| with (E,,1 — A) < 0. (Take E, 
with (E,,/ — Aljz,) < 0.) Then in the exact sequence 


0> O-£,(1- Ey) ®@ LZ > OAD®L > O2,DeL 0 
nF (1)|z,) = 0, hence the inductive step follows. oO 


Theorem 6.4.3 (Generalized Grauert—Riemenschneider Theorem [229, 359, 
584)) 

Consider a line bundle 2 € Pic(X) such that c\(2(—Kg)) € A — %Q for 
some A € L ® Q with |A] = 0. Then for any 1 € Ls one has the vanishing 
h'(1, L\,) = 0. In particular, h'(X, Z) = 0. 


Proof By Serre duality h'(/, Z|) = hl, OU + Kz) ® L'), hence we need 
hl, GL) ® f) = 0 whenever/ € Ls and ci(L) €-A+ Sq. (6.4.1) 
This follows from h°-vanishing Theorem 6.4.2. oO 


Corollary 6.4.4 Fix 2 € Pic(X) and assume thatl € Ls satisfies1 € SY’ +ZxK+ 
ci(YZ). Then H'(X, LZ) = H'\(1, L\)). 


Proof H'(X, Z(—l)) = 0 by 6.4.3. Oo 


Example 6.4.5 Let (Z,0) C (X, 0) be a Weil divisor on (X, 0), and consider the 
divisorial sheaf F = j,(@x\{o}(Z|x\{o})) of (X, 0), where j is the inclusion (cf. 
12.4.2). In 12.4.2 we claim that F = $,(@x%(L6*(Z)])), where ¢ is a resolution, 
and $*(Z) is the Mumford pullback. [I.e., 6*(Z) = D+ S(Z) is numerically trivial, 
D € L’ and S(Z) is the strict transform of Z.] 

Indeed, let HZ, (x , “) denote the direct limit lim_, H4 (xX \ Xo, F), where X= 
Use ee A is a directed set, each xX. is compact, and x is a subset of the interior 
of X p Whenever a < f (that is, the “cohomology is supported near the boundary of 
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x, Then, for. ¥ = Ox(|6*(Z)]), by the Laufer’s exact sequence (cf. [359]) 


0 H°(X, F) > H8 (Xx, F) > HI (X, F). 
By Serre duality and 6.4.3 H)(X, Oz(L@*(Z)J)) = H'(X, 22 (-|¢*(Z)])) = 0. 
Hence res is an isomorphism. But it is the composition of two injective restrictions 
H°(X,F) > HX \ E,F) > HEX, F), hence the first restriction is an 
isomorphism as well. 


6.4.6 Set |Zx]4 := max{0, |Zx |}. Note that if X is minimal good then |Zx]+ = 
LZx], see 6.3.3(1) and 6.3.4. In general, write |Zx | as |Zx]4 — |Zx|_, where 
LZx|+ and |Zx|— have no common components. 


Corollary 6.4.7 


(a) If |ZxK|+ = 0 then pg = 0. If |ZxK\4 > 0 then for any Z = |Zxl4, Z EL, 
Pg = h' (67). 
(b) IflL€ S andk € Zso such that kl + |ZxK| > 0 then 


H(X, Oz) 


Gorey 


Furthermore, for 1 € S \ {0} andk > 0, 


H(X, Ox RP 
dim Ee = —— + lower order terms in k. 
HOC(X, OF (-k)) 2 
Proof 
(a) We wish to show that h'(6¢(-LZx]+4)) = 0. If [Zx|_~ = O then 


this follows from Theorem 6.4.3. Or else, consider the exact sequence 
0 > O¢-|Zel4) > Of(-l2ZK)) > OGO7x)_Cl4Zc)) - 2 
Then h!(6x(-|Zx])) = 0 by 6.4.3 and also A°(6,z,%|_(-LZx])) = 
h®(O\z~\-(-LZx 14 + 1ZxJ—)) = 0 by 6.4.2. 

(b) By 6.4.3 h! (6xz(-LZx] — kl) = 0, hence (6.4.2) follows. By 2.1.19 kol 
LZx | for some ko > 0, hence O¢(—|Zx] — kl) C Ox(—kl) C OF(—-LZxK] 
(k — ko)l). 


IV 


oO 


Remark 6.4.8 In 7.1.5(£) we will provide another proof of the vanishing p, = 0 for 
the case ZK < E (compare also with 6.3.33(c)). 
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Example 6.4.9 In a minimal resolution of a cyclic quotient singularity Ze = 
E- Ee - is (see also (6.3.1)), where e;, e2 are the end vertices. Therefore, 
LZx| = 0 (this follows from 6.3.33(c) too). In particular, Oz(—nE)(ZxK — A) € 
—S' with A = Zx and |A| = 0. Hence, by Grauert-Riemenschneider Theorem 
H!(@g(—nE)) = 0 forn > 1. Then, by induction, H!(@,£) = 0 forn > 1, hence 
h(62) = 0. 


For certain cycles the Grauert-Riemenschneider Theorem 6.4.3 can be improved. 


Proposition 6.4.10 (Lipman’s Vanishing Theorem [389, Theorem 11.1]) Take 
le Lsowithh'(Q)) =Oand YZ € Pic(X) for which (12, Ey) = 0 for any Ey in 
the support of 1. Then h'(l, Z) = 0. 


Proof Fix any / with 0 <7 < 1. Then h' (G7) = 0 too. Moreover, there exists 
Ey Cc \Z| such that (E,.1 = ZK) < 0. Indeed, (fy.1= Zx) = O for any v would 
imply 1 < A°(G;) = x() = —(,1 — Zx)/2 < 0, which is a contradiction. Then, 
from the exact sequence 0 > Y|z,(—1 + Ey) > Lj > L\ji_g, > 0 one gets 
h'(£|j) = h'(Y\j_g,)- Hence, by induction, h'(-Y|)) = 0. o 


Remark 6.4.11 The assumption h'(@;) = 0 regarding 1 € Lso in Proposi- 
tion 6.4.10 is necessary. Indeed, the property ae) € —S' alone does not 
guarantee the vanishing h} (X, L) = 0. [E-g., h} (X, OQ) is non-zero in the non- 
rational case, but even with —c;(%) € -%’ \ {0} one can find counterexamples, 
see 7.2.74(b).] 

Hence an ‘additional positivity’ is needed. 

In Generalized Grauert—-Riemenschneider Theorem 6.4.3, the ‘additional pos- 
itivity’ is distributed according to the coefficients {(Z,, K)}, associated with 
K = —Zx along all the vertices of the graph. (We might call this case ‘balanced 
distribution’.) The next result shows that this general statement has other versions 
too, when the ‘additional positivity’ is reorganized differently. That is, it is enough 
to impose a (stronger) positivity along some special vertices (and nothing along the 
other ones),—this is the case of the ‘unbalanced distribution’. 


Theorem 6.4.12 (Unbalanced Vanishing Theorem—Technical Version) Let us 
fix a resolution with graph I’, and assume that we can construct a sequence of 
cycles ela with the following properties: 


(a) xi € Lso for alli; x9 = 0, andx, € (Zk +-%') NL; 
(b) for every 0 <i <t one has xj4, = xj + Ey) for a certain v(i) € V; 


Define % := {v(i) : (Ey), xi) => 2 — 2g(Evqy)}, and for any u € YF set also 
Mu = maxi: v(i)=u}{ (Ev@), x4) + 28(Ev) }- 

Then, for any £ € Pic(X) with c\(L) € —S%', the ‘additional unbalanced 
positivity’ (c\(L@), Ey) => M, — 1 for all u € Y% guarantees the vanishing 
Al(xX, Y) =0. 
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Proof Take the exact sequence 0 > @(—xj41) > @(-xj) > L(-xi) Ey > 
0. Using the assumptions we get that H!(2(—xj41)) > H'(L(—x;)) is onto, 
hence by induction, H!(Y(—x;)) > H'!(L) is onto too. But H!(L(—x;)) = 0 


by 6.4.3. o 


The above theorem is really ‘unbalanced’ only if the following holds: 
(c) 4% isaproper subset of Y. 


In this case, for u ¢ Y% we require only (ci(@), E,) = 0, but for u € 4% we impose 
(c1\(L), Ey) > My, — 1. 


Remark 6.4.13 Note that the existence of the sequence {alg satisfying all (a)— 
(b)-(c)—and the induced bounds { M,,},,—-can be determined topologically. 


Example 6.4.14 


(a) It can happen that such a sequence (satisfying (a)-(b)-(c)) does not exist. (Take 
e.g. the graph with one vertex, Euler number —1 and genus 1.) 

(b) Nevertheless, as we will see, such sequences in many cases do exist and 
(minimal) sequences with minimal .% codify important information about the 
analytic and topological properties of the singularity. [E.g., if J” is a minimal 
string, then by a direct verification such a sequence exists even with % = @. 
More generally, later, based on more tools about rational singularities, we 
will be able to prove that such a sequence with .% = @% exists even for any 
rational graph I”, showing that Proposition 6.4.10 is a particular case of the 
Unbalanced Vanishing Theorem. Several similar sequences will be constructed 
later modelled on Laufer computation sequence of 6.6.3, see 7.1.2 for the 
rational case. In the rational case the needed sequence can be constructed by 
decreasing induction as follows. Take x, € (Zx +“) ML and construct x; 
from x;+41 by taking £y(;) with (x;, Eyi)) < 1, whose existence follows as in 
the proof of 7.3.13 part (i). For the general case see 7.3.30 and 7.3.31.] 


Let us assume that I” is not a cyclic graph (in that case the graph is minimally 
elliptic, and for the vanishing theorem valid in that case see 7.2.31). 


Lemma 6.4.15 Let WV denote the set of nodes (v € YW iff either ky > 3 or gy > 0). 
For each loop (rational string supported by both ends on the same node) choose a 
vertex Vigop of the loop and let + be the union of V with all these vertices 
Yloop: 

Fix any s € .. Then there exists a sequence ce with the next properties: 
(a) x; € Lso foralli; x9 = 0, and x; = s; 
(b) for every 0 <i <t one has xj41 = xj + Ey) for a certain v(i) € V; 
(c) (Eva), i) < 1 whenever v(i) ¢.V*. 


Hence, a sequence required by Theorem 6.4.12 with % = N~ always exists. 
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We postpone the proof until 7.1.8 (in the subsection of rational singularities). 


Corollary 6.4.16 (Unbalanced Vanishing Theorem—First Conceptual Version) 
Let I and .V~* be as in Lemma 6.4.15. Then there exists a constant M (computable 
from I’) such that h'(L) = 0 whenever c\(L) € —S' and (c\(LZ), En) > M for 
dllne Nr. 


Lemma 6.4.15 and Corollary 6.4.16 are the prototype of more general statements, 
cf.7.3.30, 7.3.31. 


6.4.4 The Cohomological Cycle 


If pg > O then the cohomological cycle Zc, is the unique minimal element 
1 € Lyo with h'(@) = Pg. A numerically Gorenstein germ is Gorenstein if and 
only if Zeon = Zx in the minimal or minimal good resolution. & 


6.4.17 We fix a resolution and we assume that pg > 0 (hence [Zx|; > 0, 
cf. 6.4.7). 


Proposition 6.4.18 ([587, 4.8]) The set Lp, := {1 € Lso : h'(G)) = Pe} has a 
unique minimal element, denoted by Zeon, and called the cohomological cycle of 
the resolution. It has the property that h'(@,) < Pg for anyl % Zeon (1 > O). 


Proof Assume that h'(@,) = h'(@,) = pe forl) 4 b, l,l, € Leo. Set! = 
min{/, /2}. If 7 = 0 then there is an exact sequence 0 > @),4,, > Gi, ® G, > 
A — 0, where A has zero-dimensional support, hence H! (G41) > H'(G;,) Q 
H'(G),) = C??s surjective, a fact which cannot happen. Hence / ¥ 0. Set also 
l= max{/,, /2} and a; = 1]; — /. Consider the diagram with exact rows and columns. 


H!(6a)(—h)) > H'(6a,(-)) > 0 


1 1 
H'\(64(-h)) > HG) > H'(G,) 70 
1 1 1 
H(6,(-D) > HA) - HG 7-0 
1 1 1 
0 0 0 


The exactness of the first row follows from the exact sequence @y,(—l — a1) > 
Oa,(—l) > Gaynay — 9, where the support of @,na, is 0-dimensional. From 
the diagram one gets that H'(67) > H'(@,,) @ H'(@,,) > H'(@) > Ois 
exact, which implies H 1 (1) = Pg too. Hence, whenever [1,12 € L pe one also has 
min{/,/2} € Lp,. This implies the proposition. Oo 


By convention, if pg = 0 then we set Zeo, = 0. 
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For a reinterpretation of Z.on see 6.8.10 as well. 
By 6.4.7 pg is already realized by h! (O\zx\4), hence Zeon < [ZK J+.If Ze € L 
then we write Zx + for |Zx|+, cf. 6.4.6. 


Lemma 6.4.19 ([587, 4.20]) Jf (X, 0) is Gorenstein then for any 0 <1 < Zx.+ 
(1 € L) the strict inequality h'(@)) < A\ (Oz, 4) = Pg holds. In particular, in the 
Gorenstein case, Zcoh = ZK ,+ holds. 


Proof By Serre duality, we need to show that h°(G,(I—Zx)) < W(Oz%, (ZxK,—)). 
In the cohomology long exact sequence of 0 > Oj(1 — Zx) > Oz, ,(ZK,-) > 
Oz, ,-1(ZK,—) > 0 the morphism H°(@z,.,(Zx,—)) > H°(@z,.,-1(ZK,-)) is 
non-trivial since both terms contain the constants. oO 


The converse is also true in the following strong sense (see also 6.4.22(b)). 


Proposition 6.4.20 ((587, 4.21], [336, §3]) Assume that (X,0) is numerically 
Gorenstein. If there exists Ey C |Zx,+| with A\(Oz,,) > h' (Oz, ,-Fy) then 
(X, 0) is Gorenstein. In particular, if Zeon = ZK,+ then (X, 0) is Gorenstein. 


Proof Fix E, as above. Then H! (G5, (Ey — ZK4)) > H' (Oz...) is non- 
trivial. By Serre duality H°(Oz, ,(Zx,4 + Kz)) > H°(@r,(Zx,4 + KZ)) 
is non-trivial too. By the vanishing he ¥(Kz)) = O the homomorphism 
H(Ox%(ZK 4 + Kz)) — H(Oz,  (ZK,4 + Kg)) is surjective, hence 
H(Ox%(Zx,4.+ Kz)) > H°(@r,(Zx,4 + Kz)) is also non-trivial (+). Finally, 
notice that by 6.4.2 h°(@z,_(Zx,4 + Kz)) = 0, hence H°(Ox(Zx + Kz%)) > 
H Os (Zx,4 + Kx)) is an isomorphism. Hence the homomorphism from (+) can 
be compared with H°(O%(ZK + Kz)) > H°(@z, (Zx + K¥%)), and we obtain that 
this last homomorphism is non-trivial as well (+). 

Now we analyse the line bundle Ox (Zx + Kx). Firstly, H®(Ox(Zx +Kz)) £0 
by (4). Lets € H °% ¥(ZK + Kx)) be a generic section, write its effective divisor 
div(s) as dive(s) + S(s), where dive(s) is supported on E. Since Ox (Ze + KZ) 
is numerically trivial, (div(s), E,) = 0 for allu € ¥Y, hence divg(s) € 7%. We 
claim that in fact dive(s) = 0. Indeed, otherwise, by divg(s) > Zmin => E, which 


would contradict (+). Hence necessarily divg(s) = S(s) = 0, and s trivializes 
OF(ZK + KZ). 

For the second statement note that if Zz, = 0 then (X, 0) is ADE (cf. 6.3.3(3)), 
hence it is Gorenstein. Otherwise use the first part. Oo 
Remark 6.4.21 


(a) The above proof can be compared with 7.2.17, which also guarantees that 
certain line bundles are trivial. 

(b) In fact, in the proof of 6.4.18 we show the following. Let 1},/2 € Lso be 
effective cycles, set? = min{l), /2} and7 = max{l;, 2}. Then h!(67)+h'(@) = 
h! (G1,) + h} (@),). (This is an ‘opposite’ matroid rank inequality.) 


In particular, for any 7 € Lio we have h'(G)) =h! (Omin{l,Zeon}) 
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Remark 6.4.22 


(a) Assume that pp # 0. Then h!(@7z,,,) > h'(@z,.,—k,) for any Ey C |Zconl. 
From the exact sequence of 0 > @g, (Ey — Zeon) > OZ eo, > PZeoh—Ey > 9 
we obtain H!(@g,(—Zcon + Ev)) 4 0; by duality H°(@x, (Zeon + Kz)) F 0. 
Thus 


(ZK — Zeon, Ey) < 0 for anyEy C |Zeonl. 


E.g., if |Zcon| = E then Zx — Zeon € -%’. (Compare with the inequality 
from 6.6.16.) 
(b) If X is the minimal resolution, and Ey € |Zcon| then (Ze — Zeon, Ev) < 
(Zx, Ey) < 0, hence (using (a) too) Zx — Zeon € -/’. In particular, in the 
numerically Gorenstein case, either ZK = Zeo;, (when (X, o) is Gorenstein), or 
ZK — Zeon = Zmin- 
Consider the modification x : X’ > ¢ the blowing up of a point qg €_E. 
Set ng) = = Enew.- If g d |Zcoh I then Loe )=n “(Zon S)). 
Otherwise, Zeon ‘ee \<a * (Fat X)) — Enew (compare with the behaviour of 
Zx,cf. 6.3.3(4)). (This can be deduced naturally e.g. via the following picture, 
cf. 6.8.10: Zeon is the largest cycle which equals the pole cycle of a differential 
form on X \ E, hence one has to analyse the pullback of this form.) 


(c 
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6.4.23 Proposition 6.4.18 has the following generalizations. The proof runs simi- 
larly as the proof of 6.4.18, and it is left to the reader. 


Proposition 6.4.24 


(a) Fix a line bundle Z € Pic(X) with h'(X, LZ) > 0. The set Ly := {l € 
Lso : All, LZ) = Al(Xx, -L£)} has a unique minimal element, denoted by 
Zeon(L), called the cohomological cycle of LZ (and of @). It has the property 
that h'(1, LZ) < h'(X, L) for any # Zeon(Z) (1 > 0). 

(b) Fix Z > Oand & € Pic(Z) with h'(Z, LZ) > 0. The setL7z y:={leL,0< 
1<Z:h'(,Y) = h'(Z,L)} has a unique minimal element, denoted by 
Zeon(Z, L), called the cohomological cycle of (Z, L). It has the property that 
hi, Z) < h'(Z, L) for any! # Zeon(Z, LZ) (0 <1 < Z). 


6.5 Base Point Freeness 


We provide several criteria, which guarantee for a line bundle on X to be base 
point free. Then we discuss Mumford’s version of the “Generalized lemma of 
Castelnuovo’, whose output is the surjectivity of a morphism of type H°(.F @ 
LI) @® HL) > H°(F ® L!*") in certain cases. [This is a discussion valid 
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for any singularity, later in the case of special (e.g. rational, elliptic) germs we 
will prove sharper characterizations as well.] & 


6.5.1 We fix a resolution ¢@ : X — X as above. Let ¥ be a sheaf defined on a 
neighborhood of F in X. The base points of ¥ are the points x € E such that 
s(x) = 0 for all s € (b%¥)o. The exceptional component E, is called a fixed 
component of ¥ if any section s € (@,-F)o vanishes along Ey. 

In this section we restrict ourself to line bundles . FY = Y € Pic(X ). Note that if 
& has no base points then it has no fixed components either, and if it has no fixed 
components then c\(.Z) € —.%’. Indeed, since H°(L(—E,)) > H°(L) is not an 
isomorphism, H°(L\e,) # 0, hence degr, (-#) > 0. 


Theorem 6.5.2 (Shepherd-Barron, Laufer [634, Th. 2], [365, Th. 3.1]) Let X 
be the minimal resolution and @ € Pic(X). Assume that c\(2(—2Kz)) € —7” 
then &@ is base point free. 


Proof Let gq € E bea point. We need to show that H° (mg -L) > HY) is 
not an isomorphism, which follows from H lang -Lf) = 0. Leta: Xo = ¥ 
be the blow up at g, and @ the new exceptional divisor. Then, by the Leray 
spectral sequence, it is enough to show H'(X', 1*(L)(—2)) = 0. Let {Fy}, 
be the irreducible exceptional curves on xX , and {E}}y their strict transforms. 
By the theorem of formal functions, we need to prove the vanishing of 
h' (Oc(a*(L)(-0)) = h? (6c (x* (Fo) + C + Kx,))) for all effective curves 
C=ml+ >, mE;,. 

We will use induction on s := m+ )°,, my. 

Assume s = 1. If C = @, then deg,(z*(&@)(—£)) = 1, hence the vanishing 
follows. 


If C = E*, and E, has multiplicity at g, then EB) = 2*(Ey) — 
pl, (C,2) = p, C* = E2 = pr, (C, Ky) = (Ey, Kz) + mw. Hence 
(Cm 2 tC + Ky) = yy) + ES (Ey Ky) + 2a oS 


=p + 26 — (Ey, Kz) + E? < -(u - 1)*, hence the vanishing follows 
again. 

Assume that s > 1 and the vanishing holds for all curves with smaller 
s. Let E’ be a component of C (which will be determined later), and set 
C’ := C — E’. Tensoring the exact sequence 0 > OQ (-—C’) > Oc > 
Og => 0 by m*L(-£), and via Serre duality, we need to show that 
W(Cp (at Lie + C + Kz))) = 0, or, (F’,n* ZY! +24 C4 Kz) 
is negative for a certain E’. Since Ky = m* Kx + £, this number is 
Cr), 2 (Kxz)) + (E", 2€+ C). Finally, via the assumption about &, we need 
a component £’ in the support of C such that (+) —(7,E£’, Kz) + (E’,2€4+ C) < 
0. 

Note also that —(z,E’, K x) <<  O by the minimality of the resolu- 
tion. 

If C is a multiple of 2, then E’ = £ works. So, assume that C is not such a 
cycle. 
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Then, there exists v with (C, 7*(E,)) < 0. Let again be the multiplicity of Ey 
at q be x. Then (E’,, 20+ C) < 2 — (€, C)u. Hence, if (€,C) > 2 then E’ = E}, 
works. 

Hence, assume that (€,C) < 1. We can assume that @ is not a component 
of C, otherwise E’ = & works in (+). The case (€,C) = 0 is also easy: in 
this case C = m*(D) for some effective cycle D, take Ey with (E,,D) < 0, 
then E’ = E), works again. Hence, in fact, we will assume that (€,C) = 
1. 

In this casee C = zx*(D) — € for some effective cycle D of X. Let Ey 
be that component which contains g, hence m, = | and w = 1 as well. 
Note that for any other component E,, of C (u # ov), either (4) holds or 
(E,, D) => 0. But if (E,, D) > 0 for every u # v, then necessarily (E,, D) < 
0. 

Checking E, in the wished inequality, we see that either (+) holds or (E,, D) = 
—land (Ey, Kx) = 0. Since my = 1 and D? < 0, then necessarily we must have 
(E,, D) = 0 for all u # v. Hence, (4) holds again for E/, whenever (£,, Kz) > 
0. 

Hence, the only remaining case is the following: all the components in the 
support of D are (—2)-curves (cf. 6.3.3(3)), (Ey, D) = —1, my = 1, (Ey, D) = 0 
for u ¢ v. But such an effective cycle does not exist (since (D, D+ Kz) = D? is 
even). 

Oo 


Corollary 6.5.3 In a minimal resolution Og(nK¢%) and Cz(nK) are base point 
free forn > 2. 


The proof of Theorem 6.5.2 shows the following fact as well. 


Theorem 6.5.4 ((634, Prop. 4]) Let X be the minimal resolution and L € Pic(X) 
such that c\(2(—Kx)) € —S%'. Assume also that there exists no effective cycle 
D=E,+ Sei myEy, € L (where I Cc V \{v} with my, > 0) such that (E,, D) = 
—land (E,, D) = 0 foru € I. Then & is base point free. 


Example 6.5.5 In general, Oz(K%) can have base points, even base components. 
Take e.g. the hypersurface singularity x? + y? + z!?, whose minimal graph contains 
two vertices, one of them is a smooth elliptic curve E with E* = —1, anda 
(—2)-curve E’. One checks (e.g. by computing the divisors of the three coordinate 
functions) that Zx = 2E+E’, and H°(Oz(—Zx)) = H°(O%(—Zx —E’)). Similar 
fact can happen even if we impose for the link to be an integral homology sphere 
(take e.g. x? + y> +z!” = 0). Both examples show that the assumption in Theorem 
6.5.4 cannot be (totally) dropped (in both cases such a D exists, it is the elliptic 
cycle, cf. Definition 7.2.7). 


Remark 6.5.6 Base point freeness is valid in non-minimal good resolutions as well, 
if we impose for (#, E,) slightly more positivity than in Theorem 6.5.2. For 
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example, by an adaptation of the above proof, & is base point free in any good 
resolution, whenever (2%, Ey) > 2(K, Ey) +2 foranyve ¥. 

The next theorem exemplifies a different type of imposed inequality; in this case 
not only the base point freeness is guaranteed but also the fact that the generic 
section intersects FE transversally. 


Theorem 6.5.7 ((107, 4.1]) Let X bea good resolution and & € Pic(X) such that 
ci(L) £ Oand (Ff, Ey) => (K + E, Ey) +2 for any v € ¥. Then Z& is base point 
free, and the generic section has a normal crossing divisor whose noncompact part 
intersects each irreducible exceptional curve. 


Proof Take the exact sequence 0 > Y(-—E) ~ &@ > L&\|z — O. Then the 
vanishing H'(Y(—E)) = 0 holds from c).f(—E — K) € —.Y%' and 6.4.3, hence 
H°(Y) +> H°(L|z£) is onto. Next, we show that Z| is generated by global 
sections. 

Assume that g is a smooth point of E. Using the exact sequence 0 > Y|¢ @ 
my > Liz > Cy — O, it is enough to show that H\(E, Zle @mg) = 
0. Let Cz be a disc through gq transversal to E. Then H\(E, Zle @my) = 
H'(E, LY(-Cy)|z) = H(E, Z'(Cy + E+ Kx) z)*. Since (1 Y'(Cyg + E+ 
K), E,) < 0 for any v, the vanishing of this group follows. 

Next, assume that gq € FE, 1 E,. Let Cy be again a generic disc in X 
through g, which intersects both FE, and E, transversally. Similarly as above, 
H'(L(-C,)|z) = 0, hence H°(Y|z) > Lie ® Oc, is onto. The local 
presentation of the last group is C[x, y]/(xy,x + y), which admits a natural 
epimorphism to C[x, y]/(x, y) = Cy. 

This finishes the proof that Y is base point free. 

Finally notice that the projective morphism: : E — P% induced by the globally 
generated / is finite. Indeed, assume that 1(F,,) is a point. Then the general 
hyperplane section of P’ misses this point, which implies (%, E,) = 0. But this 
contradicts the fact that (@, E,) > O for any v guaranteed by the assumptions. 
Hence, s € H(X, SZ), which is generic in HE, Z\£), has all the wished 
properties. oO 


Theorem 6.5.8 (Mumford’s ‘Generalized Lemma of Castelnuovo’ [449]) Let X 
be a resolution of (X, 0), and ¥ a coherent sheaf on X. Let £ € Pic(X) be a base 
point free line bundle such that H'(¥ @® Y~') = 0. Then the following hold: 


(a) H'\(F ® L!) = 0 for any integer j > —1; 
(b) H°(F ® L/)@ H°(L) > H°(F @ L!*) is onto for any j >= 0. 


Proof The proof is based on induction over the dimension of the support of .F. 
Assume dim supp (¥) = 0, and set s € H°(Y) such that s(x) 4 0 for all 
x € supp(¥). Then (a) holds by support argument, and H°(.F) @c C(s') > 
H°(F ® Y') isan isomorphism, hence (b) follows too. 
Suppose that we are given ¥, and we already have proven the statement for 
any #’ with (+) dimsupp (¥’) < dimsupp (¥). By the point freeness property 
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there exists a generic section s € H OC?) such that for any x € - (if we take an 
isomorphism “|y ~ O@|y near U so that s becomes a function on U) s is not a 
zero divisor in the stalk ¥, of ¥Y at x. This means that. ¥ > ¥ @ Y, defined 
by f > f ®s, is injective. Tensorised by Z—! we get an injective morphism of 
sheaves ¥ @ L-! + F¥, whose cokernel will be denoted by .#’. Note that (+) is 
satisfied. 

For any j € Z we consider the exact sequence 


03 $Qa fi! Fe vI+F' @LI-+0. (6.5.1) 


This, for 7 = —1, induces an epimorphism H!(.F @ @-') > H'(¥' @ FZ"), 
hence H!(.¥' ® Y-') = 0, and the induction step for ¥’ can be applied. In 
particular H'!(.¥' @ Y/) = 0 for all j > —1, and (a) follows by induction on 
j from (6.5.1). 

Next, consider the following diagram, whose lines are exact by part (a): 


0> HAF @ LI) @ HW(L) > W(F@®L!I@ HL) > H(F' @ Li) @ HL) + 0 


|m- 1 [ms [m; 


o> HF @ Li) 2 WF@LiH) ~ AYF @¥IH) +0 


This induces an exact sequence coker(m j-1) ay coker(m j) > coker(m';) => 0. 
Let 8B : H°(F ® LZ!) > HF ® L!) ® H(L) defined by f + f @s, then 
m;o B =-®s, hence S is the zero map. Since coker(m',) = 0 by induction on the 
dimension of the support, the vanishing coker(m ;) follows too. oO 


Remark 6.5.9 Consider the notations and the assumptions of Theorem 6.5.8. Then 
from its proof the next statement follows as well. Let n := dim supp(.7) and choose 
n + 1 sufficiently generic sections so,...,5, € H°(LZ). Then H°(.F @ L) is 
spanned by H°(.F) @c C(s;),0 <i <n. 


Corollary 6.5.10 Consider the situation of Theorem 6.5.8. Additionally, take 1 € L 
effective such that H'(O(-l) ®.F ®L!*') =O for j = 0. Then H°(l, F@L!)® 
H°(l, Z) > Hl, F ® L!*") is onto for any j = 0. 


Proof Consider the diagram 
H(X, F ® L/) @ H(X, LZ) > HX, F ® Li!) 
1 1 
Hl, ¥ ®L!/)@H(l, LZ) > Hl, F¥ ®!t') 


The first horizontal arrow is onto by the theorem, the second vertical arrow is onto 
by the assumption, hence the second horizontal arrow is onto too. oO 
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The Generalized Grauert-Riemenschneider Theorem 6.4.3, the ‘Base point freeness 
Theorem’ 6.5.2 and the Castelnuovo—Mumford Theorem imply the following. 


Example 6.5.11 Consider the minimal resolution ¢ : xX, 


(a) Consider a line bundle ¥ € Pic(X) such that c1(¥(—jKz)) € A— YQ, 
where j > 3 and A € Lg with |A| = 0, and another one # € Pic(X) with 
c\(2(—-iKx%)) = 0 for some 2 <i < j — 1. Then Theorems 6.5.2 and 6.5.8 
apply for ¥ and 2%. 

Consider the canonical ring 


(b 
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R= On>0(oxO¥ (nKX))o- 


Here, for n = 0, (6«O%)o = Oxo. Then Z& is generated in degrees < 4. 

If, additionally, Oz (Kz) is base point free, then Z is generated in degrees 
<2, 
Assume Zx 4 0. Then, by 6.5.10, the graded ring @n>0H (ZK J, O%(nK¥)) 
is (finitely) generated in degrees < 4. 


(c 
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6.6 The Monoids .“ and .”” 


Partial information regarding the local ring Gx, can be obtained via the monoid 
of divisors (the ‘analytic monoid’) 74, := {dive(f)}feoy, in the presence 
of a resolution X —> X. Even if we fix the topological type and a possible 
resolution graph, in general it is hard to determine -“%,: it depends heavily on 
the analytic structure (see the next Sect. 6.7). This difficulty can partly overcome 
by introducing the combinatorial monoid 7 C Lso with Yan C Y%, its elements 
are the topological candidates for dive(f)’s (see 2.1.17—2.1.18). The extension 
to L’ is the combinatorial monoid .%’. (Its elements play a key role in the 
vanishing theorems and base point freeness criteria as well, cf. 6.4—6.5.) 

In this section we present some properties of .Y and .%’. E.g., we prove that 
for any /' € L’ there exists a unique minimal e(/’) € Lso such that s(l/) := 
I'+e(l') € S’. This s(/’) can be found by a ‘Laufer type’ computation sequence, 
whose generalized versions will constitute the key tool in many proofs of the 
present book. Along such sequences one can run optimally inductive arguments 
regarding the behaviour of the cohomology groups. 

As a particular case, we also define Artin’s fundamental cycle Zj, and the 
algorithmic Laufer combinatorial sequence, which detects it. & 


6.6.1 The monoids .Y and .7’ are combinatorial objects associated with a fixed 
resolution graph I’, cf.2.1.17. We list here some additional properties. First we 
prove that they are closed with respect to taking the minimum of elements in the 
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same H-class. (Note that for /|,/, € L’ it can happen that min{/;,/4}, defined in 
L @Q, is notin L’.) 


Lemma 6.6.2 For any fixedh € H set Li, := {l'€ L’ : [I')=h}. 


(a) If l,l, € Li, thenl’ := min{l), 15} € Li, too. 
(b) fl, 1, € 7! OL, then’ = min{I',,)} €.' OL, too. 


Proof 


(a) U =ry_pt+min{l) — rn, l — rn}. 
(b) Write l! = 1' + 1; for some J; € L>o. Then for any fixed v, Ey ¢ |/;| for at least 
one of the i’s. Therefore, (J', Ey) = (I; —1), Ey) < (-li, Ey) < 0. 


Proposition 6.6.3 Let X > X bearesolution of (X, 0) as above. 


(a) Foranyl' € L' there exists a unique minimal element e(I') € Lo with s(U) := 
l’+e(l) € SH. (Hence —I' is the sum of the integral effective cycle e(l') and of 
the numerically effective cycle —s(I'), with e(I') minimal.) 

(b) e(l') can be found by the following (generalized Laufer’s) algorithm. One 
constructs a ‘computation sequence’ zo, Z1,..-,2Z € Lo with z = 0 and 
Zit. = Zi + Ey, where the index v(i) is determined by the following principle. 
Assume that z; is already constructed. Then, if I' +z; € ', then one stops, and 
t = i. Otherwise, there exists at least one v € V with (I! + z;, Ey) > 0. Take 
for v(i) one of these v’s. Then this algorithm stops after finitely many steps, and 
Zz = ell’). 


Proof 


(a) Since TI is negative definite, there exists at least one effective cycle 1] € L with 
l’+le #' (take e.g. a large multiple of some x with (x, Ey) < 0 for any v). 
The uniqueness of minimal / follows from 6.6.2. 

(b) First we prove that z; < e(/') for any i. For i = 0 this is clear. Assume that it 
is true for a certain i but not fori + 1, i.e. Ey@y ¢ le’) — z;|. But this would 
imply (+ z;, Evy) = (sl), Evay) — (eU) — zi, Eva) < 9, a contradiction. 
Now, since z; < e(l') for any i, the algorithm must stop, and z; < e(/'). By the 
minimality of e(J') one gets z; = e(I’) too. 


oO 


The vanishing theorems 6.4.3 and 6.4.10 create a special interest in line bundles 
with c(Z) € —S%". 


Corollary 6.6.4 For any @ € Pic(X) take cy := c\(L@) and e := e(—c). Then 
c1(2(—e)) = —s(—c1) S' and 


hl(L(-e)) — A (L) = x(@(c1)) = x(e -— 1) — x(-e1) <0. 
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In particular, the computation of any h'(L) can be reduced, modulo the combina- 
torics of L, to the computation of some h'(Z') with c\(Z') € — SF". 


Proof Let {z;}; be the computation sequence of e(—c,). For any 0 <i <t 


O= Atti) — Sen) Sale > © 
is exact with (—cj + z,Evyqa)) > 0, hence h°(L(—zi)l evi) = O and 
hl (Y(—z41)) — h' (L(-zi)) = x(-e1 + 241) — x(-e1 + zi) <0. Oo 


Example 6.6.5 If 2 = @x(—I') for some I’ € L’ (cf. 6.2) then 6.6.4 reads as 
h' (6% (-s(1'))) = h' (6% (-1')) = x(Geun(—-l’)) = x(s’)) — x’) < 0. 


Remark 6.6.6 Fix any system of integers {ay} yey and set L’{ay}y := {l' € L’ : 
(l', Ey) < a for any v}. If each ay is sufficiently negative then L’{a,}y is in the 
Grauert-Riemenschneider vanishing zone Zx + -¥’, hence h!(Y) = 0 for any Z 
with —c,(L%) € L'{ay}y, cf.6.4.3. More generally, for an arbitrary {ay},eyv, using 
similar sequences as in Proposition 6.6.3 connecting L'{a,} with Zx + .%’, one 
proves that there exists a topological constant c = c({ay}yev) such that hl(f) <c 
for any & with —cy(L) € L’{ay}y. See also [129, Lemma 2.4]. 


The next consequence of 6.6.3 is the existence of the fundamental cycle. 
Corollary 6.6.7 


(a) [27, 28] S \ {0} has a unique minimal element Zmin. 

(b) [359] Zmin can be found by the following ‘Laufer’s algorithm’. One constructs 
a computation sequence Z\,..., 2: With z1 = Ey (arbitrarily chosen), and 
Zit) = Zi + Eyqy, where the index v(i) is determined as follows. Assume 
that z; is already constructed. Then, if z; € 7%, then one stops, and t = i. 
Otherwise, there exists at least one v € V with (z;, Ey) > 0. Take for v(i) one 
of these v’s. Then this algorithm stops after finitely many steps, and Zz} = Zmin 
(independently of all the choices). 


(More generally, one can start with an arbitrary z, withO < z1 < Zmin and |z1| 
connected, then the very same algorithm gives z; = Zmin, and 6.6.9(b) also holds.) 


Definition 6.6.8 The cycle Zmin € Lso has several names in the literature: 
minimal, fundamental, or Artin cycle. Here we will adopt the name ‘fundamental 
cycle’. 

The sequence from (b) is called the Laufer’s computation sequence for Zin. 


Remark 6.6.9 


(a) Since I” is connected one has Zmin > E. The equality holds if and only if 
Ky < —E? foranyve VY. 
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(b) Induction along the computation Bequente of Zin, proves H°(62z,;,) = 
H°(6@,,) = {constants} + C, and h!(@z,,,,) = 0, A! (GE, (—zi)). This last 
identity shows that h!(@z,,,,,) = 0 if and only if I” is a tree of smooth rational 
curves and (Ey), x;) = 1 forall 1 <i <t. 

(c) Assume that the resolution is minimal and (X, 0) is numerically Gorenstein. 
Then, by 6.3.3, Zx € %. Hence, either Zx = Oor ZK > Zin. 

(d) If l,l € FY andl, > Ip > 0 then I? < (1,12) < 5 < 0. Hence I? < 7 yn 

(e) If the ee X’ dominates anihe: accion x, xm: XxX’ > , then 
u*(Zmin) = 2 nin 

(f) The integers Zz jin? X(Zmin) and minjey., X (/) are independent of the choice of 


the resolution, they depend only on Ly. 


Remark 6.6.10 
(a) Let my,, be the maximal ideal of Oy. Since dive(f) > Zmin for any f € mx,o, 
we have mx,o = (Ox (—Zmin))o. Therefore, for any integer k > 1, 


my 4 C be OR(—kZnin))o- Caan 


(b) Assume that X is the minimal resolution, Zx # 0 and fix an integer r such that 
rZx € L. By 6.5.1 1(a), for any integer n, 


bx(O%(—31ZK)) 0 @ bu(OZ(—2WZ KO" > b(OZ(—G + 2n)rZx))o 


is onto. Since ¢,(@x(—arZx))o C my,o fora = 2,3, we get that 
ox (OZ(—@3 + 2n)rZK))o C my. Choose an affine function n b k(n) 
such that k(2)Zmin > (38 + 2n)rZx. Then 


bx(Ox(—k()Zmin))o C my). (6.6.2) 


(For the case Zx = 0 see Theorem 7.1.17(a).) 

In (6.6.1) and (6.6.2) Zmin can be replaced as follows. Fix any non-zero element 
l € S. Since there exist integers a and b such that al > Zin and DZmin = 1, 
we get that there exist two affine functions k +» a(k), b(k) such that for any k 


(c 
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m0 C b(OZ(-KD))o,  be(OZ(—BKID)o C mi, ,. (6.6.3) 


Lemma 6.6.11 ((661]) Fix a resolution X of a normal surface singularity (X, o). 


(i) If 0 <1 < Zyin then x (1) => x(Zmin). 
(ii) If 0 < lle S Zmin and x() = x2) = X(Zmin) then 1 = min{ly, 1} 
satisfies x (1) < x(Zmin). 
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Proof For (i) use h°(Gz,,,,) = 1 and h'(@)) < h'(Gz,,,,). For (ii) apply (i) for 
1, +l. —l and use the identity x(q) +h—-) = x0d)+xh)-xO-h-Lb-D. 
| 


With the notation of (ii) above, if x(Zmin) < 0 then / ¥ 0, hence by (i)-(ii) x (J) = 
x(Zmin). The same property holds even if x (Zmin) = 0, see Proposition 7.2.8. 

Therefore, whenever x (Zin) < 0 we get a unique positive cycle C with C < 
Zmin and x(C) = x(Zmin) such that x (J) > x(C) for anyO0 <1 <C. 


Definition 6.6.12 ({661]) C is called the characteristic cycle of the resolution Xx. 


Characteristic cycles were first introduced by Karras in the context of Kodaira 
singularities (cf. Sect. 6.7.A), our presentation follows the thesis of J. Stevens [661] 
about Kulikov singularities. (Later Tomaru also considered them under the name 
“minimal cycle’ [694].) 


Remark 6.6.13 Set Lminy = {1 € L : x() = min x}. Similar proof as of 6.6.11 
shows that if /},/2 € Lminy then min{/),/2} € Lminy as well. Hence Lyin has a 
unique minimal element. 


6.6.4 The Representatives rj, and sp 


Any h € H has unique minimal representatives r, € LL, and s, € %. 
The two representatives are involved in rather different geometric constructions: 
e.g. rp is motivated by the eigensheaf decompositions of the universal abelian 
covering (see e.g. 6.2.9), while sj, is motivated by vanishing theorems (hence in 
h! formulae, e.g. as in 7.1.12) and also its appearance in the reduction of the 
lattice cohomology to the first quadrant (see 7.3.A and Proposition 11.1.26). 

The rational cycles rj, and sp, are rather arithmetical, it is very hard to identify 
them concretely. In this subsection we determine them for strings and star- 
shaped graphs together with the values x(r;,) and x (s;,) (needed later e.g. in 
the verification of the Seiberg—Witten Invariant Conjecture). & 


6.6.14 Recall that for any h € H, rp, € L’ is the minimal representative of h 
([rn] = h) in the cone L4.y. Replacing the cone L‘, by .7’, by 6.6.2 we obtain the 
following. 7 7 


Corollary 6.6.15 For any h € H consider all the representatives l' + L € L’ of h. 
Then (l' + L) N.S has a unique minimal element sp. 


Clearly so = 0, and sy > rp. Strict inequality might appear (take e.g. the lens space 
L(8,5)). Moreover, sy = rp if and only if rz € -%’, otherwise s, = s(rn) in the 
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sense of 6.6.3. Using the algorithm from 6.6.3(b), or 6.6.5, we obtain 


xX (Sn) < Xn). (6.6.4) 


Even at Euler-characteristic level, strict inequality can appear, see 6.8.19 and 7.1.21. 


Example 6.6.16 Assume that H'(X, Z) = O and X is minimal, hence Zx > 0. 
Let rpz,] and sz, be the two representatives of h = [Zx] € H. Consider 
the computation sequence aaa ZO = MZk]> Zt = S[zx], which connects 
them, cf.6.6.3. Then h! (Oz%-z;) is constant along the sequence. In particular, 
h' (O25 -s2,¢)) = (Oz 1) = Pg, f.6.4.7. Hence Zeon < ZK — 5[Zx)- 


6.6.17 The two representatives rj, and s;, are involved in many geometric construc- 
tions, formulae (and their roles and appearances might depend on the geometrical 
situation). The next examples provide key information needed later, and also show 
the interplay between the two representatives. 


Example 6.6.18 (sp in the Minimal Resolution of a Cyclic Quotient [478]) 

We will use the notations of 2.2.8 and 2.3. In the verification of several statements 
the identities (2.2.4) will be very useful. Clearly L’/L = H = Zp, and [E*] is one 
of its generators. Indeed, [E;*] = [ni+1,sE3]in H forl <i<s. 

For any 0 < a < n we write s[ae*} = >} a EF, where aj > 0 for any i. 


Next, we clarify the relationship between a and the system E(a) := (a1,..., ds). 
We claim that the integers a), ..., ds satisfy 
L L 

So ng. t-141 <n and nes a; <n (k <i). (6.6.5) 

t=k tok 
Let us verify the second inequality. We set chi := ng — yo nr+1,iat. Then 
Ck,k—1 = 1, and we wish to prove that cy; > O. We run increasing induction on 
i starting with k — 1. In the inductive step we assume cx; > 0 for allk —1 <t <i. 
Let] := | Ck,t-1E;. One verifies that (StaE*] —1, E,) < Oforally 4i+1. By 


the minimality of sta E*) we must have (sta Et] — 1, Ej41) > 0, showing, in fact, that 
Cki+1 > 0. 
We separate from this set of inequalities the following system: 


(ST) aj =0, ..., ds > 0 
Nk+1,sAk + Nk42,sdk41 +++: + Nssds—1 +s < ngs foranyl <k<s. 
We claim that this system determines all the possible combinations (a, ..., ds). 
Indeed, the integer a can be recovered from (a1, ..., ds) as 


a = N25, +3542 +--+ + NssAs—1 + As (6.6.6) 
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(since [Ex] = ng+1,s[EF]); while any 0 < a < n determines inductively the entries 
a\,...,ds by 


k-1 
[- i= ae At+1,s4t 
ak = SET 


| (1 <k<s). (6.6.7) 
Nk+1,s 


It is a curiosity that the system (SI) can also be interpreted in the language of 


‘generalized’ continued fractions. For any | < k < s write rg := ngs/Nk+1,5. 
Then 
S 
as—-1 + — 
7 
ahauels . 
ay+ 
a r2 
== SS ._ 05a <n). 
n r\ 


as 


The inequalities (SI) imply that all the possible fractions 7 (ds-1 + 
a) /‘s—1,-..,a/n in the above expression are < 1; and this property guarantees 
the uniqueness of the entries (a1, ..., ds). 

It is easy to identify some combinations F(a). E.g., 


S AY 
Se—DE = Tepe = —EF + 0 Ee = 1 — NET + Ge — DEF. 
k=1 k=2 
Starting from this, the set {E(a) = (a1,...,as), 0 < a < n} can be generated 


inductively as follows. Start with E(m — 1) = (b} — 1, b2 —2,..., bs — 2). Assume 
that E(a) = (a,..., as) is already determined. Then, if a; > 0, then E(a — 1) = 
(a1,..-,4s—1, as — 1). If ag =--- =as = 0, but ax_; ¥ 0, then 


E(a—1)= (a,..., @x—2, 4k—1 — 1, be — 1, beg — 2,..., Bs — 2). 


In particular, 


S 
S(a—1E$] — Stas) = —Ef_y + (be — DEE +--+ + Gs — DEP = ES +_ Ey. 
t=k 
(6.6.8) 


In order to prove this fact compare the system of identities (6.6.7) for a anda — 1. 
Next, we are interested in the computation of x (sta E*}), a formula which is 

needed later. Note that -Zx = Ej + Ef — E (ef. (6.3.1)), hence xX(-EX) = 

—(Ef, Ef +Zx)/2 = —(E}, E—Ej{)/2 = (n—1)/2n (use 2.2.5(5)). Furthermore, 
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the inequalities also guarantee that the integral and fractional parts of aq’/n are 


Ss 


[aq!/n] = Y~aynys1s—1 and {aq!/n} = ()-aymy-1)/n. (6.6.9) 


t=1 


This can be proved as follows. Using (6.6.6), for the first part we have to prove 


s 
Ni s—-1 

So niis—14r < 

t=1 


S 
< Yo arnisis—1 +1. 


This follows from the identities of type (1) mr41,5 -1,s—1 = M+ Me41,5—1 + 1,t-1 

(as particular cases of (2.2.4)) and the first inequality from (6.6.5). The second part 

follows from the expression of [aq’/n] and the identities (+) used again. 
Therefore, using a, = --- = ds = 0 and (6.6.8), we obtain 


ani n-1 aq’ 
X(St(a— pea ~ 106m) =~ et = =--- {=}. (6.6.10) 


By summation, for any 0 < a < n we obtain 


X(Sjaze]) = —>—— +L le=3 = oo), (6.6.11) 


tI | 


(One gets a symmetric version by replacing E¥ by Ej and q’ by qg.) By summation 


n—-1 
> x(sn) = 7 8G). (6.6.12) 
h 


Example 6.6.19 (rp in the Minimal Resolution of a Cyclic Quotient) 
Clearly, r; = {sn}. Also, since aE* = =F ay", n1,i-1 Ej, we get 


rae = > {a-nii-i/n}E; (<a <n). (6.6.13) 


i 


(The interested reader can verify that the two formulae provide the same output.) 
Although the expression (6.6.13) looks simple, it also suggests some possible hidden 
arithmetical properties of the collection (rife, of the coefficients of r, = par 7; Ej. 
We exemplify this by the computation of H O7X , O(-rp)). 

First, let us see what kind of answer we expect. H(X, O(—rp)) is the e2714/"- 
eigenspace or Tes; z2] under the action € «(z1, z2) = (€z1, €%z2), that is, the vector 
space C(zkzé : :k>0, €>0, k+ lq =a (modn)). If we setk+lqg =a+mn, 
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then the parameter set of the monomials is 
{(m, €) € Zo, a+nm — lq = 0}. (6.6.14) 


Next, we compute H(X, O(—rp)) using the affine charts {Ui}3_ of X from 2.3.1. 
The transition functions connecting the different trivializations H %U;, @(—rn)) X 
C[u;, vj] can be determined as follows. We identify H %(U;, G(—rn)) formally 
with monomials (with rational exponents) of type a vi Clui, vj], where rp = 
rs41 = O, such that the coordinates (u;, vj) transform as in X (cf.2.3). E.g., the 
section v9 +4 transforms under the coordinate change up = ie vo = Uji! 
into vu} nn a a u''. Hence the transformation C[uo, vo] + C[w1, vi] is 


£ byrj—rg+b\m—L um 
Ug Up > Vy . More generally, vg! ui, in U; reads as 


A iTi—rigitnyim—nz il ny i-iri—ritmsi-1m—ngj-1£ 
i i . 


Since r; = a/n and by (6.6.13) ri41 = {a -1,;/n}, we obtain 


Ni) — Vig) =a-nyi/n—{a-nyi/n} = [a-nyi/n] =[n1,ir1] € Zso. 


In particular, for (m, €) € 229, vr ub extends to a regular section if and only if 


(*j) Nit) —Vigd tnyim— nz il > 0 


for alli = 0,1,...,s. This, for i = s coincides with the previously obtained 
(6.6.14); hence we expect that the collection (;) is the consequence of («;). This 
is indeed the case, and in fact, (*;) implies (*;-1), whose verification is left to 
the reader. (The slightly more complicated case of star-shaped graphs is detailed 
in 6.6.21.) 


Example 6.6.20 (sp in a Minimal Good Star-Shaped Graph) 
We will use the notation of Sect.5.1, and we assume g = 0. For each leg j 
(<j <v)let ni, be the substring determinant nj, introduced in 2.2.8. We write 


vp Sj 
sn = anE§ + )) > aj E%,. (6.6.15) 
| 
To the collection (aj1,..., @js Py) we associate (similarly as in 6.6.6) the integer 


aj = md 5 ait. (6.6.16) 


t>1 
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We emphasize that 


> ajrEj, — aj Ejs, € L, and it is supported on the leg j. (6.6.17) 


t 
The integers {a0; aj;} ;,, Satisfy the following inequalities: 
ay = 0; ,ajn = 0 d<j 


(ST) Gjk = VyskMs15/4it <Mes, ASI 
1+ao— tbo +>; [==] < 0 for any £ > 0. 


v, 1<k<sj;); 


= 
<v, l<k<syj); 


The first two sets of inequalities follow similarly as (SJ) in 6.6.18. For the last one, 
we proceed as follows. For any £ > 0 we define y(¢) := €Eo + a ujRE jr € L, 
where , 


J mi Loagd: ~ m 
fny,, + aj1 Uj1N3,, + Aj2 Uj,s;-1 + Gj,s; 
uj = |—S— |, uj2 = | —T—_} --- Hi.) = | >  |- 
N- N- N35; 
1s; 2s; S75] 


(6.6.18) 


Consider // := sj, — y(€). Then (I, E jx) < Ofor any 1 < j < vand1 <k <sj. 
Indeed, by the definition of u jx one has WjkMis, < a a r + ajx. Using 


J ped J Fi age. ' io 
ys, = Oj ELL 5; — Mh42,5; ANA A jk = p11 5,4 jk + Aja+1 We get 
Jj os J 
A jk — Uj k-1 — DjkU jk S UjKM 2,5, FAI K+D/ Mp1, 5) 
Hence, the left hand side is less than or equal to the integral part of the right hand 


side, which is uj x41. Therefore, since /’ = sy, — y(€) € s, + L and y(€) > 0, by 
the minimality of s, we must have (/' ; Eo) > 0. 


Note that from (S1) aj; = aj, < My, = a;. Hence we obtain a ‘reduced system’: 
P a =0;, a; >aj =0 dsj<v); 
1 ree 
(Stred) 1+ a9 —fbo +; [| <0  forany£> 0. 


The correspondence between the integral solutions of the two systems of inequalities 
(ST) and (SI-eq) follows from the corresponding statements at the level of 
strings, cf. (6.6.6) and (6.6.7). (Note that the determinant of the j-leg is exactly 
aj.) 

In fact, the following sets are in one-to-one correspondence: 


(1) the representatives {s;}neH; 
(2) the set of integral solutions {ao; a jx} jx of (ST); 
(3) the set of integral solutions {dao; aj, ..., dy} of (ST-eq). 
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Till now we proved (1) => (2) © (3). (3) = (1) follows from the next 
statement. 


Fact For each co > 0 and collection {ej}"_, with aj; > cj = 0 consider the 
integers cjx =O satisfying (6.6.16) (with ‘c’ instead of ‘a’) determined uniquely 
from cj by similar identities as (6.6.7). Consider cn := coE + ar cj E%, € 
So Tf ch is not minimal in (ch + L) NS, then for some € > 0 one has 


lw; +c; 
1 +¢9 — tbo + [|] > 0. 
: j 
J 


The proof runs as follows. Define the integers cj,, and for any € > O the 
integers uj, similarly as in (6.6.18), but now from the coefficients cj, (instead 
of ajx). Also, set y(€) := Eo + ay ujrE jx. Then (a) the Eo-coefficient of 
y(€) is € and (b) (cn — y(€), Ejx) < O for any j,k (for this repeat the previous 
proof). The point is that for any fixed @, y(¢) is the unique maximal effective 
cycle which satisfies both (a) and (b). (This can be proved similarly, or using 
Proposition 11.3.13.) 

Now, consider cy, and assume that it is not minimal in (c, + L) NW’; hence 
there exists x € Lo with cy = sp + x. Let @ be the Eo-coefficient of x, 
and take y(£) associated with cy, as discussed above. Then both x and y(£) 
satisfy (a) and (b), hence by the maximality of y(€) we get x < y(€). Since 
y(0) = O and x > O, we get that ¢ > 0. Next, (s, + x — y(t), Ejx) = 
(ch — y(), Ejx) < 0, and also (sp + x — y(€), Eo) < O since y(€) — x is 
effective supported on the legs. Therefore, s, + x — y(€) € -%’, and by the 
minimality of s, we obtain x = y(€). But then 0 > (Eo, sn) = (Eo, ch — y(£)). 


Next, we determine the values x(s,). Assume that s, corresponds to 


the set {a9;a1,...,a)}, and a; > O for some j. Let s,- correspond to 
di 
{ao; a1,...,aj-1,aj — 1, aj+1,..., av}. Then, similarly as in 6.6.18 (see (6.6.8)) 
we obtain 
Sj 
She = Sh — Ly + a E jt, and a j; = O fork; StS Sj. 
t=kj; 
Hence 


X(Sy=) — X(Sh) = X(—Ejg,) + (Sn Ejs,)- 
In the last sum replace sj, by the sum from (6.6.15). By (3.5.2) the agE term has 
contribution ag/(ea;). For aleg j’ 4 j, (YO, ajrE* E*, ) = (aj E*,._) because 


jt? j j'sir 


of (6.6.17), hence it contributes with aj//(ea jj’). Finally, from 2.2.2) and (3.5.2) 
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(E%,, E%,.) = miyy,,/(eoj) — nj,-;/aj. Therefore, similarly as in (6.6.10), 


X(Sp-) — X(Sn) = X(-E}, D+ (+E) |S} 


aj 
By (3.5.2) and (6.3.6) we have 
Mr fee ee (ao) = 2 — Ba sy 
-~-+—-—> a =-—- , 
Bs 2° Qa; Dea®? = * 9e 2 
Hence, an induction by decreasing (a1, ..., a,) to (0,..., 0), and via the notation 
= (ao + Yi 4j/0;)/lel|, we obtain 
es ea” 

— x(n) = - >> 3 (= 4), (6.6.19) 


Example 6.6.21 (rj, in a Minimal Good Star-Shaped Graph) 

In general, r, = {s,}, or, it is the fractional part of any representative of 
h. Nevertheless, similarly as in the string case, we wish to emphasize some 
compatibility properties among the coefficients of r,, which from these general 
statements cannot be seen. Let us write ry = r9 Eo + pare rj; E j;, and we consider 
also the dual representation ry, = agEo a dis 7 Aji E’ ve Similarly as for s;, we define 


the reduced coefficients too by aj := >); n! Aji ape <j<v). 


i+1,s; 
Since for any j the following identity holds 


i 
J Jj = Jj 
>] Byatt ag ny ;Ej = ny EO = ya Pe, (6.6.20) 
k=1 


we get that —rj i441 + a Tila ns 70 € Z, hence for any j andi 


ryigi = {ni jrj1 — nd, ;ro}. (6.6.21) 


In particular, all the coefficients are determined by ro and {rj,1};. Further- 
more, (6.6.20) for i = sj; intersected with r_ (the left hand side with 
roEo + 20 ;,; rj £ji, the right hand side with apEj +) ;,; 4ji£;;) gives 


sj 
j 
ajrj1—ejro= > nhs aie = aj. (6.6.22) 
k=1 
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Next, assume that (X, 0) is a weighted homogeneous singularity, X is its minimal 
good resolution. Let us compute H 0X , O%(—rp)). This computation leads also to 
the equivariant Poincaré series of the universal abelian covering. (Such a description 
is not provided by the Dolgachev—Pinkham theory, and the next computation of the 
equivariant Poincaré series is different from the one given by Neumann in [506]. 
For a discussion in the spirit of [506] see 8.1.B.) 

Consider the special analytic plumbing from 5.1.36. Consider non-negative 
integers £, mj;, k, and the section 


gi= u | [(vo = pjy"ive € H°(Uo, O(—rp)). 
J 


By similar computations as in 6.6.19 for the transitions function of the line bundle 
O(—rpn) we get that g extends regularly to U_; if and only if 


k+ "mj < bol + (—rn, Eo) = bol + ao. (6.6.23) 
j 


Similarly, along the j-leg, g has a regular extension in U;,; if and only if 
(« 2) ni (mj +rj1)—n3,(€ +10) — rj i41 = 0. (6.6.24) 


We show that (+ ;,;) implies (*;,;—1). For this it is enough to show that for ¢ > 0 


J eee J j . - 
pes a) oe mth) " ny; +10) — 1 aria try, 


j = j 
Ny i M1 i-1 


(6.6.25) 


Note that by (6.6.21) one has ni} 170 _ he aria + 7rj,i = —k, where k := 
[—n3 ;-170 + nt ;_17j,1]. If one rewrites the inequality in terms of k and one uses 


ny ;/n}; > n4,;_,/M},;_1, the inequality (6.6.23) follows. 

In particular, only the restrictions (*;,;;) are relevant, namely aj(mj + 1rj,1) — 
wj(€ +10) = 0. This, via (6.6.22) reads as ajmj = wjt — a;. Using (6.6.22) we 
have a; < aj, hence the restriction for m; is 


mj = [(@jl —aj;)/a;| = 0. (6.6.26) 


Let us fix @, the exponent of uy in the expression of the section g. The universal 
abelian covering has a natural C* action, hence the eigenspace H %X , O(-rn)) 
admits a C* action too. The homogeneous elements of @x,,, are graded by their 
vanishing order along the central exceptional curve in the minimal good resolution 
of (Xq, 0). Sections ¢g with fixed £ correspond exactly to the o(€+79)-homogeneous 
elements of Cx,,o, cf. 6.2.12 (see also 8.1.B and 8.6.13). In the next paragraphs 
we will use the index @ for them. 
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The inequality (6.6.26) shows that the minimal mj; is [(@jt — aj)/aj;], 
and (6.6.23) shows that the maximal uvp-degree is bo£+ao. Therefore, the dimension 
of H°(X, G(—rp))¢ is 


dim H (x, O(—rn))e = max{0, 1+ N,,(£)} (€ = 0), (6.6.27) 
where 


ot ar) 


Oj 


Np, (€) == bol +40 — > | 


j 


Assume that sy, > rp, set A := sp — rp, and let Ap be the Eo-multiplicity of A (ie. 
Ao = —(A, E>)). We claim that 


dim H°(X, O(—rn))e = max{0, 1+ N,,(€)} =0 for < Ao. (6.6.28) 


This _is compatible with the fact that the inclusion H(X, O(—sn)) Cc 
H(X, O(—rp)) is an isomorphism (by 6.6.4 and its proof, see also (8.2.8)). 

This claim (6.6.28) can also be proved as follows. 

Assume that sy := daoE) + i Gi Ei and set Ns, (€) = bol + ao — 
yy r E —_ |. Since sy; — rp_ is an integral combination of elements of type 


Ej — ajE*, and boEG — vi wjE*. , one obtains that Ns,(€) = N,,,(€ + Ao). 


JSj 
Assume that | + N,,(€) > 0 for some £ < Ao. Then 1 + Ns, (€) > O for some 
£ < 0, a fact which contradicts (SJ,¢q) from 6.6.20. 


For the corresponding statement at h!-level see 6.8.19. 


6.6.B The ‘Local’ Zariski Decomposition 


Besides l’ +> s(l') € (or the decomposition s(l’) = l’ + e(/')) there is another 
universal cycle associated with any I’ € Lg = L ® Q provided by the so-called 
‘Zariski decomposition’ sz (I!) = l' + ez(l’). Originally it was defined for cycles 
on a projective smooth surface [782]. For the local version see e.g. [210, 727]. 

For any fixed /’ € L’ the advantage of sz(I’) compared with s(/’) is an additional 
orthogonality property. On the other hand, its disadvantage is that in general 
@(—sz(l')) (as a natural line bundle) is not well-defined—since s7(/') does not 
necessarily belong to L’—, but even if sz(I') € L’, G(—I') and G(—sz(I')) can 
hardly be compared, since s7(/') — /' in general is not an integral cycle. & 
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6.6.22 The local Zariski decomposition is defined as follows. Below La>o9 := 
Qs0(Ev) vey and Wg is as in 2.1.17 (though in this subsection one can replace Lg 
by Lp with the same output). 


Proposition 6.6.23 Let X > X bearesolution of (X, 0) as above. 


(a) Foranyl' € Lg there exists a unique minimal element ez(l') € Le,>0 with 
sz(l') := I! + ez(l') € Sg. That is, —l' is the sum of the rational effective 
cycle ez(l') and of the numerically effective rational cycle —sz(I'), with ez(U) 
minimal. 

The rational cycles ez(l’) and sz(l') from (a) satisfy the following additional 
orthogonality property: (Ey, sz(l')) = 0 for any Ey from the support of ez(l'). 
In particular, (ez (I'), sz(I')) = 0. 

The rational cycles ez(l') and sz(l') from (a) satisfy the following universality 
condition as well: There exists a unique decomposition of —l' into €z(I') + 
(—sz(l')) with €z(l') € Laso, Sz’) € %q, and (Ey, Sz(l')) = 0 for any 
Ey € ez). 


(b 


eS 


(c 


~S 


Proof Part (a) follows similarly as part (a) of 6.6.3. In fact, sz(I’) is the unique 
minimal element of the intersection of convex real cones (/' + La.>0) NAR. 

For (b) fix some E, € |ez(I’)|, and note that for t € Qs0, 0 < t < 1, the rational 
cycle ez (l') —t Ey is still effective, and s; := sz(')—tE,y is still in -7@ provided that 
(E,, sz(l')) 0. Hence (Ey, sz(I’)) = 0 necessarily by the minimality of sz(/'). 

(c) Take such a pair @z and Sz. Then by (a)-(b) €z > ez. Choose Ey € |éz —ez|. 
Then (Ey, @z) = (Ey, —l') => (Ey, ez), hence (Ey, €z — ez) = 0, which implies 


(€z — ez)” = 0. This can happen only if @z = ez. oO 
Corollary 6.6.24 


(a) ' < sz’) <s(U). 

(b) ez(nl') =n- ez(U) and sz(nl') =n - sz(l’) for anyn € Zso. 

(c) For anyl € L’ choose 0 € Zxo such that ol! € L ando-+sz(l) € L. Then for 
n=ok+q,k,q € Zso 


nl! < ql' + ok-sz(U) < sz(ql’) +ok- sz’) = sz(al') < s(nl’). 
Hence, for any I' € L' the inclusion induces an isomorphism 


H°(X, O(—ql' — ok -sz(l'))) > H°(X, @(—nl')). (6.6.29) 


The isomorphism (6.6.29) can be used to determine the qualitative asymptotic 
behaviour of n > hn(X , G(—nl')). For this we need the following facts. 


Lemma 6.6.25 
(a) Consider I, € L' andl =o. gnvE} € S with J CV, ny > 0. 
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If ¥ = V then A(X, O(-I,, — kl)) = 0 fork > 0. If ¥ # V then there 
exists xX = ens mMyE, € Lso, with h'(X, O(-I, — kl — x)) = 0 (for 
k > 0). In particular, 


A(X, 6-1, — kD) = Ah (x, 6.(-, — kD) = hx, AV™), 


where M,N € Pic(x) with WY numerically trivial. 
(b) [130] Assume that x € L39 and 4, N € Pic(x) with NW numerically trivial. 
Then k +> h! (x, WN ®*) is periodic for k > 0. 


Proof (a) The statement for 4% = VY follows from 6.4.3. In the other case choose a 
cycle x supported on V \ ¥ such that (x + 15 — Zx, Ey) < 0 forall v ¢ %. Then 
use 6.4.3 again. Part (b) is proved in [130, Theorems 8]. oO 


Example 6.6.26 With the above notations assume /' € L’ and writen = ok +q with 
0 < q < o. Then, from (6.6.29), by the cohomology exact sequence of a sequence 
of type0 > Y(-y) ~ Y —> L\y — O and Riemann-Roch formula one gets 


A(X, Ox(-al') _ H°(X, 6%(—ql')) 
H(X, O%(—nl’)) H(X, Ox (—ql’ — ok - sz(U’))) 


= x(ok-sz(U')) — (ok-sz(U’), ql’) +h! (Og (—ql')) —h (X, 6% (—ql' — ok -sz())). 
Note that for each fixed g the expression 
x(ok - sz(U')) — (ok sz('), ql’) +h! (6%(—q!')) 


is a polynomial of degree 2 with quadratic part —n*sz(I')?/2. Furthermore, for each 
fixed g, the expression h!(X, O%(—ql' — ok - sz(I'))) is periodic for n > 0. 
This can be compared with a similar identity applied directly for nl’, namely 


H°(X, Ox(—ql')) _ 


ee x (okl')—(okl’, ql’) +h! (6% (—ql’))—h (X, Cx(—nl')). 
e4XN 


dim 


In x(okl’) the leading quadratic part is —n*/’7/*, which equals —n?(sz(I/)* + 
ez(I')*)/2. Therefore, if l/ ¢ .Y’ then (by comparison of the above two asymptotic 
behaviours) n b> h(x , O%(—nl')) has a quadratic asymptotic behaviour with 
leading quadratic term —n*ez(I')*/2 (which is nonzero whenever I’ ¢ 7’). 

If’ eH thennt Al(X, O%(—nl')) is bounded, cf. 6.6.6. 


For more regarding the local Zariski decomposition and asymptotic behaviours 
of cohomology groups see [727, §1], or [129, 130, 210, 442]. 
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In the presence of a resolution the divisors of analytic functions of (X, 0) (resp. of 
the universal abelian covering (Xq, 0)) determine the monoids gn (resp. %/,,), 
sub-monoids of .Y and .7’. The unique minimal element of .%, \ {O} is the 
“maximal ideal cycle’ Z qx. It will be compared with the multiplicity, embedding 
dimension and the Hilbert-Samuel function of (X, 0). Some peculiar properties 
of -Yan (e.g., ‘jump’-phenomenon) are also discussed. & 


6.7.1 Let us fix a singularity (X, 0) and one of its resolutions ¢. Then the monoid 
SY C Lis well-defined, cf. 2.1.17, and it depends only on the topological type of 
(X, 0). A rather subtle information about the analytic structure is provided by the 
analytic counterpart .“;,, a submonoid of 7. 


Definition 6.7.2 For each holomorphic function f € @y,. consider dive(f) € Y, 
cf. 2.1.18. Then define .“j» as {dive(f) : f € Gx,o} CY. 


0 € Aq since 0 = dive(1). If 51,52 € Aan then s; + s2 € gn (take f| fo) and 
min{s;, 52} € Wan (take the generic combination of f; and f2). Hence “jy is a 
submonoid of .” closed under the operator min (associated with its embedding in 
Ls). Hence, -Yan \ {0} has a unique minimal element. Following S. S.-T. Yau, we 
call it the maximal ideal cycle of @. We denote it by Zmax. Clearly Zmax => Zmin. 


Lemma 6.7.3 Set the topologically defined sub-semigroup P= fle 7: d+ 
E — Zx, Ey) < —2 forall v} of %. Then S C Lan. Hence, a shifted copy of F 
inside S is always in qn (independently of the analytic structure supported on the 
jixed topological type). 


Proof Apply 6.5.7 for 2 = O¢(—l). Oo 


Remark 6.7.4 The above lemma and the vanishing theorem 6.4.3 can be compared 
with the next fact. Assume that / € A». Then h'(Y) > h'(Y(—I)) for any 
LE Pic(X ). Indeed, if 1 € Yan then Ox (—/) has no fixed components. Moreover, 
if s is a general section from H tix , O%(—D), then multiplication by s gives a 
monomorphism of sheaves “ — .&(-—/) whose cokernel is supported along the 
non-compact divisor of s, hence it is Stein, and its h! vanishes. 


Example 6.7.5 In general Yan 4 SY and Zmin # Zmax. Consider the hypersurface 
singularities (X1,0) = {x? + y> + z!8 = 0} and (Xo, 0) = {27 +. x(y* + x®) = 0}. 
They share the same graph 


In the case of (X,,0) the equalities Zin = Zmax = E = dive(z) hold. 
Nevertheless, Zinin < Zmax for (X2, 0). (The divisors of the coordinate functions 
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can be determined via the algorithm from 4.1.C, cf.4.1.20. These cases can be 
compared also with the discussion from 5.1.30, which explains that in the second 
case there is no function with multiplicity | along the central elliptic curve.) 


Example 6.7.6 Zmin 4% Zmax can happen even if Ly is a rational homology sphere. 
E.g., for splice quotient singularities it happens frequently, cf. 8.5.27. But it can 
happen even for hypersurface weighted homogeneous (or Newton non-degenerate) 
singularities too, see e.g. {z+ = x(y> + x!°)} (example given by Tomari). 


Example 6.7.7 ([150]) Consider the minimal resolution of the double point singu- 
larity (X,0) = {f(x, y) = 27}. If f is either locally irreducible, or it has even 
multiplicity, then Zin = Zmax- 


The terminology ‘maximal ideal cycle’ is motivated by the fact that Z,,, is the 
divisorial part of the @z-module @* my o; that is, 6*mx,o = 4% - Ox(—Zmax) fora 
sheaf of ideals .Y of Oy, which is supported in finitely many points, the base points 
of OF (—Zmnax)- 


6.7.8 The multiplicity mult(X, 0) of (X, 0) can be introduced in many different 
equivalent ways. Let us start with the most geometric one: we define it as the degree 
of the generic linear map (X,0) — (C7, 0). 


Theorem 6.7.9 ([719]) 
(a) If $*mx,o = Ox(—Zmax), then mult(X, 0) = —Z? 


max* 


(b) If o*mx,o = 4 OF(—Zmax) for a proper ideal Y, then mult(X, 0) > —Z2 


max* 


E.g., if o*myo = Mp - O(—Zmin), where mp is the maximal ideal of a smooth 
point P of E, then mult(X,0) = —Z2,, +1. 


min 
Proof If 1, and /y are generic linear functions on (X, 0), then mult(X, 0) is the 
cardinality of X 9 {l) = €/} N {ly = €”} for €’ and €” generic and small. This is 
the intersection multiplicity of the total transforms of /; and /2 in X. Since (div(¢ o 
l;), Ey) = 0, we have mult(X,0) = (S(¢ ol’), Sd 0 1”)) — ye But (S(¢ o 
l'), S(@ ol”)) = O, and it is zero if and only if there are no base points. o 


Remark 6.7.10 If @*mx,o has base points, then by additional blow-ups at these 
(infinitely near) points, one finds another resolution that has no base points. 
However, in general, the topological information (that is, the minimal resolution 
graph) is not sufficient to determine those resolutions that have no base points. 
Therefore, in general, the multiplicity of (X, 0) cannot be determined from the 
resolution graph. 


Example 6.7.11 Consider the normal hypersurface singularities Xj = {x7 + y’ + 
z!4 — 0} and X2 = {x? + y+ + z!? = 0}. Then using the algorithm 4.1.16 one 
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checks that they share the same minimal resolution graph (one vertex with g = 3 
and E? = —1). But their multiplicities are not the same. 


Example 6.7.12 ([366]) Consider the family of weighted homogeneous isolated 
hypersurface singularities (X;,0) := {z’ + x(y? + x7’) + tzy® = O}. Since the 
weights are independent of t, the geometric genus, Milnor number, multiplicity and 
the link are constant along the deformation. In fact, for all t, 4; = 1350 and the 
minimal resolution graph is 


—3 —2 —2 
[24] e © © 
E\ 1) E3 


Then Zmin = E.On the other hand, Zmax,; is not constant: for t = O one has 
Zmax,0 = E) + 2E2. + E3, but fort ~ 0 one gets Zmax,t = Zmin. (In fact, even the 
embedded components of the pullback of the corresponding maximal ideals jump.) 
The Milnor numbers of the generic linear sections are a = 54 and po = 50 for 
t #0. 

The family {z> + tzy® + xy? + x!5 = 0} given in [80] has similar properties. 

See also 6.8.13 for an equisingular deformation (with constant pg and constant 
rational homology sphere link) along which the embedding dimension jumps. 


Example 6.7.13 Any normal surface singularity (X,o0) of multiplicity two is 
analytically equivalent with a suspension of type {f(x,y) = <7}, for a cer- 
tain reduced plane curve singularity f. Indeed, consider a generic projection 
mx : (X,0) — (C?,0)—which is a degree two branched covering—and let 
f be the reduced equation of the branched locus of 2. Then the monodromy 
representations of the regular Z) coverings over (C*,0) \ {f = 0} of x and of 
the natural suspension projection agree, hence the statement follows from Stein 
theorem 12.3.3. 


Example 6.7.14 For any pair of analytic function (f,g), such that (f, g) 
(X, 0) > (C?, 0) is finite, we have mult(X, 0) < degree(f, g). Indeed, by flatness, 
degree(f, g) = dim(@x,,/(f, g)), which is bounded from below by the multiplicity 
(use e.g. a combination of Formula 14.4 and Theorem 14.10 from [411]). 


Example 6.7.15 ([56]) As we mentioned e.g. in 6.7.11 mult(X, 0) is not topolog- 
ical. However, we have the following topological upper bound. Fix a resolution 
and set D € L with (D, Ey) < —(Kx% + E, Ey) — 2 for every v € ¥. Then 
mult(X,0) < —D?. Indeed, by 6.5.7 applied for £2 = Ox(—D) we obtain two 
functions f and g with dive(f) = dive(g) = D and disjoint strict transforms. 
Then an argument as in the proof of 6.7.9 shows that degree(f, g) = —D*. Then 
apply 6.7.14. 
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6.7.16 Some Terminology Regarding m = my, The vector space m/m? is called 
the cotangent space of Ox.o. Its dimension emb(X, 0) is called the embedding 
dimension of (X, 0). It equals the minimal number of generators of the ideal m, 
or, it is the smallest dimension n of (C”, 0), where (X, 0) can be embedded [395, 
(1.9)]. 

The Hilbert-Samuel function is defined as f"°(k) := dimc(@x,o/my ,) for 
any k > 1. The Hilbert-Samuel polynomial is the unique polynomial 


2 
HS _ ; k . 
Pk) = a a(;) (a; € Z) (6.7.1) 


i=0 
such that P’5(k) = f"*(k) for every k sufficiently large. 


Example 6.7.17 Usually, the embedding dimension cannot be determined from 
the topology either. For multiplicities and embedding dimensions of different 
analytic structures supported on the topological type identified by the graph 
of S3(T2,3#T2,3) from 5.2.5 see [495]. For weighted homogeneous cases see 
e.g.5.1.40 and 5.1.41. 


Theorem 6.7.18 Fix a resolution such that O%(—Zmax) has no basepoints. Then 


(a) ¢x(@(-LZK | — kZmax))o C My , C Px(O(—kZmax))o for any k > 0; 
(b) fork > 0 one has dim(Ox,o/my 9) = —k*Z? /2 + lower oder terms. 


max 


In particular, the first coefficient of the Hilbert-Samuel polynomial is mult(X, o) /2. 


Proof (a) The first inequality follows from 6.5.8 applied for 2 = O%(—Zmax) and 
F = O%(-|ZK] — Zax). (b) follows from part (a) and 6.4.7. oO 


Remark 6.7.19 One has the following inequalities; the first one proved by 
Abhyankar in [3], for the second one we assume that —Z? x = mult(X,o): 


1 > emb(X, 0) — mult(X, 0) > x(Zmax). 


Indeed, let .4 C m be the ideal generated by two generic elements of m. Then 
mult = 1 + dim(m/.%) > 1+ dim(m/(.% + m?)) = 1 + dim(m/m?) — dim(.% + 
m?)/m?2 = emb(X, 0) — 1. Equality holds if and only if m2 C .Y, or, Zm = m2 
(see also [609]). 

For the second one, use the exact sequence of 0 > O%(—2Zmax) — 
OF (-Zmax) > OZmax(-Zmax) —> 9, and the inequalities emb(X,0) > 
dim m/H®(@%(—2Zmax)), and h!(@z(—Zmax)) = h'(Ox(—2Zmax)). This last 
inequality follows from 6.7.4. 

Abhyankar’s inequality is equality for singularities with multiplicity two 
(cf.6.7.13) and e.g. for rational singularities (cf.7.1.17). But it is strict e.g. 
for any Gorenstein (X,o0), which is not a double point [610]. The identity 
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1 = emb(X, 0) — mult(X, 0), or the ‘minimal reduction’ .4m = m (or, similar 
identities close to this sharp one) imply several additional very special properties of 
the local ring @x,5, which can be proved merely ring-theoretically, see e.g. [609], 
or [724, (2.6)], or the corresponding literature in local ring theory starting with the 
work of Northcott. 


6.7.20 The Analytic Monoid .%/,, In order to define the submonoid .7/,, C 7’, 
we will use the notations of Sect. 6.2. In particular we assume that Hi(Ly, Q) = 0. 

Associated with the resolution Z of the universal abelian cover (Xq, 0) of (X, 0), 
we set its exceptional divisor E, and its lattice Lg. Let Yg,an be the analytic monoid 
of (Xq, 0) associated with the resolution Z, that is, Yo.an = {dive,(f o¢a): fe 
Ox,,0} C La. Recall that p* : L’ > L’, is the cohomological morphism induced 


by c, whose image is in Lg (cf. 6.2.6 and (6.2.3)). 
Definition 6.7.21 We define the submonoid .%/,, as ( vy (Ya,an); in other words: 


Si, ={l EL’: p*(') = dive, (f o¢a) for some f € Gx, 0} CL’. 


Lemma 6.7.22 .4!, Cc... 


an 


Proof If p*(l') = dive,(f © ¢a) then |A\(’,E,) = (psp*(), Ev) = 
(p*(U'), p*Ev)t, = dive, (f ° ba), p*(Ev))z, < 9. Oo 
Note that .7’ can be written as a disjoint union of Uney-%,, where .Y, = {l'¢ SY’ : 


[I'] = h}. According to this decomposition, .%/,, also decomposes as UneH-%,, j,» 
where 7, , = “an -%,. Note that YH , +7 Cc Fon hath 


an,h ~~ “an an,h, an,h2 


Corollary 6.2.11 (b) irapliss the following (compare also with e 2. 11)). 
Corollary 6.7.23 


(a) 7, 0 = “an. More generally, for any h € H one has 


Sinn = {th + dive(s), wheres € bx(O%(—rn))o}- 


‘in does not depend on the choice of r : Lez. 
(b) Tf1,, 1, © Ain yp then min{l), 15} © Ain n 


In particular, SY, 


Note also that Lemma 6.7.3 has its analogue for “%/,, as well. 


Example 6.7.24 Assume that (X, 0) is a Hirzebruch—Jung singularity. We will use 
the notations of 2.3.1: (X, 0) is the quotient of (C”, 0) by Zn, where the action is 
& * (21, 22) = (€z1, £422). Clearly (Xa,0) = (C*,0). | 

Let {Ex};,_, be the irreducible exceptional curves of X — X, and introduce the 
integers nj; as in (2.2.3). Recall also that the monoid .” is generated over Z>9 by 
{E%},;. Then one verifies that min{7, 4-1 E¥, ne+1,sES} = Ef forany 1 <k <s. 
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At the level of divisors one gets c*(E}) = dive, (z2), c* (ES) = dive, (z1), and 


N1k-1 


c* (Ef) = dive, (@5'*! +.2)**!) = min{dive, <'*"'), dive, (z)*™")} forl<k<s. 


Hence each Ef € 


2 1 


which shows that .W/) = .Y’. 


an? an 


Remark 6.7.25 


(a) 


(b) 


The cases .Y,, = %, or Yan = S are really remarkable. We will prove them 
for any rational singularity (and for an arbitrary resolution) in 7.1.13, and for 
minimally elliptic singularities (for the minimal and minimal good resolutions) 
in 7.2.31. But any further extension is seriously obstructed. 

In general, it can happen that |.Y \ -Yan| = 00 (see 7.2.99 or 8.5.27). The 

existence of s € Y \ Yan with ns € %qn (n = 2) is also frequent (e.g. when 
Zmax = 2Zmin, or see 8.5.B). The identification of .%/,, for a fixed analytic type 
can be very hard, and it is even harder to identify (for a fixed graph I”, hence 
for a fixed .Y’) the set of submonoids .%/,, induced by all the possible analytic 
structures. E.g., the following problem is also open: for a fixed resolution graph 
determine the list of possible elements of .“, which can be realized as Ziq, for 
different analytic structures. 
It is instructive to emphasise the following facts as well. Let us fix a topological 
type, a plumbing graph (hence L and .”). Then, by Winters—Pichon theorem 
[567] (see 2.5.8 here) for any s € .Y there exists an analytic type (depending 
on s) for which s € .%j,. Nevertheless, we have to be aware of the following 
phenomenon. Assume additionally that the link is an integral homology sphere, 
but it is not homeomorphic with the links of Brieskorn—Pham singularities 
of type (2, 3,5), (2,3, 7) and (2,3, 11). (These exceptions are exactly those 
integral homology sphere links which are provided either by rational or by 
minimally elliptic singularities, cf 7.2.29.) Then, by [488], there exists a (not 
necessarily minimal) resolution graph I’, anda subset J Cc Y(’), || = 2, such 
that for any analytic structure there exists at least one v € I with EY ¢ .Yan 
(that is, there is no analytic structure in which they can be analytically and 
simultaneously realised). (Here, in this statement we can even assume that the 
corresponding knots in M(J’), associated with {E*},<7, are all topologically 
different.) We expect similar behaviour for arbitrary graphs too. 

Here is a concrete example: take the graph from 5.2.5, and consider the 
cycles Zin and E*, where v is one of the (—3)-end-curves. Then they have no 
simultaneous analytic realisations. Indeed, since the corresponding links have 
linking number 2, in the case of analytic realization the pair of functions would 
define a covering (X, 0) — C? of degree 2. This can happen only if (X, 0) is 
of type f(x, y) = z* (cf. 6.7.13). Since all such integral homology sphere links 
are classified in 5.3.21, and our graph is not in this list, we get a contradiction. 

For similar examples see also 7.2.33 and 7.2.100. 
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(c) Let us fix a resolution graph I” such that M(I°) is a rational homology 
sphere. If W is a submonoid of .7’ denote its saturation {l' € SY’ : nl! € 
MM for some n > 1} by .@. 
Recall that a resolution X satisfies the end curve condition (ECC) if E* € 
SY), for every end-vertex v. In 8.5.23 we will show that if X satisfies ECC then 
ae 
Let us say (cf. [452]) that a resolution X satisfies the weak end curve 
condition (WECC) if E* € .Y%/,, for every end-vertex v. In fact, in [452, Prop. 
9.2.2] it is proved that X satisfies the WECC if and only if .Y/,, = .7’. For some 
other characterisations of the WECC property see [456, §8] (and 8.5.37 below). 
In 8.5.27 we present an example, which satisfies the ECC, hence .%/,, = 7%’, 
however |.7’\.%,, | = oo. (In particular, [452, Lemma 9.1.2(b)] is unfortunately 
stated.) 


6.7.26 The ‘Jump’-Phenomenon In the identification of .~%, it would be 
extremely helpful to find a finite set of ‘generators’ such that .%, is generated 
(as a ‘sub-min-monoid’ of .”) by these elements via semigroup addition of .Y and 
by ‘min-operator’ (induced by the embedding into L). Geometrically this means 
that we wish to find a set of ‘distinguished’ functions {g;}; such that any element of 
Yan 1s realized as the divisor of a generic combination of monomials of {g;};. Note 
that we do not require that for a certain special combination f = >, ca J]; g)' of 
the g;-monomials divg(f) is not strictly larger than the min of the divisors of the 
corresponding monomials. However, we require that if such a ‘jump’ appears for 
a certain special monomial combination, then divg(f) can be realized as min of 
another monomial combination. In this way, in the determination of .%,, we do not 
need to analyse the appearances of the possible jumps (in general a rather hard job). 

Even if one has a candidate set {g;};, the proof of the above property is not 
easy. Cases when one can list such a set of generators is remarkable: e.g., if 
(X, 0) satisfies the end curve condition, that is, it is a splice quotient, then the 
set of ‘end curve functions’ serve as “distinguished functions’ in the above sense, 
see 8.5.B. (But even in this case, for special combinations of monomials a jump 
can occur. E.g., in the minimal good resolution of the germ x* = y* + z’, the 
coordinate functions are end curve functions, and div(x*) = div(y? +2) > 
min{div(y*), div(z’)}.) 

Next we present another example when certain elements of .%, appear as 
‘jumps’. Consider the complete intersection cusp singularity embedded in (C*, 0), 
given by the equations z1z3 = z2z4 = (z) + z2 + 23 + z4)”. Its graph is a cyclic 
graph with 4 vertices, all of them decorated by —3 (in order to see this blow up 
the origin). Let us write w := )°; z;. Then one verifies that (after convenient 
ordering of the vertices), the divisors of the functions z,, z2, z} + Z2, and w 
are 
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2 2 1 2 1 2 1 1 


| [I a [| 


1 1 1 2) 1 1 1 1 
ZI 22 215 22 Ww 


Here no jump is present yet. Note that the multiplicities of z)z2 are 3,4,3,2.A 
computation shows that the cycles 3,n,3,2 forn = 4,5, 6,7 are elements of 7. 
The first one is realized by z;z2, but the others cannot be realized by the divisors 
of the coordinate functions via sum and min. However, we know (see 7.2.31 
and 7.2.19) that they belong to .%j,, hence they must be realized by ‘jumps’. 
Here is the picture of this “non-min jump sequence’ for a special combination of 
functions j1, j2, j3: 


3 4 3 5 3 6 
3 3 3 3 3 3 
(z1 + 22) w? \ (z1 + 22)?w \ (z1 +z2)3 \ 


3 4 3 5 3 6 


2 93 a: 2° 3 . 8 
2122 Jl J2 J3 
where A= ua—-@tza)w’, pp = f—-@tzn)*w, p= jp—-at 

Z2) 3 


Example 6.7.27 Let % Cc V be a subset of vertices, and consider the projection 
pr: L > ZEyveg, Dyey tvEi > YViye.g MvEy. Then pr(%an) C Z\71 is a 
sub-monoid, which might carry important information about the analytic type of 
(X, 0). 

E.g., if (X, o) is weighted homogeneous with rational homology sphere link with 
v > 3, and Y% = {vo} consists of the central vertex, then by 5.1.26 pr(.Aqn) = {0 € 
Z>o : Re # 0} = {€ € Zso : N(£) = O}. For more on this numerical monoid 
see 8.5.28 or [351]. 


6.7.A  Kulikov Singularities 


Kulikov singularities were first introduced by Kulikov in his study of Arnold’s 
uni- and bi-modal singularities [342] (see 7.2.24 here). They constitute a 
particular family of “Kodaira singularities’ of Karras [300, 301]. Later they were 
intensively studied by J. Stevens, see e.g. [661, 666]. The construction of the 
Kulikov analytic type connects a holomorphic (degenerating) family of curves 
with the resolution of surface singularities. The resolution graphs of Kulikov 


6.7 The Monoids ._%,, and .% 


an 233 
singularities share a special property, they are called “Kulikov graphs’. They 
appear frequently, e.g. the graphs of surgery manifolds SP ie (#; K;) are Kulikov. 
Having this construction we will be able to compare different analytic structures 
(e.g. splice quotient or hypersurface analytic type versus Kulikov) on the 
same topological type. In this section—after the definitions—we determine the 
fundamental, maximal and the characteristic cycles. Later we will study with 
several details the rational and elliptic Kulikov singularities as well. & 


6.7.28 Consider a holomorphic family f : W — D of genus g curves, cf.2.1.14. 
We denote the divisor of f by div(f), and let {C,}, be the irreducible components 
of |div(f)|. We assume that (W, f) is ‘minimal’ (that is, W is a minimal smooth 
surface: it contains no (—1)-curves) and it ‘has no multiple fibers’ (that is, if 
div(f) = o,mvCy, then gedy{n,} = 1). Since f is flat, x (@divp)) — 
x(@e-wy) = 1-8. 

Let cy = c1(2%,) € H?(W,Z). It satisfies the usual adjunction relations 
—c1(Cy) = (Cv, Cu) w +2 — 2g(Cy) — 25(Cy) and for an effective cycle supported 
on |div(f)| one has x (@7) = —(,])w/2 — ci(J)/2. We denote this expression by 
xw (1). 

If f : W — D is minimal of genus g = 0 then ff is a trivial fibration, that 
is |div(f)| contains only one irreducible component, which is isomorphic to P!. 
(Indeed, if |div(f)| has more than one component then by the semi-definiteness of 
the intersection form, cf.2.1.14, we have C? < 0. Furthermore, the minimality and 
adjunction relations imply ci(Cy) > 0. Therefore, 1 = 1— g = xw(div(f)) = 
—(div(f), div(f))/2 — c1(div(f))/2 = —c1 (div(f))/2 < 0, a contradiction. ] 

By Castelnuovo’s Contractibility Criterion any W can be contracted to a minimal 
surface Wiyin on which f induces a minimal family finin : Wnin > D. By 2.4.4 
this contraction is unique whenever g > 0 (since in a minimal family with g > 0 all 
the rational irreducible components have negative self-intersection, hence 2.4.4(3) 
applies). However, for genus 0 families the contraction to a minimal family is not 
unique (take e.g. two (—1)-curves with one transversal intersection, then one has 
two minimal representatives). 

Now we describe the construction of Kulikov singularities (the name is given 
by J. Stevens, for the construction see [342, 660, 661], compare also with [300)]). 
Start with a minimal family f : W — D of genus g. Perform successively a 
finite number of blowing ups such that at each time the center of the blow up 
sits On a unique component and along this component f has multiplicity one. 
(A center can be on a newly created component as well.) Suppose that the final 
family a : W — D contains r (—1)-curves, say Fi,..., F-; we denote their 
union by F. Let {Ey}, be the collection of the other irreducible components of 
the central fiber. Let X be a small neighbourhood of E := U,E,. Then E is 
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connected and (Ey, E,,) #7 is negative definite, hence U, Fy in X can be contracted 
by Grauert Theorem [223]. In this way we get a normal surface singularity (X, o) 
with resolution X —> X. Furthermore, the restriction of a to X factors to a 
holomorphic map h : (X,0) — (D,0). The singularity (X, 0), endowed with the 
map h, is called the Kulikov singularity associated with (W, f) and the sequence of 
blowing ups appearing in the construction. 

Since in div(f) each F; appears with multiplicity 1, h : (X,0) — (D, 0) defines 
an isolated singularity; (7 '(0), 0) has r irreducible components (the images of 
Fin xX ). Moreover, (X, 0) is a smoothing of the curve singularity (h~ '(0), o) (the 
nearby fiber of h is the intersection of X with the generic smooth fiber of F de 

Write div( f yas Z+ >); F;, where Z is supported on E. We claim that Z is the 
fundamental cycle Zin in X, Indeed, since (Z, Ey) < (div( ie ), Evy = 0, we 
get that Z € Y and Zin < Z. Write A := Z — Zin. Since F intersects only 
multiplicity one E,-components, hence the support ofA does not intersect F, one 
has (F, A) q = 0. Therefore, 0 = (Zmin tA+F YF, = (Zmin+ FY x +2(A, Dial 
(A, A), with all terms on the right hand side non-positive. Therefore, (A, A) = 0, 
hence A = 0. 

In particular, Zin = dive(f| x) and Znin = Zmax- Furthermore, 


= Zz. = (Zinins F)y =r. (6.7.2) 
Similarly, xq(F) = -j-1 x(@r,) = r too, hence 
1—g = Xy(Lmint F) = X(Zmin) + xXH(F)— (Zin, PF) = X(Zmin)- (6.7.3) 


Note that the strict transform of h~! (0) in X intersects E transversally and along 
components with multiplicity one. Therefore, modifying h by a nearby generic 
hyperplane section (that is, by h + sh’ € @x.o, where s € (C, 0) small parameter, 
h’ € Gy o, and the class of h + sh’ in Mx,o/My , is generic) provides the same 
topological picture. In particular, we obtain that for Kulikov singularities the strict 
transform of the generic hyperplane section is reduced, smooth, and it intersects the 
exceptional set transversally along components of multiplicity one. The converse is 
also true (see e.g. [300]): if a singularity has this property then its minimal resolution 
X (and the hyperplane section) can be extended to a holomorphic family W => D, 
hence (X, 0) is Kulikov. 

Moreover, a resolution graph (topological type) supports a Kulikov analytic 
structure if and only if its fundamental cycle has the following property: if 
(Zmin, Ev) < 0 for some v then the multiplicity of Zin along E, is one, cf. 
[300]. (Indeed, such a graph can be completed by (—1)-vertices to a semi-definite 
graph whose analytic realization is guaranteed by Winters theorem [753].) Graphs 
with this property will be called Kulikov graphs. 
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The Milnor fiber of the smoothing h is a genus g Riemann surface with r discs 
deleted, hence its Milnor number (first Betti number) satisfies 1—yw = 2—2g—r. By 
a formula of Buchweitz and Greuel [90] 4 = 26 —r +1, where 4 is the 6-invariant 
of (h—!(0), 0). Therefore (for a direct proof see also [660]) g = 6 —r + 1. Hence 


X(Zmin) =1-—gar—6< 1. (6.7.4) 


(In fact, x(Zmin) < 1 for any resolution graph, see 6.6.9(b), and the inequality 
6 > r — Lis valid for any curve-germ, see 12.4.6.) 

In general O%(—Zmin) is not free. E.g. —Z?,, 
r=1. 

Let us return to the Kulikov construction in the case g > 0. Let 
1 be the strict transform of div(f) in X, ie., it is supported on U,C, 
with the same coefficients. We claim that / is the characteristic cycle C 
(cf. 6.6.12). 

Indeed, write Zmin as 7 + ae Eq, where 1 and UyEqg have no common 
components, and if a component of / intersects a certain Ey then its multiplicity in 
1 is 1. Therefore, there exists a computation sequence starting from / and ending 
with Zmin (cf.6.6.7) such that at each step (z;, Evii)) = 1 (cf. 6.6.9(b)), hence 
x() = x(Zmin). Next we show that there is no 0 < x < / such that x(x) = x(J). 
For this we can assume that }°, Ey = . (That is, all the regular points we blow 
up in the construction are situated on the central fiber of f : W — D. In this 
case 1 = Zin, hence for such case we prove that C = Zin.) Assume that there 
exists x < 1 = Zin with x(x) = x (J). Then, as above, there exists a computation 
sequence connecting x with Zin, such that along the sequence x is constant. 
Assume that at the very last step we add E,. Then (£,,/ — Ey) = 1 (¢). In 
particular, (/, E,) < 0, hence E, must intersect some a s, and the multiplicity 
of / along E, is 1. Write / = E, + Y. Then from (7) (Y, Ey) = 1, hence 
if we blow down all the F;’s, and we use (div(f), Ev)w = 0, in W we have 
(Ey, Ey) w = (-Y, Ev) w = (—Y, Ey) = —1. That is, W is not minimal. 

Hence Zin can be non-reduced only along the characteristic cycle C. 


= r cannot equal mult(X, o) if 


Example 6.7.29 We claim that the plumbing graph of S* pie (#;K;) (where K; are 
algebraic knots, for the graph see 3.5.13) is Kulikov. Indeed, start with the graph: 


It is negative semi-definite. Then one blows up k, generic points of the irreducible 
component corresponding to v,. In this way one creates k; (—1)-curves. Then one 
blows up k2 — 1 generic points of one of these new curves, and keep the other 
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k, — 1 unmodified; and continue this procedure. Then finally notice that the graph 
e all the irreducible components which are not (—1)-curves is exactly the graph of 


So iq Hi Ki). 


6.8 The (Equivariant) Geometric Genus and Laufer’s 
Duality 


First we show that h!(@. x) is independent of the choice of as 
Then we present the following facts related to “Laufer duality’: 


— duality of H! (@%) with the space of holomorphic 2-forms on X \ E modulo 
those which extend holomorphically over X; we bound the possible poles too; 

— we present similar interpretations for h' (6x (—rp)) and h! (6x (—sp)) as 
well, and we make their computation explicit for weighted homogeneous 
singularities (the output will be used later in the exemplification of the SWIC); 

— using ‘Laufer integration’ we exemplify a phenomenon how specially con- 
structed families of divisors can provide non-trivial families of bundles in 
Pic? (X ) (as an ‘entrant’ in the theory of Abel maps of surface singularities). 


We also introduce the equivariant geometric genus via the universal abelian 
covering (whenever the link is a rational homology sphere). 

In 6.8.A, for any 4 C V, we define a subspace in HH (X \E, 22)/H(X, 2%) 
generated by forms which have no poles along Uye.v Ey. The corresponding lin- 
ear subspace arrangement (via p,-surgery formulae) guides the ‘pg-distribution’ 
along the sub-resolutions of X (given by subgraphs of I’). & 


6.8.1 Fix a resolution X — X. Recall that the geometric genus p, of (X, 0) is 
defined as h! eg ee Moreover, cf. 6.4, for integral cycles In 2 > 1, > 0, one has 
the surjectivity H! (G1,) > H!} (@;,), and H! (Cz) = lime H'(G@,). Furthermore, 
if pg A O then py = hl (O.zesa)s cf. Corollary 6.4.7. 


Lemma 6.8.2 1! (@ '¥) is independent of the resolution. 


We provide two proofs. The first one is a direct proof, while the other one in 6.8.7 
uses a reinterpretation of p, in terms of (X, 0). 


Proof Any two resolutions can be connected by a sequence of resolutions, such 
that consecutive pairs x xX ) have the property that X’ is obtained from X by 
eng up a pointg € X (cf. 2.4.3-2.4.5). Let w : X’ + X be the blow 
up, Enew <= Ww !(q). Then by the Fee | spectral sequence, h! (Cx) = h! (OZ) 
whenever W.(O%,) = OX and R! Wx(O%)q = 0. The first follows from the 
neratality of X (see e.g. the proof in [258, 11.4]), the second from R! V(ORq = 
lime H!(@y£,,,,) = 0, cf. 6.4.9. Oo 


new 


6.8 The (Equivariant) Geometric Genus and Laufer’s Duality 237 


Example 6.8.3 In general, pg is not topological. E.g., for the two examples 
from 6.7.5, pe(X1, 0) = 3 while p,(X2, 0) = 2. (Use e.g. formulae from 6.9.) 


6.8.4 The pe tema of Laufer Let us discuss a different realizations of the 
geometric genus Pg = h! ee O%), where X- — X is aresolution. 
By Serre duality H! (X, Oy)" = H (X, 2%). Also, Laufer proved in [359, 


proof of Theorem 3.4] that the direct limit HO(X, 2%): := lim_, H(X \ a 2%) 
(see 6.4.5) is isomorphic to H 0X \E, 2%), that is, any differential 2-from defined 


near the boundary of x has an analytic continuation to x \ E. Hence, the Laufer’s 
exact sequence --- > H/(X,.¥) > H4(X, F) > HE (X, F) > --- (cf. [359]) 
reads as 


Ho (X, 23) > H°(X, 22) > HX \ E, 22) > HEX, 2%) > H'(X, 23) 
But H9(X, 22) = 0 while H\(X, 22) = 0 by 6.4.3. Hence, 
Proposition 6.8.5 ([359]) 
H!\(X, Oz)* ~ H}(X, Q3) = W(X \ E, Q3)/H(X, 23), (6.8.1) 


where the last vector space is the space of global holomorphic 2-forms on x \ E up 
to those which can be extended holomorphically to the whole X. 

We denote the L?-integrable forms of H°(X \o, Qo) by H;> 0 (x to, Qo): These 
are 2-forms w on X \ 0 with Jx\o @A@® < oO, where = is the conjugation. Local 
computation at points of E C X shows that a form of X \ Ois L?-integrable if and 
only if its pullback has a holomorphic extension to X. 


Proposition 6.8.6 ([359, 606]) H?,(X \ 0, 2i,) = H™(X, 2%). 


Corollary 6.8.7 H!(X, Oy)* ~ H(X \ 0, 23.)/H V(X \ 90, Qo). 
In particular, H! ee O%) is independent of the resolution x, 


Remark 6.8.8 


(a) Assume that c : (X’,0) > (X,0) is a finite morphism between two normal 
surface singularities. Then p,(X’,0) > pg(X, 0). Indeed, the pullback injects 
H°(X\o, 230)/ Hp 2(X\o, 20) into H°(X’\o, Qn )/ Apr Co \ 6, Qn): 

[See also [332, 5.13] where (for any dimension) it is proved that if c : 
(X', 0) > (X, 0) is a finite and (X’, 0) rational then (X, 0) is rational too.] 
(b) Since Ky is divisorial, one also has H°(X\o, Qo) = H°(X, Kx) (cf. 12.4.1). 
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Remark 6.8.9 By definition, H°(X \ E, 2%) is the space of global 2-forms with 
poles along F,’s of arbitrary order. Nevertheless, the set of poles can be bounded. 
Indeed, for any Z € L. consider the exact sequence of sheaves 


0 23 > 23(Z) > O2(Z + Kz) > 0. 
Since h'(Q3) = 0 (cf. 6.4.3) we get that 
H(X, Q3(Z))/H°(X, Q3) = H°(6z(Z + Kz)) = H'(Gz)". (6.8.2) 
Assume that pg # 0. Then from 6.4.7(a) h'(@izx\4) = Pg, hence 
Pe = dim (H°(X, 23 (ZK ]+))/H°(X, 23)). (6.8.3) 


This holds if pg = 0 too. Since HX, 23) Cc H(X, Q2(LZKI4)) 
H(X \ E, 22), by (6.8.1) and (6.8.3) we get that H(X, 22 (ZK J+)) 
H(X \ E, 2%). Hence, the poles of forms from H(X \ E, 2%) are bounded by 


LZxJ+. 

If (X,o) is numerically Gorenstein and Zx > 0 then x(Zx) = O and 
h? (Oz, )=h! (Ozx) = Pg. Hence, from the vanishing h! ee O%(-ZxK)) = 0 we 
obtain 


Pg = dim (H°(X, O)/H°(X, O¢(-Zx))). (6.8.4) 


If (X, 0) is Gorenstein and Zz > 0, via the isomorphism 2% = OF%(—Zx) the pg 
formulae from (6.8.3) and (6.8.4) agree. 


Remark 6.8.10 In this spirit we also have the fact that Zeon is the smallest cycle 
C € Lso such that H°(X \ E, 23) = H(X, 2(C)). Otherwise, Zeon is the 
largest cycle, which equals the pole cycle of a differential form on X \ E. 


6.8.11 The Geometric Genus of the Universal Abelian Covering Assume that 
the link of (X, 0) is a rational homology sphere. 

Let (Xq, 0) — (X, 0) be the universal abelian covering of (X, 0), and consider 
the notations of the diagram (6.2.1). By definition, the geometric genus p,(Xq, 0) of 
(Xq, 0) is h} (Z, Oz). Recall that r : Z — Z is the resolution of the even quotient 
singularities of Z. Note that r, (07) = @z (by the normality of Z), and R'r, (G3 Z)= 
0, by 6.4.9. Therefore, by Leray apectal sequence Pg(Xq,0) = h'(@z). Since 
¢ is finite H! (@z) is isomorphic to H! oe, Cx@z). This by Theorem 6.2.9 has 
an eigenspace decomposition @j<c nH! ee O%(—rn)). The dimension of the 6(h)- 
eigenspace is 


Pe (Xa, O)o(ny = A(X, Ce Oz)ocny) = W(X, O¢(—rn)). 
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By summation: 


Pg(Xa,0) =) h'(X, OX(—1n)). 
heH 


Clearly, for h = 0 we get pg (Xa, 0)9(0) = Pg(X, 0). 


Definition 6.8.12 If H,;(Lx,Q) = 0 we define the equivariant geometric genus of 
(X, 0) associated with h € H by pg(Xa, O)on) = h(x, OF(—1rp)). 


Via Proposition 6.6.4 it can also be expressed by s;, (compare also with (8.2.25)): 
Dg (Xa, o)a(ny = h' (X, O¢(—Sn)) + XH) — X (sn): (6.8.5) 


Example 6.8.13 T. Okuma conjectured in [530, 5.3] that if the link of (X,o) is 
a rational homology sphere, then pg(X,0) together with the resolution graph 
determine pg(Xq, 0). The next example (borrowed from [399, 4.5]) shows that, in 
general, this is not the case. 

Consider the superisolated singularity (X,o0), f = (zy — x*)? — xy? +2, 
associated with a curve of d = 4 and one singular point of type [23]. The resolution 
graph I” is 


Since the graph is star-shaped, it can be realized by a weighted homogeneous 
singularity (X,,,0) as well: it is an isolated complete intersection in (C*, 0) with 
equations: yz = x7, 2° + t? — xy? = O. (To verify this fact, use e.g. 5.1.33.) 
One verifies that both singularities have pg = 4; in fact, (X, 0) is an equisingular 
deformation of (Xy, 0) by yz — x? =At, andz? +7? — a" = 0. (Note that (X, 0) 
and (X, 0) have different embedding dimensions.) 

The universal abelian covering (Xw,a, 0) of (Xw, 0) is a hypersurface Brieskorn 
singularity {u’ = v!8 + w’}, cf. 5.1.33. On the other hand, one verifies that (Xq, 0) 
is not an equisingular deformation of (Xy,q, 0), see [399]. Since both singularities 
are Gorenstein, and (Xy,q, 0) is weighted homogeneous, if their geometric genera 
would be equal, then (Xq, 0) would be an equisingular deformation of (Xw,a, 0) 
by [512, 3.3]. Hence pg(Xq,0) 4 Pe(Xw.a,0). On the other hand, for any 
analytic singularity (X’, 0) with the same topology as (Xw,a,0) by (6.8.14) and 
6.8.43 one has De(X', 0) < Pe(Xw,a, 0). Hence pg(Xa,0) < Pg(Xwa,0) = 
10. 


6.8.14 Laufer’s formula (6.8.1) has the following generalization. 
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Proposition 6.8.15 Assume that the link of (X,0) is a rational homology sphere 
and fix h € H. Let li, be either rj, or sy;. Then 


H'(X, Ox(-lh))* ~ HU(X, Q3(y,)) = W(X \ E, Q(t) / A(X, QF. (h,)). 
Proof Consider the exact sequence (analogously as in 6.8.4) 
0 HX, Q3,)) > W(X \ E, Q3.G,)) > AEX, 23) > A(X, QEG,)).- 


The first injectivity follows since H9(X, 22(l,)) = H2(X, Cx(—l))* = 0. 
Hence the statement follows once we show that H Xx ; 2% (1;,)) = 0. This, for 
I, = rn follows again from 6.4.3. Next, by 6.6.3, there exists a computation 
sequence cae 20 = Ths Zt = Sh Zi41 = Zi + Eyciy and (z;, Eyq)) > O. In the 
cohomology exact sequence of 0 > 2% (zi) > 2% (Zi41) > 2% (Zi+D Ey) > 9 
one has hl (QE (zit Ey) = h°(@z,,,(—zi)) = 0. Hence h' (Q5(zi)) = 0 by 
induction. oO 


Remark 6.8.16 Consider the exact sequence 0 — QE (rh) > 25 (sh) => 
QE(snyla — 0, where A := sy — rp. From the proof of 6.8.15 we have the 
vanishings H!(X, Q2rn)) = H'(X, 22 (sn) = H'(2Q2(sn)|4) = 0. Hence 
dim H°(2%(sn))/H°(Q2 (rH) = X(QZ(Sn) 1a) = X (rh) — xX (Sh). This combined 
with (6.8.5) gives 


h' (O%(—rh)) — h' (Ox (—sn)) = dim H°(2% (sn))/H°(QE rn). 


This and the two identities from 6.8.15 give H°(X \ E, Q2(rn)) = H(X \ 
E, 2% (s;)) (a fact which can be proved using techniques from 6.2.6—6.2.7 as well). 


6.8.17 In concrete computations it is always easier to find global sections than to 
determine higher cohomologies. This is one of the main advantages of the identity 
from_6.8.15. In several cases one can identify concrete basis for the vector space 
H%™(X \ E, 25 (U,))/H(X, 25 (,)), for I, = rp or sp. We exemplify this in the 
case of weighted homogeneous singularities (with g = 0). 


Example 6.8.18 (h! (X, O%(—rn)) for Weighted Homogeneous Singularities, g = 0) 


We will use the notation and method of 6.6.21. Set rp = roEo + ae, rie; = 
anE§ + Yj, ajiE%;. Fix €, {mj}j € Z, k € Zso, and let uy T];(v0 — 
pyrita ugdup Adu be a section of 2y (rn) over Up \ E (for notation see 6.6.19). 
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This under the transformation vg = u_ - up = uo, v_ transforms into the following 
section on U_: 


bo(l+1 k-+(rh,Eo)-2 = 
iy vu on )-Yim; ("n, Eo) [1d — up” rildu_; Adv_y. 


The regularity over x \ E requires that the exponent of u_; should be non-negative: 
k+ 0 jmj < bo(€+ 1) -2— ao. 


: : ‘ Tj —@j 
The same section in the chart Ujs, under the transformation ug = u j ly : 1 vo- 


@. a: 
pj =u,’ v; transforms into a section whose vj exponent is —ajrj1 + @jro — 
wj( + 1) + aj;m; +a; — 1, which again should be non-negative. Using (6.6.22) 
this reads as 


mj=l(@@€+1l+a;-aj;+)/aj] Asj<v). (6.8.6) 


The above two inequalities (with ¢, mj; € Z, k € Zo) characterise sections from 
H v6.4 \ E, 22(rp)). They are regular aver X whenever ¢ and mj; are non-negative. 
Since by (6.6.22) we have w; +a; = 0, the right hand side of (6. 8. 6)i is automatically 
non-positive whenever £ > 0. Hence the section is non-regular if and only if 2 < 0, 
hence h! (OZ%(—rn)) equals 


> max {0, —1+bo¢+ eae Nene 1)+aj-—aj + 1/1}. 


£<0 


We replace £ + 1 by —€. Set Nj, (0) = bol +a0— Yo; jo]. Then 


h'(O%(—rn)) = Y~ max{0, —N,, (6) — 1}. (6.8.7) 
£=0 


Example 6.8.19 (h 1X, O%(—sn)) for Weighted Homogeneous Singularities, g = 0) 
Let rp be agE5 + ij ; Aji E*, as above, and set s, := doE} + hi ; ajiE%,. As 
usual, aj := Dr Mi 6; aji (1 < j < v). Then a;, ao = O, cf. 6.6.20. By similar 
computation as in the previous example 6.8.18 we get 


h! (Ox (—sn)) = Y- max{0, —Ns, (€) — 1}, (6.8.8) 
£>0 


where Ny, (¢) = bol + ao — Do, j—*). Set A := sy — rh and let Ay € Zs be 
j > 
the Eo-coefficient of A. Then Ns, (£) = N;,(€ + Ao) (see also the end of 6.6.21), 
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hence 


h' (6x (—sn)) = D> max{0, —N,,,(€) — 1}. (6.8.9) 
l>Ao 


In particular, 


h' (Ox%(—rn)) — h! (Ox(—sn)) = xn) — X(5n) =D max{0, — Nj, (0) — 1}. 
0<f<Ao 


This expression can be non-zero. Take e.g. the graph with bo = 2, and three legs all 
with invariants (@;,@;) = (3, 1). Then s, = a1 Evs)> rh = Sp — Eo, X(Sn) = 


a 
h} (Ox (—sn)) = 0, and x (rn) = h! (6x (—rn)) = 1. 


6.8.20 Comparison with the ‘Dual Eigensheaf Decomposition’ of c,.#z Assume 
that Hi (Lx, Q) = 0. Fix a resolution X — X and consider the diagram (6.2.1). In 
this book the eigensheaf decomposition ¢..0z = ®nenO ¥(—rn) is central and it is 
deeply exploited. It provides ¢,.(@z) in terms of well-identified natural line bundles 
even when Pic? (X ) 4 0 (when the Chern class does not identify a line bundle). 
Here Cx(—rp) stays for the 0 (h)-eigensheaf. 

On the other hand, in the literature of (global) algebraic geometry in numerical 
invariant computations, rationality discussions, and duality statements the decompo- 
sition of the push-down of the dualizing sheaf is also considered (basically focusing 
only on cyclic coverings), see e.g. work of Viehweg, Esnault, Kawamata, Kollar, 
cf. e.g. [189, 190] and the references therein. Next we show that the two decom- 
positions are equivalent. Set (as in the mentioned literature) wz := O@z(Kz) and 
OF = OF(KZX) = 2. Then, by duality of finite maps (cf. [189, pages 441-442]) 


Cx(@z) = Momo, (Cx0z, oF) = Home; (@n Ox(—1n), OX) 


Bn OF(tn) @oz OF. 


Here OZ (rp) Boz VX is the 6(h)~!-eigensheaf of the H-action. 

We warn the reader that usually the identification of wy in Pic(X ) can be hard: 
even though we know its Chern class c; by the adjunction relations, its precise 
position in Pic (xX ) depends on the analytic structure. However, there are certain 
special cases when C,.(wz) is a direct sum of ‘known’ line bundles, e.g. when (X, 0) 
is Q-Gorenstein. Under this assumption, wz is the natural line bundle Oy (—Zx) 
(cf. 6.3.25), and ¢.(@z) = On Cx (rn — ZK) is a direct sum of natural line bundles. 


6.8.21 Laufer’s Duality (6.8.1) Revisited. Consequences [359], [363, p. 1281] 
Let us rewrite (6.8.1) in several steps using differential forms. The isomorphism 


H(X \ E, 23)/H°(X, 23) > HX, 23) (6.8.10) 


6.8 The (Equivariant) Geometric Genus and Laufer’s Duality 243 


is realized as follows. Fix a small tubular neighbourhood Nc X of E such that its 
closure is compact in X. Take any w € H°(X \ E, 2%), and extend the restriction 


olx\y toa C™(2,0)-form & on X. Then 3 is a compactly supported C™(2, 1)- 
form, hence determines a class in H} (X ; 2%). If @ is a holomorphic extension then 
d@ = 0. The above isomorphism (6.8.10) is realized by [w] + [da]. 7 

If 4 is a C™ (0, 1) form and 7 is a C%(2, 1) form with compact support in X, 
then 


Game fran 
X 


realizes a perfect pairing (duality) H ! (X OZ) OH ? (X ; 2%) — C. This combined 
with the first isomorphism (6.8.10) gives the perfect pairing 


H\(X, Og) @ H°(X \ E, 23)/H"(X, 2%) > C; (Al, [o}) =[. LA d6. 
x 
(6.8.11) 


Assume next that the class [A] € H\(X, O%) is realized by a Cech cocycle rj; € 
O(U; N Uj), where {U;}; is an open cover of E, U; NU; A Ux, = @, and each 
connected component of the intersections U; 1 U; is either a coordinate bidisc B = 
{|u| < 2€, |v| < 2e€} with coordinates (u,v), such that EM BC {uv = O} ora 
punctured coordinate bidisc B = {€/2 < |u| < 2e€, |v| < 2€} with coordinates 
(u,v), such that EM B = {v = O}. Then A is obtained as follows: one finds C® 
functions A; on U; such that A; — Aj; = Ajj on U; 1 U;, and one sets A as dA; on Uj. 
Then, by Stokes theorem (see [363, 3.8]), 


([A], Lol) = i. AAI = >> i hijo. (6.8.12) 
x jul=e, |v|=e 


B 


This local formula has several consequences. We provide some prototypes, which 
can be altered (or even improved) by different other combinations and choices in 
the corresponding constructions. 


Example 6.8.22 (Non-isomorphic Line Bundles (with Fixed Chern Class)) If pg > 
0 then the space of line bundles with zero Chern class can be identified with the 
image of € : H! CK, O%) > Pic(X), cf. (6.1.1). We wish to construct a 1-parameter 
family in H! (X, O%) = CPs whose images in Pic(X) are all distinct. 

By (6.8.11) there should exist a form w € H°(X \E, 927), which has a poleoe 
Zo along an irreducible exceptional curve, say Ey. Then for a generic point p on 
E, there exists a local bidisc B with coordinates (u, v) such that BN Ey = {v = 0} 
and w has local equation a/v°, where a € H°(B, 2%) and a(p) # 0. 


Fix a divisor D on X whose local equation in B is vu". Let D, be another 
divisor, which is the same as D in the complement of B and in B its local equation 
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is v"u“(u + tv?-!)’, where a > 0,b > 0,a+b =n, andt € C (with |t| < 1 
whenever o = 1). 

We claim that @(D) and @(D,) are different in Pic(X ). In fact, varying the 
parameter t € (C,0), all the line bundles @(D,) are different. Indeed, assume 
that O(D, — D) is trivial in Pic®(X). It is represented by the divisor D'’ = 
div((u + tve!)/u)’, supported in B = {|u|, |v| < €}. We can fix € such that the 
support of D’ is in {|u| < ¢/2}, and set B* := {€/2 < |u| < €, |v| < €}. Using the 
trivialization of @(D’) in X\{|u| < €/2} and the realization @(D’) on B, we get that 
G(D’) can be represented by the cocycle g = ((u + tv?~!)/u)? € G*(B*). Since 
this cocycle determines the trivial element of H'(X, OC), log((u + tve!)/uy? = 
blog(1+tv?—!/u) is acocycle in B* representing the trivial element of H! (X, OF). 
In particular, paired with @ via the formula (6.8.12) it should give zero. But fort 4 0 


vo! 
/ logd +t——)-— #0. 
jul=e, |vj=e u ve 


Example 6.8.23 (Simultaneous Non-existence of Functions) Consider the situation 
of the previous example. Then both divisors D and D; (t 4 0 fixed) cannot be cut 
out simultaneously by holomorphic functions of X. Note that even if we assume 
that D is cut out by a holomorphic function, and @(D) is base point free—hence 
the non-compact components of D can be ‘moved’ from the point p—, this move is 
restricted by constrains of the above construction. 


Example 6.8.24 (Existence of Functions) We exemplify how this machinery helps 
to prove that a certain element / € .” is in fact in the analytic monoid -“jy. Let us 
fix / € YW. Assume that there exists a component E, of E such that 


(a) (, Ey) <0, : _ 
(b) there exists a basis @1,...,@p, € H°(X \ E, 2%)/H(X, 2%) such that their 
order of poles along Ey satisfy 01 > 02 > +--+ > Op, = 2. 


Complete / arbitrarily with non-compact components to a divisor D on X such 
that (a) (D, E,) = 0 for all u € ¥Y, and (b) in a bidisc neighbourhood B of a 
smooth point of E, the divisor D has local equation vu” (where {v = O} = 
E, 1 B). Then consider the family D; of divisors which is the same as D outside 
of B and in B it has local equation v"(u + S778, tv%—!)". Then if we vary 
t= ey e€ C?s the classes in H'(X, OQ %) represented by the Cech cocycle 
log(D; — D) := log(1 + 52, t;v%7!/u) fill in the whole H!(X, @z). Hence, 
for convenient t, O(D;) is trivial, hence D; is a principal divisor cut out by a 
holomorphic function g of X. [That is, g = f om for some continuous f : X > C, 
and the normality of (X, 0) guarantees that f is holomorphic too.] In particular, 
Le Lun. 
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Remark 6.8.25 Ina series of articles the author with J. Nagy defined and studied the 
Abel map associated with a resolution of a normal surface singularity with rational 
homology sphere link. The explicit description of the Abel map can be done via the 
Laufer integral (6.8.12), for details see [452]. 


6.8.26 The statements of the present Sect. 6.8 have their analogues for an effective 
cycle Z € Lyo (replacing X). For some of them see 6.8.34 here (or [452]). 


6.8.4 The Linear Subspace Arrangement {2¥ (F)} vey of 
Forms 


Fix a normal surface singularity (X, o) and one of its resolutions Xx, 


Definition 6.8.27 For_any IF C VW let Q¥(4A) (or Q(F)) be the nae aes of 
H(X \E, 2y )/H(X, 2%) generated by differential forms w € HH (X \ E, 22 ahs 
which have no poles along te \Uver Ey. 


Let (x /Ey\.g,0y\.g) denote the multi-germ obtained by contracting the connected 
components of Ey, g in X. Let X (V \ #) be a small neighbourhood of Ey\.y in 
a. which is the inverse image by ¢ of a small Stein neighbourhood of the multigerm 
(X/Eys, oy\). We claim that 


dim 2y(.F) = pe(X/En.7, 01s). (6.8.13) 


Indeed, fix Z = yey. NvEy with all ny > 0. By (6.8.2) one has dim 2% (4%) = 
dim H°(23(Z)) /H°(2%) = h'(@z), which equals pg(X/Ey\.7, 07\.7) by the 
previous discussions (or by theorem of formal functions). 

In this way, the ‘distribution of the geometric genus along the sub-singularities’ 
(indexed by full subgraphs) is replaced by a linear subspace arrangement of C?s. It 
reflects in a subtle way the structure of the singularity. 

This linear subspace arrangement is stable with respect to the restriction to sub- 
singularities in the following sense. 


Proposition 6.8.28 Fix % C V as above. 


re) Ory 2 0 
(a) Set BD) = HRV \ I)\ Eng, Bey g MRI \ A), Br gy) 
Then the linear map p : 2(.%) > 2Q(@), induced by restriction, is an 
isomorphism. 


(b) Set ¥ CV with JF =9. Let Q( ZF) be the subspace of 2(B) generated 

by forms from H'(X(V \ F)\ Ens, Bong) without pole along E y \ 

Une g Ev. Then the restriction of p to 2(Y) 1 Q(F) induces an isomorphism 
2(J)N2(F) > QCF). 
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In particular, for any %, the subspace arrangement {2()} gnv=9 of the 
multigerm (X/Ey\.g,0y\.g¢) and resolution X(V \ £) can be recovered from the 
arrangement {82(.@)}_a from level X via {2(.4)0 2(Y)} gnv=0- 


Proof 


(a) If [@] € ker(p), then w has no pole along Ey (since [w] € 92(.%)), and has no 
pole along Ey\.¢ either (since p[w] = 0). Hence [w] = 0, and p is injective. 
Since by (6.8.13) the dimension of the source and the target is the same, p is an 
isomorphism. 

(b) By (a), for any @ € 2(Y) there exists @ € 92(-%) with p(m) = @. a is 
necessarily in 2(.% U_Y), hence 2(4)N 2(.F%) > QF) is onto. 


6.8.29 The identity (6.8.13) can be interpreted as an ‘additivity formula’ as well: 
De(X/E) — pe(X/Ens, ov\s) = codim 23(F). 


This surgery formula is valid in any situation without any additional analytic or 
topological restriction, unlike the surgery formula from 8.7.A. (For the relationship 
between the two surgery formulae see [452].) 


6.8.30 The subspace arrangement has the properties 2(@) ~ C?s, and QU U 
J) = QU) 2(J). In the next proposition we establish an interesting additional 
structure property of the arrangement, whenever the link is a rational homology 
sphere. It is the analytical analogue of topological convexity property Proposi- 
tion 10.4.19. 


6.8.31 Convexity Property of 2({v})’s [452] Assume H)(Lx,Q) = 0. For 
simplicity write 2, := 2({v}) for v € V, and define 


D if 7 =G 


T= LS air oe 


Proposition 6.8.32 For any % C ¥ let Ig be the smallest connected full subtree 
of I whose set of vertices ¥ contains %. Then II(Y) = II(.F) for any % C 
Ese 7 
Proof By induction, it is enough to consider the case YY = ¥ U {uw}, such that u 
is on the geodesic path connecting v, w with v, w € -%. Moreover, it is enough to 
show that 2, C 2, + @y. Write the connected components of I” \ u as Urol ks 
and set .% := W(Iy). Assume that w € %. 

Choose an arbitrary w € §2, and consider its restriction | XI) in RB) = 
H(2?(X(.%) \ E.))/H°(Q?(X (.))). By Proposition 6.8.28(a) Q(V \ .%) > 
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2(M) is bijective, hence there exists wy € 2(V \ .%) such that MOIX.%) = 
|X): But Qy D Q(VY \ %), hence w, € M,. On the other hand, (w 
v)|X(.%) = 0, hence ay := w— Wy € Qy. Thus @ = ay + @y € 2y + 


El 


Ww. 


Example 6.8.33 


(a) Consider the weighted homogeneous isolated hypersurface singularity 
(X,0) = {xt + yt+2 = 0} c (C?,0). One verifies that Pg = 4 (use 
either 5.5.4(c) or 6.9.14). We consider the minimal good resolution, whose 
graphs is 


—5 -1 -5 


@ is the Gorenstein form, then w, zw, xw and yw generate H(X \ 
E, ee The pole orders along the central curve Ep are 7, 
2 


3, 2, 2. Let v; (1 < i < 4) be the end-vertices. Then for fixed 
i, V \ {vj} represents a minimally elliptic singularity, cf.7.2.B. Hence 
Qy, ~ C by (6.8.13). If & are the roots of é4+ 41 = 0, then 


(x + &y)@ generates (2), (notice again the ‘jump-phenomenon’, cf. 6.7.26). 
Furthermore, {2), = 0 and fori # j one has 2), 9 Qy; = O and 
2Qy, + Qy, = > Qin, & C? = (x, yo). In particular, the linear 
subspace arrangement {2,}, in C?s = C? is rather special, it is not generic at 
all. 

(b) It is instructive to compute the subspace arrangements (at least) for ellip- 
tic singularities, or for the different analytic structures listed in 11.9.40. 


6.8.34 Reduction to an Arbitrary Z > 0 The facts from this section and from 6.8, 
valid for X (or, for any Z >> 0) can be generalized for any Z > E as follows. 

Regarding the Laufer au we have the = sollowane facts. Consider the above 
perfect pairing (,) : H! (X, O%) ® H(X \ E, Q2 $)/H° (23) — C given 
via qneeranon of class SED ECSCRIANVES, cf. (6.8.11). in H! ee O=%) let A be the 
image of H! (x, OR(-Z)) > H! ee O%), hence H! x. OVA = H!(G@z). 
On the other hand, in H°(X \ E, 2%)/H°(2%) consider the subspace B := 
H°(22(Z))/H® (22) of dimension h!(@z) (cf. (6.8.2). Since (A, B) = 0, the 
pairing factorizes to a perfect pairing H'(@z) @ H°(2%(Z))/H°(23) > C. 
It can be described by the very same integral form of the corresponding class 
representatives. 

Next, for any % C V define 2z(-%) as the subspace H°(Q2(Z|y\.9))/H° (QZ) 
in H°(23(Z))/H°(2%). By (6.8.2) dim 2z(4) = h'(@z\,,,), and {2z(A)}g 
is a linear subspace arrangement in H°(2%(Z))/H°(2%) ~ H'(Gz)*. 


248 6 Invariants Associated with a Resolution 


Additionally to the linear subspace arrangement {2z(.%)}.7 we can consider 
a more subtle object as well, a filtration indexed by / € L,0 < 1 < Z, 
called the multivariable divisorial filtration of forms. Indeed, for any such | we 
define Gz(l) := H°(22()))/H°(Q) Cc H°(25(Z))/H°(2%), equivalent to 
H'(@))* — H'(@z)*, dual to the natural epimorphisms H!(@z) — H'!(@)). 
In particular, @z(/) ~ H '(01)*. Gz(V) is generated by forms with pole < /. In 
particular, @z(0) = O and Yz(Z) is the total vector space, Yz(l1) C Gz(I2) 
whenever J; < Jn, and Yz(1,) N Gz(I2) = Gz (min{ly, I2}) (4). 

Note that (+) is dual with the following statement. Denote by K (1) C H 1(@z) the 
kernel of H!(@z) > H'(@)). Then K (1) + K (2) = K (min{I, o}) in H'(@z). 

Also, if 1 = Dee ryEy and all r, > 0 then Yz(min(/, Z)) = 2z(-F). 

For Z > 0 we get a filtration Y(J) of H°(X \ E, 2%)/H9(2%) indexed by 
le Lso. 


6.8.B A Topological Upper Bounds for pg. The Invariant Path’ 


We introduce the topological invariant Path’ associated with a fixed resolution 
graph. It serves as a bridge between analytic and topological invariants: it is an 
upper bound for pg, but (as we will see in 11.6) it fits perfectly in the world 
of lattice-type invariants of the link as well. The invariant Path’ motivates the 
following question: classify those graphs for which the optimal equality pg = 
Path’ can be realized by some analytic structure, and in these cases describe 
or identify all such analytic structures. Furthermore, if pg = Path’ cannot be 
realized, one wishes to find the optimal topological bound replacing Path’. (Both 
questions are open to the best of the author’s knowledge.) & 


6.8.35 We fix a topological type of normal surface singularities, and we wish to 
find an upper bound for the geometric genus of all analytic structures supported 
by this topological type. The upper bound will be given by the graph I" of a fixed 
good resolution. Let .# be the (topologically defined) set of cycles [Zx ]4-+ Lso. 
By 6.4.7 h!(@z) = Pg for any Z € # and for any analytic structure supported by 
rT. 

For any g € Zso andd € Z let B(g, d) be the maximum of h'(C, LZ), where C 
is any smooth projective curve with genus g and ¥ € Pic(C) has degree d. Since in 
any such situation h°(C, Y) < max{0, d+ 1}, one has h!(C, Z) = h°(C, LZ! ® 
Kc) < max{0, 2g — d — 1}. In particular, B(g, d) exists. In fact, for g = 0, 


B(O, d) = max{0, —d — 1} = h'(P!, Gpi(d)). 


A path with end-cycle Z € Lso is a sequence of integral cycles y := {l;}}_o, 
1; € Lo such that Jp = 0,1; = Z, and /j+1 = 1) + 6; Eyq) for some v(i) € VY and 
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€; € {+1, —]}. In the definition of a path we also require 1; A 1; fori A j. (If this 
last property is not satisfied then we say that the path is ‘non-injective’.) 

Let Y(Z) denote the set of paths with end-cycle Z, and let Y denote the set of 
paths with arbitrary end-cycle Z from .%. A path is increasing if €¢; = +1 for every 
i. Denote by Y'(Z) C A(Z) and Y' C FY the subset of increasing paths. 

Furthermore, for any Z, for any y € A(Z),i < t and e = 1 define 
Bi := B(g(Eniy), -i, Eva), SY) = Vier: e=1 Bi, and Path*(Z) := 
minye gz) S*(y). Similarly set Path* := min,eg S*(y) as well. It is convenient 
to define S*(y) even for a non-injective path, by the very same expression 


ae ej=1 Bj. 


6.8.36 Upper Bounds for 1!(@z) Fix some Z € Ls and consider y € A(Z). 
Ife; = —1 then h' (64,41) —h'(G;,) < 0. Otherwise, from the exact sequence 
0 > GE (li) > O14, > A, > 0 we get 


h' (G14) — (61) <b! (Ozyy(-l)) < Bi Oi <t, a=). 


vi 


In particular, for any analytic structure with the fixed resolution graph I” one has 


h'(@z) < Path*(Z) and peg < Path*. (6.8.14) 


6.8.37 The Case g(E£,) = 0 for all v € ¥ The inequalities from (6.8.14) are the 
starting point of a connection between the geometric genus (as analytic invariant) 
and the path lattice cohomology associated with the link, see 11.6. Since the path 
lattice cohomology is defined only for rational homology sphere links, in the sequel 
of this section we will assume that g(E,) = 0 forall v. In this case, the sum S*(y) 
is much nicer. Indeed, whenever €; = 1 we have 


B; = max{0, (Ey, i) — 1} = max{0, x (i) — x Gi-}- (6.8.15) 


Moreover, in (6.8.14) equality holds if and only if for some y one has (i) h! (O1,4,) = 
h'(G;,) whenever €; = —1l, and (ii) the above cohomology exact sequences 
considered in 6.8.36 split for all i with €; = 1. 

Next, define B; fori < t ande; = —1 by Bj = max{0, x(i) — xian}, 
and set S(y) := >°;-, Bj for any y € A(Z). Furthermore, set Path(Z) := 
MiNye Az) S(y) and Path’(Z) := min,,< gi(z) S(y) as well. Consider also the 
versions Path and Path’ where the minimum is taken for y €¢€ Aandy « # 
respectively. 

The definition of the three Path-versions is motivated by the following facts: 
Path* serves as the natural bound for h!(@z), hence creates the bridge with the 
analytic exact sequences, Path will create the bridge with path lattice cohomology 
(see 11.6, especially the surjectivity statement from 11.6.7). In this case, along a 
path we measure the probable y-decreases and we minimalize them. Finally, Path’ 
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is defined for increasing paths, which appear naturally in several geometric (Laufer 
type) constructions, see e.g. 7.3.D. 
From definitions we obtain 


Path*(Z) < Path(Z) <Path'(Z) and Path* < Path < Path’. (6.8.16) 


Lemma 6.8.38 Assume that g(Ey) = 0 for all v. Then the minimum Path* (Z) can 
be realized by an increasing path. In particular, Path*(Z) = Path(Z) = Path'(Z) 
and Path* = Path = Path’. 


Proof Fix some non-increasing y = {/;}; and let j be the smallest index with 
€; = —1. Write v(j) = v. Let k be the largest index with k < j, v(k) = v. This 
necessarily exists since each /; > 0 and /o = 0. Then the path-segment /x, ... , 1; 
of y is increasing. For i € {k +1,..., j} write; = 1; + Ey. Then 4, = J; and 
i; = = 141. We will sae the path-segment /x, Jx41,...,/;, lj41 of y by the path- 
segment /x41,...,/; (all other elements will stay aininodified: let the new path be 
denoted by y. It cnioh happen that it is a non-injective path. However, Eyi) # Ey 
fork+1<i<j—-—J1and 


xi) — xia) = xi) — x G41) + (Ev, Ex) = xi) — x Gian). 


Hence S*(y) < S*(y). If y is injective, then we finished the inductive step. 

Assume that y is not injective. Let iV denote its terms. Since y is injective, 
if i = Le for certain n 4 m along y then the lattice point i, is realized exactly 
two times, exactly for the indices n and m. Then we shorten y by eliminating 
(oriented) loops from it (they can be interpreted as Euler cycles in a directed 
graph). Start to travel along /, and let /,, be the first non-injectivity lattice point. 
Let m > n be the index with Ie = a Then replace the intermediate path 
In, ...,lm by the lattice point /,,. Then repeat the procedure with the shortened path. 
Finally we obtain an injective path y’ with less ¢, = —1 and S*(y’) < S*(v) < 
S*(y). 

By induction we find an increasing y’ with S(y’) = S*(y’) < S*(y). 

| 


6.8.39 Paths with Fixed End-Cycles In the next lemma we analyse the Z-depen- 
dence of Path‘ (Z) for arbitrary cycles Z € Lo. Regarding the assumption from its 
part (b), note that if X is a minimal good resolution then Zx > 0, cf. 6.3.4. 


Lemma 6.8.40 Assume that g(E,) = 0 for all v. Then the following facts hold: 


(a) If Z, < Z> then Path! (Z) < Path’ (Z2); . . 
(b) Assume additionally that Zx > 0. Then Path'(Z) = Path’ (min{Z, |Zx }}). 
Hence, Path’ (| Zx |) = maxzso Path’ (Z) = Path’. 
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Proof 


(a) Take Z2 = Z, + E,. Similarly as in the proof of 6.8.38, for any y € F(Z) 
(repeating the proof for the path y completed with the segment [Z2, Z;]) one 
constructs y’ € #!(Z,) with S(y’) < S(y). 

(b) Assume that Z can be written as |Zx | +a—b, witha > 0, b > 0, anda and 
b without common components. We claim that there exists E, C |a| such that 
x(Z—E,) < x(Z). Indeed, if not, then (Z—Zx, Ey) > Oforany E, C |a|. Let 
{Z x}, be the part of {Zx} supported on |a|, and {Zx}2 = {Zx}—{Zx}1. Hence 
(a — {Zx}1, Ev) = (6+ {Zx}2, Ey) = 0 for any Ey, C |a|. By the negative 
definiteness of (, ) this can happen only if a—{Zx}, < 0, cf.2.1.19. Buta > 0 
is integral, which leads to a contradiction. Therefore, there exists an increasing 
path connecting Z — a with Z which is x-nondecreasing. In particular, a path 
y, which realizes Path’ (Z — a), can be completed to a longer path from 0 to Z 
with the same S(y). Hence Path'(Z — a) > Path'(Z). This together with (a) 
gives Path’ (Z — a) = Path! (Z). 


oO 


The next results analyse certain cases when the inequality pg < Path! 
from (6.8.14) is strict. Recall, cf.6.4.19 and 6.4.20, that in the numerically 
Gorenstein context with Zx > 0, ZK = Zeon if and only if the analytic structure is 
Gorenstein. 


Theorem 6.8.41 ([495]) Assume that I’ is numerically Gorenstein and g(Ey) = 0 
for all v. Assume also that ZK > Zeon for some analytic structure (X, 0). If one of 
the following properties hold: 


(1) either {y € P'(Zx) : Sly) = Path'} > {Evhvey, y +> Evo-ty is 
surjective, 

(2) or, the support |ZK — Zcon| is E, 
then pg(X,0) < Path’. 


Proof 


(1) We prove that if pg = Path! and the surjectivity (7) holds then Z.o, = Zk. 
Indeed, pg = Path’ implies that along a path y with Pg = Path’ = S(y), 
whenever pz can grow with (Ey), /;) — 1 > 0, it necessarily grows with this 
amount. On the other hand, for any choice of y, 1;,_1 = ZK — Eyt—1). Since 
(Eig—1), 4-1) — 1 = 1, necessarily h!(Zx — Eya—1y) < h'(Zx) = pg. By the 
surjectivity (1) we get that this must be the case for any E,, that is, h'(Z K- 
Ey) < Peg for any v. Hence Zeon = ZK. 

(2) Fixy € #'(Zx), y = {li}i_o, with S(y) = Path’. Let y’ be the shorter path 
y= fli} zp Then, as above, S(v’) = S(v) — 1. Hence, via the assumption (2) 
and (6.8.14), pp = h! (Zeon) < h\(Ozx—Eyy-y) < SCY") < S(y) = Path’. 


By 6.4.22 assumption (2) is automatically satisfied in some cases. 


252 6 Invariants Associated with a Resolution 


Remark 6.8.42 


(a) The definition of Path’ is natural and ‘simple’, however usually it is very hard to 
determine it explicitly: finding the minimalizing path can be rather challenging. 

(b) Assume that the link is a rational homology sphere. The above inequality 
Pe < Path! looks slightly artificial, even naive with questionable sharpness. 
Nevertheless, as we will prove, for rather important analytic structures along a 
well-chosen increasing path all the cohomological exact sequences from 6.8.36 
split, and the equality pg = Path! holds (see below). 


Example 6.8.43 


(a) Assume that J” is star-shaped with rational central vertex. (For notations 
see 5.1.26.) Then we will see in 11.3.A that Path’ = Veo max{0, —N(¢) — 1}, 
hence for weighted homogeneous singularities via (5.1.8) pg = Path’. 

The equality pg = Path! is realized (under the assumption that the link is a 
rational homology sphere) by the following families as well: 

(b) rational singularities, cf. 7.1.4; 

(c) maximally elliptic singularities (with pg = seq), cf. 7.2.66; 

(d) more generally: for AR singularities which satisfy the SWIC for the canonical 
spin‘ structure, cf. 11.3.9 (see also 11.6.11); 

(e) superisolated singularities, cf. 11.6.11; 

(f) local Weil divisors in affine toric 3-varieties with non-degenerate Newton 
principal part, cf. 11.6.A. 


Example 6.8.44 On the other hand, one can find topological types of singularities 
(even with integral homology sphere link) such that for any analytic structure the 
strict inequality pg < Path! holds. We follow [495], where the details can be found. 

Consider the graph from 5.2.5. First one shows that Path’ = 4. The inequality 
Path’ < 4 can be checked by considering a concrete path y € FP! (ZK) with S (y) = 
4. For Path’ > 3 one argues as follows: there is a non-Gorenstein Kulikov analytic 
structure on I” with pg = 3 and Zeon < 2Zmin < ZK — E, hence 6.8.41 applies. 

Next we claim that there is no analytic structure with pg = 4, cf. [495]. (Under 
the assumption pg = 4 one shows that (X, 0) would be Gorenstein with multiplicity 
two, hence it would be a suspension type (cf. 6.7.13) with integral homology sphere 
link. In particular, its splice diagram would be as in 5.3.21, which is not the case.) 

Then, for all analytic structures h!(@z,,,,,) = 2 < pg < 3. pg = 3can be realized 
by two rather different analytic structures. One of them is a non-Gorenstein Kulikov- 
type singularity, with Znax = Zmin, mult(X, 0) = 3, emb(X, 0) = 4. The other 
one is a splice type complete intersection with Zma,x = 2Zmin, mult(X,o0) = 4, 
emb(X, 0) = 4. 

It is instructive to make the following comparison. Note that the exceptional 
curve of the minimal resolution in the previous example is a two-cuspidal rational 
curve with self-intersection —1, with ‘graph’ —1e[é = 1+1]. By analogy, consider 
singularities with topological type given by the genuine graph —1 e [g = 2] (with 
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similar adjunction relations). In this second case again one has 2 < pg < 4 for 
the possible analytic structures, however, in this case pg = 4 can be realized by a 
Gorenstein Kulikov singularity (e.g. by z : ({x2 + y? +710 — 0}, 0) + (C, 0)). The 
difference between the two cases is explained by Stevens in [666] as follows. In both 
cases, in the Gorenstein case one must have Kg = @g(—2E), hence @g(—E) is a 
theta characteristic. In fact, by a cohomology computation it must be an odd theta 
characteristic. For a smooth g = 2 curve the divisor of a Weierstrass point is an odd 
theta characteristic. Hence if we perform the Kulikov construction by blowing up 
such a point then we get a Gorenstein Kulikov singularity, cf [661]. (Recall that the 
Kulikov construction here reads as follows: take C x C, where C is smooth of genus 
2, blow up a point (p, 0) with p € C and contract the strict transform E of C. The 
choice of the point p is crucial!) However, a two-cuspidal rational curve has only 
one theta characteristic, which is even. (The candidate Weierstrass points fall into 
the cusps.) Hence —1 e [6 = 1 + 1] does not admit a Gorenstein Kulikov analytic 
structure (which is the ‘expected’ analytic type for a (pg = 4)-analytic structure). 
The above two-cuspidal example also shows that there exists a numerically 
Gorenstein topological type, even with integral homology sphere link, for which 


(i) although an analytic type realizes the maximal pg, it is not necessarily 
Gorenstein; 
(ii) although an analytic type realizes the maximal pg, its maximal ideal cycle is 
not necessarily the Artin cycle; 
(iii) although the graph is Kulikov and numerically Gorenstein, it does not support 
any Gorenstein Kulikov analytic structure. (Compare with 6.3.20(c).) 


Via 6.8.41 the (negative) statement (1) from above cannot happen if pg = Path! 
(and X is aresolution, where either Zx = Zeoy, or ZK — Zeon > E, cf. 6.4.22). 


Problem 6.8.45 Associate combinatorially an integer MAX(J°) to any resolution 
graph I”, such that for any analytic type supported by I one has pg < MAX(IJ°), 
and furthermore, for certain analytic structure one has equality. 


The analogous integer MIN(J’), targeting the optimal topological lower bound 
of pg, is already known, cf. [453] and 6.8.48. The expectation is that for any fixed I” 
any integer between MIN(J°) and MAX(J‘) can be realized as the geometric genus 
of a certain analytic structure supported on I”. 


6.8.C_ A Topological Lower Bounds for pg 


We prove the inequality pg => 1 — min x and several improvements of it. & 


6.8.46 We consider the minimal resolution, hence Zx € .’. Since iG Zn) =A; 
cf.6.6.9(b), pg = h! (Zin) = | — x(Zmin). In order to improve this inequality, we 
have to allocate a cycle which minimalizes x. We denote minjey x (/) by min x. 
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Wagreich has proved that the expression | — minx is independent of the 
resolution, and called it the ‘arithmetical genus’ pg(X, 0) of (X, 0) [719]. 


Proposition 6.8.47 ((719]) If pg 4 0 then pg => 1 — minx. 


Proof We start with the following fact: There exists lJ, € % such that x (Jn) = 
min x. Indeed, for any / € L we constructed in 6.6.3 a cycle s(l) € Y, 
s(l) => 1, with x(s(@)) < x(@). Hence any / with x (J) = minx can be replaced 
by s(/). 

Since .Y C Lso, minx is realized on L>o. Assume that min x is not realized 
on Lyo (that is, miny = x(0O) = O and x(@/) > O for any / > O). For 
such singularities in 7.1.2 we will prove that pg = 0. Since here pg > 0, 
there exists J,, € Lso with miny = x(/»). But for any / > O, from the 
cohomology exact sequence of 0 > @(-l) ~ G + G — O we get 


pe + x) = dim H°(6)/H°(6(-D) +h (G(-D). (6.8.17) 


Since H°(6)/H°(G(-l) contains the class of constants, its dimension is > 1. 
Oo 


Remark 6.8.48 The statement and the proof of the above proposition might suggest 
that the inequality from 6.8.47 cannot be very sharp, and for a general graph 
I” the smallest possible p, (considered over all analytic structures supported on 
I’) is much higher than 1 — min y. However, in [453] it is proved that the 
expression | — min y is an optimal bound whenever H;(M(I"),Q) = 0: the 
geometric genus of the generic analytic structure supported on J” equals | — 
min x. 


Once this said, still, our goal is to enrich the above inequality by introducing in it 
some other analytic invariants. We start with the improvement of the first statement 
of the proof of 6.8.47. 


Lemma 6.8.49 There exists ly, € L such that x(lm) = minx, ln € SY and ly < 
ZK. 


Proof First note that in a minimal resolution (when Zx € -%’), x (—a) > 0 for any 
a € L‘ 9. (Analyse the real function t +> x(—ta),t € R.) In particular, fora € L‘ 4 
and b € Li, with dim |a|M |b] < 1 one has x (b — a) > x (b). Using the symmetry 
x < ZK —x of x, one also gets (for the same a and Db) (+) x(Zx —b+a) > 
x(ZxK — b). Using these facts we obtain that there is? € L withO <1 < Zx such 
that x (J) = min x. Then replace / by s(/). Then s(/) € Y and s(/) < Zx still holds 
because of (7). oO 


If ln = Zx, then necessarily Zx € L and minx = O. This is the case 
of elliptic singularities, whose detailed discussion is in Sect.7.2. Moreover the 
inequalities from below can be verified for them directly (by substitution min x = 
0). 
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Proposition 6.8.50 ((334]) Assume that one can choose lyn € Y and0 < In < 
[ZK] (hence pg > 0). Let e = emb(X, 0) be the embedding dimension of (X, 0). 
Then 


2°(py + min x) + 2°!x([ZK1) = x(LZx]) + pe +1. (6.8.18) 


This in the numerically Gorenstein case reads as pg + min x > (pg + 1)/2°. 
If (X, 0) is Gorenstein, then pg + min x > (pg + 2", 


Proof In the proof we use the following algebraic lemma. 


Lemma 6.8.51 (Appendix of [334]) Let R be a local C-algebra with embedding 
dimension e > 2. If {ai}, (d > 2) are ideals of R with finite codimension, then 


d*!(dim(R/ay +---+dim(R/ag) > dim(R/a,--- aq). 


Now we prove (6.8.18). Since l, € -% by a computation one gets x([Zx] — 
Im) < x(ZxK]) — x(Um). Hence (6.8.17) written for] = 1, andl = [Zr] —In, 
summed, and applied 6.8.51, show that the left hand side of (6.8.18) satisfies 


eG aia gf tg — ed 
= POZE) Cee) 


In the Gorenstein case we write a = ly), b = ZK — Im and we apply (6.8.17) for Jn. 
Then h!(@(—a)) = h'(@,(—a)) = h°(Gp) => dim H°(@)/H®(@(—b)). Hence 


_ HA (@) _ HA) 1 H°(6) 
Pet+x (Im) = dim ———— +dim —_—__ > (1+dim Faz) 


H°(O(—a)) H(O(—b)) ~ 26-1 


by 6.8.51. o 


Remark 6.8.52 Equation (6.8.18) can be applied in two different ways. Let us 
assume that Zx ¢€ L. If e is fixed, then pp + miny > (pg + 1)/2° (or 
Pe +minx = (pg + 1) /2°-! in the Gorenstein case), which is a considerable 
improvement of pg + minx > 1. However, as we have already mentioned, there 
are singularities when pg + min x = 1. For them we get the additional restriction 
2° > pe +1=2-—minx. 


Surprisingly, in 6.8.51 even very ‘naive’ choices of the ideals might provide 
remarkable inequalities. (For an application see 6.9.31). 


Proposition 6.8.53 ((334]) Assume that (X,0) is numerically Gorenstein with 
Pg > 0. Then in the minimal resolution (2° — 1) pg = 1 — vin 


Proof Apply 6.8.51 with a; = a, = H°(@(—Zx)) and use the vanishing 
theorem 6.4.3 to get dim H°(@)/H°(O(—2Zx)) = pe — Zz. Oo 
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Example 6.8.54 (Tomari’s Bounds [690]) H\(X, O%) is an Gy o-module; this is 
very transparent in the realization (6.8.1), where the module structure is given by 
multiplication of forms by functions. In particular, it has a natural filtration provided 
by the powers of the maximal ideal. Let us write R := H! (@x%). Tomari’s invariant 
T is the smallest positive non-negative integer with my 9 R= 0. By Nakayama’s 
Lemma, all the modules R D mR D --- D m? R = Oare distinct modules, T is the 
number of non-zero ones. 

One shows that for a generic element f of my., one has m‘R = f* - R for every 
k, hence T is the order of nilpotency of multiplication by f. Tomari also shows that 
dim(R/f R) = h'(@z,.). Therefore, 


max 


T —14dim(R/fR) < pe <T-dim(R/fR), dim(R/f R) = h! (Czy 4,)- 
(6.8.19) 
Using (6.8.1) one has the reinterpretation (where i > 0) 
R/m' R ~ {[w] € H°(X \ E, 27)/H°(X, 27) : f'[o] = 0}: (6.8.20) 
T = min{t € Zs : m’ - H°(X \ E, 27)/H(X, 27) = Of. (6.8.21) 


Hence, when (X, 0) is Gorenstein, T = min{t € Zs9 : ZK < t+ Zmax} (use 6.8.9). 

Tomari replaced dim(R/f R) in the first inequality of (6.8.19) by 1 — minx 
by proving T — minx < pg. Also, for weighted homogeneous singularities, or 
for singularities with Zmin = Zmax he verified that dim(R/fR) < 1 — minx. 
Therefore, in these cases, pg < T - (1 — minx) as well. 

The inequality pg + minx > T improves 6.8.47, and its proof is a slight 
modification of the proof of 6.8.47 using the multiplicative structure of the involved 
cohomology groups. Indeed, let us take the identity (6.8.17) applied for / = 1, > 0. 
Set A := m/H°(G(—Im)) and B := H!(G@(—lm)), let a and b be their dimensions, 
hence pg+min x > 1+a-+b. Both A and B are Gy, modules, and by Nakayama’s 
Lemma m“A = 0 (hence m@+! Cc H°(@(—In))) and m?B = 0. Consider now 
the natural morphisms H®°(G(—lm)) ® R ae H!(@(—In)) ws R, where the 
composition is the multiplication. Then m@+?+!.R C v(u(m?-H°(G(—In))@R)) C 
v(m’ B) = v(0) = 0. Hence l +a+b>T. 


6.8.D Plurigenera 


Motivated by the Laufer duality, using 2-forms, we introduce the three families of 
plurigenera of Morales, Watanabe and Kndller and we provide their asymptotic 
behaviours as well. & 
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6.8.55 Some generalizations of the duality formula (6.8.1) are natural. 

For any positive integer m we will consider the sheaf of m-ple holomorphic 2- 
forms. In local coordinates z = (z1, z2) they have the form w := @(z)(dz, Adz2)®”, 
where ¢ is holomorphic. One associates with w a continuous (2, 2) form (wA@) Met 
which in local coordinates is (1) -|o(z)|2/™dz, A dz, A dz2 A dz. 

A global m-ple holomorphic form @ € H°(X \ 0, @x(mKy)) is called L*/”- 
integrable if for any sufficiently small relatively compact neighbourhood W of 
oEexX 


/ (o@ A@)!/™ < oo. 
W\o 


We denote the L7/”"-integrable forms of H°(X \ 0, G@x(mKx)) by L7/"(X \ 0). 
Local computations at points of E show the following characterization. 


Proposition 6.8.56 (Sakai [606, Th. 2.1]) In a good resolution L?/"(X \ 0) ~ 
H(X, O%(mKx% + (m — 1)E)) holds. 
For any divisor D supported on EF consider the isomorphism 
H°(X \ E, Oz(mKx)) _ H°(X \ E, Ox(mKx + D)) 
H(X, Ox(mKx+D))— H°(X, Ox(mKx + D)) 
This space embeds into H} (X , O%(mKx + D)), hence it is finite dimensional. 
Definition 6.8.57 For each pair (m,n) € Zso x Z we define 


H(X \ E, 6z(mKx)) 


A X,0):= di Sa TSC 
m,n(X, 0) imc HX, Oz (m(K% + E) + nE)) 


For some particular values of n the invariant A,,,, has already been considered: 


(a) Am.o is the m-th log-plurigenus Aj, (X, 0) of Morales [442], 
(b) Ajm,—1 is the m-th L?-plurigenus dm(X, 0) of Watanabe [747], 
(c) Am,—m is the m-th plurigenus y,,(X, 0) of Knéller [321]. 
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E.g., Ai,-1 = 61(X,0) = w1(X,0) = pe(X, 0). Moreover, Amn < Am,n-1, 
hence 


Am(X, 0) < bm(X, 0) S Yn (X, 0). (6.8.22) 


Let us give some examples. We start with cone singularities, for notations see 5.1.3. 


Proposition 6.8.58 (For the Cases 4,,, and 4, See [528, 747]) 

Consider the algebraic cone singularity (X, 0) associated with the ample @ € 
Pic(C) as in 5.1.3. Let X be the blow up 0 € X and write E (~ C) for the 
exceptional curve. Set also Og(KeE) = hi Then the following identity holds: 


Amn = >. h(E, Og(mKg + kE)). (6.8.23) 


k>n 
Proof Consider the exact sequence 


(Oz (mKx(E) + (k—DE)) & H°(6z(mKx(E)+kE)) > H°(Og(mKg +kE)). 


For cone singularities the restriction r is onto. Indeed, if s € H°(Ge(mKge +kE)), 
then by Lemma 5.1.4 one has rz*(s) = s. Finally note that H° (6% (mKx(E) + 
kE)) = H(X \ E, Og (mK z)) for k >> 0 (because Ay ,n is finite dimensional). 

Oo 


Remark 6.8.59 (Topologically Cone Singularities) Assume that the exceptional 
curve of the minimal resolution X > X ofa singularity (X, 0) consists of a unique 
irreducible nonsingular component E, that is, Xx topologically is a disc bundle over 
E (or, the link Ly is an $ '_bundle over E with negative Euler number). All the 
arguments regarding the formula (6.8.23) are valid except maybe the surjectivity 
of r. Therefore, for any analytic structure with this topological type one has 


Amn S > AYE, Orn(mKe +kE)). 


k>n 


Example 6.8.60 (The Homogeneous Hypersurface Singularity) Let f : (C?,0) > 
(C, 0) be a homogeneous degree d isolated hypersurface singularity, (X, 0) = {f = 
0}. We blow up ® : BoC? — C? the origin. The strict transform X of X is the 
minimal resolution of X. Let P? be the exceptional plane of ®, and E : = Xn 
P?. Then E is a smooth curve in P? of degree d, and X is the restriction of the 
tautological line bundle of P? to E. Let H be the hyperplane in P*, and also its 
restriction to E. Then for this cone singularity Kg = @g((d — 3)H) and Og (E) = 
Or(—H), hence 


Amn = > h(E, Og ((m(d — 3) — KH). 


k>n 
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But H°(E, Gg(aH)) ~ H°(P?, Op2(a))/H°(P?, Gp2(a — d)) for H'(P*, Gp2(a)) 
= 0 for every a € Z. In particular, with the notation 


tie) Ae, Ovr(a —k)) = #{(a), ao, a3) € Zio : Yoai <a}s= (‘ + ), 


k>0 i 3 


we get Amn = W(md — 3m —n— 1)—N(md — 3m —n—1—d).E.g., pe = (§). 


Example 6.8.61 (The Quasi-Homogeneous Hypersurface Singularity) Forn = 0 or 
n = —1 the following formulae were verified in [528, 747]. 

Let f : (C?,0) — (C, 0) be a quasi-homogeneous degree d isolated hypersur- 
face singularity, (X, 0) = {,f = 0}. We denote the weights by (w 1, w2, w3) € vie 
that is f is a linear combination of monomials of type z* = as where 
>); iwi = d. Set 


Nw (a) = H{(a1, a2, 43) € Za9 + Vjaiw; <a}. 


Then Amn = Ny(m(d — 0; wi) —n — 1) — Ny(m(d — YE; wi) —n — 1-4). 


Example 6.8.62 ([444]) Assume that (X,o0) is weighted homogeneous and 
Gorenstein. Let R be the local graded ring of (X,0) as in 5.1.26. Then 
bm = eer dim Re and Am = Yop ey dim Re. (For 6) = pg see 6.3.30(d).) 


Example 6.8.63 ([747]) Assume that (X, 0) is a quotient singularity (C7, 0)/G, 
where G is a small subgroup of GL2(C). Then 6,,(X, 0) = 0 for every m > 0. 
Indeed, using the covering C? —> X and the fact that any m-ple holomorphic 
form of C? \ {0} is L?/”, by covering and integration we get the same for 


X \ {x}. 


Example 6.8.64 Assume that (X, 0) is Gorenstein and en a minimal, hence 
ZK € 4%. Then 


Yin = —(m? — m)Zx/2+ pg(X, 0). 
Indeed, similarly as in 6.8.4 (and by the vanishing h! (Cxz(mK x)) = 0) one has 


H(X \ E, Oz(mKz)) 


= dim = 
i H(X, Oz (mK z)) 


= hl (Og(mK)) = h! (Og(—(m — 1) Kg). 


This equals hl (Oxz((m — 1)Zx)), which can be computed from the cohomology 
exact sequence of 0 > Ox > O%((m — 1)ZK) > O~m—1yzx ((m — 1)ZK) > 0. 
Here h°(O(m—1)z¢ ((m—1)Zx)) = 0 by 6.4.2, hence Ym = Pe — X(O(m—1)Zx ((m— 
1)Zx)). 
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6.8.65 The next formulae show the asymptotic behaviour of the plurigenera. 

In any resolution we apply the Zariski decomposition from 6.6.23 for 
l! := Zr — E, namely we write —l’ = @z(l') — Sz(l’). Usually this is written 
in the form K + E = N + P as well (hence P = —%z/(I')). Then one has the 
following facts: 

If X > X is a minimal resolution then (cf. [442, 528]) 


Ym = —(m? — m)Z%/2 + pe(X, 0) + p(m), 


where p(m) is periodic for m >> 0. In a minimal good resolution (cf. 
[130, 528, 727]) 


Am = —m? P? /2 — m(Zx, P)/2 + b(n), 


where b(m) is bounded, and it is periodic whenever (X, 0) is Gorenstein. Finally, 
again, in a minimal good resolution and for certain bounded b/(m) (cf. [528]) 


Sm41 = —m? P?/2+m(Zx, P)/2+b'(m). 


6.9 Relations with Smoothing Invariants 


In 6.9.A we make a short presentation of some deformation theoretical results, 
which complement the invariants of the abstract germ (or the invariants read 
from a resolution) with the so-called ‘smoothing invariants’. This subsection 
is more of an informative nature, though several of its statements will be 
used later. Similarly, in part 6.9.B we collect several concrete formulae and 
procedures, which provide different invariants from the ‘Milnor package’ for 
special hypersurface singularities; this also will help the reader to follow further 
computations and exemplifications. & 


6.9.4 The Formulae of Laufer, Durfee and Wahl 


6.9.1 Fix a normal surface singularity (X, 0). A deformations of (X, 0) is a flat 
analytic germ 4 : (2,0) — (T,0) such that (X, 0) is isomorphic to (A~!(0), 0) 
under a fixed isomorphism. (We assume that (T,0) is reduced.) By a theorem 
of Grauert, an isolated singularity (X,o0) admits a semi-universal deformation 
(2,0) — (B,0) [224, 616]. This has the property that any flat deformation 
over (T,0) is induced by a map (T,0) — (B,0), which is unique at the level 
of the tangent spaces. The space (B, 0) is called the base space of the semi- 
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universal deformation. It is smooth if (X, 0) is a complete intersection [706] or if 
emb(X, 0) = 4 [613]. But, in general, (B, 0) can be singular with many irreducible 
components which might have different dimensions. 

A flat deformation 2. : (2,0) > (T, 0) of (X, 0) with dim T = 1 is called a one 
parameter smoothing of (X, 0) if X; = 2—!(t) is smooth for t #0. F := X; (t #0) 
is called the Milnor fiber of i, it is a real connected 4-manifold with boundary 
Ly. Let w := rank H2(F, Z) be its Milnor number and o its signature, cf.3.2.A. 
Since H,(F, Q) = 0 (a fact conjectured by Wahl [726], and proved by Greuel and 
Steenbrink [236]), the topological Euler characteristic X;o)(F') of F is 1 + uw. The 
Milnor fiber and all its invariants (e.g. 42 and 0) might depend on the choice of the 
smoothing i. 

An irreducible component of B is called a smoothing component if the general 
fiber over it is smooth. Any 1-parameter smoothing lies on a certain smoothing 
component. 


Example 6.9.2. Not every singularity (X, 0) admits a smoothing, and, in general, 
it is an open problem how to decide if a specific singularity has any smoothing at 
all. For different obstructions see the papers of Laufer, Wahl, Looijenga, Pinkham 
(362, 394, 397, 572, 726, 730, 731] and the references listed in them. 

For example, Dolgachev’s triangle singularity Dp, (cf.7.2.20) admits a 
smoothing if p+ q-+r < 22 [394], it cannot be smoothed if p+q+r > 22 
[726], and the remaining cases p-+g +r = 22 are decided in [572]: all but D2 10,10 
can be smoothed. 


Example 6.9.3 For a rational singularity (i.e. pg(X,0) = 0) any component of 
B is smoothing component. One of the components is distinguished. It can be 
constructed as follows [30]: let X — X be the minimal resolution of (X, 0). Then 
all the deformations of the analytic structures of x (hence, which preserve the 
topological type of x ) project (via a finite group action) to deformations of (X, 0). 
These deformations provide a component, called the Artin component. It is smooth 
[725]. 


Example 6.9.4 The first example when B has two components (both of them 
smoothing components) was constructed by Pinkham [570]: (X, 0) is the cone over 
the rational normal curve of degree 4 (the minimal graph has one vertex with e = —4 
and g = 0). B has two components: the Artin component B, has dimension 3, the 
other, Bz, has dimension 1. Both components are smooth and intersect each other 
transversally. 4(B,) = 1, while w(B2) = 0, hence F (Bz) is a rational homology 
ball. 

The smoothing above B2 can be realized as follows, see e.g. [726]. Consider the 
hypersurface singularity {f = 0} = {xy — 2? = 0} in (C3, 0) with the Z action 
(+1) * (x, y,z) = (4x, £y, +z). The quotient singularity {f = 0}/Z> is (X, 0), 
and the smoothing { f = t} of f induces a smoothing of (X, 0). The Milnor fiber 
Fy of f has the homotopy type of S*, and Zp acts on Ff freely; hence X;o)(F) = 1. 
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6.9.5 Smoothing Versus Resolution In the presence of a smoothing the singularity 
(X, 0) is ‘approximated’ by two smooth surfaces, its resolution and its smoothing. 
The point is that their invariants are related in a very subtle way. The next two 
relations connect the topological invariants ze + |V|, bj(Lx) of the link, the 
analytic invariant p, and the invariants jz and o of a fixed smoothing. For different 
levels of generality, see [162, 362, 397, 655, 726]. 


Theorem 6.9.6 (Laufer’s Formula [362]) Assume that d is a smoothing of a 
Gorenstein normal surface singularity (X, 0). Then 1 = 12pe+ZE+|¥| —b, (Lx). 
In particular, for (X, 0) Gorenstein, 4(F) is independent of the smoothing. 


Theorem 6.9.7 (Durfee’s Formula [162]) The Milnor fiber of a smoothing of a 
normal surface singularity (X, 0) satisfies 4pg = 4 +o + bi (Lx). This combined 
with Laufer’s formula 6.9.6 for (X, 0) Gorenstein gives 0 + 8pg + Vige + |V|=0. 


These show that modulo the link-invariants Ze +|V| and b; (Ly), there are two 
independent relations connecting pg, «4 and o, provided that (X, 0) is Gorenstein. 
In particular, if by some other argument one can recover one of them from the 
topology of Lx, then all of them can be determined topologically. 


6.9.8 Consider the minimal resolution X of (X, 0) with |Ynin| irreducible excep- 
tional components and canonical cycle Z K,min- Let 6x and 6% denote the corre- 
sponding sheaves of derivations. Set 9 := h!(X, 0%). 


Theorem 6.9.9 (Wahl’s Formulae [726]) Let 7 : (2,0) — (7,0) bea 
smoothing, 6.9°;7 the relative derivations, and define B as the (finite) dimension of 
coker(0x7/7 ® Ox — Ox). (Usually it depends on i). Then, B equals the dimension 
of the irreducible component of B on which the smoothing i occurs, and 


p-O+ l4p, = 2(u+b(Lx) — |4Ynin|). 


If (X, 0) is Gorenstein, then this and 6.9.6 imply B = 0 + 10p¢ + 22: 


K,min’ 


Notice that 6 depends only on (X, 0) and the Milnor number of the smoothing 
A; in fact, 6 — 2 is independent of the smoothing. If (X, 0) is Gorenstein, then 6 
itself is independent of the smoothing. 

Consult also [726] for several similar formulae. For a review, and for several new 
formulas and conjectures see also [730, 731]. 


Example 6.9.10 If pg(X,0) = 0 then bj(Lx) = 0 too, hence for any smoothing 
o = —p,0 < uw <|4%nin|, and B = 0 — 2(|Yuin| — 4). For smoothings supported 
by the Artin component By one has « = |%yin| and dim B, = B = 0. 


Example 6.9.11 Consider a ‘rational homology disc smoothing’, that is, a smooth- 
ing with «7 = O. Then the link is a rational homology sphere and by Durfee 
formula pg = 0. A complete list of resolution graphs of weighted homogeneous 
complex surface singularities admitting a rational homology disk smoothing is given 
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in [57, 667], see also [728, 729]. In [728] Wahl conjectures that the only complex 
surface singularities admitting a rational homology disc smoothing are the weighted 
homogeneous examples of this list. 


Remark 6.9.12 A singularity is called rigid if and only if all its deformations 
are trivial. It is conjectured that there exists no rigid non-smooth reduced curve 
singularity, and no rigid non-smooth normal surface singularity. (Note that the 
higher dimensional quotient singularities are rigid [617].) For more see [240]. 


6.9.B Thom—Sebastiani Type Results and 
Suspension-Formulae 


For Milnor fibrations we will use the notations of 3.2.A, if it is needed we indicate 
the corresponding function in the subscript. 


6.9.13 Some Thom-Sebastiani Type Results [623] Let f : (C”+!,0) > (C, 0) 
and g : (C”*!,0) — (C,0) be isolated hypersurface singularities. Define 
f@eg:(C™ x C™!,0) > (C,0) by (f @ gg), y) == f(*) + g(y). Then 
Ffe@g is homotopically equivalent to the join space Fy * F,. Furthermore, the 
geometric monodromies also satisfy hgeo, fag ~ Ngeo,f * Ageo,g. In particular, 
Anim+iCh eg) = An(Fr) @ Hn(Fe) and hrag = hr @ hg. Hence if Div = 
>. (&) € Z{S'] denotes the divisor of A = det(1 — th) = 1], (& — t), then 
Div fag = Dive -Divg. Furthermore, by a theorem proved independently by Deligne 
and Sakamoto [608], the Seifert forms satisfy Sag = (—1)@TV YS; @ Sy as 
well. 


Example 6.9.14 (Invariants of Brieskorn Singularities) Since for (C, 0) — (C, 0), 
given by z+» z% (a > 2), the Seifert form (in a special base) is: 


-10 0... 0 
1-10... 0 


Szpzy=]90 1-1... 0 (a — 1) x (a — 1) matrix, 
0 0 0...-1 
the variation map, the intersection form and the monodromy operator can be 
written explicitly (use 3.2.15). Indeed, the pair (h, V) associated with z  z@ has 
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the following monodromy eigenvalue as Ore wee hje genik {a Ty, 


Hence, the pair (h, V) for f = ys z;ii 
(h,V) = eur CCL efa(T]en/, [ [a _ ePmiksiayy), 
j J 


Since b = V-!(h—1),a computation gives Brieskorn’s formula [82] 


aj—1 ay—1 a3-1 


o (a1, a2, a3) =o) : > > sign sin(z ye /aj). (6.9.1) 


kj=1 ko=1 k3=1 


In fact, wo = b\(Lx) = |{1 < kj <aj—1, f = 1,2,3, Yj kj/aj € Z}I, and if 
So= | <kj <aj—-1, j = 1,2,3, t< Dy kj/aj <t+ I, then Sy = So, 


My = Sot Sp = 280, H- = S1,0 = Y(-D'Sr, M = YO; Sj + Mo = [] (aj - VD. 
Also, 


(a1, 42) (a2, a3) (43, a1) 
Lo(a1, a2, a3) = —————————— — (a, a2) — (a2, a3) — (43, a1) +2. 
(a1, 42, a3) 


Using Durfee’s formula 6.9.7 one gets pg = So + wo/2 = |{1 < kj <aj—1, j= 
1, 2,3, ar kj; /aj < 1}| (Compare also with 5.5.4(c)). Hence, by GRE. ze + |V| 
is also get tained! 
Note that So counts the lattice points in the interior of a tetrahedron. This number 
was obtained by Mordell in terms of Dedekind sums [445], see also [276, 577]. 
Since o = 45S — uw, we obtain that if the integers a; are relative prime then 
o (a1, a2, a3) in terms of Dedekind sums is 
1+a? aaa + azaz + aja 7 - ajaza; 


—1+ 4(s(avar, a3) +8(apa3, a1) +8(a3a1,4)). 


3aja2a3 


6.9.15 Suspensions Assume that f’(x, y,z) = f(x,y) + 2%, where f is an 
isolated plane curve singularity. Let I’ be the embedded resolution graph of f 
as in 2.2, 4.1.C; see also 4.1.28 for some additional notations. We wish to recover 
invariants of f’ from I"y and N. 

The Milnor number and the characteristic polynomial of f is determined by 
A’Campo’s theorem 4.1.22. Hence, by Thom—Sebastiani theorem 6.9.13 we get the 
corresponding invariants for f’ as well. In 4.1.28 we described the Jordan block 
structure of hy. Hence we obtain hy as well, and jo for f’ can be deduced 
from vo = bi(L pao) = dimker(hy — 1) (cf. 3.2.2). In fact, an expression for 
bi (L f’=0) can be deduced also from the b) (L r=9) = ce (X pnw) +28 (X pn), 
where c(I"(X ¢,)) is given in (4.1.3), and g(’(X ¢,7)) in the algorithms 4.1.16 
(or 4.1.18). The very same algorithm provides the link of f’ as well. Using the 
notations of 4.1.10 and 4.1.28, for the signature of f’ we have the formula [466]: 
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Proposition 6.9.16 Define the ‘eta-invariant’ Z > € +> n(f; £) in terms of the 
graph If (with nodes WV ) by 


n(fs€) = |@|-14 (ene) D— > (é,m)—-D +4 95 YS sOmw, €; my). 


ec& vEeV veV wEeW, 


Then 
o(f(x,y)+2%) = n(f;N)—N-n(f; D. (6.9.2) 


If f is irreducible, then 4.1.D shows that n(f; 2) = 4- oe y yl we% S(My, €; My). 

In fact, for irreducible f one can express o(f’) in terms of signatures of 
Brieskorn singularities as well. Indeed, let (p;,qi);_, be the Newton pairs of f 
(cf. 3.3.10), and define the splice diagram decorations {ai}}_y as in 5.3.20. Set also 
d; := (N, pi+1--: ps) fori < s andd, = 1. Then [466] 


o(f') = do dj o(ai, pi, N/dj). (6.9.3) 


i=1 


This can be compared with the following consequences of (5.3.3) 


S AY 
Lo(f') = > dj - uwo(aj, pi, N/d;) and p(f')= 2 Pit1+** Ps* UG, Pi, N). 
i=l i=l 


(6.9.4) 


For the geometric genus (for f not necessarily irreducible) we have [472]: 


Ape(f! = 0) =N2— |) + D> (mu(N — 1) + (Nm) cup) = 2) 
veV 


+4 > x, ( sl, Ni: my) — N+ s(my, 1; my) ). 


vENV weH 


For the equivariant signature see [463]. For a different definition of the eta-invariant 
and other connections and comments see 9.1.21. 


6.9.17 A different type of formula is proved in [64]: it uses the cycle divg(f) in 
the lattice L of the embedded resolution of /. 


N-1 
pe(f(x.y) +2% =0) = S> x(-Lk- dive(f)/N)J). 
k=1 
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6.9.C Some Open Problems for Hypersurface Singularities 


Though the main focus of the book is not on hypersurface singularities, we still 
mention some guiding open problems, conjectures (or just certain difficulties and 
obstructions in their classifications). In this way we can highlight several results 
regarding normal surface singularities from a different perspective (embedding 
dimension three). Furthermore, the presentation emphasizes the parallelism with 
the C® embedded classifications (imposed by the links), and their anomalies 
which might appear exactly in this peculiar case of complex surfaces. & 


6.9.18 Analytic Classification of Isolated Hypersurface Singularities The clas- 
sification might run over several different equivalence relations; we mention only 
two of them. We say that f, g : (C"*!,0) > (C, 0) are right equivalent, f x g, 
if there exists a biholomorphism germ ¢ : (C”+!,0) © satisfying f = go@. 
The germs f and g are contact equivalent, or biholomorphic equivalent, f a g, if 
Ov (f),0 ~ @vvg),o- In both classifications it is hard to identify the corresponding 
stratifications and orbits. For the simple, 1- and 2-modal germs, with respect to the 
right equivalence, see [21]. It would be helpful to have several (partial) characteri- 
zations of the equivalences involving certain geometrically defined invariants. 

Let us mention here one such theorem. First notice that if f x g, then 
their Milnor algebras are isomorphic, C{z}/J(f) ~ C{z}/J(g). Furthermore, if 
f ae g, then their Tjurina (or, moduli) algebras are isomorphic, C{z}/(f, J(f)) = 
C{z}/(g, J(g)). Now, by a theorem of Mather and Yau, C{z}/(f, J/(f)) = 
C{z}/(g, J/(g)) implies f a g [409] (hence < is characterized by the finite 
dimensional Tjurina algebra). 


6.9.19 Topological Classification of Isolated Hypersurface Singularities Again, 
we might run different equivalence relations. We say that the holomorphic germs f 
and g are topologically right equivalent, f x g, if there exists a homeomorphism 
germ @ : (C”*!, 0) © such that f = go @. We say that f and g are topologically 
V-equivalent, f a g, if there exists a homeomorphism germ @ : (C”*!,0) © 


satisfying @(V(f)) = V(g). Finally, f and g are link equivalent, f A g, if the 
pairs (S2""", 82"! VG)) and (sr, . M V(g)) are homeomorphic for all 
O<e,e’ <1. 

By the local conic structure 3.1.2 f A g implies f x g. The converse was 
proved by Saeki [596]. Here the proof for n = 2 needs special attention (since the 
h-cobordism can not be applied). However, in the case n = 2 Saeki proves that the 


links of f and g are even isotopic whenever f iS g [597]. 


Clearly f x g implies f x g. The converse was proved by King [315] for any 
dimension except n = 2 and by Perron for n = 2 [562] as follows: the topologically 
V-equivalence implies topologically right-left equivalence. Moreover, if f and g 
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are topologically right-left equivalent then g is topologically right equivalent with 
either to f or to f, the complex conjugate of f. 


6.9.20 Topological/Smooth Classification of Knots and Open Books In par- 
allel, we might try to classify (nonembedded, abstract) smooth oriented (2n — 
1)-manifolds, or higher-dimensional knots (closed oriented (2n — 1)-manifolds 
smoothly of topologically embedded into $7”+!); here we can even assume that 
their normal bundles are trivial. Or, we can plan to understand the classification 
of the open book decompositions of $7”+! (up to smooth isomorphism, or home- 
omorphism, or isotopy). For n = 1 the possible relationships were discussed 
in 3.4.10: in S$? the oriented binding of open books determine completely the 
open book up to an isotopy. This is the case for higher dimensions n > 3 as 
well by the work of Durfee and Kato (independently) [160, 303]. In fact, in 
this case the open book decompositions are classified by the conjugacy classes 
of unimodular integral bilinear forms (via their Seifert forms), see also [403]. 
However, for n = 2 according to Saeki we only have the equivalences of the 
following objects: smoothly equivalent bindings, topologically equivalent bindings 
(that is, equivalence up to homeomorphism) and topologically equivalent open 
books [597, 599]. In particular, the smooth binding does not determine the open 
book up to smooth isomorphism. The problem appears already regarding the smooth 
structure of the 4-dimensional page: Saeki constructed a binding which admits 
two different open book decompositions with non-isomorphic pages [597, Prop. 
5.5]. For n = 2 the Durfee—Kato correspondence also fails: the Seifert form does 
not determine the open book, not even in the context of Milnor open books of 
holomorphic germs [23]. For more see also [419, 423]. 

Related with these abstract topological/smooth discussions we can ask: which 
objects (knots or open books) are realized by complex hypersurface singularities. 
This basically is an open problem for any dimension n > 2. Even for n > 3 the 
possible ‘algebraic’ Seifert forms are not classified (though Durfee showed that 
they have an upper triangular representative [160].) (Similarly, regarding the above 
example of Saeki, one can ask for the existence of two link equivalent singularities 
with different Milnor fibrations.) 

Hence, for n = 2 the classifications are really challenging (and even the notion 
of ‘topological equivalent germs’ should be made precise in different contexts). 

There exists another point of view as well: one classifies embeddings/immersions 
of 3-manifolds into S° up to regular homotopy, see e.g. [600] and references therein. 


6.9.21 Around Zariski’s Conjecture Assume that (X, 0) is an isolated hyper- 
surface singularity in (C?,0). One wishes to relate the abstract analytic type of 
(X, 0) with the embedded topological type (say, with smooth link equivalence). 
The meeting point is the abstract link Ly: the first theory aims to understand the 
invariants of the hypersurface analytic structure supported by Ly, while the second 
one focuses on the possible embeddings of Ly into S°, which can be realized by a 
hypersurface equation. 
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From the embedded topological type one can extract some immediate infor- 
mation. For example, in [678] Teissier proved that the Milnor number jz can be 
recovered from (S°, Ly). In particular, via 6.9.6, the geometric genus can also 
be deduced from the embedded topological type. Lé extended Teissier’s result 
for the characteristic polynomial A(t) [371]. In fact, using Milnor fibration, the 
universal covering of the link complement S° \ Ly (which has 2(S° \ Ly) = Z) 
is homotopically F and the covering action is the geometric monodromy. However, 
it is rather hard to extract any other invariant from the embedding Ly C S°, which 
goes beyond the homological package of the Milnor fibration 3.2.A. In fact, even 
from the variation map it is rather hard to extract any additional information more 
than the monodromy or the equivariant signature. [In fact, Xu and S. S.-T. Yau— 
after they proved that the embedded topological type of a weighted homogeneous 
singularity can be recovered from Ly and A(t)—conjectured that this is true in 
general [758]. However, Artal Bartolo found a pair of superisolated germs (given by 
a ‘Zariski pair’) with the same Ly and A(t), but different monodromies [23].] 

The next conjecture targets another analytic invariant, independent of pg. 


Conjecture 6.9.22 ([783] Zariski’s Conjecture) The multiplicity of an isolated 
hypersurface singularity can be recovered from the embedded topological type 
(Zariski formulated it for topological V -equivalence). 


This has been verified so far only for quasi-homogeneous singularities (see [232, 
544, 758, 768], and for suspension singularities (with f irreducible) [417], and some 
sporadic cases. 

In all the cases when Zariski’s conjecture is proved, in fact, one proves 
substantially more, the most optimal result: one recovers the equisingularity type 
from the embedded topological type. Indeed, in the weighted homogeneous case 
one can recover the weights, and in the case of suspension f(x, y) + 2%, with f 
irreducible, from Ly and ju one recovers the Newton pairs of f and the integer NV 
[417]. 

Here we wish to emphasize the following fact (much in the spirit of the present 
book). For the family of suspensions (with f(x, y) irreducible), if the link is a 
rational homology sphere, merely the abstract link Ly alone determines the Newton 
pairs of f and the covering integer N [417]. This means that Ly determines not 
only the multiplicity of (X,0) but also several other discrete invariants which 
depend only on these data. Furthermore, Ly determines completely the embedding 
Lx C S? as well. This is really remarkable: though in the case of plane curves the 
abstract link S' can be embedded in many different ways into S° as (even suspension 
type) algebraic knot, in the case of surfaces if two suspension singularities have 
isomorphic QH'S? links then the links embed into S° in the same way. The very 
same statement is valid for suspensions with b;(Lx) = 0, f arbitrary but N = 2 
fixed [364]. 

Finally, the very same statement is valid for the family of Newton non-degenerate 
singularities (including the weighted homogeneous case) with QH S$? links as well 
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[76]: Ly determines the Newton boundary (up to a natural equivalence, cf. 5.5.7). 
For a short proof in the weighted homogeneous case see 5.1.27. 
A rather optimistic conjecture was formulated by Mendris and the author. 


Conjecture 6.9.23 ([417]) Assume that (X, o) is an isolated hypersurface singular- 
ity with QH'S? link. Then Ly characterizes completely the embedded topological 
type Ly C S>, the geometric genus (more generally, the equivariant Hodge 
numbers) and the multiplicity. 


Regarding Conjecture 6.9.23 it would be rather helpful to understand what 
is really specific in the links of hypersurface singularities. The following prob- 
lem/question of Laufer is still unanswered. 


Problem 6.9.24 ([259]) Let I be the graph of a normal surface singularity (X, 0). 
Then (a) give necessary conditions on I" for (X, 0) to be necessarily a hypersurface 
singularity, and (b) give sufficient conditions on a graph I” for a hypersurface 
singularity to exist with graph I’. 


In the case b}(M(I")) = 0 the proofs in [417] (for suspensions, f irreducible) 
and [76] (Newton non-degenerate case) are algorithmic, that is, in these cases one 
can test in principle whether a certain graph belongs to these families or not. 

We wish to add here also the following question related with the Zariski’s 
Conjecture. One can try to find some intermediate analytic invariant between 
the embedded topological type and the multiplicity. A possible candidate is the 
Hodge spectrum of Steenbrink and Varchenko [654, 655, 657, 714]. It is known 
that it is constant along jz-constant deformation and it behaves semicontinuously 
[656, 712, 713]. Hence, the following question of Steenbrink is very natural: 


Question 6.9.25 ( [259]) Let (X, 0) be an isolated hypersurface singularity. 


(a) Is the spectrum an invariant of its embedded topological type? 
(b) Does the spectrum determine the multiplicity? 


In the case of quasi-homogeneous singularities the answer to both questions is 
yes: (a) is answered positively in [598], while [618] shows that from the spectrum 
one can recover the weights, which clearly provide the multiplicity. (See also [465] 
how the variation map determines the mod 2 spectral pairs.) 


6.9.26 ,.-Constant Deformations Regarding Zariski’s Conjecture, its ‘local 
version’ was formulated by Teissier [677], which aims to prove that j-constant 
deformations of hypersurfaces are equimultiple. For verification in the special cases 
of weighted homogeneous germs see e.g. [209, 232, 544] and for Newton non- 
degenerate ones [133, 523] (in these cases even the embedded topological type is 
constant). For a deformation of type f(x) + tg(x) it was verified by Trotman [700]. 


But, naturally, one can investigate along a j-constant deformation the stability 
of other invariants as well. Probably the most famous question is the following. 


270 6 Invariants Associated with a Resolution 


Conjecture 6.9.27 Along a j4-constant deformation the embedded topological type 
of a complex hypersurface is constant as well. 


The statement is proved for n 4 2 by Lé and Ramanujam [379], see also [688]. (In 
higher dimension the h-cobordism theorem is used.) For m = 2 Parusiriski proved it 


for a deformation of type f(x) + tg(x) [558] (and for the equivalence). 

In the above conjecture (n = 2 case), even the constancy of the abstract link is 
open. 

On the other hand, along a jz-constant deformation of hypersurfaces the geomet- 
ric genus stays constant. [Indeed, along jz-constant family the spectrum is constant 
[656], while pg is the number of spectral numbers in (—1, 0] [602].] Furthermore, 
as part of the proof of Lé-Ramanujam, one also has the following homotopical 
statement, even for n = 2: the monodromy fibrations of fo and fy0 are of the same 
fiber homotopy. But then the algebraic monodormies are the same, and by 3.2.14 
the integral homologies of the links are the same, and by the Laufer formula 6.9.6 
Ze + |V| is the same (and by 6.9.7 the signatures are the same). 

The importance of Ze + |¥| is motivated by the discussion from the next 
paragraph, though what would be really needed is the stability of Ze min (Zz 
computed in the minimal resolution), which is not guaranteed by the above known 
statements. 

The constancy of the link, or of Z a min (though looks topological) would imply 
several strong analytic statements too. In the next discussion the invariants are 
computed in the minimal resolution. Along a deformation {X;}, the integers Ze sae 
and p, behave semicontinuously: Zee min(Xo) < Ze min Xt) [710] and pg(Xo) = 
Pg(X;) [184]. In the Gorenstein case (e.g. for hypersurfaces) the constancy of 
Die es (X;) is equivalent to the existence of a simultaneous RDP resolution, which 
implies the constancy of pg(X;) too [365]. The existence of a simultaneous RDP 
resolution implies (possibly after a base change) the existence of a very weak 
simultaneous resolution. The existence of a simultaneous RDP resolution is weaker 
than the existence of a weak simultaneous resolution, which is equivalent to the 


constancy of the links Ly, [365]. 


6.9.28 Around Durfee’s Conjecture Examples show that for a hypersurface 
singularity pg is substantially smaller than 44, and o tends to be rather negative. 
These observations led to the formulation of Durfee’s Conjectures [162]: 


Strong inequality: If (X, 0) is an isolated complete intersection surface singularity 
then 6p, < w. 

Weak inequality: If (X, 0) is a normal surface singularity, then for any smoothing 
4p,g < w+ mo. Equivalently, o < 0. 

Semicontinuity of o: If {(X;, 0)}+<(c,0) is a flat family of isolated surface singular- 
ities (with smoothings) then o (X;=0) < o(X;40). 


If (X, 0) is Gorenstein, then by formulae of Laufer and Durfee an inequality of 
type C - pg < + Mo (for some constant C) transforms into —o > (C — 4) pg. 
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A counterexample to the weak inequality was given by Wahl [726, page 240]; it 
is a minimally elliptic singularity (not ICIS). If one combines the results from [726, 
2.2(d)] with [438] examples with arbitrary large positive o can be constructed. 

A counterexample to the semicontinuity of the signature was found by Kerner 
and the author in [309]: the semicontinuity already fails for some degenerations of 
hypersurfaces with non-degenerate Newton principal part. This excludes degenera- 
tion arguments in possible proofs of Durfee’s inequalities. 


Example 6.9.29 ({310, 311]) Assume that (X, 0) is a homogeneous ICIS of codi- 


mension r = e — 2 (e = emb(X, 0)) and multidegree (d,...,d). If r = 1 then 
6pg = « + 1 — mult(X, o). For any r the inequality 4p, < w+ 1 — mult(X, 0) is 
valid. Moreover, if r > 2 is fixed, then ie asymptotically tends to C2, := poi ; 


although C2, - pg < + 1 does not hold in general. (The constant 4 is the best 
bound valid for any d and r.) For precise formulae see [loc.cit.]. 


Hence, [310, 311] show that the strong inequality also fails for some non- 
hypersurface isolated complete intersection singularities, and without other restric- 
tions, the best that we can expect is the weak inequality. This is proved ‘asymptoti- 
cally’ in the following sense [334]: Consider the set of strict ICIS of fixed embedding 
dimension e. Then —o tends to infinity whenever the multiplicity tends to infinity. 


Example 6.9.30 For hypersurfaces we have the following ‘positive’ results: 


* 8p, < p for (X, 0) of multiplicity 2, Tomari [691], 

* 6p, < w —2 for (X, 0) of multiplicity 3, Ashikaga [32], 

* 6p, < « —v-+ 1 for quasi-homogeneous singularities, Xu and S. S.-T. Yau 
[759], 

* 6p, < p for suspension singularities {g(x, y) + z* = 0}, the author [466, 468], 

* 6p, < p for absolutely isolated singularities, Melle—Hernandez [416]. 


For a short proof of o < 0 in the suspension case see [467]. 


Example 6.9.31 The following cases are studied by Kollar end the author in [334]: 
For smoothings of Gorenstein singularities with embedding dimension e one has: 


1. If L = L’ then —o > 2 "(ps + 1). This for e = 3 reads as 6p, < w+ Mo. 
2. Ife =3 and pz > Othen—o > pg + |V%nin| + 1, where |%nin| is the number of 
irreducible exceptional curves in the minimal resolution. 


The proofs are rather conceptual. Indeed, by a result of Elkies [183, Theorem, 
page 4], there is a& © L such that &* + |V| > O and Ze —& = 2/ € 2L. Then 
8minx < 8x(l) = Z;—& < ZZ 4+|V|. This via 6.8.50 reads as 8pe+Z7+|V| = 
a oie + 1). Then use Durfee’s theorem 6.9.7 for the left hand side. For (2) use 
Durfee’s formula and 6.8.53: —o = 8pzg + Piss + |4nin| = Pe +\%nin| +1. 


Durfee’s Conjecture 6p, < yw for hypersurface singularities is still open. For 
the new conjectured bounds for complete intersections see [310, 311]. For recent 
development see [186]. 
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6.10 Spin and Spin‘ Structures 


We introduce (in several equivalent ways) and classify spin and spin‘ structures. 
A special focus is on rational homology sphere three manifolds and four 
dimensional manifolds with such boundaries. The basic application is the link 
Lx and the space of a resolution X with boundary ax~L x. If Ly is arational 
homology sphere then Spin® is an H = L’/L torsor. In a similar way as the 
analytic invariants of the universal abelian covering decompose into H-eigen- 
invariants according to the covering transformation, the topological invariants 
will have a decomposition according to the Spin® structures of the link. & 


6.10.1 In this section M is an oriented connected 3-manifold, which is a rational 
homology sphere. In the main application M is the link Ly of a singularity. We 
set H; := H,(M, Z). In the next general discussions we also refer to an arbitrary 
oriented 4-manifold N, with dN = M, H,(N, Z) = 0 and A)(N, Z) torsion free. If 
M = Ly thena possible N is Xx, where ¢@ : (X, E) > (X, o) is a fixed resolution. 


6.10.2 The Linking Form / carries a symmetric non-singular bilinear form 
by: H, x Hi > Q/Z, 


called the linking form of M. If [v;] and [v2] € Hj are represented by the disjoint 
1-cycles vy and v2, and nv; = dw for some integer n, then by([v1], [v2]) = (w- 
v2)/n (mod Z), where (w - v2) is the algebraic intersection of the two cycles. 


6.10.3. by as a Discriminant Form Assume that L ~ Z* carries a symmetric non- 
degenerate bilinear form (, ) : L x L > Z. Set L’ := Homz(ZL, Z), the inclusion 
iz : L — L’ determined by the form (, ), and the natural extension (, )q of the 
form to L’. One defines the discriminant space D(L) by coker(i,) = L'/L, and the 
discriminant bilinear form 


bp): D(L) x D(L) > Q/Z 


by bow) (41, LD) = (,45)@ (mod Z). 

Assume that M is the boundary of an oriented 4-manifold N with H,(N, Z) = 0 
and with H(N, Z) torsion-free. Let L be the non-degenerate intersection lattice 
(H2(N, Z),(, )). Then L' © Ha(N, aN, Z) and (M1, by) = (D(L), —bpv1)), cf. 
[397]. 


6.10.4 Quadratic Functions and Forms Associated with by A map q: H, > 
Q/Z is called quadratic function if b(x, y) := q(x + y) — q(x) — q(y) is a bilinear 
form on Hj. If in addition g(nx) = n*q(x) for any x € Hj andn € Z then q is 
called quadratic form. In these cases we say that the quadratic function, respectively 
form, is associated with b. If b = by for some M, then we denote by Q°(M) (resp. 
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by Q(M)) the set of quadratic functions (resp. forms) associated with by. Clearly, 
Q(M) c Q°(M). 

Quadratic functions appear in a natural way. Indeed, let N be as in 6.10.3. Pick a 
characteristic element k € L’ (that is, (7,1 + k) € 2Z for any / € L) and define 


1 
got), KW) 3= 5 (+k, l')q@ (mod Z). 


Then —qpvz),k 18 a quadratic function associated with by = —bp zr). Ifk € Im(iz), 
then —qpvz),x is a quadratic form. 

The set Q(M) is non-empty (later we will identify it with Spin), whose non- 
emptiness will be proved). It is a G := H'(M, Zz) torsor, ie. G acts freely and 
transitively on Q(M). To see the action, first identify G with Hom(H, Z2) and 
regard Z as (5Z) /Z C Q/Z. Then, the difference of any two quadratic forms is an 
element of G, which provides the natural action (y,g) > x + q. 

Similarly, the set Q°(M) is a fan := Hom(A, Q/Z) torsor. The free and 
transitive action A, x QO°(M) > Q°(M) is again (x,q) & x + q. In particular, 
the inclusion Q(M) C Q*(M) is G-equivariant via the natural monomorphism 
Go Ai. One might replace the Hi action on Q°(M) by an action of Hj, 
AH, x Q°(M) > Q*(M), defined by (h,g) & ¢g + by (h,-). Then the natural 
monomorphism G <> A, is replaced by the Bockstein-homomorphism G = 
H!(M, Z2) > H?(M,Z) = Ay. 


6.10.5 In the sequel we will use the Stiefel-Whitney classes of the tangent bundle 
TP of a manifold P, for details see e.g. [433]. Recall that a connected manifold 
P is orientable if and only if its first Stiefel-Whitney class w) € H l(P, Zn) is 
zero. Moreover, if w; = O then the distinct orientations of P are in one-to-one 
correspondence with elements of H°(P, Z2) = Zo. 


6.10.6 Some Properties of w2 Let P be an oriented 4-manifold. Then its second 
Stiefel-Whitney class w2 € H?(P, Zz) satisfies the following properties. 


(a) Integrality [274]: wz is the mod 2 reduction of a class from H?(P, Z). 

(b) Wu’s formula: [368, p. 86] w2(/) = (/, 1) in Zz for any / € H2(P, Z2). 

(c) [368, App. D] If P is an almost-complex manifold, then the mod 2 reduction of 
its first Chern class is w2. 


Therefore, if in the above discussion, N admits an almost complex structure, 
then k = ci(TN) € L’ is a characteristic element. Hence —qpvz),x is a quadratic 
function associated with by, which is a quadratic form whenever c; (TN) € Im(iz). 


6.10.7 Generalities on the Group Spin, Fix an integer n > 3. The spin group 
Spin, is the non-trivial twofold covering of the special orthogonal group SOn. Since 
m1(SOn) = Zz, this is exactly the universal covering 7 : Spin, — SOn. 
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The structure group of any oriented and connected n-manifold P can be reduced 
to SO, (via an oriented Riemannian structure), let SO,(T7.P) — P be the SO, 
principal bundle of positive oriented orthonormal frames on the tangent bundle T P. 

A spin structure on P is a Spin, -principal bundle Spin, (7 P) — P together with 
a twofold covering np : Spin, (TP) — SO,(T P) compatible with the correspond- 
ing group actions. Double covers of SO, (T P) are classified by H'(SO,(T P), Z2), 
and the filtration SO, — SO,(T P) — P induces the exact sequence 


0—> H!(P,Z2) > H'(SO,(T P), Zo) 5 H}(SOn, Za) > H?(P, Z2) 


Here H!(SO,,Z2) = Zo, and w sends its generator into w2(TP), the second 
Stiefel-Whitney class of T P. Therefore, from this sequence, one has the following. 


Proposition 6.10.8 An oriented manifold P is spin if and only if w2(T P) = 0. In 
this case, the set Spin(P) of the possible spin structures is an H'(P, Zz) torsor. 


This can be compared with the following exact sequence of Cech cohomologies: 


H'(P, Zy) > H'(P, Spin,) > H'(P, SOn) “3 H?(P, Zz) 


Here H'!(P,SOn) (resp. H'(P, Spin,,)) classifies the isomorphism classes of 
abstract principle bundles over P with structure group SO, (resp. Spin, ). The 
condition to be spin means that SO, (TP) € H'(P,SO,) is in the image of &. 
Furthermore, w2(SO, (7 P)) is the second Stiefel—Whitney class of T P. Therefore, 
we see again that being spin is equivalent to w. = 0. (However, H!'(P,Z2) > 
H'(P, Spin,,) in general is not injective: distinct spin structures might be equivalent 
as abstract principle bundles.) 


Example 6.10.9 Let N be an oriented 4-manifold with H,(N, Z) = 0. If N admits 
an almost complex structure then its first Chern class is a characteristic element, and 
its mod 2 reduction is w2(T N). Hence, N is spin if and only if the intersection form 
L is even, and in this case N carries exactly one spin structure. 

E.g., if N is the Milnor fiber of an isolated hypersurface singularity, then its 
intersection form is even. This can be seen even in an elementary way from 3.2.13, 
since b = —V~!—(9-!o V*)~!. The same is true for isolated complete intersection 
singularities, since for their Milnor fiber N the line bundle A?7*N is automatically 
holomorphically trivial (note that Pic?(N ) = H'(Gy) = 0). In fact, the same fact 
remains valid for any smoothing of a Gorenstein singularity [621]. Hence in all these 
cases w2(T N) = 0 from 6.10.6(c) (hence N is spin) and the intersection form is 
even by Wu’s formula 6.10.6(b). Additionally, H'(N, Zz) = 0 in the case of an 
ICIS, hence the spin structure on N is unique. 


Example 6.10.10 Assume n = 3. Then any oriented 3-manifold is automatically 
spin. This follows from the fact that w2(T P) = wi(T P) (cf. [368, p. 86] or [433]), 
and w;(T P) = 0 since P is oriented. 
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Example 6.10.11 Tf the 3-manifold in 6.10.10 is the link Ly (under the assumption 
AY(L xX; Q) = 0), then the vanishing of w2(T Lx) can be verified directly. Consider 
N = X and the lattices L and L’ associated with X, and the Ext-exact sequence 


0 > Hom(H, Z2) > Hom(L’, Z2) > Hom(L, Zo) = Ext! (H, Zo) > 0. 


Let K ¢€ Hom(L, Z2) be the mod 2 reduction of the first Chern class c; of —K¥, 
hence K (Ey) = EB? (mod 2). Moreover, H2(Ly, Zo) = Ext!(H, Z»), and b(K) = 
w2(T Ly). Hence, the vanishing of w2(T Ly) is equivalent to the fact that K can 
be lifted to Hom(L’, Z2). Let e € Z*, be the column vector (Bs which agrees 
with the diagonal of the intersection matrix J. Since — Ey = yea Ty Ej, a possible 
extension K (E*) = my provides a column vector m = (my), with (+) Im = e 
(mod 2). We prove that for any intersection matrix J associated with a resolution 
graph (tree) the equation (+) has a solution m. In fact, the negative definiteness of 
T is not even needed. (In particular, the boundary of any complex normal crossing 
curve configuration in a smooth complex surface is spin too, whenever the graph is 
a tree). The proof runs over induction on the number of vertices of the graph I”. Let 
v be an end, w its neighbour, I”’ (respectively I’’’) be the graph obtained from I" by 
deleting v and e,, replaced by e,, + 1 (respectively by deleting v and w). In the case 
éy = 1if mis asolution for I’, then (m’, m +1) is a solution for I. If ey = 0, and 
m/’ is a solution for I”, then (m”, 0, a) is a solution for I for a convenient a € Zn. 


6.10.12 The Identification Spin(M) and Q(M) There is a natural G-equivariant 
identification of q : Spin(M@) — Q(M). Indeed, for any spin structure e € Spin(M) 
there exists a simple connected oriented spin 4-manifold N with dN = M, whose 
induced spin structure on M is exactly € (see, e.g. [213, 5.7.14]). Then w2(TN) = 
0, hence by Wu’s formula the form L on H2(N, Z) is even. Hence —qpviz),0 is a 
quadratic form of by, and it depends only on the spin structure € and not on the 
choice of N. The correspondence € +> —qpvz),0 realizes the above identification. 


6.10.13 Generalities on the Group Spin’ Let Z2 = {+1} be the kernel of 7 : 
Spin, — SO,, and consider the subgroup Zz = {+1} C Uj too. Define Spin’ as 
Spin, x U;/ + (1, 1). This gives the exact sequence 


1 > Z) > Spin, x U; S Sping > 1. 


Moreover, the map Spin, xU; > SO, x Uj, (4,4) & (n(@), 2”) factorizes through 
p giving rise to another exact sequence 


1 > Zp = Spine & SO, x U; > 1. (6.10.1) 
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es Sy io r 
The surjection Spin > SO, x Uj sit SO, belongs to the exact sequence 


1—> U; > Spine > SO, > 1, (6.10.2) 


where the composition U; — Spin as SO, x U, eu 1 is the double cover. 

For an oriented n-manifold P, a spin® structure consists of a principal Spiny - 
bundle Spin} (TP) — P and an isomorphism of Spinf(TP)/U; — P and 
SO, (TP) — P as principal SO,,-bundles. 

Having such a principal Spin’ bundle Spin’ (T P) — P, one automatically has a 
principle SO, x U; bundle Spinf (T P)/Z2 — P (cf. (6.10.1). 

This provides a possible alternative definition: a spin‘ structure consists of a pair 
(Spiny (TP), @), where Spint (TP) > P isaSpin¢ -principal bundle, and.“ — P 
is a Uj-principal bundle, together with a twofold covering n° : Spin((TP) > 
SO, (TP) x @, which is compatible with the corresponding group actions. 

The group morphisms provide the Cech cohomology exact sequence 


H!(P, Z2) > H'(P, Spin‘) en H'(P,SO,) x H!(P, Uj) a H?(P, Zp). 


Let c,: H\(P, U1) > H?(P, Z) be the isomorphism given by the first Chern class 
of the corresponding line bundle; and let r denote the mod 2 reduction H*(P, Z) > 
H?(P, Z»). Then ws = w2 +r 0c}. The condition P to be spin® means that there 
exists a Uj-bundle & — P such that (Spint (TP), @) lies in the image of &°, that 
is wo(T P) = r(ci(£@)). Hence we proved the following. 


Proposition 6.10.14 An oriented manifold P is spin® if and only if its second 
Stiefel—-Whitney class is the mod 2 reduction of an integral class. 


If P is spin‘®, then the set of possible spin® structures is a H?(P, Z) torsor. 
Indeed, (6.10.2) provides the fibration BU; — BSpin? — BSO,. The tangent 
bundle corresponds to a homotopy class t € [P,BSO,] and all the supported 
spin® structures correspond to liftings [P, BSpin?] of t. They are parametrized by 
[P, BU; ]. 


Example 6.10.15 The inclusion Spin, x {1} <> Spin, x Uy; composed with p 
provides a monomorphism Spin, <> Spin’. Furthermore (although the inclusion 
Uz S SOx, a & a®, does not lift to a map Ux — Spin»;), the map Ux, > SOr x 
Uj, (a (a®, det(a)) admits a n°-lifting, and monomorphism Ux <> Spins,. 

The inclusions Spin, <> Spinj, and Ux <> Spin’, show that any oriented 
manifold with a spin or almost complex structure is spin°. 

Note also that for n = 3 one has Spin, = SU2 and Spin = Up. 


Example 6.10.16 Consider an oriented 4-manifold N as above. Then N is automat- 
ically spin‘, cf. [756] (or 6.10.6(a) here). Furthermore, assume that H\(N, Z) = 0. 
From the fibration BZz + BSpin¢ — BSO, x BU}, any lifting of [N, BSO;] to 
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[N, BSpiny] is uniquely determined by the line bundle —. On the other hand, this 
line bundle is uniquely determined by its first Chern class cj( 2) € H 2(N,Z) = 
L’. The identity r o cy = w2 combined with Wu’s formula shows that c,(%) 
belongs to the set of characteristic elements Char Cc L’. Hence, the characteristic 
elements parametrize the spin‘ structures ¢ € Spin®(N) under the correspondence 
o + c1(G) := cy(L). The set Spin‘(N) is an L’ torsor, the action satisfies 
ci (Il! *o) = 21' + c1 (6). (Char is also an L’ torsor via (I', k) > 21' +k.) There is a 
natural involution & +> @ such that c(@) = —c1(G). 


Example 6.10.17 Fix a 3-manifold M with H,(M, Q) = 0. Then it is spin® (since 
it is already spin). The set Spin°(M) is an H 2(M, Z) torsor. 

Let N be a 4-manifolds as above with ON = M and Aj(N,Z) = 0. We 
claim that the restriction R : Spin‘(N) — Spin°(M) is onto. Indeed, take any 
o € Spin®(N). Then R(/' * o) = [I'] * R(@). Since {[/'] * R()}y7 = Spin’ (M), 
the claim follows. 

The natural cohomological morphism H?(N,Z) —> H?(M,Z) is the 
factorization L'’ > L’/L, I' + [l’]. This projects Char onto Char/L. Then 
cy : Spin°(N) —» Char Cc L’ induces a map c : Spin°(M) -» Char/L c L’'/L such 
that c(R(G)) = [c1(6)]. 

Moreover, c({l/] * o) = 2[/'] + c(o) for any [I'] € L’/L ando eé 
Spin®(M). 

While c; is injective, c in general is not. Its fibers are H 1(M ,Z2) torsors; 
c!(0) ~ Spin(M). These facts will be explained next. 

We consider the action of L on Char defined by / * k := k + 21. Let Char/2L be 
its orbit space. Then Char/2L is an L’/L torsor by the action induced by l’ * k = 
k4+2I'. 

Moreover, the composition R o cr : Char > Spin®(N) — Spin‘ (M) factorizes 
to Char/2L —> Spin(M). This map is a bijection of L’/L torsors. In the sequel 
we identify Spin‘ (M) by this bijection. Then c : Spin°(M) — Char/L transformed 
into c : Char/2L — Char/L. Its fibers are {l/ € L’ : 2I' € L}/L ~ H'(M, Zp) 
torsors. The trivial element 0 of L’/L is in Char/L (since Spin(M) #4 @), and 


c7!(0) = (CharN L)/2L ~ Spin(M). 


Corollary 6.10.18 With the notations of 6.10.17 there is a canonical L'/L- 
equivariant identification 


q° : Spin’(M) > Q°(M). 


Moreover, this identification is compatible with the G-equivariant identification q : 
Spin(M) — Q(M) via the inclusions Spin(M) Cc Spin®(M) and Q(M) c Q°(M). 


Proof For any o = R(G) set the quadratic function —gpcz),x, where k = c (0). 
Oo 
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Lemma 6.10.19 There is an involution o +> & of Spin®(M) which satisfies: 
(a) c(o) = —c(o), 

(b) Teo = [-l'] «5, 

(c) Spin(M) = {a € Spin’(M) : o =}. 


Proof In Char/2L, 0 = k ando = —k realizes the involution. oO 


Note also the symmetry 


QD(L),k(X) = QD(L),-k(—*) for any x € D(L), (6.10.3) 


which makes a dictionary between properties of involutive quadratic functions. 


6.10.20 The Case of Singularities Assume that M = Ly, the link of a normal 
surface singularity, and N = X is a fixed good resolution. We use the standard 
notations L an L’ as usual. One has a distinguished characteristic element K = 
c1(O¢(Kz)) € Char. The quadratic function —qgpiz),x is a form if and only if 
(X, 0) is numerically Gorenstein. 


Definition 6.10.21 For any k € Char we write o(k) for that spin‘ structure of x 
for which cj (G(k)) = k. Similarly, let o[k] € Spin®(M) be the restriction of &(k) 
to Ly. 


6.10.22 Definition of k, Assume that the link is a rational homology sphere. Then 
Spin’ (X ) is identified with the set of characteristic elements k on L’, and if k and k’ 
induces the same Spin‘ structure on the link, then k’ = k + 2/ for acertain/ € L. 
In this case xx/(x — 1) = xx(x) — xx(/) for any x € L, hence the two functions 
Xx and xz can be easily compared, and they have identical qualitative properties. 
Therefore, for each class [k] = k + 2L (that is, for each Spin® structure o[k] of 
Lx), we choose a representative of [k]. Since the set of classes is indexed by H; we 
define the set of representatives by k, := K + 2s;, foreachh € H. Since sg = 0, 
for the trivial class h = 0 we get xx, = x. 

Since for any x € L one has xx, (x) = x (sph +x) — x (sn), the function xz, defined 
on the integral lattice L (up to an additive constant x (s;,)) can be identified with x 
acting on the (rationally) shifted lattice s, + L = {I!e€ L’ : [I/] =h}. 

For some motivation regarding the definition of k, see 7.3.11. 


Remark 6.10.23 Assume that the intersection form L is even, hence X hasa unique 
spin structure €. The point is that, in general, ¢(K) 4 € (and o(—K) # € too), and 
their restrictions can be different as well, even if the restriction of ¢(K) is spin. 

More precisely: the form on X is even if and only if K € 2L’; o[K] € Spin(M) 
if and only if K € L (in this case o[K] = o[—K)]); and finally, o[ K] = R(€) if and 
only if K € 2L. (The last fact follows from the equality gp(z),0 = gD (L),K-) 
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6.10.4  Turaev’s Euler Structures 


6.10.24 Combinatorial Euler Structures [705, I.2] Let Y be a finite connected 
CW-complex. Write H, := H,(Y,Z). An Euler chain in Y is a 1-dimensional 
singular chain 6 with 9 = )~\.(—1)4'™¢p., where c runs over all open cells 
of Y and p,; is a point of c. If such a chain exists, then necessarily x(Y) = 
> (-pam = 070 = 0. Conversely, if the Euler number x(Y) = 0, then such 
an Euler chain exists. (In our applications Y will be an triangulated oriented 3- 
manifold.) 

Fix two Euler chains 6 and n with 00 = )°(-LD%™p, and dn = 
YH D8 ae (Pe, Ie € c). Then @ and 7 determine an element 0/n € Hj as 
follows. Let a, : [0, 1] — c be a path from p, to g, in c. Then 6/7 is the class of 
dé-—nt+>. o(— 1)4imcq.. We say that 0 and 7 defines the same combinatorial Euler 
structure on Y if 6/n = 0. 

The set of Euler structures is denoted by Eul(Y), the class of 6 by [6] € Eul(Y). 

H, acts on Eul(Y) by ({h], [0]) > [+6], where A is an arbitrary closed 1-chain. 
The action is free and transitive, hence Eul(Y) becomes an Hj-torsor. 

Let Y“ — Y denote the universal abelian covering of Y with the natural CW- 
structure. A set of cells is called fundamental if over each cell of Y there exists 
exactly one cell from this set. A set of fundamental cells {c%}, determines an Euler 
structure as follows. Fix a base point * € Y%, points p? € c“, paths from * to pé 
oriented towards x (resp. out of *) whenever c“ is odd (resp. even) dimensional. The 
projection of their sum is an Euler structure whose class does not depend on the 
choice of « and p%. By taking all possible sets of fundamental cells we get Eul(Y). 

For cellular subdivision Y’ of Y there is a canonical H\-equivariant bijection 
Eul(Y) — Eul(Y’) (for a set of fundamental cells {c“}, of Y in Y“, take the set of 
cells in Y” sitting in U.c* as a fundamental set for Y’). 


6.10.25 Smooth Euler Structures [705, 1.4] Let / be a compact, connected and 
oriented 3-manifold (0M = @). A regular vector field on M is a nowhere vanishing 
tangent vector field. Two regular vector fields are called homologous if there exists a 
point p € M such that the restrictions of the vector fields to M \ {p} are homotopic 
as non-vanishing vector fields on M \ {p}. (In the presence of a triangulation this 
means that the restrictions to the 2-skeleton of the two vector fields are homotopic 
through non-vanishing vector fields of the 2-skeleton.) We call the set of classes of 
regular vector fields smooth Euler structures of M and we denote it by Vect(M); 
[u] denotes the class of u. 

The group H; = H\(M, Z) acts on Vect(M) freely and transitively. One possible 
way to define the action is the following. Fix a regular vector field u on M, and 
assume that h € H is represented by an oriented simple closed curve. Let T be 
a tubular neighbourhood with coordinates (a, z) € S! x {z € C : |z| < a} such 
that u in T is given by —d/da. Then h[u] coincides with u outside T and it is 
cos(|z|)0/da@ + sin(|z|)d/d|z| in T (glued smoothly). 

Let us fix a triangulation Y of M. Then one shows that there is a canonical 
#-equivariant bijection Eul(Y) — Vect(M). Since any two triangulations have 
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a common subdivision (cf. [437], see also 9.4.7), this canonical identification is 
independent of the choice of the triangulation. The sketch of a possible geometric 
identification is the following. There exists a canonical singular vector field using 
on Y defined by barycentric coordinates with singularities at the barycenters. On 
the other hand, any Euler structure [9] can be represented by a ‘spider-like’ Euler 
chain consisting of oriented arcs connecting a point * € M to the barycenters. The 
restriction Of Using Outside of a ball-neighbourhood of the spider is regular, and it 
has a regular extension u to the whole M. The correspondence is [6] +> [wu]. 

For any [uw] € Vect(M) there exists a unique c([u]) € H such that c([u])[—u] = 
[u]. By definition c(h[u]) = 2h + c([u]). 


6.10.26 Smooth Euler and Spin°(M/) Structures [705, XI.1] Let M be as 
in 6.10.25. Then there exists an Hj-equivariant isomorphism Vect(M) —> 
Spin’(M). Indeed, in the presence of a regular vector field u on M the tangent 
bundle TM of M splits as Ru @ ut, and the oriented 2-dimensional vector bundle 
ut has the structure of an U,-bundle. Hence one has the reduction of the structure 
group of TM to U; = (1) @U; C U2 = Spins. 

By this identification the maps c : Spin‘(M) — H, andc: Vect(M) — H, can 
be identified as well. 


6.10.27 An Alternative Homological Description Let M be an oriented 3- 
manifold (0M = @) with frame bundle SO3(7M). In this part all homologies are 
over Z. 

A spin® structure on M can also be interpreted as an element of H *(SO3(TM )), 
whose restriction to every fiber is the nonzero element of H?(SO3) = Zo. Indeed, 
if the spin® structure is represented by the principal bundle Spinj(TM) > M 
and by the isomorphism Sping(7M)/U; — SO3(TM), then Sping(TM) > 
Spins (TM)/U; — S0O3(TM) is a Uj-bundle, whose first Chern class is an 
element of H*(SO3(T M)). Since M is parallelizable, H7(SO3(T M)) = H?(M) @ 
H?(SO3) = H?(M) ® Zp. Hence the spin® structures are represented by elements 
of type H?(M) x {i}. 

This is an H?(M) torsor via the pullback homomorphism H 2(M) => 
H?(SO3(T'M)) and addition. The Chern class c of a structure o = (h, 1) is 
c(o) = 2h € H?(M). 

Let SM —> M be the S?-fiber bundle of the unit tangent vectors of TM. An Euler 
structure is an element of H?(SM), whose restriction to every fiber is the (oriented) 
generator of H*(S*) = Z. Hence it is represented in H7(SM) = H?(M) ®Z 
by elements of type (h, 1). The equivalence is realized by the Poincaré dual of 
the image of the (unit) vector field. There elements form an H 2(M) torsor via the 
pullback homomorphism 2(M) — H?(SM) and addition. 

Finally, let SO3(7M) — SM be the map which sends the frame (e1, e2, e3) to 
e}. Then H?(SM) — H?(SO3(TM)) is an H?(M) equivariant identification of 
Vect(M) with Spin‘(M). 

The involution 0 t+ o of Spin*(M) in these languages is realized by (h, i) 
(-A, 1) in H7(M) x {i}, and by (h, 1) + (—A, 1) in H?(M) x {1} = Vect(M). 


Chapter 7 ® 
The Artin—Laufer Program crests 


7.1 Rational Singularities 


The geometric genus is one of the key motifs of the present book. The rational 
singularities are those singularities, which are invisible from the point of view of 
the geometric genus (or, from the point of view of the operation X ~» R! 6.0 %): 
We provide several of their topological characterisations, and we list some 
examples as well. & 


Definition 7.1.1 A singularity (X, 0) is called rational if pg = 0. 


In other words, (X, 0) is rational if there exists a resolution ¢@ : X — X such that 
R' ox Oz = 0. By 6.8.2 the vanishing R'| 6. O% = Ois independent of the resolution. 

In the sequel we fix an arbitrary good resolution (in fact, in 7.1.3 we will prove 
that any resolution of a rational singularity is automatically good). 

By the theorem of formal functions, pg = 0 if and only if h'(6;) = 0 for all 
cycles / € L.o. The next theorem characterizes rational singularities topologically. 


Theorem 7.1.2 (See [27, 28] for (i)-(iii)) The following facts are equivalent 
((i)<>(ii)< (iii) are known as Artin’s Rationality Criteria): 


(i) pg =9, 
(ii) x() => 1 for alll € Lso, 
(iii) X(Zmin) = 1 (or even (iii’) xX(Zmin) = 1), 
(iv) (Laufer’s Rationality Criterion [359]) I is a tree of smooth rational curves 
and (Ey i), Zi) = 1 for all 1 <i < t along a computation sequence {z;}; of 
Zmin (for the definition of the computation sequence see 6.6.7). 


Proof (i) => (ii) pe = dimlim H'(@)) = h'(6)) = h°(@) — x(@) = 1— x. 
ene 

(ii) = (i) Assume that pg 4 0. Then there exists an effective cycle / > 0 with 

h'(6;) # 0. Let 1 be the minimal with this property. Note that x(@z,) > 1 
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implies h'(@g,) = 0, and! — E, 4 0 for any E, C |/|. Thus h!(@) ¥ 0, but 
(i E,) = 0 for any E, C |l|. Consider the cohomology exact sequence of 
0 —-> Gz,(-l+ Ey) ~ G > Oi-r, — 0. Then the minimality assumption 
implies h' (Gz, (-—1 + Ey)) 4 0, or, by duality, h?(Gz, (1+ K)) 4 0. Hence 
(Ey,1+ K) => 0 forall Ey C |/|. By summation (/,/ + K) > 0, or x(J) < 0, 
which leads to a contradiction. 

(ii) > Gii) } (iii') & (iv) follows from 6.6.9(b). 

(iv) = (i) Let {z;}; be a computation sequence for Zmin, cf. 6.6.7, which 
satisfies the assumptions of part (iv). Consider the infinite sequence: 


Z1y e005 Zige ees LY]min, Zmin+Z1, ---, ZmintZi,---,2Zmin,...,AZmin, NZmin+ 

Zpiexe Induction proves h! (OnZmin +z) = 0 for all n and 7. Since Zmin = E, we 

obtain pg = dimlim H!(6;) = 0. A 
<— 


If a resolution graph satisfies one of the above conditions (ii)—(iii)—(iv), then it is 
called a rational graph. 


Remark 7.1.3 One can construct a computation sequence of Zjnjn such that one 
of its terms is EF. Since for an arbitrary graph, (FE, Ey) = Ee + ky is at least 2, 
whenever E = —1andk, > 3, we obtain that such a situation cannot occur, hence 
the minimal good resolution of a rational singularity is automatically minimal. 


Remark 7.1.4 In Sect. 6.8.B we considered combinatorial invariants Path* = Path! 
associated with a graph of a singularity with rational homology sphere link, and 
we proved that pg < Path’. Note that the infinite sequence from the proof of 7.1.2 
shows that for a rational graph Path’ = 0. This provides a new topological criterion 
for rationality: (X, 0) is rational if and only if Path! = 0 (in any graph). 

Next, we provide another proof for the vanishing Path’ = 0. Note that we 
need to construct an increasing sequence {/;}; connecting 0 with |Zx | such that 
x(i+1) = xi) for all 7. In order to do this, we will construct the sequence in 
a reversed order. (This will serve as a prototype for further constructions, it is 
like a ‘y—non-increasing flow into the direction of the origin’, an analogue of a 
homotopical contraction.) For this it is enough to prove that for any effective non- 
zero cycle / € L there exists E, C |/| such that y(/ — E,) < x(J). In this way we 
get inductively the sequence in a reversed order starting from |Zx ]. 

Assume that the above claim is not true for certain /. Then x (J — Ey) > x (/) for 
all Ey C |l|. Since each E, is rational, this reads as (Ey,/ — Zx) => 0, hence by 
summation (/,/ — Zx) > 0, which contradicts x (/) > 0 (cf. Theorem 7.1.2(ii)). 


Example 7.1.5 


(a) The rationality condition 7.1.2(iv) is guaranteed if I is a tree of P!’s and x, < 
—E? for any v. In this case Zi, = E. Singularities with Zin = E are called 
minimal rational [335]. E.g., the Hirzebruch—Jung singularities are rational. 

On the other hand, if there exists a vertex with —E? < Ky — 2 then the 
condition 7.1.2(iv) fails, hence I” is not rational. 


7.1 


(b) 


(c 


wa 
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The geometric genus of a Brieskorn—Pham hypersurface singularity {x* + yo + 
2° = O} is pe = #{(i, J, kt, j,k € Zso, £ + d + k < 1}, cf. 6.8.61 or 6.9.14. 
Hence, the rational ones are characterized by 2 + ‘ + 4 > 1. The only possible 
values (a, b, c) are: (2,2,n) (An—1), (2, 3,3) (Da), (2, 3,4) (E6) and (2, 3, 5) 
(Es). 

Hypersurface singularities with modularity zero are called simple. They are: 
An (n = 1), Dn (n = 4), En (n = 6,7, 8). Only Dy, (n => 5) and E7 cannot be 
represented by Brieskorn—Pham equation. Their equations are x7 y+y"—!+z? = 
0 (for D,) and x3 + xy? +22 = 0 (for E7) [21]. The minimal resolution graphs 
of simple singularities are the well-known (negative definite) ADE graphs (with 
only (—2) curves): 


o—e— .-- —e— 0 A, Dy eo oe 


Simple singularities are called also Du Val singularities. They are all rational. 


If (X, o) is rational and numerically Gorenstein then its minimal good graph is 
minimal (see 7.1.3), hence Zk € 4% C Lso by 6.3.3(1). Since x(Zx) = 0, 
by Artin’s criterion we must have Zx = 0; hence all the curves are rational 
(—2)-curves. By a combinatorial argument, such a negative definite graph is 
necessarily of type ADE. 

In particular, if (X, 0) is (non-smooth) rational with det(J”) = 1 then it is 
Eg. 
Any connected subgraph of a rational graph is rational. Decreasing the 
self-intersection numbers of a rational graph we obtain a rational graph. 
(Use 7.1.2(iv).) 
Assume that the graph is minimal and Zx < Zmin. Then the graph is rational. 
Indeed, —2x (Zin) = (Zin, Zmin — ZK) = (Zin = Zk) = (Zk, Zmin — 
ZxK) < 0. (Although for rational graphs the coefficients of Zx usually are small, 
one can find even minimal rational graphs with ZK ¢ Zmin.) 
A numerically log terminal singularity (cf. 6.3.33(c)) is rational. Indeed, in this 
case O < Ze < E < Zyin, hence (f) applies. Hence all quotient singularities 
are rational. This last statement follows from 6.8.8(a) too. 
Assume that (X, 0) is numerically log canonical (cf. 6.3.33(d). Then in a good 
minimal resolution Zx < E < Zin. If ZK < Zmin then, again by (f), (X, 0) 
is rational. If Zx = E = Zin thenO = x(Zx) = xX(E) = 1- h'(@z) shows 
that the link is not a rational homology sphere. In this Zx = E = Zin case 
(X, 0) is a minimally elliptic singularity, for the possible graphs see 7.2.21. 
Assume that the graph I” has the following property: if we glue to some of 
the vertices of I” (via new edges) new (rational) (—1)-vertices then we obtain 
a ‘smooth graph’ (which blows down to the empty graph). Such graphs are 
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rational by (e), they are called sandwiched graphs, and the singularities with 
such resolution graphs are called sandwiched. The terminology is motivated by 
the following fact (which follows from the previous definition): the singularity 
(X, 0) is sandwiched if and only if it is analytically isomorphic to a germ of 
algebraic surface that admits a birational map X —> C?. Therefore, if we choose 
aresolution X —> X, then X is sandwiched between two regular birational maps 
X > X > C2”. For more see [141, 378, 646]. 
Gg) A quotient-cusp (cf. 4.1.37) is rational (use 7.1.2(iv)). 


Remark 7.1.6 By 6.8.8(a), if c : (X’,0) > (X,0) is a finite morphism between 
two normal surface singularities, and (X’, 0) is rational then (X, 0) is rational too. 

In particular, if c is an o-ramified covering (cf. 4.1.E), then the rationality of 
(X’, 0) implies the rationality of (X, 0). [Note that the converse is not true, see the 
end of 6.8.19 and 7.1.21 for a rational singularity whose universal abelian covering 
is not rational.] Moreover, if either (X,0) or (X’, 0) is quotient, then the other 
one is also quotient. [Use 3.7.12, and the fact that the index m(Lx) : m1 (Ly-) is 
finite.] Furthermore, we have the following additional characterization of quotient 
singularities [188]: (X, 0) is quotient if and only if any (cyclic) o-ramified covering 
of it is rational. Indeed, assume that any cyclic o-ramified covering of (X, 0) 
is rational. Then (X, 0) is rational. Consider its (topological) canonical covering 
(X’, 0), cf. 6.1.19. By 6.3.22 it is numerically Gorenstein. Since it is also rational, 
it is ADE, cf. 7.1.5(d). In particular, (X’, 0) is quotient (cf. 3.7.15), hence (X, 0) is 
quotient too. 


Remark 7.1.7 


(a) Let I” be a rational graph such that for any v with (Ey, Zmin) < 0 the 
multiplicity of Ey in Zmin is one. (For a motivation of this property see 6.7.A.) 
Then Zin = E. (Indeed, assume that Z;, > E and consider a computation 
sequence connecting EF with Z,,j,. Let Eo be the component we add in the 
last step. From (Zinin — Eo, Eo) = 1 we get (Zmin, Eo) < 0, hence by the 
assumption Ep ¢ |Zmin — E|, a contradiction.) 

[219, 382] Let I be a rational graph, v € VY and let I, (d) be the graph obtained 
from I" by attaching an edge to v a new vertex with decoration d. Then I), (d) is 
negative definite for d «< 0. Moreover, I),(d) is rational ford < 0 if and only 
if the E,—-multiplicity of Zmin (1) is 1. 

[218, 261] Let I” be the embedded resolution graph of a plane curve singularity 
with link U; K;. Along each arrow component (that is, along K; C S*) make 
a surgery with coefficient d;. If each d; >> O then the graph is not negative 
definite, however it can be transformed by calculus into a rational (negative 
definite) graph. 

3-manifolds with vanishing reduced Heegaard Floer homology are called 
L-spaces, and they are key fundamental objects in recent developments of topol- 
ogy [548, 549]. In [485] it is proved that a negative definite graph I” is rational 
if and only if M(JI”) is an L-space. This happens if and only if 7;(M(JI°)) is 


(b 


wm 
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not left-orderable. (The starting point is the characterization 11.1.28 via lattice 
cohomology, see also 11.2.22.) For further connections with Heegaard Floer 
theory see 11.7. 


7.1.8 The proof of Lemma 6.4.15. 


Proof {x; _ is constructed as a concatenated sequence from several portions. 
Such a portion, connecting ‘special’ members x* and x** is constructed as follows. 

Assume that a term x* of the sequence is already constructed, and it satisfies the 
properties (i) x* < s and (ii) (x*, Ey) < 0 foranyv € V \.W*.Ifx* =s then we 
stop. If x* < s then we will construct from x* another cycle x** with x* < x** (the 
‘portion’ starting from x* and ending with x**) such that x** will satisfy both (i) and 
(ii). The steps are the following. First choose Ey C |s — x*|. Then the next term of 
the sequence will be x* + Ey. Note that this step is not obstructed: if v € ”* then 
(Ey, x*) is unessential, while if v ¢ ”* then (Ey, x*) < 0 by (ii). Then, complete 
the sequence adding at each step to the term x; a certain Ey) with v(i) ¢ -4* and 
with (£y(;), x;) > O (similarly as in the algorithm 6.6.3 or 6.6.7, but at this time we 
test and add only vertices v ¢ ./*). Note that along this procedure x; < s always 
(indeed, if x < s, (x, E,,) = 1 thenx+£, <-s too). Hence, the procedure stops and 
the output cycle x** satisfies properties (i) and (ii). However, we need to verify that 
at each step when we add F,,;;) one has (Ey), x;) = 1. Note that this algorithm runs 
independently on each connected string of I’ \.*. Furthermore, the procedure can 
be regarded as the first part of the algorithm, which provides Z,,;, for a conveniently 
chosen rational singularity. Hence the statement follows from Laufer’s criterion. (If 
the string has no (—1)-vertex, then an immediate elementary argument also works.) 

Then we repeat the procedure replacing x** with the new x*. By induction, 
starting from x* = 0, after finitely many steps, we get x** = s. Oo 


7.1.4 Some Analytic Invariants Described Topologically 


We show that Pic(X), h'(Y) for YZ € Pic(X), Yan, Y%,,, and the Hilbert- 


Samuel function of my,, can be recovered topologically. & 


In this subsections X is an arbitrary resolution of a rational singularity. 
7.1.9 Line Bundles, Sections 
Proposition 7.1.10 Jf (X,0) is rational then c, : Pic(X) > L’ = H?(X,Z) 
is an isomorphism. Hence all the line bundles are natural. Moreover, & is 


holomorphically trivial if and only if @ is topologically trivial if and only if 
(Ey, 12) = O for all v. 


Proof Use the exponential exact sequence (6.1.1). Oo 
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Next, for any @ € Pic(X ), we provide an explicit formula for Ah(x , Z) in terms 
of c,(). We start with the following property, which in the rational case improves 
the Grauert—-Riemenschneider vanishing theorem 6.4.3 and the Base point freeness 
Theorem 6.5.2. 


Theorem 7.1.11 Assume that (X, 0) is rational and L € Pic(X) with c\(L) € 
— YS". Then the following facts hold. 


(a) [389, Th. 12.1] h'\(1, LZ) = 0 for any 1 € Lo. In particular, h'(X, LZ) = 0. 

(b) Al(X, L(—Ey)) = O for any v € ¥. More generally, if z; is any member of a 
computation sequence of Zmin, then h! (X, L(-zi)) =0. 

(c) & is base point free. 


Proof For (a) use 6.4.10. For (b) consider the infinite sequence {y;};>0 of cycles 
used in the proof of 7.1.1(iv)=(i) (where yo = 0 and y; = E,). Then, by increasing 
induction on j, one proves that H'(L(-y;)) — H'(L(—y;)) is onto for all 
j > i. In particular, H'(L(—nZmin — Ey) — H'(Y(—E,)) is onto, hence 
H!(L(—Ey)|nZpin) = 0 for any n € Zo. In the proof of the general statement one 
starts with z; instead of E,. (Similarly, one sees that H!(L(—nZmin) —> H! (L) 
is onto, hence H!(-Y|nz,,;,) = 0 for any n € Zso, which reproves the vanishing 
H'(L) = 0 of part (a) too.) 

(c) Fix a point g € E. We show that H' (mg -L)=0.Letz: x’ > X be 
the blow up at g with new exceptional divisor Eyey. Then, by the Leray spectral 
sequence, it is enough to show that H\(X’, w*(L)(—Enew)) = 0. This follows 
from part (b). oO 


Corollary 7.1.12 Using the notations of Proposition 6.6.3 one has 
h' (6%(-1')) = x) — x@)). 


In particular, h! (YL) depends only on the topological data and it is independent of 
the analytic structure of (X, 0). 


Proof Combine 6.6.5 and 7.1.11. oO 


Corollary 7.1.13 


(a) SY = S', San = S, hence Znin = Zmax too. 
(b) p*(my 4) = OF%(—kZ min) for any positive integer k. 


Proof 


(a) Consider the correspondence from Corollary 6.2.11. We show that for every 
h € H and! € L such that I’ := 1+ ry, € , there exists 5 € H°(Ox%(-rn)) 
whose divisor is /. This is guaranteed if for every v the morphism H°(@ x(—l' — 
E,)) > H°(@x(—l’)) is not onto. Since h°(@z,(—I')) # 0, it is enough to 
show that Al (@¢(-l' — E,)) = 0. This follows from Theorem 7.1.11(b). 

(b) follows from the fact that O%(—Zmin) has no base points, cf. 7.1.11(c). oO 
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Remark 7.1.14 7.1.13(a) follows from the freeness property 7.1.11(c) too. 

There is another direct argument for .Y = .%j,, based on the fact that Pic? (X j= 
0. Indeed, fix 0 </ € .Y. Then! = )’nyE, with all ny > 0, cf. 2.1.19. A ‘cut’ 
associated with a fixed Ey is a (non-compact) divisor Ay of X such that (Ay, Ey) = 
1 and (Ay, Ey) = 0 for all w ¥ v. If , Ey) = ay < O, then the divisor A := 
1 — 0, avAy is effective, and (A, E,) = 0 for all v. Hence @¢(A) is trivial, and 
there exists a holomorphic function g on X whose zero set is A and gle = 0. Hence 
g = f ox for some continuous function f : X — C. But the normality of (X, 0) 
guarantees that f, in fact, is holomorphic (see also 2.1.11). Hence! € %gn. 


Corollary 7.1.15 (Cf. 6.7.9) Fora rational singularity (X, 0) one has mult(X, 0) = 
-Z?,.. In particular, mult(X, 0) is topological. 

7.1.16 The Hilbert-Samuel Function For any normal surface singularity and k > 
1 one has the inclusion my, C bs (OX (—kKZmin))o- It is an isomorphism for k = 1, 
but usually is not. 


Theorem 7.1.17 ([27, 28]) For rational singularities the following facts hold: 


(a) my , X bx(O%(—kZmin))o X for any k > 1, 
(b) dim(m& , /mit}) = -kZ2,,, +1. 
In particular, the embedding dimension of (X, 0) is emb(X, 0) = —Z?,, +1. 


min 
(c) The Hilbert-Samuel function is 


ff? = —he= D2 +222 +k SM. 


min 


Proof 


(a) We prove the inclusion me, D bx (OX(—kZmin))o. This follows from Mum- 
ford’s Theorem 6.5.8 too if we take ¥ = LY = Ox%(—Zmin), however, for the 
convenience of the reader we write down a direct proof suited to this situation 
(in the spirit of ‘classical arguments’). In this proof we will replace 0% (—Zimin) 
by 2 := G67,,,,(—Zmin). Since dim supp(.#) = 1, according to Remark 6.5.9 
we will need two generic sections to run the argument (the “Castelnuovo’s free 
pencil trick’). We will write Z for Zin and d := ee 

Complete Z with some cuts A such that (Z+A, E,) = 0 forall v asin 7.1.14. 
Then Z + A is the divisor of an analytic function g (cf. 7.1.14). The middle term 
of the exact sequence 0 > O% — O%(A) > @4(A) — Ocan be replaced by 
O%(—Z) via multiplication by g, hence this sequence restricted to Z provides 


03 t= 2S Oe 3H (7.1.1) 
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where so means multiplication by a global section so of @ (class of g), and /s 
means division by a section s, which is a local basis of the line bundle near A 
(it exists since 7 is free). Note that Ganz is an Artinian algebra of dimension 
d. This provides the cohomology exact sequence: 


0 H(z) > HL) 2s Canz > 0 
(since h!(@z) = 0). Take s1,...,s¢ € H°(L) such that 51/S,...,S8q/s isa 


base of Ganz. Since h°(@z) = 1, cf. 6.6.9(b), H°(L), as a vector space, is 
C(so, 51,.--, Sq). Now, we tensor the exact sequence (7.1.1) by #. It provides 


2 
0 HS) > 4°22) 43 Cinz > 0 


(since h!(Z/) = 0 by 7.1.11). Then the sections soso, S051, .--, 805d, S81, «++, 
ssq form a base in H°(Y). By induction H°(Y*) is freely generated by ce 
and si 's'-1s, forJ =1,...,k andi =1,...,d. In particular, 

H°(L)®* — H°(F*) is onto for any k. (7.1.2) 


Consider the diagram: 


mek = [6.(O¢(—Z))ol®*  — [H°(6z(—Z))1%* 


| Jes 


pu(OZ(-kZ — Z))o > bx(OZ(-kZ))o —> H°(@z(-kZ)) 


The arrow (x) is onto by 7.1.11, while (**) is onto by (7.1.2). The diagram 
shows that $.(@%(—kZ))o C Weg + o.(O%(—(k + 1)Z))o. By induction 
one has ¢,(@%(—kZ))o C my 4 + o.(O%(—IZ))o for any 1 > k. Since 
bx (OF (—-IZ))o C fie. for 1 > k, cf. 6.6.10, the wished inclusion follows. 

The exact sequence 0 > O%(—kZ — Z) > O%(—kZ) > O7(-kZ) > 
0, 7.1.11, and (a) imply dim(m§, , / my"}) = h°(0z(—kZ)) = x(6z(-kZ))0 


Se 


(b 


Example 7.1.18 Fix a rational (X, 0). If Zoe, = —1 then (X,0) is smooth 
(use 7.1.15 or 7.1.17). This reproves Castelnuovo’s Contractibility Criterion, cf. 
2.4.4.1. 

If Ze = —2 then emb(X,0) = 3, that is, (X,0) is a hypersurface, hence 


Gorenstein. Therefore, (X, 0) is ADE, cf. 7.1.5(d). 


Remark 7.1.19 Although for rational singularities several analytic invariants can be 
computed from their graphs, still the analytic structure might contain several key 
information, which are not topological. For example, rational germs usually are not 
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taut, the topological type might support several non—isomorphic analytic structures. 
Take e.g. a rational graph which has a vertex of valency four. For more on taut 
singularities see [361]. For several interesting properties and conjectures regarding 
deformations and equisingular moduli of rational singularities see [111, 326, 731]. 


Example 7.1.20 (Rational Kulikov Singularities) For the definition and several 
properties of Kulikov singularities see 6.7.A. If the Kulikov singularity (X, 0) is 
rational, then (6.7.3) implies that g = 0, that is, the minimal surface W contains 
only one irreducible curve, a Pl, with multiplicity 1. Hence in this case Zmin is 
reduced (see the last sentence in 6.7.A), that is, (X, 0) is minimal rational, and h is 
the generic hyperplane section. (7.1.7(a) also proves that Zin = E.) Conversely, 
any minimal resolution graph of a minimal rational singularity can be completed 


with a function to get a Kulikov singularity structure (use Pic? (X ) = 0, or see 
[300]). 
Since -Z? =r = mult(X, 0), we can assume that r > 2. 


Let / be a reduced connected curve on a smooth surface such that for any Ey, C |I| 
one has (/, E,) = O (in our case / is either div(f) in W or it is obtained from it by 
blowing down (—1) curves). Then the (—1) curves in |/| are the ‘ends’ of |/|. 

This applies in our case to the F;’s. In particular, if we fix one of the (—1)-curves 
Fi, div(f) can be contracted by successively blowing down the other curves but 
never this F;. Hence all the irreducible components of (h7! (0), 0) are smooth. The 
delta-invariant 6 is the extreme value r — 1, cf. (6.7.4). Since A is the generic linear 
section, the embedding dimension of (h—!(0), o) is one less than the embedding 
dimension of (X, 0), hence it is r. Hence (h7! (0), 0) is acurve singularity in (C’, 0) 
having r smooth branches in general position and 6 = r — 1. (Let us denote by 
R’ the curve singularity in (C”,0) consisting of the union of the germs of the 
coordinate axes. In fact, any curve singularity in (C’, 0) having r smooth branches 
in general position and 6 = r — | is isomorphic to R’, cf. 12.4.6. Hence (h7! (0), 0) 
is isomorphic to R’.) For more see e.g. [661]. 


7.1.B Some Invariants of the Universal Abelian Covering 


Let (Xqg,0) — (X,0) be the universal abelian covering of a rational singularity 
(X, 0). 


7.1.21 The Geometric Genus p,(Xq, 0) = >>), Pe(Xa, 0)o(n) can be determined 
completely from the resolution graph of (X, o). Indeed, by 7.1.12 for any h one has 


(K + 2sy)? — (K + 2rn)? 


Pe(Xa, ony = X(Tn) — X (Sn) = 3 


Therefore, (Xq, 0) is rational if and only if x(r,) = x (sp) for every h € H. This 
happens e.g. if (X, 0) is a quotient singularity (since (Xz, 0) ~ (C”, 0). 
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It is easy to find examples with ry, ~ s_, for some h: take e.g. the Aq singularity 
(however, in this case, x (7;,) = x (sp)). Or, take the star-shaped graph with bp = 2 
and with three legs all with invariants (@;, @;) = (3, 1). In this case (Xq, 0) is not 
rational, its graph consists of one elliptic (—3)-vertex. (See 6.8.19 too.) 


7.1.22 The Multiplicity of (X,, 0) [530] As usual, regarding the universal abelian 
covering, we will use the notations of paragraph 6.2.5. 

Fix a good resolution of a normal surface singularity with irreducible exceptional 
curves {Fy}, (below it will be either a well-chosen X or the associated Z). Let _ 
be a certain finite set of rational cycles supported U, F,. We denote by Y” t 
set of minimal elements of Y with respect to the partial ordering <. ee 
we say that Z is locally ordered if for any nonempty intersection point F, 1 Fy, 
and for any two elelements dj = ae MiwFy (i = 1,2) of Y, one has At 7 = 
(My —M2y)(M1{y —M2y) = 0. We also write min J for the cycle oe My Fy, where 
My = Mingeg{Mdy}, am MawFy =de QJ. 

The motivation behind the definition is the following. Assume that we have a 
finite collection of functions { fg}a in Cx, with divisors divg = dive (fa), and set 
Q = {divg}qa. Then the ideal sheaf /(Y) generated by { fg o ¢}g has a divisorial 
part Oz(— min Y), and 1(Z) = Ox%(—min Y) whenever J is locally ordered. 
Otherwise at the intersection points E,, E, an additional ideal sheaf might appear. 

Fix a singularity (X, 0). We wish to find a resolution X such that ({E*}uev)” is 
locally ordered. This does not happen for an arbitrary resolution, however we have 
the following fact. 


Lemma 7.1.23 For any fixed resolution X with exceptional curves {Ey}y, there 
exists a modification y : x xX having exceptional curves {E},}y, such that 
(zy hew(&)” = =z, yen) yay CUE Sey Oe v(%)") and {Ey} )" is locally 
ordered. (Here, by definition, y*(Y) := {y*(d)|d € G}.) 


Proof y is a composition of blowing ups of infinitesimal closed points of intersec- 
tion of exceptional curves. Along a single blowing up at a point the behaviour of the 
cycles can be analyzed. Hence, it is enough to follow the behaviour of the cycles 
y*(({E5}v)’”) along the sequence of blowing ups. If AY < 0, then blowing up 
E,, Ey, the newly created A-values will be larger (and they are all in Z/|H|?), 
hence after finitely many steps the collection of pullbacks become locally ordered. 

oO 


Hence, there exists a resolution X — X such that ({Ex}vey)” is locally 
ordered. We show that the multiplicity of (Xq, 0) can be read from the graph of 
this resolution. 


Theorem 7.1.24 ((Okuma) [530]) Assume that (X, 0) is rational and XK > Xis 


a resolution such that * := ({E}}vev)"” is locally ordered. Set Z*., := min J. 
Then p "(ZS n) is the maximal ideal cycle of the resolution a Xa, MX,,007 = 
On(—p(Zhyin)), and 


mult(Xq, 0) = —(p*(Z4;,))" = —|H | « (Z4i4)*- 


min 
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Proof By the eigen-decomposition of cx @x,,o (cf. 6.2.11) we have 
CxMX,,0 = Mx,0 B Bn40 (bx(OX(—Th)))o- 


Moreover, by 6.2.11 and 6.7.21 the divisor of any 6(h)-eigenfunctions fq (lifted 
to Z and restricted to the exceptional set) is of type p*(J’) for a certain I’ € Fs 
Therefore, (b.(0%(—rn)))o = (bx (OX (—Sh)))o (compare with (8.2.8)). By 7.1.13 
SY), = SF, and by 7.1.11 all the line bundles @y(—s,) are free. Furthermore 
note that .Y’ is generated over Z>0 by the generators {E*},, hence min p* Y is the 
divisorial part of mx, 007. 

Finally, one verifies that if F is locally ordered then p* Z is locally ordered and 
min p*Y = p* min Y. Therefore, my, 007 = O7(—p*(Z",,,)). Then, by 6.7.9, 


mull Xa:0) = — (p22) (pap 24 Ze A 2) o 


Remark 7.1.25 The same argument can be used to define the multiplicity of any 
cyclic o-ramified covering (or even for any abelian o-ramified cover) of (X, 0). 
Indeed, let (Xy,0) — (X, 0) be the Z,-cyclic covering associated with a = 
0(h), cf. 6.2.14, and set J := {l! ¢ Y’, l' #0, [I’] € (h)}"". We fix a resolution 
in which Y* is locally ordered, and we define Z®. := min Y*. Then my, 007 = 
O7x(—p*(Z%,,,)), and mult(Xq, 0) = —r - (Z%,,,). 
Remark 7.1.26 In 8.5 we will study singularities which satisfy the ‘end curve 
condition’. By the proof of 7.1.14 rational singularities satisfy this condition, see 
also 8.5.4. Furthermore, by the End Curve Theorem 8.5.34 if a singularity satisfies 
the ‘end curve condition’ then it is of splice quotient (cf. 5.4). In particular, 
the universal abelian covering of a rational singularity is an isolated complete 
intersection singularity with embedding dimension less than or equal to the number 
of end vertices of I. (The inequality can be strict, see [530, 7.7].) For more see 
[530]. 


7.2 Elliptic Singularities 


The simplest non-rational singularities are the elliptic ones. They will serve as 
key non-trivial testing examples for several theorems and conjectures. 

Elliptic singularities are defined topologically via their graphs. The study of the 
combinatorial properties of the elliptic graphs will run over several subsections. 
In this first part we define and list some properties of the minimally elliptic cycle, 
another important cycle besides the canonical and fundamental cycle. & 


7.2.1 For an arbitrary singularity and arbitrary resolution h°(Zmin) = | (ef. 
6.6.9(b)), hence x(Zmin) < 1. Theorem 7.1.2 characterizes the realization of the 
upper bound: 


(X,o) isrational <=> an xO>1 Ss XZnin) = |. 
ELS0 
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Next, assume that miner, x(/) = O. Then x(Zmin) = 0; but x(Zmin) = 1 
is impossible by the above characterization, hence x (Zin) = 0. Conversely, if 
X(Zmin) = 0, then minjex,, x (J) = 0 too. The first proof of this last statement was 
given by Laufer in [363, p. 1281] using analytic deformations. His argument was 
the following. Taking x (Zmin) = 0 as the definition of the ellipticity, one builds up 
the theory of elliptic singularities, and one proves that for a fixed elliptic topological 
type the generic analytic structure has geometric genus | (for a proof of this last 
statement in this book see 7.2.98). Therefore, for this analytic structure and for any 
Le Ls, x) = 1-h'(@) = 1 — py =O. 

The next proof is purely combinatorial. 


Proposition 7.2.2, x(Zmin) =O => minx.) x(/) = 0. 


Proof We show the => part. Set r := minjez,, x (J), and L; := {1 € Luo | x) = 
r}. Then L, is finite, hence it has a maximal element, say /;. We show that /; € -”. 
Indeed, x (/;) < x(j + Ey) implies (1, Ey) < x(Ey) < 1. 

Notice that the statement we wish to prove depends only on the graph J”. Assume 
that the statement is not true for a certain graph. Let J” be a minimal graph with this 
property. That is, (a) x¥(Zmin()) = 0 (b) (7) < 0, and (c) for any proper 
subgaph I’ Cc I with x (Zmin(I”’)) = 0 the equality r(I”’) = 0 holds. 

Take an arbitrary element / of WO L;,, where r = r(J"). By the above discussion 
such an / exists. / € .Y implies 1 > Zmjn(1"). Obviously (by (a) and (b)), 
LF Zmin(I). Set! = 1 — Zmin(). Thenr = x() = x) + x(Zmin(L)) - 
(l', Zmin()). Hence x(l') = (l', Zmin()) + r < r. But x(l') > r from the 
definition of r, hence x(/’) = r and (1, Zmin(I")) = 0. Hence, the support I”’ of 
l' is strictly smaller than I”. Next, we verify that I”’ satisfies conditions (a) and (b), 
a fact which leads to a contradiction with (c). Indeed, since Znin(I"’) < Zmin(’) 
we have h' (Zmin(I’)) < h!(Zmin(")) = |. But h! (Zmin(I’)) cannot be zero, 
since this would imply that I’’ supports a rational singularity, which contradicts 
xl’) =r < 0. Hence, x (Zmin(I"’)) = 0. Moreover, r(I”’) > r(’), in general; but 
x(l') = r(L) ; therefore, in fact r(I”’) = r(I") < 0. o 


Definition 7.2.3 Fix a resolution graph I” of a normal surface singularity. The 
graph is called elliptic if minje,,) x (J) = 0, or equivalently, if x (Zmin) = 0. The 
singularity is called elliptic if its graph is elliptic. The definition is independent of 
the choice of the resolution, cf. 6.6.9(f). 


Elliptic singularities were introduced by Ph. Wagreich (via the first criterion, 
minjer,) X(J) = 0) [719] and by H. Laufer (via the second one, x(Zmin) = 0) 
[363]. We warn the reader that in the literature the terminology ‘elliptic’ is not 
used uniformly: sometimes it covers the singularities characterized as in the above 
definition 7.2.3 (these germs are also called ‘weakly’ elliptic), sometimes it covers 
singularities with pg = 1, or sometimes Gorenstein singularities with pg = 1 
(following Laufer, this last family in this book will be called ‘minimally elliptic’). 

Ellipticity is characterized by the resolution graph. Taking connected subgraphs 
or decreasing the self-intersection numbers of an elliptic graph we obtain either an 
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elliptic graph or a rational graph. (For a subgraph I’ of I" one has Zmin(I”’) < 
ZminU), hence h'(@z,,,,(r)) < h'(6z,,(r)) = l,or X(Zmin()) > 0.) 


Example 7.2.4 A singularity is elliptic provided that pg = | (use pg = h'(6z,,,,) 
= 1— x(Znin)), or provided that it is Gorenstein with pg = 2 (in a minimal 
resolution 2 = hl (@z,) = h°(@zy) F h°(OZnin) = 1, hence Zmin < ZK 
and 6.4.19 applies). 


min 


Example 7.2.5 Assume that pg > 0 and there exist w € H(X \ E, 27) and f € 
H°(6x) such that { fia}/25 is abasis of H°(X \ E, 22)/H°(X, 22). Then (X, 0) 
is elliptic. Indeed, by (6.8.21) T > pg, hence by 6.8.54 min x > T — pg = 0. 


Example 7.2.6 pg of an elliptic singularity can be arbitrary large, see e.g. 7.2.89. 
The geometric genus of elliptic singularities cannot be characterized topologi- 
cally, see e.g. 6.8.3. 


Definition 7.2.7 ((363]) Fix an arbitrary resolution. A nonzero effective cycle C 
is called minimally elliptic if x(C) = 0 and for any 0 < 1 < C,/ € L, one has 
x > 0. 


If x(Zmin) = 0 then a minimally elliptic cycle exists: take any minimal element 
of the set {1 > 0 : x(l) = O}. But, in fact, there is more to it than that. 


Proposition 7.2.8 ((363]) Fix an arbitrary resolution. If x(Zmin) = 0 then there 
is a unique minimally elliptic cycle, denoted by C. It satisfies C < Zin. 


Proof First we prove that if 0 < A,B, and x(A) = x(B) = 0, and M := 
min{A, B}, then x(M) = 0 too. Indeed, 0 < x(A + B-—M) = x(A)4+ x(B) - 
x(M) — (B — M, A— M) < —x(M) < 0, cf. 7.2.2, hence x (M) = 0. 

Next, consider an arbitrary cycle A > 0 with x(A) = 0, and take M = 
min{A, Zmin}. Then M + O since |Zmin| = E, and by the above argument 
x(M) = 0. Hence all the minimal elements C satisfy C < Zin. 

Finally, take two cycles 0 < A,B < Zin with x(A) = x(B) = O. Take 
M := min{A, B}. We already know that x(M) = 0, and we will show M 4 0 
too. Indeed, assume M = 0. Then (A, B) > 0 and 7.2.2 givesO < x(A+ B) = 
—(A, B) < 0. This implies (A, B) = 0, hence the supports of A and B do not 
intersect. Hence h! (@axp) = h!(64) + h! (Gg) > 2. But A+ B < Zmin, hence 
h'(A + B) < h!(Zmin) = 1, which is a contradiction. g 


Remark 7.2.9 Let é(E,) (resp. g(E,)) be the sum of delta-invariants of singularities 
(resp. genus) of Ey in a (not necessarily good) resolution. For an elliptic graph the 
following facts hold: 


(@) Docy t'(GE,) = Vey 8(Ev) + 8(Ev) < 1. 

(b) Ve,cic| b(Ey)+g(Ey) < 1. If 6(E,)+8(£y) = 1 for Ey C |C| then Ey, = C. 

(c) all the connected components of Ug, ¢jcj£y support rational singularities. (It 
follows from the uniqueness of the minimally elliptic cyle.) 
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(d) the restriction H'(E,Z) > H!(|C|, Z) is an isomorphism. 
(e) C is the characteristic cycle in the sense of 6.6.12. 


Lemma 7.2.10 ([363]) Fix an elliptic graph. If C is a minimally elliptic cycle then 
C is the canonical cycle on its support |C\. 


Proof By 7.2.9(b) we can assume that each E, is smooth and rational. Take an 
arbitrary Ey C |C|. Then xy (C—E,) > 0. This and x (C) = Oimply (Ey, C—Zx) = 
0. By summation (C, C—Zx) = —2x(C) = 0, but we already know that x (C) = 0. 
Hence all the inequalities must be equalities, that is, (E,,C —Zx)=Oforallv. O 


7.2.A Elliptic Kulikov Singularities 


We prove that a Kulikov singularity is elliptic if and only if g = 1. Then we recall 
(reprove) Kodaira’s classification of families of curves f : W > D with g = 1. 
We prove that an elliptic Kulikov singular is numerically Gorenstein if and only 
if it is Gorenstein, and we provide a simple combinatorial recognition property 
of the (numerically) Gorenstein property. & 


7.2.11 By (6.7.3) a Kulikov singularity is elliptic if and only if the genus of the 
holomorphic minimal family of curves we start with has genus g = 1. Such families 
were Classified by Kodaira [324]. The possible minimal good dual graphs of the 
families are the following (where the unmarked vertices represent (—2) curves): 


2 4 3 
0 -1 —4 2 =) 
e @ e @ 
tH {> ; 2 “1 =6 ee > 33 > 
vf) q Ip, p22 I HI IV i 
e @ @ @ @ @ @ 
> e e < 
Ty p2l I 
e ® ® @ oe @ e o @ @ 
Lr IV* 


From this one reads the minimal families as well. In the minimal family in the 
cases Ip, 1; and IJ the central fiber is irreducible (either smooth elliptic, or rational 
with a node, or rational with a cusp); in the cases Jp (p = 2), JI and IV the central 
fiber is reducible but reduced; while in all other cases the fiber is non-reduced (hence 
only some of the vertices can be blown up along the Kulikov construction). 
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The above classification of the minimal families is based on the next observation. 

From 6.7.A we have 0 = 1— g = xw(div(f)) = —ci(div(f))/2. But, 
by minimality and adjunction relations cj(C,) > O for all v, hence necessarily 
ci(C,) = 0 forall v. Here cy = e1( 25). That is, (Cy, Cy) +2—2g(Cy) —26(Cy) = 
0. By semi-definitness, if there exists Cy with (Cy, Cy) = 0 then necessarily Cy is 
the whole div(f), and 2 — 2g(C,) — 26(C,) = 0. This corresponds to the cases 
Io, J, and IJ. Otherwise, Cy is a smooth rational (—2)-curve. Then we note that 
the set of semi-definite lattices with 1-dimensional radical, having the property that 
it is spanned by (—2)-vertices v € VY and that any proper subset of VY is negative 
definite, coincides with the set of extended root systems Pes Dy . Es, E7 and E: g. The 
point is that the (minimal) lattice A, has two geometric realizations as intersection 
matrix of certain curves, and the two minimal good plumbing graphs are /7 and ///. 
Similarly, Ap has two realizations /3 and /V; while A; is [p41 (p = 3), D is I*, 
Eg = 11*, E7 = 111", Eg = 1V*. 


7.2.12 Recall that if (X,0) is an elliptic Kulikov singularity, then by the end 
of 6.7.A, the elliptic cycle is the strict transform of div(f). Additionally, we will 
also need the following fact as well. 


Lemma 7.2.13 Let f : W > D be aminimal family of g = | curves. Then ene is 
holomorphically trivial line bundle. In particular, there exists a nowhere vanishing 
2-form on W. 


Proof See e.g. [41, Theorem (12.1), page 161]. Oo 


We will use the following terminology. Each exceptional curve F; is the end of a 
chain of c; rational curves leading from the elliptic cycle to F; (including F;). If Fj 
intersects C then c; = 1, otherwise c; > 1. We call c; the chain length of Fj. 


Corollary 7.2.14 ((301, 660]) Let (X, 0) be a Kulikov singularity associated with 
an elliptic family (g = 1) with chain lengths c;, i = 1,...,1r; cf. 6.7.A. Then one 
has: 


(a) Ifc, = +--+ =; then (X, 0) is Gorenstein and pg(X, 0) = cy (later in 7.2.67 
we will show that, in fact, pg(X, 0) = C1). 
(b) If an elliptic Kulikov graph is numerically Gorenstein then cy = --- = Cy. 


Hence, an elliptic Kulikov singularity is Gorenstein if and only if it is numerically 
Gorenstein. (But a numerically Gorenstein elliptic Kulikov graph with cy > 1 
supports a non-Gorenstein analytic type as well, e.g. the ‘generic’ one, but that 
analytic structure—by the previous statement—is not Kulikov.) 


Proof 


(a) Fix a nowhere vanishing holomorphic 2-form w on W, let z : W > Wbe 
the sequence of blowing ups provided by the Kulikov construction. Then 2*w 
has vanishing order cj along each F;. Hence, if c := cj = --- = c;, the 
form h~¢x*w is nowhere zero on X \ E. Moreover, the forms h~-"z*w, n = 
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(b) 


0,...,c— 1, project on independent elements of H(X \E, 22)/H(X, 2%), 
cf. 6.8. 

Since X is minimal and I (X) is elliptic and numerically Gorenstein, we 
have Zx = Zmin (t). Next, by 0 =, 2x(Zimin) = (Zmin, ZK — Zmin), 
div(f) = Zmin + y F;, and (div(f), Zk — Zmin) = O we get that 
OO; Fi, Zk — Zmin)j = 0 too. This combined with (+) for each 7 implies 
(Fi, ZK — Zmin) Ww = 0, or (Fi, ZK) Ww = Ci, Zmin) Gy = 1. On the other hand, 
by adjunction relations on W we have (div(z*w), Fi) = —F? —2= -1. 
Therefore, (div(7*w) + Zx, Fi)j = 0. On the other hand (div(7*w) + 
Zx,Ev)w = O by adjunction relations for all other components. Hence 
div(*w)+Zx is the kernel of the intersection form of (, ) 7, hence div(1*w)+ 
ZK = a(Zmin + > F;) for some a € Q. Finally notice that w has a trivial 
divisor, and a single blow up increases the vanishing order of the corresponding 
components by one. Hence, div(1*w) = 1+ 0; ci Fi for some cycle / supported 
on L(X). Hence, necessarily, cj =... =cr =a. oO 


For a characterization of the generic hyperplane section (h~!(0),0)—as an 


abstract curve germ—, for a Gorenstein elliptic Kulikov singularity, see [661]. 


For more on elliptic Kulikov and Kodaira singularities see [300, 301, 660]. 


7.2.B Minimally Elliptic Singularities 


The simplest elliptic singularities are called ‘minimally elliptic’; we provide 
several of their topological characterizations. Then we present Laufer’s results: 
topological characterizations of several analytic invariants. Compared with 
rational singularities, in this case some of the proofs are harder (due to the fact 
that Pic (X ) is not zero). & 


Theorem 7.2.15 ([363]) Jn the minimal resolution the following facts are equiva- 
lent. If a singularity satisfies them, it is called minimally elliptic. 


AR WN 


. (X, 0) is numerically Gorenstein and ZK = Zmin. 

. X(Zmin) = 0 and any proper subgraph of I" supports a rational singularity. 
. (X, 0) is numerically Gorenstein and Zx is the minimally elliptic cycle. 

. Zmin is the minimally elliptic cycle. 


Pe = land (X, o) is Gorenstein. 


Therefore, for any minimally elliptic singularity in the minimal resolution one has 
C = Zmin = ZK = Zeon. 


Theorem 7.2.15 gives a topological characterization of Gorenstein singularities 


with pg = 1| (The second condition provides the name of the family.) 
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Proof First we check 1 © 2 = 3 © 4. One can verify, that if there is some E, 
with 6(E,) + g(E,) > 0, then in fact 6(Fy) + g(Ey) = l,and E = Ey =C = 
Zmin = ZK. Hence, in the sequel we assume that every E, is smooth and rational. 
1 => 2. Since x(Zx) = 0 we obtain x (Zmin) = 0 too. Next, consider a proper 
subgraph S C I’, fix a computation sequence of Zin (S), and complete it to a 
computation sequence of Zmin. Since 1 = h!(Zmin) = >, (Ev, Zi) — 1, there is 
exactly one index i for which (E,,;), zi) = 2, otherwise (E,,;), Zi) = 1. (Ev, Zmin- 
Ey) = (Ey, Zk — Ey) = 2 shows that (Fy (i), z;) = 2 in the very last step. Since in 
the previous steps the contributions equal 1, h! (Zin (S)) = 0. 
2 => 3. Since x(Zmin) = 0, the minimally elliptic cycle C exists, cf. 7.2.8. If |C| < 
E then C supports a rational singularity which contradicts x(C) = 0. Therefore 
|C| = E and C = Zx by 7.2.10. 
3 => 4. Since the resolution is minimal Zin < ZK, cf. 6.6.9(c). If Zmin < ZK, 
by the definition of the minimally elliptic cycle, x (Zmin) > 0. This implies that the 
singularity is rational. Being rational and numerically Gorenstein we get Zx = 0 
(cf. 7.1.5), hence Zx cannot be the minimally elliptic cycle. Therefore Zmin = ZK. 
4 => 1 follows from 7.2.10. 

Hence 1S 2+ 3 < 4, and if any of these conditions is valid then C = Zin = 
ZK. 
Next we verify 1,2,3,4 => 5. 


By 6.4.7 pe =h'(@z,), hence pg = h'(Oz,) =h' (Oz;,) = 1. 

In order to prove that (X, o) is Gorenstein we have to verify that Oz (Kz+ZxK) © 
Ox. First we prove that 2 := Oz, (Kx% + Zx) is trivial. This follows from the next 
Lemma 7.2.17, since h°(.Y) = h'(@z,,) = 1 by duality. 


Definition 7.2.16 An effective cycle D is k-connected, if for any 0 < A < D one 
has (A, D— A) >k. 


Lemma 7.2.17 


(a) [587, (3.11)] Fix some D € Lyo. Assume that the restriction L of a 
topologically trivial line bundle of X to Pic(D) has h°(L) > 0. Then L is 
analytically trivial in Pic(D) provided that D is 1-connected. 

(b) If ZK coincides with the minimally elliptic cycle then it is 2-connected. 

(c) If ZK € Lso then the restriction map Pic®(X) > Pic? (Zx) is an isomorphism. 


Proof 


(a) Fix s € H°(D,¥), s # 0, and let A be the maximal cycle along which s 
vanishes. Set B = D — A. From the exact sequence 0 > Y @ @p(—A) > 
L > L£ ®Oxr — O, one gets thats ¢ H°(B, LY ® Og(—A)), and it has 
no fixed components. In particular, s restricted on each E,, C |B| is non-zero, 
hence (Ey, @) + (Ey, —A) > 0. Since (Ey, &) = 0, we obtain (A, B) < 0. 
By the connectedness of D this can happen only if A = 0(A ¥ Dsinces # 0). 
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But then the restriction of s to any Ey is a non-zero constant, hence s is never 
vanishing, and gives a trivialization of 2. 

(b) For any 0 < A < Zx, by the definition of the minimally elliptic cycle we get 
x(A) = 1, or (A, ZR — A) = 2. 

(c) Use the isomorphism H! (Oz) > H!(@z,). oO 


Set 2 := O7, (Kz + Zx). Since h°(L) > 0, by 7.2.17 F is trivial. By the 

vanishing 6.4.3, H°(Oz (Kz +Zx)) > H°(L) = H°(G@z,) is onto, which shows 
that H(Oxz(Kx + Zx)) has a section whose image in H(@zx) is a non-zero 
constant, hence Kz + Zx is a principal divisor of x: 
5 = 3. A Gorenstein singularity is numerically Gorenstein, hence we have to 
prove only that Zx is a minimally elliptic cycle. Fix any 0 <1 < Zx. By 6.4.19 
h\(@,) <h'(Ozq) = Pe = 1, hence x (1) = h°(G)) > 0. 

This ends the proof of Theorem 7.2.15. oO 


Example 7.2.18 ((Generalized) Simple Elliptic Singularities) Assume that I” con- 
sists of a unique vertex E with g(E) = 1, 6(E) = 0, and E* = —d. Then the graph 
is minimally elliptic with C = Zin = Ze = E. 

The germ (X,0) is a complete intersection if and only if d < 4 (cf. 7.2.36 
and 7.2.95); these germs are called ‘simple elliptic’. Their equations are: x° + y? + 
2 +Axyz =O(d =1); x4 +yt4+ 22 +Axyz =0(d =2);3+y+3+Axyz =0 
(d = 3);x7 + y? t+acw=axytetuw? = 0(d = 4). (A € C is such that 
the germ defines an isolated singularity.) The first three are deformations of exactly 
those Brieskorn-Pham singularities ({x% + y? + z° = 0},0) c (C3, 0) for which 
l/a+1/b+1/e=1. 


Example 7.2.19 (Cusp Singularities) By definition, the minimal resolution graph 
of a cusp singularity is a cyclic graph (with g(E,) = 6(E,) = 0), cf. 3.5.B. Note 
that Zx = E = Zin. For combinatorial and topological properties see 3.5.B. 


Example 7.2.20 (Triangle Singularities. [152, 153]) (Compare also with 3.7.6 
and 5.1.35.) The minimal good resolution of the Dolgachev’s triangle singularity 
Dp,q,r has the form (with all genera zero): 


In this resolution Zin 4 Zx, however in the minimal resolution Zin = ZK. 


Example 7.2.21 Assume that (X, 0) is a numerically log canonical singularity, and 
in the minimal good resolution Zx = E = Zin (cf. 6.3.33 and 7.1.5 (h)). Then 
(X, 0) is minimally elliptic and x(£) = 0 in this resolution. Therefore, either the 
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dual graph is cyclic, hence (X, 0) is a cusp singularity, or E is irreducible with 


Example 7.2.22 Assume that (X, 0) is elliptic, and C is the minimally elliptic cycle 
in the minimal resolution. Then |C| supports a minimally elliptic singularity (use 
Lemma 7.2.10 and Theorem 7.2.15 (3)). 


Example 7.2.23 In [363] Laufer lists all the graphs and equations of hypersurface 
minimally elliptic singularities. E.g., with vias in = —|/ there are eight graphs and 
two more infinite families of graphs. 


Example 7.2.24 (Unimodal and Bimodal Hypersurface Singularities) Kulikov in 
[342], see also [300], proved that all uni- and bimodal hypersurface singularities (in 
the sense of Arnold, cf. [21, Vol.1, 15.1]) are minimally elliptic and can be obtained 
by Kulikov construction with all c; = 1, and < 3 blow ups. 

Here is the list of elliptic Kulikov singularities with all c; = 1, cf. [300] (compare 
also with the list of Kodaira from 7.2.A). Below b > 0, respectively b; > 2 with 
at least one of them strictly > 2. The unmarked vertices are —2. By 7.2.14 the 
corresponding singularities are all minimally elliptic. By the end of 6.7.A Zmin = C 
is the (strict transform of) div(f). 


—by (b, +2 b 
—b -2 by 
—by —b3 -1 -1 -1 
e @ -ne @ 
fl) -1 (4+) —(b+6) “2 —(14+53) —b4 
4 b3 
=(by #2 =(1+b5 


These diagrams are realized by hypersurfaces if and only if —Z? in = 3 (cf. 7.2.36). 
But —Z? in 18 exactly the number of blow ups in the Kulikov construction. 
The above discussions also show that (the analytic type of) simple elliptic germs, 


cusps and triangle singularities are Kulikov. 
7.2.25 Next, we prove the topological characterization of certain analytic 
invariants. In the proofs we will need the following technical lemma regarding 


computation sequences, which will be used in the general elliptic case as well. 


Lemma 7.2.26 Consider the minimal resolution of a minimally elliptic singularity. 
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(a) Let {z;}i_, be a computation sequence for Zmin, cf. 6.6.7. Then x (zi) = 1 for 
alli <t, (zi, Ey) = 1 foralli < t—1, and in the last step: (z1-1, Evi—1)) = 
2. 

(b) Fix any pair Eg and E; (Eo # £4) of irreducible exceptional divisors. Then 
there exists a computation sequence for Zmin which starts with Eo (i.e. z) = 
Eo) and ends with E, (i.e. Eya—1) = E\). Moreover, let Eo be an irreducible 
component whose coefficient in Zmin is greater than one. Then there exists a 
computation sequence for Zmin which starts and ends with Eo. 


Proof 


(a) See the proof of part 1=2, Theorem 7.2.15. 

(b) Start with a computation sequence with z} = Eo. Suppose that E; may not be 
chosen to be the last. Then the computation sequence reaches a cycle D when 
we are forced to use the ‘last E,-component of Z,j,’, but still D+ EF, < Zmnin. 
This implies additionally that: (D, E,) < 0 forv ~ 1 and Ey ¢Z |Zmin — 
D — E\|. Hence, summation over the coefficients of Zmj, — D — E\ gives 
(Zmin — D — E,, D) < 0. But, by (a), x(D + E1) = 1 and (D, E)) = 1, facts 
which imply (Zmin — D — E\, D) = 1. oO 


The Lemma will be generalized for non-minimal graphs in the next paragraphs. 


7.2.27 The Case of Non-minimal Resolutions Although in Theorem 7.2.15 we 
characterized the minimally elliptic singularities in terms of minimal resolution 
graphs, we stress that for such germs the difference between the minimal and the 
minimal good resolution is rather small. The next facts can be verified directly. 


Proposition 7.2.28 ((363, 3.5]) The list of those minimal resolution graphs of 
minimally elliptic singularities which are not minimal good is the following: 


(1) E consists of a rational curve with a node singularity; 

(2) E consists of a rational curve with a (2, 3)-cusp singularity (locally u2 =v); 

(3) E consists of two smooth rational curves which have first order tangential 
contact at one point; 

(4) E consists of three smooth rational curves all meeting transversally at the same 
point. 


Case (1) provides a special ‘cusp singularity’, cf. 7.2.19, while the others are 
‘triangle singularities’, cf. 7.2.20. 

One can check that in all the above cases in the minimal good resolution graph 
one has |C| = E, hence C = Zx is still valid (cf. 7.2.10). Nevertheless ZK < Zmin. 


Corollary 7.2.29 


(a) If the link of a ‘triangle singularity’ (cf. 7.2.20) is an integral homology sphere 
then it is necessarily 3'(2, 3, 7). 

(b) If the link of a minimally elliptic singularity is an integral homology sphere then 
it is either 3/(2, 3,7) or (2, 3, 11). 
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Proof 


(a) (2,3, 7) is the only solution of the Diophantine equation det(—/) = 1, that is, 
of ad = 1/ay, = 1/a2 a 1/a3)a1,a203 = 1, 

(b) Indeed, if the minimal resolution is not good, then by 7.2.28 (X, o) is ‘triangle’, 
hence part (a) applies. Assume that the minimal resolution is good. Then 
by 7.2.15 Zmin = ZK. Hence, by the adjunction formula, (Zmin, Ey) = 
(Zr, Ey) < O whenever E? < -—2. These coefficients appear in Zmin = 
— >), (Zx, E,)E*; and additionally note that each E* € .Y (since det(—J) = 
1). Therefore, by the minimality of Zj;, in %, necessarily E? = —2 for all 
vertices except exactly one for which Ee = —3. The subgraph consisting of 
(—2)-curves is an ADE. Then using 7.2.15(2) we conclude. (For the graph of 
2» (2, 3, 11) see 7.2.33.) oO 


7.2.30 Non-minimal Resolutions with |C| = E Lemma 7.2.26, valid for minimal 
resolutions, can be extended for resolutions with |C| = E as follows (the 
verification is left to the reader). (This will allow us to prove several statements 
for resolutions with |C| = E, hence, in particular, for the minimal good resolution 
too.) 

Since |C| = E&, one still has C = Zx, and C is the cohomological cycle. 
Therefore, for any computation sequence {z;}; Of Zmin, the unique step with 
(zi, Ev()) = 2 happens exactly for the minimal index i for which zj+; > C. We say 
that the sequence ‘jumps’ at F,,;). Furthermore, part (b) of Lemma 7.2.26 has the 
following version: For any pair Eo and E, (Eo # E}) there exists a computation 
sequence for Zmin which starts with Eo and jumps at E\. Moreover, if Eo is a 
component whose coefficient in C is > 2, then there exists a computation sequence 
for Zmin which starts and jumps at Eo. 


Theorem 7.2.31 Consider a resolution of a minimally elliptic singularity with 
|C| = E. Then the following facts hold: 


(a) San = SY, hence Zax = Zmin too. 

(b) If H'(X, Z) = 0 (in particular, Y,,, is well-defined) then S),, = S'. 

(c) Assume that c\(@) € —S' fora certain L € Pic(X). Then Ah (x, L)=1if 
£& is trivial, and = 0 otherwise. 

(d) Assume that c\( LZ) € —-4' \ {0}. Let {z;}; be a computation sequence for Zmin 
which jumps at FE, with (E1,c\(Z@)) > 0. Then Al (X, L(-zi)) = 0 for any 
Zi- 

(e) Fix any ZG € Pic(X), set cy := c\(&), and use the notations of 6.6.4; in 
particular, s(—c,) = —c; +e € SY’. Then 


1 if Y(—e) is trivial, 


ly = 
hi (X, 2) = x(-e1) — x(8(-e1)) + {6 eae 
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Proof (b) Fix some I’ € .Y’ \ {0}, and a component Ep of E. By Corollaries 6.2.11 
and 6.7.23 we need to show that h!(@(—l' — Eo)) < h°(@xz)(—I')), since in this 
case H9(G(—I' — Eo)) ~ H°(G@(—1')) is not onto. 

Assume that there exists a computation sequence {z; les , with z} = Eo and which 
jumps at some E| such that (E,, /') < 0. Then consider the infinite sequence {x;};: 
V+tz,...,l) + a,...,l' + Zin, lt’ + Zmin + z1,---, lo + 2Zmin, l! + 2Zmin + 
zj,.... Then H!(@(—xj41)) — H'(G(—x;)) is onto, hence a : H!(@(-I' — 
nZmin — Eo)) ~ H'(G(-I' — Epo)) is onto for any n > 0. Compose this with 
B: H'(G(-I' — Eo)) > H'!(nZmin, G(—I’ — Eo)) to get an exact sequence. But, 
by the theorem of formal functions, 6 is an isomorphism for n >> 0, hence a = 0 
and H'(@(-I' — Eo)) = 0. 

By Lemma 7.2.26 (see also the comment in 7.2.30), if such a computation 
sequence does not exist, then Eg is the only component with (I’, Eg) < 0, and the 
coefficient of Eo in Zin is 1. In this case we consider a computation sequence {z;}; 
which starts with Eo and jumps at some other £1, and a sequence {y;}; which starts 
with E, and jumps at Eo. Take the infinite sequence {x;}j;:1/+z,,...,l/+2;,...,U+ 
Zins Uo + Zmin ty1, 025 l + Zinin ti, «+2 + 2Zinin, + 2Zmin + y1, .... Then 
H!(@(—xj41)) — H'!(G(—x;)) is onto, except when we pass from l’ + Zinin — E1 
to l' + Zin, in which case the corank is 1. Hence, a has corank at most one, 
h'(@(-I/ — Eo)) < 1. But h®(@x(— l')) > 2. 

(a) has the identical proof as (b) whenever H! (X, Z) = 0, which can be adopted 
to the general case as well (the vanishing H! (xX , Z) = 0 is not needed in 7.2.26). 

(c) Assume that —l/ := cy(¥%) 0. If all components Ey are rational, take 
a computation sequence which starts with some Eo and jumps at certain E; with 
(E, 1’) < 0. Then, as in the proof of (b), h!(L(—Ep)) = 0. This implies hi(fZ)= 
0 too. If E = Eo is an elliptic curve, then a similar proof works. 

Assume next that c)(%) = 0. Since h'(Y) = h'(L\z,) = h°(L|z,), if 
h'(L) £0, then # is trivial by Lemma 7.2.17. 

(d) The proof runs as in (c), where one should replace Eo by z;. 

(e) Combine Proposition 6.6.4 and part (c). oO 


7.2.32, Arbitrary (Non-minimal) Resolutions If we consider arbitrary resolution 
graphs (e.g. which are not minimal good), then it can happen that Zx has 
even negative coefficients, or the support of C is smaller than E. In such cases 
Lemma 7.2.26 and Theorem 7.2.31 fail, in general. 


Example 7.2.33 Take the minimal resolution graph of {x7 + y?+ z!! = 0}. Itcan be 
obtained from Eg by attaching a new vertex Eo to the end-vertex of the longest leg 
with = = —3.Let Xp > X be the blow up at a point P of Eo (P smooth in E£). Let 
the strict transform of Eo be Eo, and let the new peed be £1. Then one verifies 
that in the minimal resolution (Zmin, Eo) = 1 and Z . = —1. Hence, O(—Zmin) 
has a base point Q on Eo, cf. 7.2.36(c), (it is the intersection of Eo with the strict 
transform of z = 0). If we blow up P = Q then Ef € Yan and Ep ¢ -Yan in Xp; 
while if we blow up P # Q then E} ¢ Yan and Ep € -Yan. (In fact, by similar 
argument as in 6.7.25(b), one can prove that for any analytic structure supported 
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on the graph Ip the divisors ES and E i cannot be in .%j, simultaneously; indeed, 
otherwise the corresponding two functions would provide a map (X, 0) > (C?, 0) 
of degree one.) 

In particular, the statement of 7.2.31(a) is not valid in an arbitrary resolution. 


In the most general case, the vanishing result from Theorem 7.2.31(c) has the 
following analogue. [Hence, part (d) also has its analogue via Proposition 6.6.3.] 


Theorem 7.2.34 Let C be the minimally elliptic cycle. 


(a) For any irreducible component E, of |C| there exists a computation sequence 
for Zmin whose unique step (Zi, Ey(i)) = 2 (the ‘jump’) happens for E,(;) = 
FE. 

(b) Assume that a line bundle 2 € Pic(X) satisfies c\(LZ) € —S' and 
(c\(Z), C) < 0. Thenh!(X, LZ) = 0. 


Proof (a) We modify the proof of 7.2.26(b). There exists a computation sequence of 
Zmin Which has one of its terms C’.. [Otherwise there would exist acycleO < D<C 
with (D, E,) < 0 for all E, Cc |C — D|. But this implies (D, C — D) < 0, which 
contradicts x(D) > 0.] Then for such a computations sequence we repeat the proof 
of 7.2.26(b) with Zmin replaced by C. Part (b) follows from (a) as in 7.2.31. oO 


7.2.35 Topological description of some further analytic invariants is given next. 
The same statement is valid in a more general context of elliptic germs, see 7.2.G. 


Theorem 7.2.36 ((363]) Assume that (X, 0) is a minimally elliptic singularity. Let 
Zmin be the fundamental cycle in the minimal resolution $. Then: 


(a) Zmin = Zmax; 
(b) If Z2,,, < —2, then o*mx,o = Gx(—Zmin), hence mult(X, 0) = —Z? 


min? 


min — 
(c) If Z?,, = —1, then ¢*my 9 = Mg OX (—Zmin) for a smooth point Q of E, and 
mult(X, 0) = 2; 
(d) emb(X, 0) = max(3, —Z?,,); 
(e) If Z2,, < —3 then dim 6x.0/m, , = X(OkZpin) + 1 
(f) ip com = —4 then (X, 0) is a complete intersection, Zo. < —4 then (X, 0) 


is not a complete intersection. 


7.2.C The Elliptic Sequence, General Case 


The analytic and topological properties of an elliptic singularity are guided by 
its elliptic sequence. The elliptic sequence is defined from the minimal graph. 
It was introduced by S. S.-T. Yau and Laufer in order to give an intrinsic 
structure of the cohomology of certain line bundles, of the Picard group, and 
to provide a topological upper bound for pg. In the numerically Gorenstein 
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case the sequence works perfectly, it answers all the posed questions (see 
Sects. 7.2.D and 7.2.F). However, in the general (non-numerically Gorenstein) 
case, the sequence of Yau—Laufer, being a sequence of integral cycles, loses 
certain important connections with the (non-integral) canonical cycle. However, 
it still preserves several universal properties. 

In this subsection we provide the definition of the elliptic sequence (general 
case) and we list several of its properties. In the next Sect. 7.2.D we discuss the 
numerically Gorenstein case (with a simplified definition and more properties). 
In Sect.7.2.E we propose a new elliptic sequence for the non—numerically 
Gorenstein case, which recaptures the connection with the canonical cycle (and 
it has some additional universal properties). & 


7.2.37 We fix the minimal resolution graph of an elliptic singularity. 

The intrinsic properties of an elliptic graph are guided by its elliptic sequence. It 
is a monotone sequence of elements of Lo, containing the fundamental cycle. In 
fact, all the members are fundamental cycles of certain connected subgraphs. 

For any effective reduced cycle / € L, with connected support |/|, let Z; denote 
the fundamental cycle of |/|. We say that the reduced cycle D is ‘connected’ if | D| 
is connected. It is convenient to identify a reduced cycle with its support. 


Definition 7.2.38 ([766], [767, Def. 3.3]) Let C be the minimally elliptic cycle. 

If (C, Zmin) < O then the elliptic sequence consists of one element, namely 
{Zinin}- 

If (C, Zmin) = 0, let D, be the maximal connected reduced cycle such that 
|C| < D, < E, and (Z,, Zmin) = 0 for all Ey < Dj. Since Z?,, < 0, Di # E. 

Assume that the support D;_, is already defined. If (C, Zp,_,) = 0, let D; be the 
maximal connected reduced cycle such that |C| < D; < Dj-1,and (Ey, Zp;_,) = 0 
for every E, < D;. Again Dj is properly contained in D;_. This process stops after 
finitely many steps, say at D,,, which has the property (C, Zp,) < 0. 

Write Do := E, Zp, := Zmin. Then the elliptic sequence is {Zpy,..., Zp,,}. Its 
length is €5eg :=n+1(n = 0). 


Definition 7.2.39 For each vertex v let d(v, |C|) be the combinatorial distance in 
the graph from v to C. (This is well-defined thanks to Remark 7.2.9 (d).) 


For example, if E, C |C| then the distance is zero, if (Ey, C) > 0 then itis 1. 
Theorem 7.2.40 With the above notations one has: 
1. C < Zp, <--: < Zp. 
2. x(Zp,) =O forall0 < j <n, and (Zp,, Zp;) = O fork F j. 
3. Forany 0<£ <n set Fy := yer Zp;- Then x (Fe) = Oand Fy € -F. 
4. Forany1 < € <n, F is the smallest element of .f which is greater than a 
cycle of type Fe_, + E, with E, arbitrarily chosen from |C\. 
The set {1 € S, (1,C) < 0} has a smallest element. It is equal to Fy. 
5. If Z€ Sand x(Z) = 0 then Z € {0, Fo, ..., Fr}. 
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6. If Ey < Dj-\ but E, ‘s Dj; then (Ey, Dj+1) = 0. (In other words, if one 
wishes to extend the elliptic graph supported on Dj; to a larger elliptic graph via 
a new vertex Ey, then Ey cannot intersect any curve from Dj+1.) In particular, 


ifVz:={vEV : (Ey, Zmin) < 0} thenn < minyey, d(v, |C}). 


Proof (1) Use |C| < Dn & +--+ & Do and C = Z)c, cf. Example 7.2.22. 

(2) h°(6zp,) = Land h'(Ozp,) = h'(@c) = 1. But x(Zp,) = 0 too, hence 
x(Z D;) = 0. For the second part use the definition of Dj. 

(3) x (F¢) = 0 follows from part (2). Next we prove Fy € 7%. 

If E, < De then (Ey, Zp;) < 0 forall j < 2, hence (Fe, Ey) < 0. 

Assume that Ey < Dj—; but Ey 4 Dj; forsome1 < j < ¢. Then (Ey, Zp,) < 0 
fork < j —1 since Dj-1 < Dx. If (Ev, Zp;) = 0, that is, E, does not intersect the 
support Dj, then E, does not intersect the smaller supports {Dx }¢>x>; either, hence 
(Ey, Zp,) = 0 for all k > j. Hence we are done. 

Next assume that (Ey, Zp i) > 0, hence Fy intersects Dj;, say along the 
component E,,. Then we observe two facts. First, (7) (Ev, ZD;-1) < 0 since 
otherwise E, would be in Dj. Second, Zp, can be completed by a computation 
sequence to Zp,, but both of them have the same x = 0, hence (+) (Zp;, Ey) =1. 
Then (7) and (+) imply (Zp, + ZDj-15 E,) < 0. If 7 = @ then again we are done. 

If 7 < @ then (Zp;; C) = O and ZDjx1 exists, and it is a summand of Fy. 
We show that (Z Djs E,) = 0. This means that FE, does not intersect the support 
Dj+1 hence neither the smaller supports {Dx}¢>x>j+1, hence (Zp,, Ey) = 0 for all 
k>jt+l. 

Assume the opposite: (ZDja15 E,) > 0. Then necessarily (Zp;; Ey) > 0 too. 
Then consider the cycle / := ZDjx1 + ZDj + E,. Then x (/) = X(ZD 43 + Zp;) + 
1- (ZDj41 + ZD;> Ey) =1- (ZDja1 + ZD;: Ey) < 0, a fact which contradicts the 
ellipticity. 

(4) If we add Fy_; to the computation sequence which starts with FE, and ends 
with the fundamental cycle Zp, of De, we get exactly that increasing sequence (see 
Proposition 6.6.3) which starts with Fe_; + E, and ends with the smallest element 
of Y which is larger than Fe_; + £1. In particular, this element is exactly Fe. 

Assume that / € .Y and (/,C) < 0. Fix a component E, C |C| such that 
(E,,1) < 0. Then! > Zp). Since (Ey, Zp)) = 0 we obtain] > Zp, + Ey too. 
By the first part? > F,. Again, since (Ey, F;) = 0 we have! > F, + Ey, and the 
whole procedure is repeated. Hence / > F,,. Since F, has the required property, it 
is the smallest such element. 

(5) If Z #£ Othen Z € Y implies Z > Zmin = Fo. Assume that Z > Fe for 
some £ <n, but Z # Fy. Then using x(Z) = x (Fe) + x(Z — Fe) — (Fe, Z — Fe) 
we get x(Z — Fr) = (Fe, Z — Fr). Since x(Z — Fe) > O and (Fe, Z — Fe) < 0, 
necessarily x(Z — Fy) = 0. Then, by 7.2.8, Z — Fe => C. Hence, by (4), Z > Fest. 

Finally, assume that Z > F,. Then, similarly as above, x(Z — Fy) = (Fn, Z — 
F,) = 0. (Fn, Z — Fy) = O implies that (F;,, Ey) = 0 for any E, Cc |Z — F,|. But 
x(Z— F,) = Oimplies (by 7.2.8) that Z — F, => C. These two facts combined show 
that (F;,, C) = 0, which leads to a contradiction. 
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(6) If Ey < Dj-1, Ey s Dj; and (Ey, Dj+i1) > 0 then (E,, Dj) > 0 too, hence 
X(ZDj41 + ZDj + Ey) < 0, cf. the proof of (3). Oo 


7.2.41 The elliptic sequence is an invariant of the minimal resolution graph, hence 
it is topological. We invite the reader to review the definition of another topological 
invariant, Path’, which is a topological upper bound for Pg, Cf. 6.8.36. Since Path! 
is well-defined only in a good resolution (and as a bound is efficient only if each 
E, is rational), whenever when we deal with Path’ we will assume that the link 
is a rational homology sphere and in the proofs we will assume that the minimal 
resolution is good. 

Parts (1)-(2) of the next theorem relate Path’ with seq and formulate the 
universal topological upper bound for pg (independently of the analytic structure), 
while part (3) provides the exact value pg valid for any analytic structure. 


Theorem 7.2.42 Assume that the link is a rational homology sphere. Then one has 
the following inequalities: 


7. Path 20 ox 

2. In particular, pg < seq =1 +n < 14+ Minyey, d(v,|C|), where Vz:={ve 
V: (Ey, Zmin) < O}. 

3. Pe = 1+ #, where # is the number of those indices {€ : 0 < € < n— 1} with 
the property that there exists f¢ € H°(@(—F,)) \ H°(G(—Fy — E})) for some 
E; © |C\. 


Proof In the proof we assume that each E, is rational and smooth. We invite the 
reader to adopt the proof in any other situation. 

(1) Since (C, Zp,) < 0 there exists Eo C |C| with (Eo, Zp,) < 0. By 7.2.26 
there exists a computation sequence a a for C = Zjc such that (z;, Evy) = 1 
fori < ¢— 1 and (z~-1, Ey¢—1)) = 2, where Ey +~1) is exactly Eg. We mark this 
step by (+). 

We will also denote the first cycle of the sequence by £. It is in |C]. 

This computation sequence can be completed to a computation sequence of Zp,, 
are such that fort < i < t(j) one has (, Evi) = 1 (for x(Zp;) = 
x(C) = 0). | 

If we concatenate these sequences, {20>};, {26}, Satis {zi}, we get ee”. 
which connects FE) to Fy, := Vj=0 Zp,, and in it exactly n + 1 times happens that 
X (241) < x(z;). When this happens then x (zj,,) = x(zj) — 1, and they occur 
exactly when we add the last component of C, namely during steps marked by (7). 

Next, we continue the sequence {z°}; with F,, + {z°};. Then by Lemma 7.2.40(3) 
(Fn t+ 28, Eni) < (ef, Evay) < 2, and (Fy + 27, Eyi)) might be 2 only at steps 
marked by (+). But at these steps (Fr, Eyiy) = (Fn, Eo) = (Zp,, Eo) < 0, hence 
(F, + rae Ey iy) < 2 always, and the x-values along the sequence F, + {z°}; are 
non-decreasing. This remains true for kF, + {z°}; for any k > 1, hence we get 
an infinite sequence {£;}; whose multiplicities tend to infinity, and which satisfies 
>; max{0, x (€;) — x (€i41)} = n + 1. This proves the inequality Path! S lseq- 
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(2) Use pg < Path’ from (6.8.14)-(6.8.16) and 7.2.40(6) (or directly part (3): 

(3) Consider the infinite computation sequence constructed in the proof of (a), 
but only starting from F,. Along these Al (OE (—zi)) = 0, hence H4(@,,) > 
H1(@,,) is onto for g = O and isomorphism for g = 1. Taking limit we have the 
same for H7(@) + H4(@rf,). Therefore H'(@(—Fy)) = 0. 

Now consider again that part of the concatenated computation sequence from the 
proof of (1), which connects Zp, and F,,. We analyse the behaviour of H!} (@(—z;)) 
along the sequence via0 > @(—zj) > O(—z5_1) > GE, (-2{_) > 0. 


Between Fy_; and Fy there are two non-trivial steps, when A; := hl (O(-z5)) _ 
h! (4(—z_,)) can be non-zero. The first one is Fe_; +> Fe_1 + E£), the second one 
is Fp-1 + C— Eg th» Fe_1 +C. At the second step we always have A; = —1. In the 
first case Aj = 0 or 1: it is zero exactly when the restriction r¢ : H°(@(—z_,)) > 
HCE) (—zi_,)) = Cis onto, that is, when f; exists. Therefore, h!(6(-Zp,)) = 
n—(n—#) = #. But using the exact sequence0 > O(—Znin) ~ OC > Gz,,,, > 9 
we have (cf. 6.6.9), pg =h!(O(—Zinin)) + A! (OZpin) = FF 1, g 


Remark 7.2.43 S.S.-T. Yau in [766] considered another sequence, the ‘Laufer 
sequence’, and he proved that p, is not greater than the length of the Laufer 
sequence. On the other hand, J. Stevens in (the first preprint version of) [660] proved 
that the elliptic sequence and the Laufer sequence coincide. Hence, these two results 
imply the inequality pg <n + 1 as well. 


7.2.D The Elliptic Sequence, Numerically Gorenstein Case 


We provide a new definition of the elliptic sequence, which is adopted to the 
case when (X, 0) is numerically Gorenstein and X is a minimal resolution. The 
presentation is based on [766, 767] and [473]. In Proposition 7.2.47 we show 
that the elliptic sequences defined in 7.2.C and in the present subsection in fact 
coincide (in the numerically Gorenstein case). We also establish some additional 
properties, on which the cohomological manipulations of the forthcoming sub- 
sections will rely. & 


7.2.44 Assume that (X, 0) is numerically Gorenstein and X is a minimal resolution. 
Then, cf. 7.2.8 and 6.3.3, 


C < Zmin < Zk. (7.2.1) 


7.2.45 The Construction of the Elliptic Sequence [Laufer, S. S.-T. Yau]. The 
elliptic sequence consists of the sequence {Zg, yr 0° where Zp, is the fundamental 


308 7 The Artin—Laufer Program 


cycle of B; C E. We define {Bj}; inductively as follows. For j = 0 take By = E 
hence ZB, = Zmin. By (7.2.1) C < Zp, < Zx. 

If Zp, < ZK, we define B} := |Zx — Zzg,|. Then By, is connected. Indeed, 
assume that B; has more connected components {B1,;};; then write Zx — Zz, = 
», D, with |D;| = B,,;. Then the vanishing x(Zx — Zz.) = x(ZB,) = 0 implies 
x(D;) = 0 for every t. Then each By, supports a minimally elliptic cycle. This 
contradicts the uniqueness of the minimally elliptic cycle from Proposition 7.2.8. 
Next, using again x(Zp,) = 0, one gets (Zz), Zk — Zp,) = 0. Since (Zp, Ey) < 0 
for all E,, it follows that for any E, C By the equality (Zg,, Ey) = 0 holds. 
Hence, by the non-degeneracy of the intersection form, B; 4 Bo. Moreover, for any 
Ey C B, one has: (Ey, Zk — ZB) = (Ey, Zx), hence B; supports a numerically 
Gorenstein singularity with canonical cycle Zx — Zp . This singularity is again 
elliptic. Indeed, minjez(B,),) XZ) = MiNjeL(Bo).9 X (/) = O, but x (ZK — Zp) = 0, 
hence minjez(B,),9 X (1) = 0. In particular, again by (7.2.1),C < Zp, < ZK — Zapp. 

Now we repeat the above arguments. If Zp, < Zk — Zp, we define By := 
|Zx —Zp.— Zp,| and we verify that it supports an elliptic singularity with canonical 
cycle Zx — Zp, — Zp, and for any Ey C Bo the vanishing (Ey, Zg,) = O holds. If 
we repeat this procedure, after a finite step we will obtain Zg,, = Zx — ZB, —- +: — 
ZB,» 1.€. the fundamental cycle and the canonical cycle of By coincides, hence 
by 7.2.15, Bm supports a minimally elliptic singularity with C = Zz,,. In particular 
Bn = |C\. 

The length of the elliptic sequence {Zg, yo ism+1. 

If we contract the connected exceptional divisor Bj C X, we obtain a unique 
singular point; this will be denoted by (X/B;,0;) (0 < j < m). Itis also convenient 
to introduce the notations 


t m 
C= > Za, and GS yi (0<t<™m). 
i=0 i=t 


By these notations, Co = Zmin, Cy, = C, and Cm = Cp = Zx. The next lemma 


m 
summarizes the immediate properties of the elliptic sequence. 


Lemma 7.2.46 


(a) Bo = E, Bi = |ZxK—Zp|, Bo =|ZxK —Zp)—Zz,|, ..., Bn = |C|; each B; 
is connected and B; 2 Bj+41. Moreover, Zmin = ZB, 2 ZB, 2-++: 2 ZB, = 
C. 

(b) IfE, < Bj+1 then (Ey, ZB;) = Ofor every v and j. In particular, (Zz,, ZB;) = 
(Cj, Zp,) for every 0 <i<j<m. 

(c) ZK = Vixo ZB 

(d) (Ey, Ci) = (Ey, Zx) for any Ey C |C/|. In other words, C; is the canonical 
cycle of |C}| = B; (i.e. of (X/B:, pr)). 

(e) Cre SF: 
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Proof (a)-(d) follow from the construction. The proof of (e) is as follows. If 
Ey, < B, then (Ey, Zp Py) < 0 for any j < t¢ by the definition of the fundamental 
cycle, hence (Ey, C;) < 0. If Ey % B, then (Ey, C;) = (Ey, Zk — Ciagd Now, 
(Ey, ZK) < O (by the minimality of the resolution) and (E), Cc. 4 ,) = O (because 
[Chal C By). n 


Proposition 7.2.47 Let us consider the supports {D iio defined in 7.2.38. Then 
m = nand Bj; = Dj. Hence all the properties of the ‘general elliptic sequence’ 
from the previous subsection 7.2.C will be true for {Bj}; and {Zp,}j as well. 


Proof Clearly, Do = Bo. Moreover, the continuation of both sequences is decided 
by the same criterion: by 7.2.46(b) one has (C,Zg,) = (Zx, Zz), hence 
(ZB),C) =0 & ZK > Zmin. Next we show that D; = B,. From 7.2.46(b) we get 
B, < D,. Since D, is connected, if Bj ~ D1, then there exists E, < Dj, Ey £ Bi, 
which intersects the support B,. Then, (E,, Zz)) = 0, but (Ey, Zk — Zp) > 0 
(since By is the support of Zx — Zp,), hence (Ey, ZK) > 0, a fact which contradicts 
with the minimality of the resolution. Then we proceed by induction. Oo 


Properties (d) and (e) of 7.2.46 characterize the elliptic sequence. 


Lemma 7.2.48 Assume that (X, 0) is a numerically Gorenstein elliptic singularity. 


(a) Ifacycle Z > 0 satisfies (Ey, Z — ZK) => O for every E, C |Z|, then, in fact, 
(Ey, Z — Zx) = Ofor every E, C |Z|, and Z € {Ch, Cy, ..., Cy, 0}. 
(b) IfZ€ A and Z < Zx then Z € {0, Co, Ci, ..-, Cn}. 


Part (b) above can be compared with (and is complemented by) (5) of 7.2.40. 
Proof If (Ey, Z — Zx) = 0, then (Z, Z — Zx) = 0, hence x(Z) < 0. This and 
the ellipticity guarantee that x(Z) = 0 and (Ey, Z — Zx) = 0 for every Ey C |Z]. 
If |Z| = Bo then necessarily Z = Zx. If |Z| 4 Bo, then (Ey, Ze — Z) < 0 
for E, ¢ |Z| (since (Ey, Zx) < O and (Ey, Z) > 0). Hence Ze — Z € Y, 
thus Zx — Z > Zg, or Z < ZK — Zp). In particular, |Z| C By. If |Z| = By, 
then Z is the canonical cycle C; of By), otherwise, by the same argument as above 
Z < ZK — Zp, — Zp,, hence |Z| C Bo. Continuation of the process proves (a). For 
(b) apply (a) for Zz — Z. oO 


Next we will list some cohomological properties of the computation sequence. 


7.2.49 Since C < Zp; < Zmin, 


h'(6z,,) = | hence x(Zp;) = x(Cj) = x(C') =0 forall O< j <m. 


7.2.50 Fix two integers 0 <i < j < m. Since Zz, is a fundamental cycle with 
ZB ie Zp,, there is a computation sequence which starts with Zz j and ends with 
Zp;. This has the form zo,..., Z; with zo = ZB; Zr = ZB;, 241 = 7+ Eyqy and 
(Eva), z1) > 0 for0 < 1 < t — 1. In fact, since h' (Oz, ) = h\(Oz,,) = l,cf. 
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7.2.49, for any 0 < 1 < t — | the curve E,,”;) is smooth rational and (Ey), z7) = 1. 
We will call such a sequence a ‘computation sequence which connects Zg, and 
ZB; 
7.2.51 Let D be a cycle with (E,, D) = O for any E, C Bj, and consider a 
computation sequence {z;}; which connects Zp F and Zp, (where j > i). In the 
exact sequence 0 > Ob yy ( D—2z1) > Ops, > Opty 7005! <t-I1) 
the Chern number is (E,(7), —D — z;) = —1, hence the natural map 


H*(Op+zz,) => H*(Op+2zz,) is an isomorphism. 
For example, if D = Cj;_; and j = m, then 


H*(@c,) > H*(G@c,_,4c) A < i < m) is an isomorphism. 


7.2.52 Note that x(@c(—Cj-1)) = 0 (1 < i < m). Consider also the exact 
sequence 


0=> Oc( Ci-1) > Oc;_;4+C > Oc,_ > 0. 


Since C is 2-connected (see 7.2.16 and 7.2.17), by 7.2.17 @c(—C;-1) is trivial 
if and only if it has a non-zero section, and this is happening if and only if 
h*(Gc(—Ci-1)) = 1 for k = 0, 1. Hence (using 7.2.51 too) one has h!(@c,_,) < 
h'(Gc,) < h'(@c,_,) + 1 for 1 < i < m. Since h!(@c,) = 1, one obtains (cf. [767, 
(3.9)], see also 7.2.42): 


h'(Gc,) <i+1 for 0<i<m, hence pg =h'(Gc,,) <m+1=Lseq. (7.2.2) 


7.2.E The ‘second’ Elliptic Sequence, General Case 


We construct a new elliptic sequence following [456]. In the numerically 
Gorenstein case we recover the sequence from 7.2.D, however, in general, 
the output is different from the one from 7.2.C. For motivations (and gained 
advantages and differences) see 7.2.54 and 7.2.63. & 


7.2.53 In this section we will assume that the link is a rational homology sphere. 


7.2.54 Motivation As we already noticed in 7.2.47, the general construction of the 
elliptic sequence from 7.2.C specializes to the construction from subsection 7.2.D, 
valid in the numerically Gorenstein case. However, the sequence in the numerically 
Gorenstein case has several advantages: it has several additional properties, which 
are not transparent at all in the non—numerically Gorenstein situation. 
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Let us point out some differences. Note that in both cases, the length of 
the elliptic sequence is an upper bound for pg. However, in the numerically 
Gorenstein case, by [579], any numerically Gorenstein topological type supports 
a Gorenstein analytic structure. Furthermore, as we will see in the next subsections, 
the Gorenstein property is equivalent to pg = fseq (that is, the universal upper 
bound pg < seq becomes an identity) whenever the link is a rational homology 
sphere. In particular, in the numerically Gorenstein case, there exists an analytic 
structure (X, 0) supported on the minimal graph such that p,(X, 0) is exactly lseq. 
The existence of an analytic structure with similar property is not clear at all in the 
non-numerically Gorenstein case, at least not via the elliptic sequence constructed 
in 7.2.C. 

The primary reason for this difference is that while in the numerically Gorenstein 
case the elliptic sequence has a very subtle relationship with the canonical cycle (see 
its construction in 7.2.45, or 7.2.46(c)), in the construction 7.2.C, or in the list of 
properties in 7.2.40, such a relationship is not visible at all. 

The goal of the present section is to construct a new elliptic sequence, which 
eliminates such deficiencies of the ‘old’ sequence. The ‘old’ and ‘new’ sequences 
are different (though they coincide for numerically Gorenstein graphs), but their 
lengths are the same. Moreover, both of them have their own specific universal 
properties (this is the reason, why we kept both of them, cf. 7.2.63). We follow 
[456]. 


7.2.55 In the next lemma (X, 0) is an arbitrary (not necessarily elliptic) singularity. 
If X is a minimal resolution then Zx € .~’, cf. 6.3.3. Let[Zx] € H be its class, and 
[Ze] € L’ be its unique minimal lift into 7’, cf. 6.6.15. Thus Zx — spzg| € Lso. 


Lemma 7.2.56 If Zk = s[zg\ then Ps = 0. If Zk > s{zx) then pg = 


h} (OzR~ sizp\)- Moreover, h Vx, f L) =h'(Zre - SIZ] L) for any LZ € Pic(X) 
with c\(L) € — SF". 


Proof By 6.4.7 if |Zx | = 0 then p, = 0. Otherwise, again by 6.4.7, h'(@\z«) = 
Pg. Next, consider the computation sequence from Proposition 6.6.3 applied for 
l’ = rz}, connecting r[z,| to s(7[ze|) = S[zx|. By induction we prove that 
hl (Oz, —2;) = pg. Fori = 0 we just verified it, since ZK — r[zx) = |Zx |. Then 
use the cohomological exact sequence associated withO > @ Evi) (-—ZxK +241) > 
O7n-7 > O2x-z4, > 0 and the vanishing AOE (-—Zx + 2i41)) = 0. 
More generally, Al(X, L) = h\(Ze — z, L) for any i by similar argument. 
Oo 


7.2.57 Assume that X is the minimal resolution of an elliptic singularity. Assume 
that Zx ¢ L. Since the resolution is minimal, Zx € %’, hence Zx > Siz rae 
By Lemma 7.2.56 Zx > sz]. We will use the following notations: B_; := E, 
ZB_, = Stzg] and Bo := |ZK — s[zx1|. (Note that Zz _, € L’\ L.) 
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Lemma 7.2.58 


(a) Bo is connected, |C| < Bo & E, and (Ey, Zg_,) =0 for any Ey < Bo. 
(b) Bo supports a numerically Gorenstein elliptic topological type with canonical 
cycle ZK — S[zx}- 


Proof 


(a) Write 1 := Zr — sjzxy. Then x (spze) = x(Zx — 1) = xl). Since (X, 0) 
is elliptic X(s[zx1) = x) = 0 (7). Also, (spzxq ) < 0 since SIZx] © de 
(£). On the other hand,O = x(Zx) = x( + s(zxy) = xO + x(szeq) — 
(1, sjzx|). Then by (+) and (4) the expressions from the right hand side are 
> 0, hence necessarily x(/) = (I, 5tzx]) = 0. If / has more connected 
components, say U;/;, then x (/;) = O for all i, hence each J; contains/dominates 
a minimally elliptic cycle (cf. [363]), a fact which contradicts the uniqueness 
of the minimally elliptic cycle. Hence |/| = Bo is connected and |C| < Bo. 
Furthermore, (J, sfz,]) = 0 and |s,z,]| = E show that |/| 4 E. 

(b) |C| < Bo & E shows that minj/|<Bo,/>0 X (1) = 0, hence Bo supports an elliptic 
topological type. Moreover, from (/, s;z,]) = 0 we read that for any E, from 
the support of / one has (Ey, s,z,]) = 0, hence (Ey, Zk — S[zx]) = (Ev, ZK), 
hence Zx — s[zx] € L is the canonical cycle on Bo. oO 


Then, as a continuation of the sequence, starting from Bo and from its integral 
canonical class Zx — s,z,], We construct the sequence {Zg, 0 as in the numeri- 
cally Gorenstein case. We say that the elliptic sequence {Zg, et has length m+ 1 
and ‘pre-term’ Zp _, = spz,] € L’. 

In order to have a uniform notation, in the numerically Gorenstein case we set 
Zp_, := 0 (which, in fact, is s,z,). In all cases (see also 7.2.46(b)) 


(Ey, ZB;) forany E, < Bj4; (-l <j <m). (7.2.3) 


The analogue of 7.2.40(6) is the following ‘linearity’ property of the structure of I’. 


Lemma 7.2.59 Consider an elliptic graph TI’ and the supports B_,, Bo,..., Bn. 
Assume that we can glue to the graph a new vertex Unew by an edge (v, Unew), 
v € ¥, such that the new graph Iyew is still elliptic. Then the E,—-multiplicity of 
the fundamental cycle Zmin is 1 and v ¢ By. Furthermore, if I” is numerically 
Gorenstein, then v is necessarily an end-vertex, and the E,—multiplicity of Zx is 1 
too. 


Proof Suppose that v € B;. Then we have that the multiplicity of FE, in Zg, + Zz, 
is at least 2, but x(Zg3,+ZB,) = 0, cf. (7.2.3). Therefore, x (Z3,+ZB,+Enew) < 0, 
which contradicts the ellipticity of the large graph. By Laufer’s algorithm [359] there 
exists a computation sequence Of Zmin(Inew) Such that one of its terms is Zin = 
Zmin() while the next one 1s Zmin+ Enew. Since x (Zmin) = X(Zmint Enew) = 9, 
we get that the coefficient mz,(Zmin) of Ey in Zmin is 1. In the numerically 
Gorenstein case, since Ey g By we get that that me,(Zx) = 1 too. By the 
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adjunction formula then v is either an end-vertex (as in the statement) or it has two 
neighbours both with multiplicity 1. But this last case would generate an infinite 
string, all members with multiplicity one, which cannot happen. Oo 
7.2.60 The Cycles C, and C/ Set C; := )-__, Zp, and C/ := 0, Zz,, -1 < 
t <m.E.g.Cm = Zx and, in general, Ci is the canonical ae of B;. Furthermore, 
x (ZB) = x(Cj) = x(C; ) = 0. The nee lemma extends 7.2.48. 


Lemma 7.2.61 Assume that I! ¢€ S', [I] = [Zk] andl! < Zr. Thenl' ¢€ 
{C_1, Co, ae) Cn}. 


Proof Since 0 < l'—Zg_, < Zx — Zp_, and from (7.2.3) l'— Zg_, € (Bo), the 
statement reduces to the numerically Gorenstein case. oO 


Remark 7.2.62 The supports {B;}/" ) satisfy another universality property as well. 
Assume first that the graph is numerically Gorenstein, and let J C VY, I 4 @, such 
that 7 supports a numerically Gorenstein (connected) subgraph. Then J is one of the 
supports { B;}""_5 

Indeed, suppose, that E7 := )7;.,; Ey # Bo. Then, by induction, it is enough to 
prove that FE; < B,. Let the canonical cycle on J be Z € L. Then (Zx —Z, Ey) =0 
for every E, C |Z|. Otherwise, if E, ¢ |Z|, we have (Zx, Ey) < Oand (Z, Ey) = 
0, so (Zn —Z, Ey) < 0. This means, that Zx —Z ¢ W,Zxe-Z>0,ZK—-—ZEL. 
These imply that Zx — Z > Zmin, hence Z < Ch and EF; = |Z| < By. 

Assume next that the graph is not numerically Gorenstein. Then we claim that 
the support of any numerically Gorenstein (connected) subgraph belongs to { B;}7" 9 
First we show that the largest numerically Gorenstein subgraph is supported by Bo. 
(Then the rest follows from the previous paragraph.) Indeed, if J is its support and 
Z is the canonical cycle on this support, then similarly as above, Zx — Z € 7”, 
hence Zx — Z > sjzx). This reads as Z < ZK — sjzx}, or |Z| < Bo. 


Remark 7.2.63 Both elliptic sequences {Dj}; and {B;}; have some geometric 
universal properties. For {Dj}; see 7.2.40(5), for {Bj}; see 7.2.61 and 7.2.62. 

Note also that in the proof of Path’ < seq in 7.2.42 the fact that the computation 
sequence is formed by fundamental cycles was deeply exploited (in the second 
case Zg_, = S{z x] iS not even an integral cycle). On the other hand, the choice 
ZB_, = S[Zx] solves craftily the structure of numerically Gorenstein subgraphs and 
the needed relationship with Zx. 


7.2.64 Next we compare the length of { Dj; Yio and {B; ane In the proof we will 
use Theorems 7.2.81 and 7.2.85, which imply that if we fix an elliptic numerically 
Gorenstein minimal resolution graph I”, then (X, 0) is Goresntein if and only if 
Pe = m+ 1 (and the link is a rational homology sphere). Recall also that any 
numerically Gorestein topological type carries a Gorenstein structure [579]. 
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Theorem 7.2.65 Fix any (not necessarily numerically Gorenstein) elliptic graph 
associated with a minimal resolution. Then 


(a) there exists Ey in the support of Bo with (Ey, Zmin) < 0; 

(b) m+1=n+4+1; 

(c) there exists an analytic type for which pg = n + 1. This happens e.g. when 
(Xo, 00) is chosen to be Gorenstein. 


Proof 


(a) Although the statement is topological, it is convenient to fix a special analytic 
structure on (X, 0), which produces a fast proof. Since Zmin € , there exists 
an analytic structure for which this cycle is realized as a divisor of f o @ fora 
certain function f [567]. Assume that (Ey, Zmin) = 0 for any E, C Bo. Then 
the strict transforms of { f = 0} do not intersect Bo, hence O¥(—Zimin)|Zx (Bo) 
is trivialized by f. Therefore, using 7.2.56 for the structure sheaf, we get that 
h (Zt — s[zx)1 OF(—Zmin)) = hh! (Ze — 5124), Ozy-s12,) = Pg- On the other 
hand, by 7.2.56 again, for O¢ (— Zin) we get hi(Z, — S[Ze]> OX(—Zinin)) = 
h' (X, OR(- Zmin))- In particular, h! (x OF(- Zmin)) = = Pg: 

Now consider the long cohomology exact sequence of 0 > @x%(—Zmin) > 
O% > OFnin —> 0, and using the fact that H°(@z) > H°(G@z,,,,) = C is 
onto, we get that h! (Ox (—Zmmin)) = Pg — A! (OZin) = Pg — 1. This leads to a 
contradiction. 

(b) The direction m + 1 <n-+ 1 and part (c) follow from the fact that there exists 
an analytic structure with py = m + 1. Indeed, fix a Gorenstein structure on Bo 
(cf. [579]), and construct X otherwise arbitrarily (that is, extend Xo arbitrarily 
by analytic plumbing). Then, via 7.2.85 m+ 1 = pg. Hence, by 7.2.42,m+1 = 

eg snt+l. 

We prove m+ 1 > n+1 by induction on n. Then = O case is trivial. Next we 
assume that n > 0 and that the statement holds for singularities with ‘D—length’ 
n. 

By part (a) Bo rs D, (+). Next, denote by Bo(D)) the ‘Bo support’ of the 
elliptic graph associated with D,. Since Bo(D1) is included in Dj, and it is 
a connected numerically Gorenstein support, by 7.2.62 Bo(D,) < Bo. But, 
Bo(D1) < Dy, and (+) show that this inclusion should be strict: Bo(D1) & Bo. 

Let us denote by maxpg(D) the maximum pg which can be realized by 
different analytic structures supported on a connected support/subgraph D. 

Now, maxpg(D1) = maxp,(Bo(D1)) by Lemma 7.2.56. Since Bo(D1) < 
Bo we have maxp,(Bo(D1)) < maxpg,(Bo). However, since Bo is a numer- 
ically Gorenstein support, and its maximal pg, is realized by a Gorenstein 
structure, which has the property that its cohomological cycle is exactly its 
canonical cycle with support Bo, any smaller support has strictly smaller 
maxPpg. Since Bo(D) = Bo, we get that maxpe(Bo(D1)) < maxpe(Bo) = 
m+. 

On the other hand, the D-length of D; is n (since the D-elliptic sequence 
of D, is {D,,..., Dy}). Hence for D; the inductive step works. In particular, 
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maxp,(D\) = n. This combined with the statements from the previous 
paragraph gives m + 1 = maxpg(Bo) > maxpg(Bo(D1)) = maxp,(D1) =n. 
Thatis,m+1>n+1. oO 


Corollary 7.2.66 Assume that the link is a rational homology sphere and the 
minimal resolution is good. Thenm +1 =n+1= Path’. Therefore, the general 
topological upper bound pg < Path' for pg in the case of elliptic singularities is 
sharp. 


Proof From (6.8.14) and 7.2.42 one has pg < Path’ < 1 +n for any analytic 
structure. On the other hand, there exists an analytic structure with pp =n+1. O 


Example 7.2.67 (The Elliptic Sequence of Elliptic Kulikov Singularities) Consider 
the notations of 7.2.14, and write c := min; {c;}. 

Assume first that (X, 0) is Gorenstein, hence c; = c for all i. Then the elliptic 
sequence can be determined as follows: Bp = E, and for any 0 < j < c we 
obtain B; by eliminating those components Ey which have d(v, F) < j. Each B; 
supports a Kulikoy singularity with c(B;) = c — j, hence the elliptic sequence 
of B,_; has length 1. In particular, ¢seq = c. From definitions it also follows that 
MiNyeyz A(v, |C|)+1 = c. From 7.2.14 we have pg = c, while from 7.2.42 pg < c. 
Hence in this case ppg = ¢ = fseqg = 1+ Minyey, d(v, |C]). 

Assume next that the integers c; are not all the same. Then consider the connected 
subgraph, which contains those vertices v with d(v, |C|) < c — 1. It determines the 
support Bo (the other terms of the sequence are determined as above). Let x Gor be 
a small neighbourhood of these components in X. Then X Gor is the resolution of a 
Gorenstein Kulikov singularity (XGo,, 0) with the same c. Thence = pe(XGor, 0) < 
Pg(X, 0) < lseq = c. Therefore, for any elliptic Kulikov singularity 


Pg = Path! = fseq = 1+ min d(v, |C|) =c. 
vez 


It is instructive to determine the supports Dj; as well: Do = E, and for any 0 < 
j < c we obtain D; by eliminating those components Ey, which have d(v, F) < j. 


Example 7.2.65 In several cases one has pg = Path’ = lseq = I+ 
minyey, d(v, |C|) (see e.g. the Kulikov singularities 7.2.67 above). Nevertheless, 
there are also examples when the ‘distance bound’ is weak: fseg < 1 + 
minyey, d(v, |C)). 

Take for example the next elliptic numerically Gorenstein graph, whose 
unmarked vertices are rational (—2) curves. Then minyey, d(v,|C|) = 6 and 
lseq = 4. 
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Example 7.2.69 If I” is minimally elliptic then ¢seg = 1. If IF is numerically 
Gorenstein and fseg = 1 then ZK = Zin and I” is necessarily minimally elliptic 
(see 7.2.D). However, in general, se, = 1 does not imply that I” is minimally 
elliptic. Indeed, non—numerically Gorenstein elliptic singularities with fs5¢ = 1 
exist (replace e.g. the (—7) curve from the graph of 7.2.99 with a (—8) curve). 


Remark 7.2.70 Assume that the minimal resolution of an elliptic singularity (with 
rational homology sphere link) is good. Let I” be the corresponding graph with 
elliptic sequence B_j,..., Bm, cf. 7.2.E. In [456] the following facts are proved: 


(i) Let xX (Bo) be a small convenient neighbourhood of Bo in X. Then if X 
satisfies the WECC then X (Bo) is the resolution of a Goresntein singularity. 
(In particular, in the numerically Gorenstein case, WECC => Gorenstein.) 

(ii) J” supports an analytic structure with WECC if and only if it satisfies the 
‘monomial condition’ (which allows one to construct a splice quotient analytic 
structure supported on I’, cf. 5.4.8). 

(iii) Assume that I” supports an analytic structure with WECC. Then any such 
analytic structure satisfies ECC too. 

(iv) A new topological characterization (in the terms of the supports {Bj} 4) 
of the elliptic graphs, which might support analytic structures satisfying 
WECC (or, equivalently, ECC) can be formulated as follows. Indeed, one has 
the following ‘Extension Criterion of the elliptic sequence’. There exists a 
singularity with minimal resolution X with dual graph I’, and which satisfies 
WECC, if and only if for every 0 < i < m and for any vertex v € B; \ Bi +1, v 
has at most one neighbour in B;_. 

(v) The numerically Gorenstein graph I” from 5.4.5 is elliptic, but it does not 
satisfy the ‘monomial condition’. 


Example 7.2.71 The next pair of graphs exemplify part (iv). The unmarked dec- 
orations are (—2)’s. The graphs are numerically Gorenstein with m = 2. The 
dash—boxes show the supports By C B, C Bo. The first graph satisfies the 
‘Extension Criterion’, while the second one not. 
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7.2.F Maximally Elliptic Numerically Gorenstein Germs 


Singularities with pg = 1 (without Gorenstein assumption), or even Gorenstein 
singularities with pg = 2 (or pg > 2) cannot be characterized topologically. In 
this second case, one can easily construct pairs of hypersurface singularities with 
the same resolution graph but different pg (see e.g. 6.8.3). Nevertheless, the main 
message of the next subsections is that for elliptic Gorenstein singularities with 
H(E, Z) = 0 the Artin—Laufer program (of rational/minimally elliptic germs) 
can be continued: the geometric genus and the Hilbert-Samuel function can be 
read from the graph. We follow [473]. & 


7.2.72 In this and the next section we assume that (X,o0) is a numerically 
Gorenstein elliptic singularity and X is a minimal resolution. 

We start with several characterizations of the ‘extreme property’ pp =m+1= 
£seq- Following S.S.-T. Yau we call those elliptic singularities which satisfy this 
property ‘maximally elliptic’. For results of Yau regarding such germs consult [767]; 
see also [689]. Here we follow [473], where all the proofs can be found. 


Theorem 7.2.73 (First Characterization of pg = m+ 1) Assume that (X, 0) 
is a numerically Gorenstein elliptic singularity. Then the following facts are 
equivalent: 


(a) pp=m+1; 

(b) h\(6c;)= jf +1 forall0 < j <m; 

(c) The line bundles @¢(—Cj) are trivial in Pic(C), and H°(6c,+0) > H®(Gc;) 
is surjective for anyO < j <m—1; 

(d) h'!(@(—-C;)) =m — j forall0 < j <m; 

(e) h\(6cr) =m—j+1 forall0 <j <m; 

(f) For anyO < j < m—1, there exists fj € H(X, O(—Cj)), such that for any 
Ey C Bj+1 the vanishing order of f; on Ey is exactly the multiplicity of C; at 
Ey; 

(g) The line bundles oe (—C;) are trivial for 0< j <m—1; 

(h) The line bundles OCs (—Zp,) are trivial for 0< j <m-—1. 


Corollary 7.2.74 Assume that (X, 0) is an elliptic Gorenstein singularity. 


(a) Then pg =m-+ 1 if and only if the line bundles Cet, (—Zp,) are trivial for all 
J 
1l<j<m-l. 7 
(b) If Dg =m +1, then Al(Xx, O(—-lZmin)) = h'(Ze, OzK (—lZnin)) = Pg — 1 
foranyl > 1. 


Example 7.2.75 Example 6.8.3 (with m = 2) shows that without the assumption 
H!'(E, Z) = 0 the property Pg = m + 1 is not always true, even if we deal with 
hypersurface singularities. 
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Definition 7.2.76 In the sequel, we call the line bundles Gc, (=23,), V27 = 
if 
m — 1, ‘obstruction line bundles’. 


By Theorem 7.2.73, the triviality of these line bundles is of main interest. 


7.2.77 For C, the minimally elliptic cycle, from 7.2.17 one has 


L € Pic®(C) is trivial & H°(C, LZ) £0; 
moreover, if is trivial then h°(C, Z) = 1. 


7.2.78 In the case of an elliptic singularity, for any 0 < j < m, Pic?(Z B;) 
is as simple as Pic?(C). Indeed, consider the exponential cohomology sequences 
of the cycles Zp, and C. Then the natural maps H'(\Zz;|, Z) => H'(\C|, Z) 
and H'(6z,,) —> H!'(@c) are isomorphisms (cf. 7.2.9(d) and 7.2.51). Hence 
Pic®(Zz,) => Pic9(C ) is an isomorphism as well. Moreover, if we consider a 
computation sequence {Z;}; which connects C = Zg,, and Zz Hs cf. 7.2.50, then 
from the exact sequences 0 > @p,,(—Z))@ 2 > 2|Zi41 > Z|Z; > 0 
we obtain that HY (Za. ,L) = H°(C, L\c). Therefore, for any line bundle Y € 
Pic? (Zz,): 


h°(Zp,, LZ) <1, and 
h°(Zp,, L) = 1 if and only if 7 is trivial. 


Theorem 7.2.79 Assume that (X, o) is elliptic, numerically Gorenstein and satis- 
fies pg =m-+1. Fix an integer 0 < j < m. Then the following facts are equivalent. 


(a) GE Pic®(C') is trivial; 
(b) A°(C;, Z) >m—jt+l. 


Furthermore, if @ is trivial, then n(Ci, ZL) is exactlym — j +1. 


Regarding the line bundles 2 := @@ (—Cj-1) € Pic(C’), whenever (X, 0) is 
f : 
Gorenstein, the condition 7.2.79(b) can be replaced with an equivalent condition 
formulated in terms of h°(@e (—Cj-1)) = h'(Oc") = pe(X/Bj, 0)). 
J v : : 


Corollary 7.2.80 Assume that (X, 0) is an elliptic Gorenstein singularity, and we 
fix an integer 0 < j < m. Then h'(Gc') = m— j +1 if and only if Z = 
J 


Oc: (—Cj-1) is trivial in Pic?(C’). 

: : 

For example, for j = m we obtain that G¢(—Cm-_—1) is trivial in Pic®(C) 
(since h'(6c) = 1 is automatically satisfied). For j = m — 1 one has: 
Pe(X/Bm—1, Om—1)) = 2 if and only if Oc _ (—Cy—2) is trivial in Pic9(C’ ). 


m—1 
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Theorem 7.2.81 (Second Characterization of pg = m+ 1) Assume that (X, 0) 
is a numerically Gorenstein elliptic singularity. Consider its minimal resolution 
X > X and the singularities (X/B;, 0;) obtained by the contraction of Bj, 
0 < j <m. Then (X, 0) satisfies the ‘extreme property’ pg = m + | if and only if 
the singularities (X/B;, o;) are Gorenstein for all0 < j <m—1. 

(Notice that (X/Bm, Om) is automatically Gorenstein by Theorem 7.2.15). 


Example 7.2.82 Assume that (X, 0) is numerically Gorenstein and elliptic. 


(a) Ifm = 1 then pz, < 2, and 
Pg =2 Oc(—Z min) is trivial + (X, o) is Gorenstein. 


Examples with pg = 1 exist (cf. 7.2.H); in fact, in the generic case pg = 1. 

(b) Assume that m = 2. Then we have two obstruction line bundles. For the 
generic analytic structure pg = 1 as above. If (X,0) is Gorenstein, then 
Pe = h'(Oz,) > h'(Gc) = 1, hence py > 2. From 7.2.74, pg = 3 if and 
only if G@c(—Zz,) is trivial. From 7.2.80 G@¢c(—Zmin — Zp, ) is trivial, hence if 
(X, 0) is Gorenstein, then: 


Pg =3  Oc(—Zmin) is trivial & (X/Bi, 01) is Gorenstein. 


Now we are ready to state the main result of this subsection, which guarantees 
that some of the obstruction line bundles have finite order under certain conditions. 


Theorem 7.2.83 Consider the minimal resolution of an elliptic Gorenstein singu- 
larity (X, 0) with elliptic sequence {Zg, 70 (m > 1), and fix an integer 1 <k <m. 

Assume that for k + 1 < j < m the obstruction line bundles Oc (-ZB,_1) € 

J 
Pic? (Gr) are trivial. (If k = m then this assumption is vacuous.) 
J 

Then Oc, (—ZB,_,) € Pic? (6c) has finite order. In fact, forany0 <r <k-—1, 
there exist integers 1 < 1. < k —r such that the line bundle Oc (lo---l- Zp,) is 
trivial. 

In particular, the order of Oc, (—Zp,_,) in Pic? (Oc) is not greater than k}. 


Example 7.2.84 (Cf. 7.2.52(b)) Assume that (X, 0) is elliptic Gorenstein, and m = 
2. Recall that @c(—Zp, — Zmin) © Gc. The above theorem (for m = k = 2) says 
that the order of Gc (—Zmin) divides 2, hence: 


Oc(—Zmin) is trivial + pg = 3; Oc(—Zmin) has order 2 <> pg = 2. 


The main consequence of the above theorem. 


Theorem 7.2.85 Assume that (X,0) is an elliptic Gorenstein singularity with 
H'(E,Z) = 0. Then Pg = m+1 = the length of the elliptic sequence in the 
minimal resolution of (X, 0). In particular, pg is a topological invariant. 
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Proof If H'(E,Z) = 0, then by the exponential exact sequence Pic?(D) ~ 
H'(@p) for any positive cycle D; in particular, it is torsion free. Therefore, 
Theorem 7.2.83, as an inductive step, proves that all the obstruction line bundles 
are trivial. Hence pg = m + 1| by Theorem 7.2.73. oO 


Corollary 7.2.86 Consider the minimal resolution graph of a numerically Goren- 
stein elliptic singularity with rational homology sphere link. Then Path! = leq. 


Proof For any analytic realization one has pg < Path! < lseq, cf. 6.8.36 and 
Theorem 7.2.42. Moreover, from [579], this topological type supports a Gorenstein 
structure. For this analytic type, by Theorem 7.2.85, lseq = Pg. oO 


Remark 7.2.87 If m > 1, then in Theorem 7.2.85 both assumptions are necessary. 
Without Gorenstein condition pg generically is 1 ([363, page 1279] or 7.2.98 here). 
Moreover, Example 6.8.3 shows that pg < m+ 1 can occur if H'\(E,Z) £0. 


Remark 7.2.88 For a Gorenstein singularity (X, 0) with H '(E, Z) = 0 the follow- 
ing facts are equivalent. (Notice that the right hand side is completely topological.) 


Pg = 2 x(Zmin) = Oand ZK = Zmin + C. 


Indeed, if (X, 0) is Gorenstein with pg = 2, then h!(Zmin) cannot be zero (this 
would imply pg = 0); and cannot be > 2 (this would imply via 6.4.19 that Zin = 
Zx, which characterizes the minimally elliptic singularities). Hence h! (Zmin) = 1. 
Therefore (X, 0) is elliptic. The rest follows from the above results. 

For particular cases see [763, 767]. In fact, Yau in [763] classified all possible 
resolution graphs of hypersurface singularities with pg = 2 (250 cases). 


Example 7.2.89 Set (X;,0) Cc (C3, 0) given by (X1, 0) = {z2 + y3 + x9+™ = O}, 
(X2, 0) = {z2 + y3 + xN+6m — QO}, (X3, 0) = {23 + y3 + x43" = OF, (X4, 0) = 
{23 + y3 + x°+3" = 0} (where m > 0). Then, in all these cases, H'(E,Z) = 0, 
(X;, 0) is elliptic, and pp =m+1 = seq. 


7.2.G The Multiplicity and Hilbert-Samuel Function 


Assume that (X, 0) is an elliptic Gorenstein singularity with pg = m + 1. For 
minimally elliptic singularities all the statements below were proved by Laufer 
[363]. For the proofs in this general case see [469, 473]. 

In this section X is the minimal resolution. 


First we indicate that the multiplicity mult(X, 0) depends only on Z2 


min* 
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Theorem 7.2.90 Assume that (X, 0) is an elliptic Gorenstein singularity with pg = 
m+1 = Lseq. Ifm = 0 or H'(E,Z) = 0 then pg = m + 1 is automatically 
satisfied.) Then the following facts hold. 

If 22, < —2, then o*my,o = my oO% = C%(—Zmin), hence mult(X, 0) = 


If 22. —l, then $*mx,o = mQ@0z(—Zmin) for some smooth point Q of E, 
and mavlitX, 0) =2. 


Example 7.2.91 (Comparison with Tomari’s Bound) If (X, 0) is Gorenstein elliptic 
and the link is rational homology sphere, then Tomari’s T-invariant can also be 
identified with ¢5¢,. Indeed, if (X, 0) is elliptic, then T = pg follows from (6.8.19). 
Hence T = fseq follows. [If we drop the H\(Lx,Q) = 0 assumption, then for 
Gorenstein elliptic singularities T = pg still holds, see [531].] 


7.2.92 Next we present several formulae regarding the Hilbert-Samuel function. 


Theorem 7.2.93 Assume that (X, 0) is an elliptic Gorenstein singularity with py = 

m + 1. Then the following facts hold: 

(a) my 9 = bx(O(-kZmin))o for any k = | provided that Zin = a3; 

(b) dim Ox,o/mk , = x(kZmin) + 1, and dimmk ,/m\*) = —kZ2,,, for any 
k > 1 provided that Zs < —3; 


(c) emb(X, 0) = dimmy,o/my , = max{3, —Z7,,,,}. 


7.2.94 A possible generator set of the Oy ,-algebra R:= Brr0Gu(X, O(—kZmin))o 
can be identified as follows (see also [587]). 


If ZS in & —3 then R is generated by elements of degree k = 1. 
If 2 = = —2, then R is generated by my,, in degree | and an element y € 


Myo \ my 4 in degree two. 
If Zin = —l, then R is generated by my,, in degree 1, by an element y € 
myx,o \ my , in degree 2, and z € my. \ Cie y) in degree 3. 


Remark 7.2.95 (Cf. with [363]) Let (X, o) be an elliptic Gorenstein singularity with 
De = lseq- By 7.2.93, if — Z?.. = 1,2 or3 then (X, 0) is a hypersurface singularity. 


min 


If aoe = = 4 then emb(X,0) = 4. But, by a result of Serre [628, a 3]; 
codimension 2 Gorenstein singularities are complete intersections. For —Z;,,, > 4 


the singularity (X, 0) is not a complete intersection. E.g., if — aed n, 
embeds into (C°, 0). Moreover, dim my o/ My. o = 10 and dim meas »/me 


hence there are 5 defining equations with independent quadratic parts. 


= 5, then (X, 0) 


C,0 = 15, 
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7.2.H Non-maximally Elliptic Singularities 


7.2.96 The Non-maximally Elliptic (or Non-Gorenstein) Case We assume that 
(X, 0) is numerically Gorenstein, and we use the notation of the Sect.7.2.D. We 
also write X ; for (X/Bj;, 0;). We consider the set of integers 


By :={j :0<j<m, X; is Gorenstein}, 
Bp ={jr0<j<m—1, H(Ox(—Ci41) G H°(OR(—C))}U {mn}. 


Set also a := min.@% and 6 := min .%/,. If the link is a rational homology sphere 
then some of the previous results can be summarized as follows: 


° By 7.2.85 and 7.2.81 #% = {j :a< j < m}.Hence#e% =m+1l—-a= 
Pg(Xq). In particular, #.% = pg(Xq) < Pe. 

° By 7.2.73 & C Wp, and by 7.2.42 #A/- = py. Hence, m+ 1 — a — pg(Xq) = 
Hy SHA 7 = Dg. 


In fact these statements can be improved, and even some of the assumptions can 
be dropped. For the next, and even more general statements, the interested reader 
may consult [531]. The proofs rely on (or are similar to) those presented above. 


(1) pg(X,0) = pe(Xq) = #W- = #%,. In particular, pg(X,0) = 1S a = 
m <> B =m. Furthermore, pg(X,0) =m-+1 each X; is Gorenstein. 

(2) pg(Xp+1) = Dg(X, o) — 1 (where, by convention, pg(Xm+1) = 0). 

(3) a < B. If H'(X,Z) = Othena = Bf, and Hp = &@ ={j :a< j <my}. 

(4) If H VX , Z) = 0 then any integer between | and m + | can be realized as pg 
for a certain analytic structure. 


The next example illustrates the case H! (X, Z)=0,a= B=1. 


Example 7.2.97 Consider the hypersurface singularity (X,0) = {x? + y? + 
zom+T O}, m = 1. One verifies that pp = m+ 1 = €seqg and the graph is: 


2 1 i. 2 2 —2 


e @ @ oe cee @ 
—3 


(In the graph the number of (—2) vertices right to (—7) is m. ) 

Let Y bea neighbourhood of By (E without E2). Let E; be the neighbour of Ep. 
Since Z3, = —1, OF(—Zz,) has a base point P, cf. 7.2.36, and this point is exactly 
E, M Ep. Let us modify the analytic structure on X such that we keep the structure 
on Y, but the gluing of E> to Y is performed in such a way that in the new situation 
the intersection point E; M E> is not the base point P. Then the new singularity 
xX /E will be not Gorenstein (compare with the discussion from 7.2.99), nevertheless 
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y / B, still supports a Gorenstein singularity (equisingular to (X,,—1, o)). Therefore, 
in this case, a = B = 1 and pg =m. 

A possible set of equations can be done as follows [531]. 

We define the singularity (X, 0) C (C*, 0) by the 2-minors of the matrix 


x y z 
y—3w? z+w™ x7 + 6wy—2w?/° 


One shows that its minimal good resolution graph is the same as the graph above. 
Indeed, first take the partial resolution X’ in C+ x P! of X defined by the equations 


sx =t(y —3w’), sy =t(z+w”), sz=t(x? + 6wy —2w), 


where [s : ¢] are the coordinates of P!. The exceptional set E’ is rational and X’ has 
only one singular point on E’, which is equisingular with (X,,—1, 0). (Hence, in the 
good resolution, the strict transform of E’ is E2.). In this case Zax = C, (with a 
base point), mult(X, 0) = 3 and emb(X, 0) = 4. 


7.2.1 The ‘generic’ Analytic Structure of Elliptic Singularities 


The main result of this section is the following. 


Theorem 7.2.98 ([363]) Fix the topological type of an elliptic singularity (X, 0). 
Then for generic analytic structure one has pg(X,0) = 1. 


Proof If m = 0 then pg = 1 for any analytic structure, hence we will assume that 
m > 1. According to Theorem 7.2.42 (3) we have to prove that for any 0 < ¢ < 
m — | and for the generic analytic structure the restriction r : H a ¥(—Ce)) > 
H°(@p, (—C¢)) is trivial, where E is a component of |C|. 

First assume that C consists of an elliptic curve, say E,. Choose Ez 4 FE; such 
that P := FE, M Ey 4 &. Let B be a ball around P with local coordinated (u, v), 
where {u = 0} = BN E; and {v = 0} = BN Ey. Assume that Ce has local 
equation u”v” in B. If we modify the gluing at P of E, and E2 such that the new 
E will have equation v = € (|e| < 1), then the difference between the old and new 
bundles @g,(—Ce) is the bundle Gg, (A), where A, is the divisor supported in B 
with equation (v — €)/v”. For different €’s these bundles are different, hence for 
generic € in the new glued situation Gr, (—C-) is not trivial. Hence its cohomology 
groups are zero. 

In the sequel we assume that all the irreducible components E, are rational and 
smooth. In particular, H°(@p, (—Ce)) = C. Fix again FE; C |C| and FE ¢ |C| such 
that P = E; N Ex # Y. We show that it is possible to modify the gluing of £; and 
E> near P such that @c(—C,) becomes a non-trivial line bundle. Then its H° is 
zero by 7.2.17, hence the restriction r becomes trivial too. 
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Let Y be a small neighbourhood of |C|, then |C| contracts in Y intoa minimally 
elliptic singularity. It is automatically Gorenstein with pe(Y /(C|) = 4, ch. F215; 
letw € HY \ |C|, 27) be a Gorenstein form. Its pole is Zx(|C|), it is supported 
everywhere along |C| (since it is the fundamental cycle of |C|). Let its order along 
FE, be o. Let B be a ball around P with similar notations as above. Then if we 
modify the gluing such that {v = 0} = E2/M B will be replaced by v + €u°~!, then 
by the discussion of 6.8.22, for generic small €, @¢(—C¢) will become non-trivial. 

| 


Example 7.2.99 In some cases the non-existence of functions fe from 7.2.42 can 
be verified in the following way as well. Take e.g. the following elliptic graph. 


Se ah ey 


Then m = 1 and Co = Zin = C + Ed. Assume that there exists a function 
fe $x (OX (—Zmin))o \ os (OZ%(—Zmin — E1))o. Let Y be a neighbourhood of |C]. 
Then f restricted to Y is a section of OF(—C) (C being the fundamental cycle of 
its support). Since C? = —1, OF(—C) has a base point, cf. 7.2.36, and this base 
point should be P = EM Ez. Now, if we do not modify the analytic structure 
of Y this base point will stay unmodified. However, if we glue Ez to EF such that 
their intersection point Q will be different, not the base point P of OF(—C), then 
by the above discussion, in the new situation, such an f cannot exist. Hence pg, will 
become | by 7.2.42(3). 

For an analytic structure of this second singularity (X, 0) pg see 7.2.97. 

One verifies (using e.g. the equations of 7.2.97) that Zinax = EF for (X, 0) pzo. 
Hence E7 is the compact part of the divisor of a function, while E> is not. In fact, 
for (X,0)p49, NES ¢ -Yan for any n > 1. [Indeed, nE} € -Yan implies that the 
restricted line bundle @c(—nZ jn) is trivial, but since Pic(C) has no torsion, then 
Oc(—Z yin) is also trivial, a fact which contradicts 7.2.82(a). 


Remark 7.2.100 Consider the graph from 7.2.99, and any analytic structure sup- 
ported on it. Let us reprove topologically that Ej and E 3 cannot be realized 
simultaneously as divisors of functions. Indeed, since the multiplicity of Ef along 
E> is one, the linking number of the two links (or the intersection of the two 
topological Milnor fibers) is one. Hence, if both functions (/1, fo) existed then 
(fi, fo) : (X,0) > (C2, 0) would be an analytic covering of degree 1, hence an 
isomorphism. 


Remark 7.2.101 (Existence of a Non-projective Modification) Consider the situa- 
tion (X, 0) = (X,0)pzo of Example 7.2.99. Let X’ be the space obtained from 
X by analytic contraction of the support |C| of the elliptic cycle. It has a normal 
singular point o’, the image of |C|. The resolution @ : X — X and contraction 
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X — X’ induce an analytic modification g’ : X’ > X. Let E’ be the exceptional 
curve of ¢’ (the image by the contraction of E2). 

Since E} is not the compact (exceptional) part of the divisor of a function, E’ C 
X’ is not a Cartier divisor (at 0’). Furthermore, since the link of X’ at o’ is integral 
homology sphere, the local Picard group of X’ at o’ is torsion free, hence nE’ C X’ 
is not Cartier (at o’) for any n € Zs. 

This also shows that the modification ¢’ : X’ > X is non-projective: it cannot 
be obtained (as in the case of projective modifications) by blowing up of an ideal 7 
of Gx o. Indeed, for a blowing up of an ideal -7, ¢’ —!.Y . Gy: is an invertible sheaf, 
globally generated by {a; 0 $’};, where {a;}; is a finite set of generators of the ideal 
% In such a case, the divisor of the invertible sheaf ’—!.% - Gy: is locally Cartier 
at every point of the exceptional set. That is, the projectivity of ¢’ is equivalent to 
the local Cartier property of nE’ for some n > 1, which is not the case. 


Remark 7.2.102 


(a) Recall that any numerically Gorenstein topological type admits Gorenstein 
structure [579]. However, if minx > 0, the generic analytic structure is 
Gorenstein only if it is Klein or minimally elliptic [363, Th. 4.3]. Moreover, 
for any I with M(I’) aQH S3, the generic analytic structure is Q-Gorenstein 
only if it is rational or minimally elliptic [453, Prop. 5.9.1]. 

(b) For singularities with generic analytic structure (and rational homology sphere 
link) several analytic invariants are computed topologically in [453, 455]. 


7.3 Weighted Cubes and Generalized Computation 
Sequences 


To any good resolution graph I" and characteristic element k € Char, we consider 
the weight function x, : L — Z, and a natural cubical decomposition of R* 
associated with the embedding L ~ Z ~~ Z' @R = R*, where s = |V| 
and the identification L ~ Z* is given by the base vectors {Ey}yey. Then, for 
each n > minjez{xx(1)}, we define the topological space S,.n, as the union of 
all cubes, which have all vertices of weight < n. We show that the tower {Sx.n}n 
depends only on the 3-manifold M(J~) and the spin‘ structure associated with k. 
The tower {Sx,n}n carries an extremely deep information about M(J°); the final 
goal is to determine their homotopy types. & 


Via the spaces {Sx}, this section prepares the theory of graded roots and lattice 
cohomology, which will be discussed in Chap. 11. On the other hand, by placing its 
content in this chapter, we regard it as a natural continuation of the Artin—Laufer 
program: indeed, the main technical machinery consists of the generalizations 
of Laufer’s type computation sequences and certain ‘combinatorial contractions’ 
associated with them (cf. 7.3.A—7.3.D). 
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In this procedure the computation sequences play the role of special (weight non- 
increasing) ‘combinatorial flows’, and they will induce homotopical deformation 
retractions. In this way, all the machinery of computation sequences receives a much 
deeper homotopical reinterpretation. 


7.3.1 Cubes in L @ R and the Spaces {S;,1}, [480] Fix a connected plumbing 
graph I” with negative definite intersection form, and we assume that the plumbed 
3-manifold M(I’) is a rational homology sphere. (However, for possible generali- 
sations see [480] or 7.3.6 here.) In our applications for resolution graphs, we will 
assume that the corresponding resolutions are good. 

We use the standard notations for the lattice L, which has the distinguished base 
elements {Ey} ey. Using this basis, one identifies L with Z with its fixed standard 
basis, still denoted by {Ey}vey. 

Z ® IR = R* has a natural decomposition into cubes given by the inclusion 
ZS — R*. The zero-dimensional cubes are exactly the lattice points Z*. Any/ € Z* 
and subset J C ¥ of cardinality q defines a qg-dimensional cube Hi, = (/, J), which 
has its vertices in the lattice points (7+ )-,, ey Ev) 1’, where I ’ runs over all subsets 
of I. 

Next, we fix a characteristic element k € Char and we consider the Riemann— 
Roch function x, : L > Z, xx(l) = —(,1 + k)/2. Here we regard xx as 
a weight function on the set of cubes: the weights of zero-dimensional cubes 
are defined by wo(/) = xx(/), while, in general, w,((/,/)) := max{xx(v) 

v is a vertex of (/, /)}. 


Definition 7.3.2 For every n € Z, define S, C R* as the union of all the cubes 
of any dimension, with w(L1,) < n (with induced topology of R*). Clearly, S, A 0 
exactly when n > mx, aie mg = Minjezs xx (J). Uf we wish to emphasize the 
k-dependence we write Sx n.) 


One has the natural inclusions Sp, C ... C Sp C Sn4i C .... It turns out 
that the topology of the spaces {S,}n>m, might be rather interesting. The tower 
has a finiteness property: only finitely many S, have nontrivial topology (are non- 
contractible), but an S, with n ‘small’ might have rather complicated homological 
groups. In the body of this book we will list several examples. The simplest one 
(with H! (S;) ~ 0) is the following. 


Example 7.3.3 ([480]) Consider the following graph: 


Ei Ey Eo ES Et 


e e r) 
[, be E3 E; 


On the right hand side we give names to the base elements. Set x := xx. We 
prefer to write any / ¢ L in the form/ = 1, + zEo + ly, where 1, = > xi Ej, 
ly = Vy E;, xi, yi, 7€ Zi = 1, 2, 3); o1 (x1, x2, *33 23 1, Y2, 3). Then Zx = 
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(7, 14,5; 3; 7, 14,5) and Zmin = (3, 6, 2; 1; 3, 6, 2), with x (Zmin) = X(2Zmin) = 
—1. In fact, mx = —1 too. Then it turns out that S_; consists of two connected 
components, both contractible, So has three components, two contractible ones and 
one with the homotopy type of S!, and S,, is contractible for n > 1. 

In order to see (at least part of) these facts, we will describe explicitly S_; and 
So. Since x (1) = x(Zx —/), we can use the central x -symmetry of the lattice points 
with respect to Zx /2. If z = 0 then x(/) = x(/,) + x (ly), and since J, and /y are 
supported by rational subgraphs, x (/,) => 0, x(ly) = 0. Thus x(/) > 0. Similar 
argument shows x (/) => 0 for z < 0 too. Hence, the lattice points in S_; have z = 1 
or z = 2, and they correspond via the above symmetry. 

If z = 1 then xy(/) = x(x) + x (ly) — x2 — y2 + 1. Therefore, with the notation 
F(x) = xe) — x2 = (2x? + x5 + 3x9 — Qxpx2 — 2x9x3 — x2 — x3 )/2 we have 
xd) = f(x) + f(y) + 1. Since the minimum of f over R? is > —2, its minimum 
over Z? is > —1. Therefore, x) = —1 if and only if f(x) = f(y) = —-1. Bya 
computation, the integral solutions of f(x) = —1 are the triplets 


A := {(, 2, 1), 1,3, JD, @, 3, 1), (2,4, D, 2, 4, 2), (2,5, 2), (3,5, 2), G, 6, 2)}. 


Therefore, points (x, 1, y) with x € A and y € A (denoted simply by (A, 1, A)) are 
in S_;. Let B = (7, 14,5) — A. Then, by symmetry, we get that the set of lattice 
points of S_; is (A, 1, A) U (B, 2, B). They determine two contractible connected 
components of S_; in which Zin and 2Zmin are ‘representatives’. 

Next, we solve x(J) = O with z = 1. Then, f(x) + fy) = -l. 
f(x) = O has 24 integral solutions, namely the union of the triplets 
A’ := {(0,0, 0), (0, 1,0), (1, 1,0), C1, 2, 0), (0, 1, 1), , 1, 1), ©, 2, 1), (2, 2, 1, 
(1,4, 1), G, 4, 1), (2,5, 1), (3, 5, 1} and the triplets of type A” = (4, 8,3) — A’. 
Set A := AU A’U A", and B = (7,14,5) — A. Then the points of type 
X := (A,1,A)U (A,1, A) U (B,2, B) U (B, 2, B) are in So. Since AN B is 
not empty, all the points from X can be connected by segments. In fact, So has three 
connected components, one of them contains the zero cycle, the other one contains 
Zx, and the third one, @, contains all the points from X. 

Finally, notice that the two intersection points P = ANB = (4, 8,3) and 
Q=AN B= (3, 6, 2) create a loop in Go. Indeed, half of it is the connecting 
path of (P; 1; Q) and (Q; 1; P) through points in X with z = 1, the other half 
connects (P; 2; Q) with (Q; 2; P) through points in X with z = 2. This loop can 
be contracted only in S). 


This example suggests that in general it is rather hard to solve the corresponding 
Diophantine equations and to analyse the adjacent properties/positions of the 
solutions (in order to get the cubes which build up the topological space S,,). Fur- 
thermore, the example also suggests that this combinatorial/artihmetical structure 
might be extremely rich, it might cover indeed a big amount of deep information. 


7.3.4 Assume that k and k’ determine the same Spin‘—structure of M(I°), cf. 
6.10.22, hence k’ = k + 21 for some 1 € L. Then xy (x — 1) = xx(x) — xxl) 
for any x € L. This means that the transformation x +> x’ := x —/ realizes an 
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identification of the ‘S,-spaces’ associated with k and k’: Sx.n = Sk’ .n—yx(l) Hence, 
fixing a representative k from each class [k] € Spin‘(M(JI")) we can speak about 
the tower of spaces {Sk.n}n, indexed by [k] € Spin°(M()). 


Proposition 7.3.5 ([480]) Similarly as above, assume that M(I°) is a QHS?. 
Then the tower of spaces {Sk,.n}n, indexed by [k] € Spin‘(M(I°)), up to homotopy 
equivalence, depends only on M = M(1I°), it is independent of the choice of the 
negative definite plumbing graph I’, which provides M. 


Proof First we assume that I’ is obtained from I" by ‘blowing up the vertex vo’, 
cf. 2.2.5.2. We denote the new (—1)-vertex of I’ by Ene. We will use the notations 
L(r), LU"), L'W), L’(’). Similarly, write J, I’ for the corresponding 
intersection forms. The following facts can be verified: 


(i) Consider the maps z, : LUI’) — L(I) defined by m.0Q)>xyEy + 
Xnew Enew) = D> XyEy, and r* : L(’) > LU”) defined by 1* (0 xy Ey) = 
Yo xyEy + XvpEnew. Then the projection formula I’ (*x, x’) = I(x, 14x’) 
holds. This shows that I’(2*x,2*y) = I(x, y) and I’(*x, Enew) = O for 
anyx,y € LU). 

(ii) Set the (nonlinear) map: c : L’(I”) > L’/(I”), cl’) := mol’) + Enew. Then 
c(Char(I")) C Char(I”’) and c induces a bijection between the two orbit spaces 
Char(I”)/2L(") and Char(I’)/2L (Ir). 

(iii) Consider k € Char(I”) and write k’ := c(k) € Char(I’). Then for any x € 
L(I) one has: xx(x) = xx (v*x). Moreover, for any z € L(I’), write z in the 
form m*7,z + aEnew for some a € Z. Then 


XK (Z) = Xe (W* THz) + Xe (GEnew) = Xk(e(Z)) + ala + 1)/2. (7.3.1) 


This shows that if x,/(*x + aEnew) <n, then xx(x) < n too. In particular, 
the projection zp in the direction of Enew induces a well-defined map z7R,n : 
Si(I’) > S,(U"). We claim that (whenever S,(J") is non-empty) 7R,n is a 
homotopy equivalence (with all fibers non-empty and contractible). 


We proceed in two steps. First we prove that 7p. : Sn(™) > S, (I) is onto. 

Consider a zero dimensional cube (i.e. lattice point) x € S,(J"). Then x (x) <n. 
But then y,/(a*x) = x(x) < n too, hence m*(x) € Sp(I’) and x = mp(m*x) € 
im(zR). 

Next, take a cube (x, J) C S,(1") Ud C V). This means that x (x + Ey) <n for 
any I’ C J. But then 


mw(x+ Ep) =a x+ Ep ++ Enew, (7.3.2) 
where € = Oif vp ¢ I’ ande = 1| otherwise. Hence 


2 


Toul 
Xu (n*x + Ep) = xu (r(x + Ep) — €Enew) (= xe + Ep) <n. (7.3.3) 


7.3. Weighted Cubes and Generalized Computation Sequences 329 


Therefore (7*x, 7) € S,(”’) and mp.» projects (*x, I) isomorphically onto (x, 7). 

In particular, mp, is onto. Next, we show that zp, is in fact a homotopy 
equivalence. In order to prove this fact it is enough to verify that if € S, (J) and 
° denotes its relative interior, then | °) = Tp 1 °)N S, (1) is contractible. 


Let us start again with a lattice point x € $,(/"). Then a (x) 1 S,(") is a real 
interval (whose endpoints are lattice points, considered in the real line of the Ene, 
coordinate). Let us denote it by 4% (x). Now, if 0 = (x, J), then we have to show that 
all the intervals .4(x + Ey’) associated with all the subsets J’ C J have acommon 
lattice point. But this is exactly what we verified above: the Eye, coordinate of m*x 
is such a common point. Therefore, it, °)N S,(") has a strong deformation 
retraction (in the Eyey direction) to the contractible space (2*x, I)°. 

For any / € L let N(J) C R* denote the union of all cubes which have / as one 
of their vertices. Let U(/) be its interior. Set U,(J) := U() N S, (1). If 1 € 8,7) 
then U,,(/) is a contractible neighbourhood of / in S, (1"). Also, S, 7") is covered by 
such {U,,(1)};. Moreover, oe (U,,(J)) has the homotopy type of TR n (1), hence it is 
contractible. More generally, for any cube LU, 


-1 1 
TR (Mw Un(v) : v vertex of O) ~ mR ,( ey. 


which is contractible by the above discussion. Since all the intersections of U,,(/)’s 
are of these type, we get that the inverse image of any such intersection is 
contractible. Hence by Cech covering (or Leray spectral sequence) argument, TR n 
induces an isomorphism H*(S,(I"’), Z) = H*(S,(), Z). In order to prove the 
homotopy equivalence, one can use quasifibration, defined in [151] (see also [131], 
e.g. the relevant Theorem 6.1.5). Since mp, : S,(I™’) > S,(’) is a quasifibration, 
and all the fibers are contractible, the homotopy equivalence follows. 

Assume next that we blow up an intersection point E,, 1 E,,. We start very 
similarly, however at some point there is a major difference. 

With very similar notations, in this case we define ry, XyEy) = ye XyEy + 
(Xvg + Xv,)Enew- Then all the statements till (7.3.2)) remain valid (including the key 
(7.3.1)). The first difference is in (7.3.2). Indeed, in this case 


m(x+Ep)=nu*x+ Ep +eé-: Enew, (7.3.4) 


where ¢ is the cardinality of J’ M {vo, vj}. This can be 0, 1 or 2. Therefore, if 
{vo, v1} Z I, thene € {0, 1} for any 7’, hence for such cubes (x, /) all the arguments 
from the first part work without any modification. 

Assume in the sequel that {vp, v1} C 7. Write J = T \ {vo, v1}. 

There are two cube candidates of L(I”’)@R which might cover the cube (x, 7) C 
SiC). One of them is (7*x, 1) (as in the above case). By (7.3.1) for any V © 
{vg, vj} and any J’ C J we have m*(x + Eyuy) = w*x + Egy + €Enew with 
€ € {0,1}, hence by (7.3.1) m*x + Eyuy € S,(I’). However, vertices of type 
m*x + Eyrufyy,v}} Might not be in S, (I). 
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Another candidate is (7*x + Enew, 1). In this case, the points of type m*x + 
Egy + Enew are in S,(I’) (where J’ C J and @ 4 V C {vg, v1}), however 
vertices of type w*x + Ey + Enew of (1*x + Enew, 1) might be not. 

So both cubes a priori are obstructed if we apply (7.3.1) only. Next we analyze 
these obstructions and we show that at least one of the two candidate cubes works. 

Assume that 2*x + Eyrufup,v,} € Sn”) for any J’ C J. Then (*x, J) is a good 
lift of (x, J) in S,,(I”’). In the second case, assume that r*x + Ey” + Enew € Sn’) 
for any J” C J. Then (2*x + Enew, 1) is a good lift of (x, J). 

Finally assume that non of these two assumptions hold. The negation of the first 
one is that there exists J’ C J such that xx(«+ E yrufyy,v,}) = 1. [Indeed, otherwise, 
if Xe(X+ Eyrvy.v}) = m <n then by (7.3.1) Xe (a*x+ Eprtug vy) = Xe (e+ 
E putu,vi}) — 2Enew) = m+ 1 < n, a ccontradiction.] The negation of the second 
one is that there exists J” C J such that xz(x + Ey”) =n. [Again, otherwise, if 
Xe + Eqn) =m <n then xp (w*x + E yn + Enew) = Xu (*(X+ Eqn) + Enew) = 
m+1l1<n.] 

On the other hand, we claim that for a cube (x, J), J = TI \ {vo, v1}, (vo, v1) 
connected by an edge e, the simultaneous realizability of 


xXx + Eyrutyy,vj}) =n forsome J’ c J 
x(x t+ Ep) =n for some J” Cc J 
x(x + Ey) <n forall I’ cI 


cannot happen. 

Assume that we have such a situation. Then, by replacing x by x + Eyay” and 
deleting J'N J” from J’, J" and I respectively, we can assume that J’N J” = @. 

Next, let us write x in the dual basis, namely x = XyE*. Then x(x + 
Ep) = x(x) + x(Er) + Sei? Xy, where x (£7) equals the number of connected 
components of the support |/’|. Let I7 and I. be the two connected components 
of the graph I" \ {e}, and accordingly we decompose J’ U {vp, vi} = Ay U Ar, 
J” = B,UB,, where A; U By C W(17) and A; U B, C ¥ (I). Then we define 
aq = xX(Aj) + ales Xy, and similarly a,, bj and b,. Then, using x (E yufug,v4}) = 
x(Ea,) + x(Ea,) — 1, we obtain 


C = XKX + Egrtyyy}) = XO) +a +b —-1, 
n= X(X+ ELE) = XxX)+h + by. 


Next, we modify in I). the subsets: what was in A; we put in B, and viceversa. In 
this way we get two subsets of 7, namely 7’ = A; U B, and I” = B; U A;. Note 
that in this case the two ends of the edge e do not belong to the same set J’ or I”. 
Therefore, 


Xx t+ Ep) = x(x) +a, + by, 
Xx + Eq) = x(x) +b +4,. 
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In particular, 2n + 1 = 2x(x) +a; +a-+b) +b, = xxx t+ Ep) t+ xex+ Eq) < 
2n, which is a contradiction. Hence, in all cases the cube (x, /) has a lift, and the 
argument of the first case (blowing up a vertex) can be repeated. oO 


Remark 7.3.6 A possible generalization of the set of weighted cubes and spaces S,, 
is provided via a set of compatible weight functions. Let 2, denote the set of g— 
cubes. A set of functions wg : 2g > Z(O < g < |%)) is called a set of compatible 
weight functions if the following hold: 


(a) for any integer n € Z, the set ia, ((—co, n] ) is finite; 
(b) for any Ly € Q, and for any of its faces Og_) € Qy-1 one has wg(Oy) = 
Wq 1( q 1). 


Then one can define S,, as U, {LU € QXy > Wg(Ug) < 7}. 

This gives the possibility to construct the spaces S, (with ‘relevant’ properties) 
even in the case of graphs with g, > 0. E.g. if E, is a smooth elliptic curve, then 
the segment [0, E,] € Q is ‘special’: though for the vertices x (0) = x (Ey) = 0, 
hence max{x(v) : v is a vertex of [0, Ey]} = 0, for w;([0, Z,y]) is more appropriate 
to take w,({0, E,]) = 1 (for motivation see e.g. 6.8.B). For more see [480]. 


7.3.4 The Topology of the Spaces {Sx,n}n. Deformation 
Retractions 


We show how x-monotone computation sequences provide deformation retrac- 
tions for the spaces Sx,,. We give a new topological characterization of the 
rational singularities via the contractibility of all (non-empty) spaces Sx.n. 
Elliptic singularities can also be characterized via the spaces Sx ». In the elliptic 
case Sx 9 has €seg + 1 connected components, all contractible. & 


7.3.7 In order to analyse the topology of the space S, = Sy, it is convenient to 
introduce the set of finite rectangles indexed by pairs /,, /2 € L with 1 < lo. 


Definition 7.3.8 For any such pair /; < /p set R(, /2) :-= {x € RX sl) <x <b}. 
Define also R(lj, co) := {x € R® : 1, < x}. 


Lemma 7.3.9 Fix k € Char and write Sy = Sk.n. 


(I) There exist l4. € L and an increasing infinite sequence of cycles {l;}i>o (li € L) 
with Ip = 14, such that 


(a) for any i > 0 one has 1j41 = 1; + Eyqy for some v(i) € ¥, 
(b) if li = d2, mi,v Ey, then limjoo mi,y = © for all v, 
(c) xeQi+1) = xK(li). 
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Similarly, there exists |. € L and an increasing infinite sequence of cycles 
{yi}izo, Satisfying yo = I_, the analogs of (a)-(b), and (c) xx(—yi4+1) = 
Xk(—Yi). 

(II) Take l_ and 14. as in (I). Without loss of generality we can assume that —l_ < 
L,. Then the inclusions R(—l_, 00) 1 Sy C Sy and R(—I_, 14) O Sy C Sp are 
homotopy equivalences for any n € Z., 


Proof 


(I) Take a cycle Z € L such that (Z, E,) < 0 for any v. Let ey be an 
increasing sequence with zo = 0, z; = Z, zi41 = Zi + Evi) (0 <i < t). Then 
for m sufficiently large, one can take ]* = mZ, and the sequence {m'Z + z;}, 
where m’ > mand 0 <i < f. (That is, mZ,...,.mZ + z,...,(m + 
1)Z,...,m+)Z+2z,....) Similarly, /~ = mZ (form > 0) and a similar 
type of sequence works for {};}; too. 

(II) Clearly for fixed n, there exist i’ >> 0 and j’ >> 0 such that S, C R(—yj;', xj’). 
We will show that if we fix this yj then the inclusion R(—yj, xj) 1 Sp C 
R(— yj", Xi41) NS» admits a strong deformation retraction for any 7. At the level 
of rectangles there is a natural deformation retraction rs : R(—yj/, Xi41) > 
R(—yj, x) (s € [0, 1]). Indeed, take rs to be the identity on R(—yj/, x;) for 
any s. Furthermore, if t € [0,1] and z € R(—yj;, x;), such that the Ey(i)- 
coefficients of z and x; equal, then one defines r;(z + tEyi)) = z+ stE yi. 
The point is that if z is as above, then (x;, Fy(i)) = (z, Evy), hence xx(z + 
Evi) — Xk(Z) = XK(Xi41) — XK(Xi) = O too. This means that the restriction 
rs > R(-yyr, Xi41) O Sp > R(—yjr, Xi) O Sp is well-defined and it is a 
strong deformation retraction such that 7; is the identity and ro has its image in 
R(-yj', Xi) O Sh. 

We proceed with the y-sequence similarly. Oo 


Corollary 7.3.10 For any k € Char the space Sy is contractible for any n > 0. 


Proof Fix l_ < 1, as in Lemma 7.3.9(J). Let n be so large that R(—/_, 14) C Sh. 
Then, by Lemma 7.3.9(//) S, has the same homotopy type as R(—/_, 1+). Oo 


7.3.11 Distinguished Representatives As we already said in 7.3.4, if k’ = k + 21 
for some / € L then Sy = Sk n—y,(). Hence, it is natural to choose one 
representative from each spin‘® structure. For several results the choice is irrelevant, 
however, certain choices have certain advantages. Our preferred choice is the 
distinguished representative, or distinguished characteristic element k, := —ZK + 
2sn, cf. 6.10.22, where sy, € L’ is the smallest representative of h in .’, cf. 6.6.A. 
The first motivation for the choice of k, is the following. Recall that the 
rationality criterion for graphs is x(/) > 0 for any/ € Lyo, hence it is decided 
in the ‘first quadrant’ Lo of L. More generally, for arbitrary graphs, the essential 
properties of xy : L — Z are already coded in the restriction x|L>o. The choice 
k, = —Zx + 2s, guarantees that the essential properties of x;, : L — Z are 
coded again in Lso (or, equivalently, for a fixed h, the essential information of 
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xol{l’ € L’ : [l'] = h} is coded in xQ|s;,+L>0. Another advantage in the definition 
of k, is that s, € ’ (exploited deeply, see several proofs below). 


Lemma 7.3.12 Fix h € H andk, = —Zx + 2sp. Then the following facts hold. 


(a) In Lemma 7.3.9 one may take |_ = 0. This means that R(0, 00) MN Sk,.n C Sk,.n 
is a homotopy equivalence for any n. In particular, by Lemma 7.3.9, there exists 
ly > O such that R(O, 14) 1 Sk,.n C Sk,,n is a homotopy equivalence for any n. 

(b) Assume that ZK > 0 (e.g., as in the minimal good resolution, cf. 6.3.4). Then 
one can take l4. = |Zx |. Hence, Sx, has the homotopy type of R(O, [ZK J) 
Sk, ne 

(c) For any x > Oone has xx,(x) = xx (x). Therefore, min xx, > min xx. 


(Compare the statements with Lemma 6.8.40.) 
Proof 


(a) Fix a large I > O given by 7.3.9. Then one can connect —/_ to 0 by an 
increasing sequence along which x;, is non-increasing. Indeed, for any y < 0 
there exists v such that E, C |y| and xz,(y + Ev) < xz,(y). If not, then 
(Ey, y + s,) < 0 for all E, C |y|. But the same inequality automatically 
works for all other components. Hence y + sy € ~ with y < 0, which 
contradicts 6.6.15. 

(b) Adopt the proof of Lemma 6.8.40(b). 

(C) Xk. (xX) = xK(X) — (Sn, xX) = XK (x) for any x > 0. Then use (a). oO 


Corollary 7.3.13 Sx,» (i.e. when h = 0 and sp, = 0) is connected for alln > 1. 


The analogue statement is not true for h ¢ 0, see 11.5.20. 

Proof Via 7.3.12 it is enough to show that any x9 > O with x(xo) < n, can be 
connected to the zero cycle by a path inside Sx _,. For this, it is enough to verify the 
following two facts: 


(i) For any x > 0 with x(x) > 0, there exists E, C |x| such that x(x — E,) < 
X (x). 
Indeed, otherwise (E,, x — Ey) > 1 for any Ey C |x|. This is equivalent to 
(Ey,x—ZxK) = 0, whichimplies (x, x—Zx) => 0, or x(x) < 0, acontradiction. 
(ii) For any x > 0 with x(x) < 0, there exists Ey C |x| such that x(x — Ey) < 1. 
In order to prove this, denote x(x) by c < 0; write x = ar m,E, and set 
Mm i= ae my. Necessarily m > 2 since x(E,) = 1 for any v. Next, assume 
that x(x — Ey) > 1 for all Ey C |x|. Then, in the identity —(E,,x — Ey) = 
x(x)—x(x— E,)—1 the right hand side is < c—2. This means that —(Ey, x) < 
c—2-E? = c—(Ey, Zx) forany E, C |x|. This implies (x, x—Zx)+cm > 0, 
or c(m — 2) > 0, which is a contradiction. 


Then the construction of the wanted path connecting xo with 0 is clear: in the 
path any x is succeeded by some x — E, according to the cases (i) or (11). oO 
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Theorem 7.3.14 (Characterization of Rational Graphs via the Spaces S,, [478]) 
Let I” be a connected, negative definite plumbing graph whose plumbed 3-manifold 
is a rational homology sphere. Then the following facts are equivalent: 


(a) I is rational; 

(b) Sx.n is contractible for every n > min x; 

(b') Sk.n is connected for every n > min x; 

(c) Sk.n is contractible for all k € Char and n > min xx. 


Additionally, if I” is rational and k, = K + 2sp, then min xx, = 0. 


Proof By Lemma 7.3.12 we need to consider only effective lattice points. 

(b') > (a) Sx.o contains 0 € L and it is connected. Therefore, there exists 
no x > 0 with x(x) < 0. Indeed, since x(£,) = 1 for all v, there is no path in 
R(O, 1+) A Sx,9 connecting 0 and such an x. Hence I is rational by Theorem 7.1.2. 

(a) => (c) By 7.3.11 we can assume that k = k,. We prove that in R(0, 14) 
Sy, we can take /; = 0. For this we need to show that for any x > 0 (which 
automatically satisfies x(x) > 0 by rationality) there exists E, C |x| such that 
Xk, (x — Ey) < xx,(x). The proof is similar to the verification of (i) in the proof 
of 7.3.13, using additionally (s,, Ey) < 0. [The implications (c) > (b) > (b’) are 
clear. ] 

For the last statement use 7.3.12(c). oO 


Theorem 7.3.15 (Characterization of Elliptic Graphs via the Spaces Sx, [478]) 
Under the same assumption as in 7.3.14 the following facts are equivalent: 


(a) I is elliptic; 
(b) Sk.n is empty forn <0 and Sx. is not connected. 


Furthermore, if I is elliptic, then let € + 1 be the number of connected 
components of Sx 9. Then £ equals the length of the elliptic sequence lseq (cf. 7.2.C). 

In fact, each connected component contains a unique maximal lattice point, and 
their collection is {0, Fo, ..., Fn} (see 7.2.C for notations). 


Proof (a) = (b) Use minx = 0 and 7.3.14. For (b) => (a), since min x = 0, 
should be either rational or elliptic. But it cannot be rational because of 7.3.14. 

Next, we prove that £ = £;2,. We will use the notations of 7.2.C. 

If is a connected component of Sx,9, and Z € Gp is a maximal lattice point 
in it, then Z € .Y. Hence, by 7.2.40 (5) Z € {F_1, Fo,..., Fn}, where F_; = 0. 
Therefore, 6 contains at least one of these elements. It is also clear that each Fj 
belongs to some Gi. Hence, we need to show that there is no pair k < Fj (-1 < 
k < j <n) in the same connected component of Sx 9. This also shows that Gi has 
a unique maximal lattice point, which (after a possible reordering) is exactly F;. 

Assume that such a pair exists. This means that there exists a path {1;};, ji41 = 
li + & Evi), €§ = £1, which starts with F, and ends with Fj, and x (Jj) = 0 for all 
i. We show that if such a path exists then it can be replaced by another increasing 
path with the very same properties. Indeed, if €¢; = —1 for some i, then there should 
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exist a subsequence /,, /541,..., J+, l;41 of the path, such that €¢, = —1, ¢; = 1 for 
alls +1 <i < ft, and v(s) = v(t), but v(@i) ¥ v(s) for alls < i < t. Write 
ly —Isy1 as Z = DOL; Ly Evy. Then 41 —1; = Z too. Since 0 = x (41) = 
xs + Z) = x(Z) — (ls, Z), and O = x (lr) = XUs41 + Z) = X(Z) — (s+, Z), 
we get (Z, Eys)) = 0, or equivalently, (Ei), Eys)) = = Oforalls <i <t. 

Set /; =] + Eysy | fors +1<i <t;hence/,,, =/, and L= = M444. 

Then, x (41) — x (i) = x (ligt + Evsy) — Xi + Es) = —(Evys) li¢1 —li) = 
—(Eys), Evi)) = 0. Hence, the path sequence /s, /541,..., +, 4-41 can be replaced 
with Let: er hs for which €; = | always. 

Hence, using induction, we can assume that the path is increasing. But any 
increasing path starts as Fy, Fy + Ey, ...(foracertain v), and xy (Fx +Ey)— xx) = 
1 — (Fx, Ey) = 1 (since Fy € .%), which leads to a contradiction. oO 


Remark 7.3.16 


(a) Later in 7.3.D we will show that in the elliptic case all connected components 
of Sgn (n = 0, k € Char) are in fact contractible. 
(b) Lemma 7.3.12(c) shows that in the elliptic case min xx, = 0 for all k,. 


7.3.17 The proof of Theorem 7.3.15 suggests that the rational and elliptic graphs 
can and should be discussed uniformly, in both cases min y = 0 and in both cases 
Sx,n are contractible for n > 1. If £+ 1 denotes the number of components of Sx.o 
then £ = 0 corresponds to the rational case and £ > 0 to the elliptic case. 

This uniform discussion can be continued: In both of the rational and elliptic 
cases, for any class [k], one has min xx, = 0. (This follows from 7.3.12(c).) 

Let us add the following statement in this spirit. 


Proposition 7.3.18 Assume that I” is minimally elliptic and it is associated with the 
minimal resolution. Assume also that the resolution is good and M(I’) is a rational 
homology sphere. Then Sx,» is contractible for any n > 0 and [ky] 4 [K]. 


Proof Let us give first a different proof for (a) => (c) of 7.3.14: if I is rational and 
k =k, then we can take /, = 0, that is, there exists a sequence {/;};>0 as in 7.3.9(a)- 
(b)-(c) with I9 = O. For this take a sequence caren which connects 0 and Zin 
provided by the Laufer algorithm 6.6.7. Then zo = 0, z} = FE) and (£y(i), zi) = 1 
for all 1 <i < t. Hence xx,(z1) = 1 — (sn, E1) = 1 and yx, (zi41) — xz, (Zi) = 
—(Sn, Evy) => 0. Therefore, the infinite sequence {mZmin + z;} with m > O and 
0 <i <t works. 

Next, assume that I” is as in the statement of the proposition. Then the above 
proof (valid for rational J”) can be adopted. Indeed, since [k,] 4 [K], s, 4 0, there 
exists w € V with (s,, Ew) < 0. By Lemma 7.2.26 there exists a computation 
sequence Leh for Zmin So that the last Ey(r—-1) is Ew, (zi, Evx@)) = |forl <i< 
t — 2, and (z;-1, Ey(t—1)) = 2. Then the above construction works in this case too. 

Oo 
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Remark 7.3.19 Having in mind the Z2 symmetry of spin‘ structures, the restriction 
[k,] #~ [K] in 7.3.18 looks strange. Indeed, since xy_x(—x) = xx(x), one has 
S_kn = Skn, hence their (non)contractibility should happen simultaneously. 
However, K is integral for a minimally elliptic graph, hence [-K] = [K]. 
Therefore, for k, = [K] = [—K] the space S;, 9 is not connected, and for every 
other k,. it is contractible. 


7.3.B Measure of Non-rationality. ‘Bad’ Vertices 


We measure how far an arbitrary tree ” from a rational graph is. This can be 
done in different ways: we search for a subset of vertices Y C Y such that either 
by eliminating these vertices, or by modification of their decorations, we obtain a 
rational graph. Different versions of such subset Y are called WR, R or SR-sets, 
depending on the type of the construction. The cardinality and the type WR, R, 
SR of ¥ indicate the ‘badness’ of I”. Graphs with an SR-set of cardinality < 1 
are called ‘almost rational’ (AR). & 


7.3.20 Recall that decreasing all the Euler numbers of a tree, with all the vertices 
decorated by g, = 0, we obtain a rational graph, cf. 7.1.5(a). The next definition 
aims to identify those vertices where such a decrease is really necessary. [Similar 
subsets of Y were already considered in different articles like [478, 480, 483, 547], 
mostly under the name ‘bad vertices’. Since the definition of the ‘badness’ was not 
uniform, and we also wish to distinguish different levels of ‘badness’, we prefer to 
give new names for such families. ] 


Definition 7.3.21 Let I be a negative definite connected tree, with arbitrary genus 
decorations {gy}y (gy => 0). 


(a) A subset of vertices ¥ = {v,..., vy} C V is called WR-—set, if deleting these 
vertices and their adjacent edges we get a graph with all connected components 
rational. 


(b) Fix a disjoint decomposition Y U Y* of the vertices. Let I’’ be a connected 
maximal subgraph of I with vertices in Y*, and let v € V be an adjacent vertex 
to ’’. They determine a maximal subgraph of I, which has the vertices of Uv 
and all connecting edges. Let I’ be the graph obtained from this subgraph by 
modification of the decorations of uv: the genus [g,] is changed into [0], and the 
Euler number E? is changed into a ‘sufficiently negative’ integer e/, < Be 

The subset of vertices Y = {vj,..., vy} C V is called R-set, if for any 
choice of I” and v as above, the graph I (with e’, < 0) is rational. 

(c) A subset of vertices V= {v,,..., Uv} C V is called SR—set, if by replacing 
the Euler numbers e, = E ss indexed by v € V by some more negative integers 
e}, < ey we get a rational graph. A graph is called AR-graph (‘almost rational 
graph’) if it admits a SR-set of cardinality < 1. 
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Example 7.3.22 


(a) A possible +—set (* = WR, R, SR) can be chosen in many different ways, it is 
not unique even if it is minimal with the corresponding property. 

(b) Usually we allow non-minimal «—sets as well. 

(c) Any R-set is a WR-set. The converse usually is false: in the next graph a single 
node can serve as a WR-set, but the minimal R-set has two elements. 


-4 -4 


4 4 


(d) Any SR-set is an R-set. The converse usually is false: in the next graph the 
three nodes of the middle row constitute an R—set but any SR-set must contain 
the 4 nodes. 


e = (-—2)-curve 


e = (-—100)-curve 


(e 


wm 


Any rational graph is AR; for rational graphs the empty set is an SR-set. The 

class of AR graphs is closed while taking subgraphs or/and decreasing the Euler 

numbers. If H;(Ly, Q) = 0 and I admits an R-set of cardinality < | then it is 

AR. Indeed, if the Euler decoration of vp is < 0, then the multiplicity of Ey, in 

Zmin 18 1, and the Laufer criterion 7.1.2(iv) gives the statement. 

(f) If H\(Lx,Q) = 0 then the set of nodes is an SR-set. Hence any star-shaped 
graph (with g = 0) is AR. For any star-shaped graph (with arbitrary g) the 
central vertex is an R-set. 

(g) Any elliptic graph with H)(Ly,Q) = 0 is AR. Indeed, take a computation 

sequence {z;}; for Zj,;, starting from zo = E. Then (z;, E,(j)) = 1 all the time 

except for exactly one step i = ig when this intersection is 2. Then {u(ig)} is an 

SR-set. 

Consider the graph I” of OF is (K) (for p/q > Oand K C S? algebraic knot). 

For notations see 3.5.13. We claim that J” is AR: if we modify the — 1 decoration 

of vj into —2, we get a sandwiched graph I_2 (for definition see 7.1.5(i)). 

Indeed, consider the ‘smooth’ graph I. Blow up the —1 vertex vj. The new 

decoration of vy will be —2, while a new —1 vertex is created. Then blow up 

this new vertex (m , +k, — 1) times. Then its new decoration will be —m, — ky, 
while it has (m, +k, — 1) (—1)-vertex neighbours. Fix one of them, and blow up 
kz — 1 times. If one continues this procedure, one gets a graph which contains 

I_2 as a subgraph. 


(h 


wm 
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(i) Let {K;}?_, be algebraic knots and set K = #;K;. For d > 0 the negative 
definite graph I” of S? q(X) is given in 3.5.12. We claim that the smallest SR— 
set consists of the set of (—1)-vertices (their number is v). 

The fact that any (—1)-vertex belongs to any SR-set follows from Laufer’s 
Ratonality Criterion 7.1.2(iv). The claim follows from the fact that if we replace 
all the (—1) Euler numbers of I” by —2 then the new graph J_2 is rational. 

Let Ij,-2 be the minimal connected subgraph of [2 which contains the 
modified graph I; and the vertex v+. By (h) we know that Ij,-2 is sandwiched. 
Let Z € L(~_2) be the cycle whose restriction to the modified Ij is Z; (the 
compact divisor of the equation, cf. 3.5.12) and has multiplicity one at vi. Since 
Z € S(I_2) we get that Zmin(_2) < Z, hence the multiplicity of vs in 

Zmin(U _2) is |. This means that if we run Laufer’s Rationality Criterion starting 
from E(I°_2) (cf. 7.1.2(iv)), the subgraphs I, —2 have no interactions. Since the 
subgraphs I; —> do not obstruct the rationality criterion, the graph I_2 will not 
obstruct it either. 

Note also that {v4} is a WR-set of I”. Hence for this graph the cardinality of 
the minimal SR-set is much larger than the cardinality of a minimal WR-set. 


7.3.C Lattice Fibrations. Universal Cycles in the Fibers 


Recall (see e.g. Sect. 7.3.A, especially the first paragraph of the proof of 7.3.18) 
that if I” is rational, then O is a x,,—minimal lattice point, and 0 ~ Sx, .n 
(n > 0) admits a strong deformation retraction: there is a x,,—non-increasing 
(combinatorial) flow contracting any Sz,» (and L @ R) to 0. 

Here is the motivation and the intuitive picture of the next construction. 

Let us start with the lattice L and a representative k = —Zx +2I,,. Then (dictated 
by some ‘badness properties’ of some of the vertices, indexed by VY) we will 
write the set of vertices Y as a disjoint union WuV*, such that any sublattice of 
type / + L(V*) (where / = ee ly Ey € L(V)) behaves as a rational lattice, 
that is, it can be contracted to one of its lattice points via a x,—non-increasing 
flow. (In other words, ‘L, or the spaces Sy, project to L(V) with contractible 
fibers’.) On the other hand, the x;—minimal point of [+ L(/*), where 1+ L(v*) 
contracts, depends essentially on /; it is a crucial universal point xy (D) of i+ 
L(V*). The aim of different reduction theorems is to recover different invariants 
of the weighted lattice (L, xx) from {xx (xy Nicer: 


In this subsection we define and analyse the points xy (1). If I, = sp then some 
additional ‘positivity’ properties hold for them. & 


7.3.23 The Definition of the Lattice Points x(/) Let us fix a resolution of a germ 
(whose link is not necessarily a rational homology sphere). Suppose we have a 
family of distinguished vertices V := {ve}p_, © VY (usually chosen by a certain 
geometric property). Then we split the set of vertices Y into the disjoint union 
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V i V*. Let {m,(x)}y denote the coefficients of a cycle x € L ® Q, that is 
= ey Muley ; 

We use the notation] := )) plvEv € L(V), and we fix h € H anda 
representative i € L’ with [EJ= = h. Then the cycles x(1) are defined as follows. 


Proposition 7.3.24 ([478, 7.6], [350]) For any 1 € L(V) there exists a unique 
cycle xy (J) = x(l) € L (depending on the choice of li,) satisfying the next 
properties: 

(a) my(x(J)) = ty for any distinguished vertex v € WV; 

(b) (xO+ I, Ey) < 0 for every ‘non-distinguished vertex’ v € V*; 

(c) x(J) is minimal with the two previous properties (with respect to <). 


Furthermore, the cycle x(1) automatically satisfies 
xOD+h<xd+h) foranyl, >0,l € LM). (7.3.5) 


Proof The proof of (a)-(c) is similar to the proof of Proposition 6.6.3. For the last 
statement note that x(/ + 1;) — I; satisfies (a)-(b) for /, hence (c) implies (7.3.5). 
| 


If we wish to emphasize the dependence on /), we write xy (). 


Lemma 7.3.25 Fix z € L with Vu V*-components (Z, z*) (hence z = Z+ 2"). 


(a) xy 4,0) = xy @+2) —z. 
(b) If (z, Ey) = 0 for every v € ¥%, then xy 7@+Z= xy (i) +z. 


Proof Use the universal properties 7.3.24 of the cycles x(J). E.g., for (b), xy d+ 
zZ< xy (1) + z follows from the universal property of xy! (i + 2), while the opposite 


inequality follows from the universal property of xy (i). Oo 


The cycles x(/) satisfy the following universal property as well. 


Lemma 7.3.26 Choose |, arbitrarily, set k = —Zx + 2l,,, and fix some le L(Y). 
Assume that a certain x € L satisfies my(x) = my(x(1)) forallv € W, andx < 
x(0). 

Then there is a ‘generalized Laufer’s computation sequence’ connecting x with 
x(D. The sequence {ziH_9 is constructed as follows. Set zo = x. Assume that z; 
is already constructed. If for some v € V* one has (z; + l;,, Ey) > 0 then take 
Zit4l = Zi + Evy, where v(i) is such an index. If z; satisfies 7.3.24(b), then stop 
and set t = i. Then this procedure stops after finite steps and z; is exactly x(1). 

Moreover, along the computation sequence xx(Zi+1) < XK(zi) for any0 <i <t. 
(Equality holds if g(Eyi)) = 0 and (z + U,, Evy) = 1.) 


Proof Adopt 6.6.3, 6.6.4, 6.6.7 and 7.1.2. oO 
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The generalized computation sequence usually is not unique, one can make several 
choices for v(i) at each step i. 

If the choice of the distinguished vertices V is guided by some specific geometric 
features, then the cycles x (J) inherit further properties. 


7.3.27 Properties of «—Sets We start with an addendum of Lemma 7.3.26. 


Proposition 7.3.28 Let V be an WR-set. Choose I, and setk = —Zx + 2l),. Then 
1+ L(V*) = {x © L : my(x) = m,(x()) forall v € V} contracts to x(D) such 
that along the contraction x, is non-increasing. In particular, x(x) > x(x (D) for 
anyx €14+ L(¥*). 


Proof We follow Lemma 7.3.9 and (proof of) Theorem 7.3.14 (a)=(c) as models, 
applied for I+ L(¥*). Lemma 7.3.26 shows that /_ can be taken as x(D). Here 
we verify that x() might serve for /, too. For this we need to show that for any 
y> x) there exists E, C |y — x(D)| so that xx(y — Ey) < xx(y). If not, then for 
any such E, one has (J, + y, Ey) > 2+ E? = (Zx, Ey). But @ + x(I), Ey) < 
0, hence (y — x(1) — Zx,E,) = 0 for every Ey C |y — x(DI. By summation, 
(y —x(@) — Ze, y —x(I)) => 0, or x(y — x(D) < 0, a fact which contradicts the 
WR (rationality) property. oO 


In some of the applications we do not really need the cycles x (J) themselves, but 
rather the values x;(x(/)) only. They can be determined inductively. 


Proposition 7.3.29 Assume that V is an R-set. Choose I, and setk = K +2l), as 
above. Then for any 1 € L(V)s9 andv € V 


xe(ay U+ Ev) = xe O) + x(Ev) — Gr O + fj, Ev)- 


Proof We show that x(a + Ey)) = xk (x(1) + E,). Consider a computation 
sequence {z;}; connecting zp = x(D) + E, with x(i+ Ey), cf. (7.3.5) and 7.3.26. We 
claim that (z; + /),, Ey(i)) = 1 for any i. Let I’ be a connected maximal subgraph 
with vertices in Y* and adjacent to v. Let w be its vertex adjacent to v. Clearly we 
can assume that the computation sequence ‘fills in’ first the component I’, this first 
part will be denoted by {z; - (containing all Ey ;) supported in I’). If (x ()+E,+ 
I,, Ew) < 0 then this sequence is empty (it will not propagate into I”’). Otherwise, 
necessarily, (x(/) + Ey +lj,, Ew) = 1 (since (x() +1,, Ew) < Oand (Ey, Ew) = 1; 
hence (x(/) + is Ew) = 0 follows a posteriori). Hence z} = x(J) + Ey + Ey. 
Next, one considers the connected graph I" containing the vertices I’ U {v} as in 
Definition 7.3.21(b). Then Z; := z —x() (0 <i < f)is supported on Fr and 
(Zit is the beginning of a computation sequence connecting E, with Zantl ). 
Indeed, (z; — x(d), Ey) = (ai + I, Evay) Ct), hence if (z; + 1, Eyay) = 1 then 
(Z;, Eyi)) = 1 too. However, I” being rational, by the criterion 7.1.2(iv), necessarily 
(z;, Eyiy) = 1in I’, hence in F too. Thus, by (+), (zi +1, Eva) = 1. Oo 
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This has the following application regarding the assumptions of the ‘Unbalanced 
Vanishing Theorem’ 6.4.12. 


Corollary 7.3.30 Assume that V is an R-set. Fix any s € ./. Then there exists a 
computation sequence eee (xi € Lso, xo = 0, Xi41 = X1 + Eyciy) such that 
xX, = 8 and (Ey), xi) < 1 whenever v(i) ¢ WV. 

Hence, a sequence required by Theorem 6.4.12 with Y = V always exists. 


Proof Combine the proofs of Lemma 6.4.15 and Proposition 7.3.29. oO 


Theorem 7.3.31 (Unbalanced Vanishing Theorem—Conceptual Version) 
Assume that V is an R-set. Then there exists a constant M (computable from 
I") such that h'(L) = 0 whenever c\(L) € —SH' and (c\(L), Ey) => M for all 
vey. 


7.3.32 For special choices of /, one has the following ‘positivity’ statements. 


Lemma 7.3.33 


(a) Ifl, = sp orl, = rp then xy () > 1 whenever I > 0. 
(b) In particular, xs, (0) = 0 and Xk, (Xsp, (0)) = 0. 


Proof Set Ii = sy and for a certain i > O assume that x(D) -l= y, — y2 with yj 
supported on Y*, effective and without common components. Then x(/) + sy —1— 
Yi = Sh — y23 (Sn — y2, Ey) < Oif Ey J |y2| and (x() + s,n —1 — yi, Ey) < 0 
otherwise. Hence sp — y2 € -%’, and y2 = 0 by the minimality of s,. Hence x(/) > 1. 
In particular, x,,(0) > 0. But sy € Y’, hence xs, (0) < 0 by the minimality property 
of x5, (0). 

If Ui, = rp, write x) = 1+ x* and ry = r_ + r¥. Then (x* + r*, Ey) < 
(—l — Fp, Ey) < 0 for every v € ¥*, hence x* +r7 > 0 by 2.1.19. But then x* > 0 
too. oO 


7.3.D Concatenated Computation Sequences of AR Graphs 


We analyse AR graphs. For such graphs we prove that any connected component 
of a non-empty S;_, is contractible. & 


7.3.34 Assume that J” is an AR resolution graph. In particular M(J°) is a rational 
homology sphere. AR property means that there exists vp € VY such that if we 
replace ey, = ES. by Gig < ey, then we get a rational graph. If Hi(Ly,Q) = 0 
then the fact that {vo} is an AR-set is equivalent to the fact that {vg} is an R-set, cf. 
7.3.22(e). In the sequel we fix such a vertex uo. 

Our goal is to prove the following property. 
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Theorem 7.3.35 If I is AR, then for any k € Char andn > mg = min xx any 
connected component of Sx,n is contractible. 


Note that the statement is independent of the choice of k in its class, cf. 7.3.11. In 
the sequel we will choose the distinguished representative k,, and we write S, for 
Sk,.n- We also write V = WV uV*, where V = {vo}. For each £ € Z we consider the 
cycles 1 := Ey, € L(V) and x(/) € L from 7.3.C. We abridge xs, (€Ey)) as x(£). 

In order to prove the theorem we construct an increasing path y = {l/;};>0 in 
L (cf. 6.8.B), which determines the l-chain C, := Ujso[/i, /i41] of 1-cubes in 
L ® R, such that C, NS, <> S, is a homotopy equivalence. The construction 
and the statement of the theorem constitute the prototype of the more general 
Reduction Theorem 11.4.3. We also mention that this construction was the original 
intuitive motivation and starting point in the definition of the graded roots, cf. 11.2 
and 11.2.A. 

The construction starts as follows. By Lemma 7.3.12(a) the inclusion R(0, 00) N 
Sn C Sp, admits a strong deformation retraction. Hence we can restrict ourself to 
the intersection with the first quadrant. The path y = {/;};>0 is defined as a series 
of concatenated computation sequences. It contains, as intermediate terms, all the 
universal cycles {x(£)}e>o0 in an increasing order. The first term is 9 = x(0) = 0 
(cf. Lemma 7.3.33). The part of the sequence connecting x(¢) and x(€ + 1) starts 
with x(€) and the next term is x(¢) + Ey,. Then, the continuation is a generalized 
Laufer-type computation sequence connecting x(€) + Ey, with x(€+ 1). Indeed, the 
multiplicity of Eo in both x(£)+ Ey, and x(€+ 1) is €+ 1, and by (7.3.5) x(€+ 1) = 
x(£) + Ey). Hence Lemma 7.3.26 gives a computation sequence yb = ry 
which connects them. Then we proceed inductively. 

Set T(€) := xx, (Xs, (€)). Let o be the order of [Ey] in L'/L and p := my, (0E},)- 


Lemma 7.3.36 


(a) The path {1;}; is increasing: li+) = 1; + Ey). 

(b) For any E,-coefficient one has lime. oo My (Xs, (L)) = 00 (where v € V). 
(c) (Quasiperiodicity) xs,(€ + tp) = Xs,(l) + toE},. 

(d) xx, along each part (subsequence) y© is constant. 

(e) T+ 1) =7(C) +1— Os, (0) + 5, Evy). 

(f) There exists £9 such that t(€ + 1) => t(€) for € = Lo. 


Proof For (b) use part (c), which follows from the universal properties of x(¢) 
and x(€ + tp) (cf. 7.3.24(c)) as in (7.3.5). For (d)-(e) use 7.3.29. For (f) set M as 
maxo<e<p{(x(€), Ey))}. Then by (e) (x(€+ tp), Ey) < M —to foranyO<¢ <p 
andt > 0. oO 


Theorem 7.3.37 Consider the I-chain Cy := Ujsolli,lizi1] in L @ R as above. 
Then for any n the inclusion Cy 1 Sy C Sp is a homotopy equivalence. In particular, 
since each connected component of Cy 1S, is contractible, Theorem 7.3.35 follows. 


Proof There is a natural projection L(V) = Z* > L(V) = Z, which induces a 
projection p: L(V) @R = R*® > L(Y) @R = R. It restricts to the quadrants 
R(O, co), — R(O,0o)z (the real rectangles in L(V) and L(V) respectively) 
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and it extends to maps at the level of cubes as well. We wish to show that the 
inclusion Cy 1 Sp MO R(O, oo), C Sy M R(O, o0)z is a homotopy equivalence. 
In fact, we can replace this pair by a compact pair. Indeed, let us fix &o as in 
Lemma 7.3.36(f), and consider the part of the path I” starting from x(¢0), namely 
x(l0), x(€0) + Evy, yO, x(€o + 1) + Exp, yO”, ---. By Lemma 7.3.36 this 
is xz,-non-decreasing. Hence, similarly as in 7.3.9 with 14 = x(€o), or in 7.3.28, 
we get that the above pair has the homotopy type of Cy N S, 1 R(O, x(€0))_ C 
Sn ORO, x(€o))L- 

Next, we slice S, M R(O, x(€09))z with the fibers of p : Sp. R(O,x(lo))_ > 
R(O, £0)z. The base space R(0, £o)z is a segment, and it has O-cubes {f}o<¢<ey 
and lI-cubes {[¢, € + l]}o<c<¢). For each € we show that the inclusions Cy) M 
Sn 1 ROO, x(€o)) N p02) C Sp A RO, x(Eo)) A p'() and Cy NS, A 
R(O, x(€0)) N p7 (Le, £ + 1]) © Sp N RO, x(lo)) N pa! (Le, £ + 1)) admit strong 
deformation retractions and all these homotopy equivalences are compatible with 
the corresponding boundary maps and the retractions glue together to the path C,. 

The retractions will be defined via certain paths as in several previous proofs. For 
each 0 < ¢ < £9 we construct two increasing sequences: a connects LEy, to x(€), 
while 8 connects x(€) to x(€9) — (€9 — £) Evy. Botha and B™ sit in p~!(£). 


a consists of the concatenated sequence: yo + (€ — 1)Ey,..-, yD) + 
Ew; yO, 
pO consists of the concatenated sequence: yer) = Figicias yo) —(lo—£) Evy. 


Shifting y “-sequences is monotone in the following sense: for any v 4 v9 


{ir xe, D) = Xe. (+ Ey) then xz, (1+ Eu) = xXx, + Ev + Eyy) too, 
If x4, I + Evy) < Xk, + Ev + Evy) then xx, (1) < x4, (1 + Ey) too. 


This shows that x,, along w is non-increasing, while along 6 is non-decreasing. 

Let us consider first the homotopy type of the pair (A c BM) = (Cy N Sp O 
RO, x(l9)) N p7!(€) C SpA RO, x(l0)) N p~!(2)). Using again retractions along 
the sequences a and Bp, the pair retracts to the pair ({x(£)} C {x(£)}). 

Let us note the following phenomenon. In p~!(€ + 1) by the above argument 
we can contract S, N R(O, x(€9)) N pe + 1)) to x(€ + 1). However, since xx, 
is constant along y+), we can contract it to the point x(¢) + Ey, too. This can 
be done if we replace the two paths w+) and B+ in the fiber p~!(€ + 1) with 
a + E,,, respectively with the concatenated y+ and p+), 

In fact, we see that the pair (A+) c B+!) can be retracted to several pairs, 
either to the pair ({x(€) + Ey)} C {x(€) + Eyo}), or to ({x(€ + D} Cc {xl + 1}), 
or even to (Cy a+), Chern) as well. Here Cye+n is the path connecting x(£) + Ey, 
to x(€+ 1) in p~!(€ + I) given by the sequence y‘!. 

Moreover, the pair Cy 1 Sp 1 RO, x(€0)) N p'((@, €+1]) C Sn NRO, x(€0)) 
p '([é, € + 1)) retracts along a + Ey, and the concatenated (y+), B+) to 
the pair of identical segments ([x(€), x(€) + Eg] C [x(€), x(€) + Ev). 

Let us summarize. The subspace Cy 1 Sp 1 R(O, x(€0)) N gp ({@, + 1]) admits 
a strong deformation retraction to the segment [x(€),x(€) + Eyl), Cy A Sn A 
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RO, x(€0)) N po! (€+ 1) to the 1-chain Cyn connecting x(£) + Ey, tox(€+ 1), 
Cy OS, ORO, x(€9)) Np! ({€+1, €+2]) to the segment [x(€+1), X(E+1)+ Ey), 
etc. 

These steps iterated show that C, N S, C S, admits a strong deformation 
retraction. oO 


Example 7.3.38 


(a) If I” is rational, then Theorems 7.3.14 and 7.3.37 combined show that xx, along 
the sequence y constructed above is non-decreasing, hence along y the space 
Sp R(O, oo) can be contracted to the origin (n > 0). 

(b) Assume that I” is elliptic and k; = —Zx. We wish to compare the set 
{x(€)}e>o with the set {F_; = 0, Fi,..., Fn} associated in 7.2.40 (3) with 
the elliptic sequence (see also 7.3.15 for another characterization of the set 
{F_; =0, Fi,..., Fr). 

First note that x (x(€+1)) > x(x(8)) if and only if x(£) € 7 (use 7.3.36(e) 
and the definition of x(€)). Furthermore, we claim that 


{x(l) : x(x(0)) = 0, x(0) € -Y} ={F1,..., Fa}: (7.3.6) 


Hence, the sequence {x (€)}¢>0 contains (at certain easily identifiable places) the 
guiding cycles {F;}; of the geometry of the elliptic germs. 

Indeed, the inclusion C in (7.3.6) follows from 7.2.40(5). Conversely, fix one 
of the cycles F;. Let €; be its E,,)—multiplicity. Then both x (€;) and F; have the 
same E,, multiplicity. Hence by 7.3.28 we have 0 = x (Fi) => x(x(€;)) = 0. 
Thus x (x(€;)) = 0. 

Furthermore, from 7.2.40(3) we have F; € .%, hence by the minimality 
of x(€;) we obtain F; > x(€;). But then, since Ey, ¢ |F; — x(€;)|, we get 
(Fj — x(€i), Evo) = 0. This together with F; € .Y shows that x(€;) € 7 too. 

Hence, under this correspondence, my) (Fi) = Muy (x(£i)). 

Recall also that by 7.3.15 the cycles {F_1,..., Fn} are the (unique) maximal 
elements of the connected component of Sx 9 (hence n + 1 = €seq). 


Remark 7.3.39 In general, it is not easy to find the cycles x (¢) (say, associated with 
k,). Fortunately, in several applications (see e.g. 11.3) one does not need all the 
coefficients of these cycles, only the values t(€) = xx, (Xs, (€)). In most of the cases 
they are computed inductively using 7.3.36(e), hence basically one needs only to 
know (x5, (€) + sn, Evy) for any €. 


Example 7.3.40 For the determination of the universal cycles {xs,(€)}¢ and the 
corresponding t-function in the case of star-shaped graphs and surgery manifolds 
see 11.3.A, 11.3.B and 11.5. 


Chapter 8 ®) 
Multivariable Divisorial Filtration heal for 


8.1 Multi-Variable Series 


8.1.A Multigradings 


We consider rings graded by an abelian group A, and (under some finiteness 
assumption) we define their Poincaré series. Furthermore, in the presence of a 
finite abelian group action, we define their equivariant versions as well. & 


8.1.1 Let A be an abelian group. We say that the polynomial ring S := C[x] = 
C[x1,..., Xn] is A-multigraded if a group homomorphism deg : Z” — A is given, 
which associates to each monomial x* = ay -++x7" an element a = deg(a) € A 
(denoted also by deg(x”)). For any a € A let Sg be the vector space C(x*) deg(w)=a3 
its elements are called homogeneous polynomials of degree a. Then S = ®aca Sa, 
and Sa - Sp C Sa+p. We assume that ker(deg) 1 N” = 0; hence Sg = C, and each 
Sa is finite dimensional, cf. [425, 8.1]. 

More generally, a ring R is A—multigraded if there is a Z-module isomorphism 
R = @acARa and Ra: Rp C Ra+p. Elements of Ra are called homogeneous of 
degree a. In most of our cases R is an A—multigraded C-algebra such that Ro = C 
and Rg is finite dimensional for every a. 

C itself is A—multigraded (for any A) if we take Ro = C and Rg = O fora 4 0. 

Fix a ring R with an A—multigrading. An R-module M is A-multigraded if M 
admits a direct sum decomposition M = ®ac4 Mg such that Ra - My C Ma+p for 
any a and b. There is a well-defined notion of graded morphisms of graded modules, 
hence of graded kernels, images and cokernels as well. 
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If M is an A—multigraded C-module (i.e. M = @ac4Ma as C-vector spaces) 
such that each Mg is finite dimensional, then one defines the Poincaré series of M 
by 


P(M;1t):= > dim(M,) - t? € Z[[A]]. (8.1.1) 


acA 


Usually, A is naturally embedded in some lattice a If A = Z, and in Z we fix 
a base {ex}x, then Z[[A]] is also denoted by Z[[t* 4] := Zit rae Seis ral and 
=TI, i" for )>, acex = a € A. Set also Z[[N*]] = Z[[t]] := ANTE aasteg tel tbe 
ring of formal power series, Z[t], the ring of polynomials, and Z[t][t~'] the ring of 
Laurent polynomials. Then Z[[t*!]] is a module over both rings Z[t] and Z[t][t~!]. 
If a € N° \ {0}, then we rewrite the series }7;, <1 t in the form of the ‘rational’ 
expression 1/(1 — t*). 


~ 


un 


Example 8.1.2 
(a) Assume that each deg(x;) € N* \ {0}. Then 


1 


PORES = TH tray © 


€ Z[All. (8.1.2) 


(b) Assume that the polynomials f),..., f are homogeneous with respect to deg. 
Then the affine coordinate ring R = C[x]/(fi,..., f-) is a graded module. 
Moreover, if {fj}; is a regular sequence, then for the complete intersection R 
one has 


[Tai (1 — 8°) 


P(R;t) = TT, d — eee) = teE@) € 


Z{[A]]. 


For the proof use the Koszul complex associated with f...., f, cf. [89, 1.6]. 


Example 8.1.3 (The Equivariant Case) 


(a) Let us fix a multigrading as in 8.1.1. Assume that H is a finite abelian group, 
which acts on C” via diagonal matrices. Then H acts on the polynomial ring 
C[x] as well via the characters x1,..., Xn € H: that is, h * xj = x;(h)x; for all 
i. Then the action preserves the multigrading. For a character x € H we denote 
by C[x]* the x-eigenspace, which has a natural induced A—multigrading. Then 
the Poincaré series of C[x]* is given by the Molien’s formula: [72, 439, 651] 


P(C[x)*; t) = — o> == e ZA] 
“ii Tair — xi ayedee)) 


8.1 Multi-Variable Series 347 


This is equivalent (via Fourier transform) by 


1 
d, PCHY.0- x= Tr GED € 


xe 


Here, again, 1/(1 — x - t?) means }°pey th. xk e Z{LAIILA]. 

(b) Assume that R is a complete intersection C[x]/(fi,..., f-) as in 8.1.2. We 
consider a group action of H on C[x] as above, which has the property that 
hx f; = pj(h)f; for any j, for certain characters p; € A. Then R inherits 
an action of H compatibly with the multigrading. The Poincaré series of its 
x-eigenspace R% is: 


Tai = pj ete) 


. — 1 1 
PRED = Te De OO Te ey 


|| heH 


The proof is a combination of the Molien’s formula with the Koszul complex, 
see e.g. [533, Appendix]. Again, by Fourier transform, this also reads as 


P(R*,t = TTja1 -— 2; . de8(F7)) 
2 PRO = TG aa 
xeH jai (1 — x3 - t8G)) 


Example 8.1.4 (Cyclic Quotient Singularities) Consider the singularity (Xn.q, 0) 
defined in Example 2.3. Here we focus on the realization (e) of Theorem 2.3.1. 
Accordingly, we consider its affine coordinate ring R := C[oY M Z*], where oY is 
the real cone in R* generated by (1,0) and (g, n). Let Q be the open-closed ‘unit 
cube’ {t(1,0) + s(g,n) : 0 < t,s < 1}, and set B:= QN Z?. Let us define 
the ‘tautological multidegree’, which assigns to the monomial associated with the 
lattice point (n, m) the degree (n,m) € Z7. In this case 


- a bes 
Pie SS te Aa ey 
aca YNZ2 

The equivariant version runs as follows (for notation see again 2.3). Consider 
C[z1, z2] with the action € * (z1, z2) = (€z1, €%z2), where H = {E €C : &" = I}. 
Then the invariant part C[z1, z2]” is exactly R. Extend the multigrading deg by 
zi > 4(1,0), 22  4(q,n), with A := (4Z) x Z. Set xo € HA, xo(e?7!/") = 
e7i/" Then 


1 oe 


P(C[z1, Z2]*; t)- x = —————_—__—__ € 
2 (= xo tH) = xf tO) 


xeH 
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Example 8.1.5 Assume that A = Z and R = DO Re with Ro = C. If R is 
Noetherian then R is finitely generated as a C-algebra and each Ry is a finite 
dimensional C—vector space. Let y1,..., ys be a set of homogeneous generators of 
R. Then, the Hilbert—Serre theorem asserts (see e.g. [33, 89, 650]) that there exists 
a polynomial K (R, t) € Z[t] such that 


PR = 2 Z 
(R; t) = Thad — 20) € Z{[t]]. 
If d is the (Krull) dimension of R then there exist aj,...,ag € Zso and K(R,t) € 


Z[t] with K(R, 1) > 0 such that 


K(R,t) 


P(R; t) = ————"_ 
Ti — #4) 
In particular, lim;1(1 — ta - P(R, t) is a non-zero finite number, that is, d is the 
pole order at t = 1 of P(R, t), cf. [33, 650]. 

See [650] for additional properties of P(R,t) when R is Cohen—Macaulay or 
Gorenstein. 


8.1.B Poincaré series of Weighted Homogeneous Singularities 


Recall that all the finitely generated Z>o-graded C-algebras correspond to 
affine varieties with good C*-actions, see 5.1.1. Assume additionally that the 
singularity is normal and 2-dimensional with g = 0. We provide the equivariant 
Poincaré series {P_}neH associated with the graded algebra of the universal 
abelian covering in terms of the topological Seifert invariants of the link (formula 
obtained by Dolgachev, Neumann and Pinkham). 

In order to understand the asymptotic behaviour of the coefficients of Py, (R, t) = 
> ps0 cet®, in this book we will consider several ‘regularization procedures’ : 


(I) € + ce for € > O is a quasipolynomial | + N(¢) of degree 1 
explicitly computable from the Seifert invariants. In particular, there exists 
a period p € Zyo and a polynomial n +> ‘Bp(n) of degree 2 such that 
nb hem ce equals §8,(n) for every n. The coefficients of 8, (1) 
(especially its free term, called the ‘periodic constant’ of Py, cf. 8.7.1) have 
a distinguished role in this book, cf.8.7.9. The formula is based on the 
computation of the degree 2 polynomial n +» )°,_,,(1 + N(£)) given 
in 8.1.11. 

(II) We will express (in a unique way) the (twisted) rational function P, = 
Py(R,t) as Ph = Py + P,, where Py is a (twisted) polynomial and P~ 
is a (twisted) rational function of negative degree. The decomposition (with 
such properties) is unique, and, in fact, the coefficients of P, are given 
exactly by 1 + N(€) for every ¢. It turns out that P, and P, determine 
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each other. The ‘polynomial part a > plays a crucial role as well. The 
regularizations (I) and (II) are connected by ‘8, (0) = ey (1). 

(III) In part (I) the numbers {ce}¢ are (tautologically) the coefficients of the 
Taylor expansion at t = 0 of the rational function determined by the series. 
Additionally, we consider the Laurent expansion of this function at tf = 1, 
P,(R,t) = Vj.-,C; 0 - t)'. Its coefficients {C;}; are again important 
invariants (C_2 and C_ are ‘classical’, see 8.1.12, while Co is related with 
the torsion invariant of the link, see 9.7.A). 


The formulae (and their regularization properties) serve as prototype for gener- 
alizations for other singularities, when the local algebra is not graded, however it 
has several filtrations. & 


8.1.6 Let (X, 0) be a weighted homogeneous normal surface singularity, see 3.5.A 
and 5.1 for notations. We assume v > 3 and g = 0. Recall that e denotes the virtual 
(orbifold) Euler number and x the virtual Euler characteristic of the link. 

By Theorem 5.1.33, the universal abelian covering (Xq, 0) is acomplete intersec- 
tion in C[z1,..., Z)]. We introduce the rational degrees deg(z;) = (lela;)~! € +2. 
Then all the equations have degree deg( fj) = |e|~!. In particular, the affine ring 
R(Xq) is +7Z-graded. 

Since for eachh € H one hashxz; = O(LE;, Ih)zi and hx f; = 0([E5])(h) fj. 
by 8.1.3 the equivariant Poincaré series of R(Xq) is 


SY) PUR(Ka)% 1) x = 00) Pi(R(Xa).t) Al) € ZU A], (8.1.4) 


xe heH 
where yc Pa(R(Xq).t) - [A] € ZU[t7]1LH] is 


(1 — [eg}eetyy? (1 — [Bx] 1 Eb ES)e—2 
; Wr) Ge ey ae, 
Tj=1 dd a [Ej,1t ela; ) Tj=1 ad = [Ej5,1¢ J ) 


8.1.7 Recall that a j[E%, |] = [E}5]. Therefore, >°, Pr(R(Xa),t)[h] has the 
following expansion (cf. [506]): 


a ERY" wth 
(1— [£9] 1%1)~?-| | ——+>—— = 0 tho ko EG [| SO 1k BG, 7 
i 1 [LES |e to20 j kj=0 


= ya ae ko) [ko EG 4 Yok EF Torey hile), 
J 


where the first sum is over ko > 0 and 0 < kj <a; foreach j. 
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Let us fix h € H and write it ash = [l! 


T 


edl> Ded = agE9 + par ajE;.. € 
L' for certain integers {a;}j>0. Then using the relations in H, cf.3.5.4, [koEj + 


» iki E¥s,] = h if and only if there exist integers ¢ and €; such that 


koES+) kjEt, = aEG +) a/Et, +) fi(E$—ajE%,,)+£0EG— > ojE4,,), 
j j j j 


hence kp = ag + ay €; + tbo andk; =a; — ja; — tw;. Then €; = |(—fa@; + 
aj)/a;| and , 


Pi (R(Xq),t) = y | max { O,1+ Ni, } : pita (8.1.6) 
leZ 
where 
. la; —aj . ea) 1 aj 
Ny © = ao + bo 7 2 4 and a i= —(Ep, lied) = ig (aor 2 a 


Since N; WO < |e|(€ + a), the sum in (8.1.6) is in fact over integers £ > —a. 
Above a depends on the choice of the integers {aj} ;>o in the representative /'. ,. 

Adding Ej — a; Ae (hence modifying ao into ap + | and a; into aj — aj) has no 

effect on a, but adding by) Ej — >> jojeE “e increases a by 1. However, the expression 


(8.1.6) is independent of the choice. By a convenient choice of //,; we can assume 


a € [0, 1). With this choice, the summation in (8.1.6) is over integers £ > 0. 


Example 8.1.8 Let us fix again h € H, and let l! = apEj + oj, aikE}, € L’ 
be one of its representatives. /’ can be rp, or sy, but also any other representative. 
Then [7,4 = aoE§ + oix Aiki) 5 Eis, is still a representative of h, and it satisfies 
(E51) = (£5, Ug). Usually we write Ny = Ny: 

In particular, if we start with the representative /’ = r,, then a = —(E5: Tn) 1S 
in [0, 1), and the summation in (8.1.6) is over £ > 0. Similarly, if we take /’ = sp, 
then a > 0 and (merely from the above discussion) it might not be necessarily in 
[0, 1). But again, due to the (SJ,.¢) relations from 6.6.20 (see also (6.6.28) and the 
paragraphs after it), the summation is over £ > 0. 


8.1.9 Let us assume that the summation in (8.1.6) is over £ > 0 (independently 
whether a ¢€ [0, 1) is true or not). Clearly P,(R(Xq), t) can be written as the sum 
P; (R(Xq), t) + P, (R(Xa), t) = P,(t) + P, (1), where 


Pays ) * max {0,—1 — Nyt) }-1**, Pr = > (1 + Np(e)) «°F, 
£>0 L£>0 
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Since e = —bo + yi wj/aj < 90, Pt (t)/t* is a polynomial. Moreover, the 
‘regularized’ series P, (t) also has a distinguished property, namely P, (t)/t° can 
be written as a rational function of negative degree. More precisely, 


j 1 
kj. pet 
5 (ah SH —a) Ke 


Corollary 8.1.10 P,(t) = Py(R(Xq), t) can be decomposed in a unique way as 
Pd + P, (t), where Pew) is a polynomial, and P, (t)/t* is a rational 
function of negative degree. In particular, by this property (and the form of their 
coefficients) P,(t) and P, (t) determine each other. 

(With the choice a € [0, 1), P,, (t) itself has negative rational degree.) 


a 


e-t 


d =a? 


P@®=(-- 


j=l kj=0 


8.1.11 In general, it is rather hard to compute the counting functionn > )>,_,(1+ 
Ny (£)) of the coefficients of P, (t) explicitly for every n because of the quasi- 
periodical nature of Nj. However, taking multiples of the natural period, the output 
is simple and conceptual. Indeed, 


Yat M7) = >> (1+ ao + tb) + = 3 (Z —“*i}) 


£<an £<an J J 


el (any? + (lela = a + * Jan. 
(8.1.7) 


8.1.12 Next, we determine the first three terms of the Laurent expansion of P,, (t) 
at t = 1. By a computation, using the identities of 2.2.A or the identity 

é~¢ 

1-€é’ 


n—1 
—n{c/n}+ ao ee 
gM =1 AE 


we obtain (see also [506]) 


P, (O/t* =—7 + xi fey +e y(- [— eet + Ea) 


2a; 
j=l ¢>0 J 


_ et x/2-ea a é-4) 
i Ae 7 Fo Se 
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Using (2.2.10) and (2.2.11) we obtain the expansion 


et Ps Cm 2-—X 
(i —t)2 1-t 4 


- 3 (sj, 0) + 1S + > ()) + Ry (0), 


j=l kj=l J 


Poe == 


(8.1.8) 


for some function R(t) with lim;_,; R1(t) = 0. Hence (with lim;_,; Ro(t) = 0): 


—e x/2+e 2-x , x —e(a-1) 
(1-1) 1-t 4 2 


- : (s(wj,a)) + 1S] > (ee ))) + Rae. 


kj=1 J 


PO= 


(8.1.9) 


Note that the non-regular part —e/(1 — t)* + (y/2 + e)/(1 — ft) of P, (t) is 
independent of h. 


8.1.13 The Non-equivariant Poincaré Series of the Universal Abelian Covering 
Let Pne(R(Xq),t) = an P(R(Xq)*, t) be the projection of ae P(R(Xq)%,t) - 


1 > 1 
x € Zl[te]][A] into Z[[r* ]], the Poincaré series of the universal abelian covering 
associated with its natural C* action. Then, using the non-equivariant version of 


(8.1.5), with the notation S(k) := vi a fork = (ki,..., k,), one has 
J i 


1 
ls i a ee Hs) 


die ie 
Tj=1 ¢) ~~ phe ) (1 —pl4 - OSkj <aj 


I<js<v 


Pre(t) = (8.1.10) 


8.1.C Filtrations 


We introduce Z*—filtrations of C—vector spaces and (under certain finiteness 
property) their multivariable Hilbert series. Once we have a Hilbert series H(t), 
the corresponding multivariable Poincaré series P(t) is associated canonically 
with H(t) by the relation P(t) = —H(t)- Tj. _ i) in Z[[t*!]] (and not 
as the Poincaré series of some associated Z*’—multigraded vector space). Usually 
P contains less information than H, however we develop certain criteria, which 
allow us to regain H from P (the procedure is called ‘inversion’). 
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We list several geometrical/algebraic possibilities to define Z*—filtrations: using 
order functions, valuations, projections via factorization, collection of weights 
(e.g. associated with a Newton diagram), or powers of the (maximal) ideal. 

The case of (plane) curves is exemplified with more details. & 


8.1.14 Fix the standard basis {e;}; of Z*, e; = (0,...,0,1,0,...,0). Write also 
er = ba, e; for any J C {1,...,s5}. Assume that the C-vector space M is Z*- 
multigraded, M = ®aezs Ma, with dim Ma < oo. Write the Poincaré series P(t) = 
>>, dim(M,)t* as )°, p(a)t®. For any a € Z* set F(a) := @a'>aMy C M. Then 
{F(a)}aq defines a Z*—filtration of M with 


F(a) C F(a’) foranya> a’. (8.1.11) 


Assume that for each fixed a the set {a : a’ # a, My 4 0} is finite. Then define 
the Hilbert series of the filtration by 


H(t) = y h(a)t?, where (a) := dim(M/F(a)), (8.1.12) 
acZs 
or 
h(a) = D> pa@’). (8.1.13) 
a/Fa 


The multigrading and the Poincaré polynomial can be deduced from the filtration 
by Mg = F(a)/ >>; F(a+ e;), hence by the inclusion—exclusion principle 


P®) =H -T]a—1), or pa@a)= Yo (-D'!h(at+er). (8.1.14) 


i=l IC{1,....5} 


Remark 8.1.15 Assume that the multigrading of M is supported in the first quadrant 
of Z*, that is, Mj = 0 whenever a ¢ N*. Then P(t) € Z[[t]], and we are tempted 
to consider the filtration and Hilbert series supported merely on (‘the simpler’) N*. 
In other words, we define F’(a) = ®a’>aMa and h/(a) = dim(M/F’ (a)) for any 
a € N* and set H'(t) := )oyenys 6’ (a)t* € Z[[t]]. Clearly H(t) and H'(t) determine 
each other: H’ is the part of H supported on N*, while H can be recovered from 
H’ by the formula h(a) = 6’ (max{a, 0}). Nevertheless, the identity (8.1.14) is valid 
for the pair P and H and it is not valid for P and H’. This fact—together with the 
presence of several geometrical filtrations naturally indexed by Z* — motivate the 
choice of Z* versus N* (even if P(t) € Z[[N*]] holds). 


8.1.16 In ideal situations we search for the presence of a multigraded structure, 
however in many geometrical/algebraic situations we do not have a multigrading, 
but only a filtration, that is, a family of subspaces { F'(a)}acz» of M with the property 
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(8.1.11). In general, M/F (a) can be infinite dimensional (see e.g. M = C[f, ta] 
with the natural monomial Z*—multigrading). If dim(M/F(a)) < 00 for anya € Z’, 
then we define the Hilbert series H(t) as in (8.1.12) and the Poincaré series P(t) by 
(8.1.14). However, even if H and P are well-defined in this way, in general, we 
cannot expect the validity of the identities (8.1.13). Furthermore, in general, p(a) is 
not the dimension of certain spaces (it can be even negative), see 8.1.18 or 8.1.22. 

Though the multiplication by [];(1 — i in Z[[t]][t~'] (where Z[[t]][t~!] is 
considered a Z[t*!]-module) is injective, in general, the multiplication by T],d - 
i) in Z[[t=!]] has a non-trivial kernel. Therefore, in general, taking P instead of 
H, one loses some information of H. In some cases one can recover H easily from 
P (e.g., when s = 1 and H(a) = 0 fora < 0). Nevertheless, the general ‘inversion’ 
(and its concrete form) is not automatical at all. When additionally the identities 
(8.1.13) hold for every a € Z*, we call them the ‘inversions’ of (8.1.14). 

(In the cases when we recover H from P we use special additional properties 
of H and we prove that with such properties there is a unique H which satisfies 
(8.1.14) with fixed P. This unique solution is not always the inversion (8.1.13), see 
e.g. 8.1.26. However, in this book we will strongly distinguish the inversion of type 
(8.1.13) from any other type of relationship connecting P and H.) 


Example 8.1.17 Take M = C? with a Z?-filtration defined as follows: F(a) = 
F(max{a, 0}), F(0) = M, F(G,0)) = C x 0, F((O, j)) = 0x Cand F((i, j)) =0 
fori > 1 and j > 1. Then P(t) = 0, hence the ‘inversion’ does not hold. 


Example 8.1.18 There are filtrations, which are not induced by multigradings. 
Assume e.g. that F is a Z>—filtration with F(a) = F(max{a, 0}), F(0) = M = C?’, 
for the positive generators {e; € DB yig 1,2,3 the subspaces { F'(e;)}; are 1-dimensional 
and distinct, and F(e; + e;) = 0 for any i, j. In this case P(t) = —1+t +n +8, 
hence p(0) < 0. On the other hand, in this case, the ‘inversion’ holds. 


Proposition 8.1.19 Assume that there exist 


(a) acone S = 19 + >); Reo: ve C R* with vertex vo € R* and generated by 
vectors {ux}, ve € (0, 00)§, such that for any a € Z* there exists a unique 
min{fb : b>a, be YM Z*}, called m(a); 

(b) a filtration {F (a)}a such that for all a we have dim M/F (a) < co and F(a) = 
F(m(a)), and there exists ag so that F (ap) = M. 


Then P(t) is supported on YY, and the ‘inversion’ (8.1.13) is valid for any a. 


Proof From the uniqueness of m(a) it follows that fora < b one also has m(a) < 
m/(b) (+). From the definition, if a ¢ 7 then there exists i with a; < m(a);. Then for 
any I 2 i the property (+) implies m(a+e,;) > m(a), hence m(a+e;) > a+e; +e; 
and F(a+ e;) = F(a+e; + ;). This shows the first statement. 

Next we prove (8.1.13) for any a. Choose ko with sufficiently small entries such 
that ko < min{a, ao} — (1,..., 1), hence in particular F(ko) = M and h(Ko) = 0. 
Moreover, choose k > ko with sufficiently large entries such that {a' € Y : a’ # 
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a} c {a’ : ko < a’ < k}. Then the sum Va'Za PCa’) equals S = }* p(a’), (sum over 
a’ # a, ko < a’ <k) since the support of P is in 7. But, 


S= Yo VED" heal + e7) = bla) — b(ko) 


a’Za, kg<a/<k = 
by combinatorial cancellation. Oo 


Remark 8.1.20 In the above statement the cone .” cannot be replaced by Ro, 
see 8.1.26. On the other hand, in some cases Reo also works. E.g., if (a) there exists 
ag such that h(a) is constant (finite) for any a £ ag, (b) F(a) = F(max{a, 0}), and 
(c) F(0) = M, then P is finitely supported in N* and the inversion holds again (with 
the above proof). For a concrete example see 8.1.18. 


Example 8.1.21 (Filtration Associated with an Order Function) Let (X, 0) be an 
analytic space germ, and @y , be its local ring of analytic functions. A function 
v: Oy 9 > ZU{oo} is called order function if o( f+ f2) => min{v(f)), v(f2)} and 
o(fi fo) = v(fi) for any fi, fo € Ox,o. If additionally o( fi fo) = v( fi) + v( fo) 
holds for any f|, 2, then it is called a valuation. 

If {v,,..., vs} is a collection of order functions and a = (qj,...,ds5), then 
F(a) ={f € Oxo : vi(f) = aq; for alli} is an ideal of Oxo, and {-F(a)}a is 
a Z* filtration. It satisfies FY (a) N ¥(b) = FY (max{a, d}). 


Example 8.1.22 (Filtration Associated with a Collection of Weights) A system 
of weights for Gcx9 is an n-tuple Ww = (w1,--- , Wn) of positive integers. For 
a monomial x® one defines its weight by w(x®) := >°; wja;, and for any f = 
Yow CoX” € Ocn,o one defines the valuation associated with w by 


(f) = bw(f) = min, w(x") (f € Gcr0). 


If we start with s n-tuples w1,..., Ws, each of them determines a valuation by, . 
Their collection defines a Z*—filtration Fcn 9 of Ocx.o (cf. 8.1.21). The filtration is 
associated with a Z*—multigrading (with deg(x*) = (wi(@),..., Ws(a@)) € Z&o). 
Hence the Poincaré polynomial is the same as the right hand side of (8.1.2). 

Let (X,0) Cc (C”,0) be an analytic germ and let D : Ocrg > Oy be 
the natural projection. Fix also a collection wi,..., Ws of weights for Gc»,9. The 
valuations bw, on @cr 9 induce order functions on Gyo by 


vx,w(®(f)) = twit): (8.1.15) 


max 
ff: ®(f)=8(f) 


Thus, the weights {w;}; induce two Z*—filtrations on Gx. The first one is given by 
projection: F?" (a) := ®(.Fcn o(a)). The other one, is the filtration ¥° associated 
with the collection of order functions {vx w;};_,. From definitions it follows that 
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FP'(a) C F°(a). If s = 1 then they are equal; however, for s > 1 they might 
differ. 

The next example shows a few pathological/typical behaviours. 

Take X = {x4+4+x7y+xy?+y* = 0} c (C’, 0) and the weights w = wy = (2, 1) 
and w2 = (1,2). Then vy w(®(y*(x + y’))) = vx,w(G(—x* — x*y)) = 5, but 
Dx w(P (y?)) = 2 and Dx w(B(x + y?)) = 2. Hence usually vy w is not a valuation. 
Moreover, the class of y7(x + y”) belongs to .¥°((5,5)) \ F?" ((5,5)), hence ¥° 
and .¥?" are different. By taking the two representatives of y*(x + y~) one sees 
that it is in the intersection ¥?" ((5, 4))N F?" ((4, 5)), hence F?"(a)N F?" (b) F 
FP" (max{a, b}). That is, F?" is not the filtration of any set of order functions. [In 
general, ¥?" coincides with a filtration provided by a set of order functions if and 
only if A?" (a) F?" (b) = F?" (max{a, b}) for all a and b [384].] 

In the case of previous example, one can also check (use e.g. 8.1.23) that the 
Poincaré series associated with ¥?" is 1 — t4)/((1 — t@- Py — t@)), hence 
the coefficient of t¢# is —1 (in particular, it cannot be the dimension of any space). 

Usually we assume that our order functions have values in Z>9 U {oo}, and they 
are centered at the maximal ideal, that is, {f € Gx. |v(f) > 0} = myo. 


Example 8.1.23 ([384]) Consider s valuations bp := (b1,...,05) : @cr9 > 
(Z>0 U {o0})*, all of them centered at the maximal ideal. Assume that X = {f = 
0} c (C",0) is a hypersurface. Then the Poincaré series of Ox,, associated with 
FP" is 


1—t2) 


PP?’ (t) = ———_—___€ 
(t) ad — tj) 


Z{[t]]. (8.1.16) 


Example 8.1.24 (Newton Filtration) Let us fix a Newton diagram in R29. Let w 
be the primitive normal vector of one of the facets (with positive integral entries). 
Then it defines a valuation and filtration of Gc» 9. If we consider the collection of 
valuations associated with all facets of the diagram we get the Newton filtration 
of Gc» 9 associated with the corresponding Newton diagram. This induces two 
filtrations on the local ring of any (X,0) C (C”,0) as in 8.1.22. The Poincaré 
series of ¥?" is given in (8.1.16) if (X, 0) is a hypersurface (for more general 
cases see [383]). The Poincaré series Pgo of ¥° for some particular diagrams 
(‘stellar’, ‘bi-stellar’) are computed in [172, 383, 384] as Pgpr. In fact, for a 
hypersurface singularity with non-degenerate principal part the filtrations ¥?" and 
F° coincide if and only if the diagram is bi-stellar (every two facets have a non- 
empty intersection). 


Example 8.1.25 (Maximal Ideal Filtration) Let mx,o C @x,o be the maximal ideal 
of the local ring of a germ (X, 0). Then ¥(k) = Mes (k € Zso) is called the 
maximal ideal filtration. 

Although the maximal ideal filtration is the most natural filtration of a local ring, 
its “compatibility’ with other filtrations is usually rather complicated. 
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For example, if (X, 0) is homogeneous, then the ideals my > are homogeneous. 
However, in the general weighted homogeneous case, my , cannot be characterized 
merely in terms of the grading of the ring R(X). For example, if (X,0) = {x7 + 
y* +P = Ome cc. 0), then there is no d such that mn? = @®n>d R(X)n. Indeed, 
deg(z”) < deg(x). 

Even more, the maximal ideal filtration usually is not divisorial either (for more 
about divisorial filtrations see the next subsection). This means that for a fixed 
resolution, usually m\ , is not of type H(X, O%(—D)), for a certain D € L. 
For example, if (a) Zmax = Zmin (hence ie GC H®(Oxz(—2Zmin)); and the cycle 
2Zmin iS maximal with this property), and (b) there exists g € my \ my such that 
dive(g) > 2Zmin, then my o 1S not divisorial. This happens e.g. for the above (X, 0) 
and its minimal good resolution. 


Example 8.1.26 (Filtration Induced by Normalization of Curve Singularities) Let 
us fix a reduced curve singularity (C,0) C (C”, 0) with s irreducible components 
{C;};_, and normalizations nj : (C,0) > (Cj,o0). Then vj : @ = Ocrgo > 
Z>o U {oo}, vi(f) := order,(f(ni(t))) is a valuation. The functions bv := 
(b,,..., 05) define a Z*-filtration, and the corresponding Hilbert and Poincaré 
series are well-defined by (8.1.12) and (8.1.14) respectively. From the definition 
h(0) = O and h(a) = h(max{a, 0}). Hence AH is determined completely by 
A(t)\la>0 = bane, h(a)t®. (Nevertheless, by the discussion below, the ‘inversion’ 
property (8.1.13) fails.) 

For any nonempty subset J = {ij,...,i7)} C {1,...,s} consider the germ 
(C7, 0) = (Ujer Cj, 0). As above, each (C7, 0) determines an |/|-index filtration of 
@, hence the Hilbert series Hc, in variables fj,, ..., tin) associated with (C7, 0) as 
well. Then 


Ac, \a>o(tiy, «++» ti) = Hclazo(t, .--, ts)|n=0, igt- (8.1.17) 


Analogously, we also consider the Poincaré series Pc, of each (C7, 0), defined 
via Hc, as in (8.1.14). For J = % we set Py = 0. The next combinatorial identity 
(see [217]) shows that one can recover H(t) from the collection of Poincaré series 
Pc, (t): 


1 = 
A(t,...,t)laco = Thd-“#) : ~~ (-1)!!! '(T]«) » Poy tis «+ +s tin). 


IC{l,:a;s} iel 


For example, in the case of the plane curve singularity A2,—;, defined by the 
equation x2 — yer = 0, P(t},f.) =1l+ttt+---+ (tt2)"—!, Prrtyn=oj (ti) = 
1/(1 — t;), hence 


ty 


1 12 
_—___ + — 
ad ape! to) \l-t 1 to 


A(t, t2)|a>0 => _ th toot (uny"-) : 
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The image of v (excluding oo) is Yoo := {a € Z : thereexists f € 
@ with v( f) = a}; itis called the semigroup of (C, 0). It can be equivalently defined 
by (see [217]) 


Sco = {ae ZS : h(at+ ej) > b(a) foreveryi = 1,..., 5}. 


Fix some a > 0 and an index i. Then h(a + e;) = h(a) + | if there is an element 
b € co such that b; = a; and b; = a; for j 4 i. Otherwise h(a + e;) = h(a). In 
particular, H and .“c., determine each other. 

Since each -¥ (a) contains the ideal of (C, 0), we get a filtration on Gc, too with 
the same H and P. 

Assume next that (C, 0) is a plane curve singularity. In this case the Poincaré 
series P has the following topological reincarnation as the multivariable Alexander 
polynomial A(t), ..., ts) of the embedded link of (C, 0) in S3 [95]: If s = 1, then 
P(t)d —t) = A), while if s > 1, then P(t) = A(t). If s = 1 this also reads as 


A 
es: PH) =) 6G+)—-H@) = YO vv. (8.1.18) 


1-t 
SESC 6 


Furthermore, for plane curve singularities, by [760] the multi-variable Alexander 
polynomial A of (C, 0) determines the embedded topological type of (C, 0), hence 
the multi-variable Alexander polynomials for all C; as well. In particular, by the 
above correspondence between the Alexander polynomials and Poincaré series, Pc 
determines the collection {Pc,}7; as well. Nevertheless, this reduction procedure 
from Pc to Pc, is more complicated than the above reduction (8.1.17) valid for the 
Hilbert series. Indeed, by Torres formula [699]: 


C1,€. .C;)\-1 
Poyu.-UC, (2 «+5 ts) = P(t, -.-, tnar (1-8! oe og Ca) ‘ 


where (C;, C;) is the intersection multiplicity at the origin of C; and Cj, i # j. 

The above identity of H in terms of Pc, and the above discussion show that 
P determine H completely; nevertheless this procedure is not of type (8.1.13). (In 
particular, (8.1.13) in general does not hold for an arbitrary filtration.) 

On the other hand, regarding the theory of plane curve singularities, the above 
discussion shows that P, H, A and .” determine each other and are complete 
embedded topological invariants of (C, 0). 

Finally we give the formula of P(t) in terms of the embedded resolution graph 
[178] (compare also with ¢—! from 4.1.22). Assume that (C,0) = (V(f), 0) for 
some reduced f = [[}_, fi: (C2, 0) > (C, 0). Let I’¢ be an embedded resolution 
graph, and for each v € ¥ let m', be the multiplicity of f; along Ey. Then 


1 5 
P(t) = [] a —4---y theny, (8.1.19) 
veV 
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Later we will need the next invariant as well. The conductor c = (c},..., Cs) € 
Z, is the smallest lattice point such that c + Ziq C -%c,o. For a ring theoretical 
interpretation (via the conductor ideal) see e.g. [101, 138]. We have 


CG = W(Ci) + Se Cio A Sis). (8.1.20) 
i#i 


8.2 Divisorial Filtration and its Multivariable Series 


We fix a resolution of a normal surface singularity with irreducible exceptional 
divisors {E,},. Each E, defines a valuation of Gx... By considering all of them 
we obtain an L-filtration of Gy, called the ‘divisorial filtration’. If the link 
is a rational homology sphere, and (X,, 0) is the universal abelian covering, 
then we obtain a compatible L’—filtration of Gx, , together with an H-action. 
It provides an equivariant Poincaré and Hilbert series, P and H. The inversion 
property holds for them, and they determine the analytic semigroup as well. 

Next, we analyse the polynomial behaviour of the counting function of the 
coefficients of P: in the Grauert-Riemenschneider vanishing zone it is the sum 
of the (twisted) Riemann—Roch expression and the equivariant geometric genus. 
In general it involves an additional summand of type h 1( Oz (—I')) as well. (This 
property will be reinterpreted later as follows: the periodic constant of P is the 
equivariant geometric genus.) & 


8.2.1 Let (X,0) be a normal surface singularity, @ : (X ,E) — (X,0) be an 
arbitrary fixed resolution of (X,0). We will define an L-filtration of the local 
ring of (X,0) and a compatible H-equivariant L’—filtration of the local ring of 
(Xq, 0) (where H = L'/L). In the whole discussion regarding the universal abelian 
covering (X,, 0) and the L’—filtration of its local ring we will assume that the link of 
(X, 0) is arational homology sphere. At the level of the L—filtration of the Gy, this 
assumption is not needed. We will adopt the notations from 2.1, 6.2.5 and (6.2.1). 


8.2.2 The Module Z[[L’]] Once a resolution is fixed, hence the natural basis 
{Ey}, of L is fixed too, Z[[L]] is identified with Z[tt!] = Tie eet he It 


"Ss 
is contained in the larger module Z[[t*!/4]] = Al ae _.., te '/44], the module 


of formal power series in variables i, where d := |H|. Z[[L’]] embeds into 
Z{[t=!/ al as a submodule: it consists of the Z-linear combinations of monomials 
of type 


/ i I 
2 t)+--ts', where l’=)°, IE, € L’. 


Z[[L']] also admits several Z-submodules corresponding to different cones of L’; 
e.g. Z[[L49]] and Z[[-/’]], generated by monomials t!” with I! € EL, or eo” 
respectively. Both ZULL Sol] and Z[[.%’]] have natural ring structure. 
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Z[[-/’]] is a usual formal power series ring in variables {te }y: its elements are 


O(f)(t):= ft®i,...,t8), where f(x1,...,x5) € Z[[x]] = Z[[x1,..., xs]. 
(8.2.1) 


Definition 8.2.3 Any series S(t) = )>) apt!” € Z[[L’]] decomposes in a unique 
way as 


S= > Sh, where S,= > ayt". (8.2.2) 
heH (l/J=h 


Sp is called the h-component of S. 


Lemma 8.2.4 Consider F(t) := ®(f)(t) for some f € Z[[x]] as in (8.2.1). Then 


1 # « 
Fu = Ta Yo eth)! F(oCETDt,..., p(LER Dt”). 
pe 


Proof We can assume that f is a monomial: if l/ := }°n,E* and f = [] x," then 
O(fo® = t!” and (1/d) ae p(h) pq’ pe” is t! if [l'] = h and zero otherwise. 
oO 


8.2.4 The Series H(t) and P(t) 


Recall that we have the following notations regarding the universal abelian covering 
= r Wa 
Z— Z —> (Xa,0) 


le le (8.2.3) 
(¥,£) > (X,0) 


Set dg = Waor and p = Cor. By (6.2.3), p* (I) is an integral cycle for any l’ € L’. 


Definition 8.2.5 The L’—filtration on the local ring of holomorphic functions Cx, 
is defined as follows. For any l' € L’, we set 


Fl’) = {f € Ox,,0 | div(f 0 ba) = p*)}. (8.2.4) 


Notice that the natural action of H on (Xq, 0) induces an action on @x,,.9, which 
keeps ¥(l') invariant. Therefore, H acts on Cx, o/¥(I') as well. For any /' € L’, 
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let h(I’) be the dimension of the 6([/'])-eigenspace (@x, o/-F (qu). Then one 
defines the Hilbert series H(t) by 


H(t) := S>o)-t! € ZL (8.2.5) 


l'eL’ 


For a fixed /’ we write [//] = h. For any l’ > 0 one has the exact sequence 0 > 
O7(—p*(l')) > Oz > Ep») — O. Its 6(h)-eigenspaces are (cf. (6.2.5)) 


0 6z(-l') > 6z(-rn) > Gv-»,(—1h) > 0. (8.2.6) 
In particular, for /’ > 0, 
H°(Z, 63) ) A(X, Ox(-rn)) 
H(Z, 67 (—p*()))/ 01h) H%(X, O%(-1’)) 


bx (OX(—Th))o 
bx(OX(—l))o 


(I) = dim ( 
(8.2.7) 
= dim 


By 6.6.3, for any /’ € L’ there exists a unique minimal s(I') € such 
that /’ < s(l') and [/'] = [s(l’)]. Moreover, there exists a computation sequence 
{z;}; connecting /’ with s(/'). Along this sequence H (Xx, O%(—zi)) is constant, 
hence the inclusion H°(X, Ox(-s(l'))) Cc H (Xx, O%(—I')) is an isomorphism. 
Therefore, 


hU') = b(s(’)) and F(l'Nony = Fs’ )ow). (8.2.8) 


[We note that if s7 denotes the Laufer operator from 6.6.3 associated with the lattice 
from Z then sz(p*(1) < p*(s(I’)), however, usually sz(p*(I')) A p*(s(l’)). 
Moreover, usually ¥ (l’) 4 ¥F(s(I’)) as well.] 


Example 8.2.6 In (8.2.7) if l’ € L then r, = 0. Thus the 0-component of H (t) is 


_ . OX. 1 
Om ys apa aoe vs 


leL 


This is the Hilbert series of Gx, associated with the divisorial filtration L 3 1 b 
Fol) ={f € Oxo: dive(f od) = 1} of all irreducible exceptional divisors of ¢. 


8.2.7 Next, we define the Poincaré series P(t) = rey pil’ ye” associated with 
the filtration {.F(I’)};, as in (8.1.14). 


P(t) =-H()-[[d-5'), or p= DS Cv" nh’ +ED, (8.2.9) 


IC{1,...,5} 
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where E7 = )\,,<; Ey. By (8.2.8) and 8.1.19, the series P(t) is supported in .’, 
and the inversion identities (8.1.13) are valid. Namely, 


bh) = So pw’ +d. (8.2.10) 


leL, 140 


Multi-index filtrations were considered by Campillo, Delgado and Gusein-Zade in 
several contexts, this definition of P(t) is compatible with their definition, see e.g. 
[96-100]. 


For a more general version see (8.2.16). One has the following facts too. 
Lemma 8.2.8 


(a) P, in fact, is supported in S! 


ip that is, P(t) € ZILA%, 11. 
(b) For anyl' € .' one has 


H°(X, Ox(-1’)) 


y= —] [Z|+1 dim ————— #9 
ped = DCA dim FACE, Og-t — ED) 


ICV 
= >> 1)!" dim HO(X, Og(-l — Ey) _ So 1)!" dim bu (OX(—l — Ep))o 


= HX, Ox(-— EB) oe bx(Ox(-l — E))o ” 


Proof (a) If l' ¢ -%/, then by 6.7.23 there exists v € VY such that fel’: > 
l', i= LOS en 0 = J. Therefore, for any J # v one has H°(X, O%(-l'-E])) = 
H°(X, Ox(-I! — E; — Ey)). For (b) use (8.2.7). 


im 


Remark 8.2.9 


(a) The support of P can be smaller than .%,,. E.g., it can happen that Zjnq is not 
in the support of P, see Example 8.3.6. 

(b) The support of P is not closed under the operator min, see e.g. 8.3.6. 

(c) bW’) < h(' + Ey) iff there exists I! € .Y/,, such that /’ > I’ and I), = ['. This 
happens exactly when otehck i=0 p(! +1) > 0 (use (8.2.10)). 

(d) hi’) < h( + Ey) for every v € V iff’ € S71, (cf. 6.7.23). Therefore, 


SF. = {l' €L': Gl) has no fixed components} (8.2.11) 


an 


From the above properties it follows that H and/or P determine .%/,,. 


8.2.10 We will present the inversion property (8.2.10) slightly more generally, 
targeting the cohomology groups of an arbitrary line bundle. Our main goal is to 
describe for any Y € Pic(X) and effective cycle / € Ls the dimensions 


H(X, Z) 


———* ands dim A! (X, Y). oA: 
im FX. Ze) an im (X, Z) (8 ) 
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It turns out that in their determination the crucial ingredient is: 


H(X, Z) 


———— 2.1 
HX, AIHE;)) ae 


pg = > )1"4" dim 
ICV 


If (c\(@), Ey) < 0 for some v € ¥, then for any J ¥ v one has an isomorphism 
H°(L(—Ejwy)) > H°(L(—-E7)), hence 


py = 0 whenever — c)(%) ¢ 7. (8.2.14) 


Regarding ‘natural line bundles’, pgz(_y) = p(l') by Lemma 8.2.8, that is 


PH)= > poet’. (8.2.15) 
VeL' 


The next proposition targets the structure of the invariants from (8.2.12). In the 
sequel sometimes we write K instead of c (Ox (Kz)) € L’. 


Theorem 8.2.11 ([484]) Let (X, 0) be anormal surface singularity (whose link is 
not necessarily a rational homology sphere). Fix one of its good resolutions X — X. 
Then for any line bundle @ € Pic(X) the following facts hold: 


1. For every effective cycle 1 € Lso 


H® (LZ) 
d SS OS 
i a - (—)) a 


p2(~a): (8.2.16) 


2. There exists a constant const,y}, depending only on the class of 
[LZ] € Pic(X)/L = Cl(X, 0), 
such that 
(K = 2e1 (¥))" +14 


-h( f= Yo B2(@) + consy.j + ———- (8.2.17) 
aeL,aZ0 


3. Then numbers pv determine the constants const,y (up to the combinatorics of 
I’) as well. Indeed, if & is chosen such that c\(L) € K — %’, then 


_ (K-21 (L)P? +|V 


3 (8.2.18) 


=, P Ya) = —const,_ 7] 
aeL,aZ0 


In other words, if c,(Z) is in the ‘Grauert—Riemenschneider vanishing zone’ of 
L’, then the counting function from the left hand side of the equation (8.2.18) 
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is a quadratic multivariable polynomial in c\(&), whose constant term is 
—const,_y] — (K? + |V|)/8. 


(All the sums above are finite thanks to (8.2.14) and 2.1.19.) 


Proof Fix v € ¥. By comparing (8.2.16) for/ and/ + E, and using induction, it is 
enough to prove (8.2.16) only for / = E, and arbitrary 2. 

We rewrite the right-hand side of (8.2.16) in several steps. Via (8.2.14), it is 
ya PZ(—a), Where a runs over a = apes ay, Ey, with 0 < a, < k for some fixed 
k > 0. Then, using (8.2.13) and grouping the subsets of Y in pairs (J, I U v);3, 
we obtain that the right hand side of (8.2.16) for] = Ey is 


HY L(-a~ Ep) 
ey) aS 8.2.19 
2 >, yO" FP (—a — Er — Ey) a 


Since all the involved spaces of global sections are finite codimensional subspaces 
in H°(Y), by combinatorial cancelation, (8.2.19) equals 


__ H%(L(-kE))) 
= a 8.2.20 
> 2" FP CKE) — Ey) ae 


We claim, that the inclusion H°(Y(—kE; — Ey)) — H°(Y(—kE])) is an 
isomorphism for J 4 4, J ¥ v, and k > O. In order to prove this, embed again both 
groups in H°(.). Then H°(L(—1)) \ {0} = {s € H°(L) \ {0} : divy(s) => 1} for 
any / € Lso. On the other hand, since (div.y(s)—c1(@), Ey) = 0 forallu € ¥ and 
s #0, the compactly supported part D(s) of div.y(s) satisfies D(s) € c)(LY)+. 
On the other hand, since .”’ is generated by {E*},, whose coefficients are all strictly 
positive, .”’ has the following property: for any fixed c, € L’ there is ak >> 0 such 
that for all D € c} + YW with D > kE; one has D > kE; + E, too, cf.2.1.19. 
Hence, the only contribution in (8.2.20) comes from J = @, and (8.2.16) for] = E, 
follows. 

For 8.2.11(2), one compares the sheaves “@ and “&(-—/) for! € Lso. The 
cohomology long exact sequence of 0 > &(-l) —~ & + £®G; —> 0 provides 


H°(Z) 


_ _ pl = 1 
nae (8.2.21) 


di 


Then (8.2.16) and the Riemann-Roch formula shows that the expression 


(K = 2c)? + || 


h(L)+ > pe@+ : 


ao 


is the same for Y and #(—/). 
For the last part use the identity (8.2.17) and the vanishing Theorem 6.4.3. oO 
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Example 8.2.12 ([484]) Let Po(t) = )j<y p(t! be the 0-component of P(t). 
Theorem 8.2.11 for the trivial class of line bundles [Y] = [0] € CI(X, 0) reads 
as follows: 


1. For 2 = Ox we obtain 


K?+|¥| 
— Pg = consti) + ———~ (8.2.22) 
2. For 4 = Ox (—-I) with} e (-K + A)NL 
Yop =x) + Pe. (8.2.23) 


leL, [1 


That is, the counting function of the coefficients of Po(t), associated with the 
special truncation {7 € .%, 7 % 1}, evaluated in the chamber —K + .7’, equals 
the quadratic polynomial x (/) + pg. 

3. More generally, for @ = @xz(—/) with arbitrary / € L, 


h(6x(-D)=-— Yo pO+xO+t Pe. (8.2.24) 
ieL, IPI 


If 7 < 0, then the sum on the right hand side is empty. 


In particular, Po(t) determines completely py and the functions] + x(/),1 
h'(@¢z()) d€ L). 


Example 8.2.13 (Equivariant Version. The Case of Natural Line Bundles [484]) 
Next, we assume that the link of (X, 0) is a rational homology sphere. In particular, 
the universal abelian covering is well defined with its H-action. Recall that the 
geometric genus of (Xq, 0) is the sum )>, h! (Oz (—rn)) (of the equivariant genera 
of (X, 0)) corresponding to the eigenspace decomposition of H!(@z). 

We also simplify the notation const; gj) into const). 

The equivariant analogues of the formulae from Example 8.2.12 are the follow- 
ing. Let J, be either r;, or s;,. Then for any fixed h the following facts hold. 


1. For 2 = Ox (—I),) we obtain 


(K +22 +17 
8 

K?24+|Y| 

— 


—h'(6z(—Ij,)) = const_p + 
(6295) 


= const_, + xU,). 
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2. For Z = Ox(-l') with /’e —K4+.A7,l/=14+ Li with / € L, 


YD pM) =xx4ar,D +h" (OR (I) 
1, UZ (8.2.26) 


=x(I') +A! (6xz(-l,)) — x). 


3. More generally, for 2 = Ox(—I') with arbitrary /’ € L', 1! =1+1, with! € L, 


WOg-I)y=-— YO pM) + xx 427 O +h (ORI) 
=, Pau 


=- So ph) +x) +n! (Ox(-t)) — x). 
(='], Pal 
(8.2.27) 


Therefore, P(t) determines completely each h!(@z(I')) (U/ € L’). 


Remark 8.2.14 The following comment is appropriate. In the above formulae (e.g. 
in 8.2.12 and 8.2.13) the term consisting of the sum of the coefficients of P can 
be replaced (via (8.2.10)) by the corresponding coefficient of the Hilbert series 
H(t). E.g., (8.2.23) reads as h(/) = x(l) + pg. The corresponding versions in 
terms of the Hilbert series are simpler (and from the analytic point of view even 
more conceptual). The reason why we prefer the summation expressions is the 
following. Later in this book we will develop the topological analogues of the above 
identities. The point is that P(t) will have a topological analogue, namely Z(t) 
(see 8.4), however, the analogue of H(t) will be defined (‘merely’) as the inversion 
of Z(t), that is, by the summation of its coefficients. Hence, later we will hunt in the 
topological side for sum—expressions as above, where the coefficients of P will be 
replaced by those of Z (see e.g. (9.6.14) or section 10.3). 


8.2.15 A Reformulation of P(t) For /’ — ry, € Lso from (8.2.6) it follows that 
60’) = x(Gp—n,(—rn)) — h! (Ox (-1')) + (Ox (—rn)). 
Since x (@p_,,(—rn)) = x(l') — x (rn), this reads as 
60’) = x) — hl (OR(-1')) — x (rn) + A (OX (—n)). 
Hence, using the definition of P, we get 


Pt)= > Ded! (eC + Ed) — hl (Ox(-I - ED)". (8.2.28) 


VES! ICV 


8.2 Divisorial Filtration and its Multivariable Series 367 


Consider now the computation sequence {x;};, depending on /’, connecting /’ + 
E, with s(l’ + Ez), cf.6.6.3 (xo = I! + E7, x, = s+ Ey), xi41 = x7 + Evi), 
(Evi), x1) > 0). Then, at each step one has x (x;) — h! (@%(—xi)) = xX (xXi41) — 
h! (O%(—xi41)). 

Therefore, for every cycle x; along the computation sequence one has 


Po= >) en (x) - h'(Ox(—x) ) t!. (8.2.29) 


VeS I 


In particular, if in (8.2.29) (or in (8.2.28)) one can obtain the vanishing of the i= 
contributions (in some other way, using the particularities of a germ), then P(t) 
becomes topologically computable from the graph (for that germ). 


In the next paragraphs and subsections we provide several families of singu- 
larities, where P(t) is computed explicitly, even topologically. Although among 
these cases there are some overlaps, the different proofs and arguments emphasize 
different aspects of the corresponding identities. 


Example 8.2.16 Consider the cyclic quotient singularity whose minimal resolu- 
tion ¢ has only one irreducible component E with self-intersection —n (n > 2). 
Then H = Zn, Ox, 0 = C{z1, z2}. Moreover, E* = E/n. The action of H is given 
by h* zj = O([E*])(A)z;; hence, baa is in the 6([E*])'+/-eigenspace. Hence, with 
deg(z;) = + € A = 22, the Poincaré series is P(C{z},t) = Dyso(1 t+ Or”, 
and the Poincaré series of the H-eigenspaces are the following (see also 8.1.4 with 


q = 1): 


P(C{z}94E") 1) = Sdt+at nk)tkts (O0<a <n). 
k>0 


Therefore 


1 


TED aE © ZILA. (8.2.30) 


Y> P(Ciz}*,t)- x = 


xeH 


Now we analyse the filtration .F (and compare with the monomial filtration from 
above). The space Z =Zis just the blow up ¢, of Xq at 0 with exceptional divisor 
Eq a (—1)-curve. Since p*(E) = nEg (see also 4.1.39), we get for nk’ € Z that 
F (k’E) contains all the monomials of degree > nk’. We claim that this inclusion 
is, in fact, an isomorphism. Indeed, if f = ree ciz4z4 € C{z}, such that f 
is not identically zero, then $7 (f) will have vanishing order exactly nk’ (and never 
higher) along Eg, independently of the choice of the coefficients c; € C. Therefore, 
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fork’ = k+a/n(k € Z), (A(k’E)/F(k'E + E))oqae*} is exactly the vector 
space of monomials of degree nk + a (0 < a < n), and P(t) = 1/U — Ey? Its 
h-components are 


1 


heH 


Example 8.2.17 (Cyclic Quotient Singularities with q > 1) We follow the notations 
(and statements) of Example 8.1.4; furthermore, we fix the minimal resolution ¢ of 
(X, 0). We construct the monomorphism: : A > L’ given by 4d, 0)) = Ei and 
u(t (q,n)) = E* (where E| and E, correspond to the two end-vertices of the graph). 
This provides a monomial L'-filtration of Cla’ N Z7] by G(I') := @yay>v C(z*). 
Let E, be the (non-irreducible) exceptional curve of Z. Then div E.G.) = 
p*(t(a)). Hence ¥(l') C Fl) for any I’. We claim that, in fact, (1!) = F('). 
This follows from the next lemma. 


Lemma 8.2.18 Let ¢g : (Z, Eq) > (C2, 0) be a modification whose graph is a 
string and the strict transforms of the coordinates of C? are at the two ends. Then, 
whenever )_ Caz" # 0, one has 


dive, (67 (0¢az*)) = ming, 40 dive, (67 (z*)). 


Indeed, if the above equality did not hold, then along a component, $7 ()>caz*) 
would have a ‘higher vanishing’ (compared with the one imposed by ‘min’). This 
can happen only if there exist at least two different monomials of type z? such 
that their multiplicities along two neighboring irreducible exceptional divisors are 
the same. But this is not possible (otherwise, all the multiplicities are the same by 
(2.2.1)). That is, the ‘jump’—phenomenon from 6.7.26 does not occur in this case. 
The identity of the two filtrations imply that h(J’) is the cardinality of {a : c(a) # 
l’, [e(a)] = [/’]}. Since the identity (8.2.10) determines P(t) uniquely, we get that 


nl’) = {6 if // = (a) for some a, 
otherwise. 
Therefore, (8.1.3) transforms into P(t) = (1 — tA)! _ tEs)-1, (This can be 
compared with the ‘topological/combinatorial’ series Z(t) from 8.4.) 
The coincidence of the monomial and divisoarial filtrations is more general, see 
the case of singularities satifying the ‘end curve condition’ in 8.5.21. 


Remark 8.2.19 The filtration LF (’)}yez/ is associated with a fixed resolution ¢. 
Taking different resolutions we obtain different filtrations. However, they can be 
compared: if 62 dominates ¢; then .¥2 is finer than FY. 

For example, any modification of (C7, 0) (by blowing up infinitely near points 
of the origin) provides a multivariable filtration of O¢2,9, which geometrically can 
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be associated with simultaneous intersection properties of the germs with a fixed 
collection of certain plane curve singularities. 


8.3. Linear Subspace Arrangements Associated with the 
Filtration 


Consider the Poincaré series P(t) of (X,0) associated with the divisorial 
filtration. (In particular, in the L’ equivariant case we assume that the link is 
a rational homology sphere, in the discussion of invariants indexed by L this 
assumption is not needed, cf. 8.2.1). 

For each I’ € L’ we construct a (finite dimensional) linear subspace arrangement 
{Av(@)}veyv C Al’) such that the Euler characteristic of the projectivized com- 
plement P(A(/’) \ Uy Av(l’)) is pl’). A(’) sits naturally in a finite dimensional 
vector space T (/’), which admits a linear subspace arrangement {Ty (/')}yey too, 
such that A,(/‘) = A(l') N T,(l') for any v. Furthermore, the arrangement 
{Ty )}uev C TU’) is purely topological. Both arrangements are rich sources 
of analytic/topological invariants, which ‘stay in pairs’. We follow [487]. & 


8.3.1 Fix a normal surface singularity as in 8.2.1, one of its resolutions and the 
filtration {F (l’)};rez from 8.2.5. For any /’ € L’, the linear space (cf. (8.2.7)) 


(FU)/FU + E)oqy = 1°(6x(-l))/H°(6%(-l’ — E)) 
naturally embeds into 
T(') := H°(6g(-1')). 


Let its image be denoted by A(/’). Furthermore, for every v € Y, consider the 
linear subspace T, (I’) of T (l’) given by 


Ty (U') := H°(@g_2,(—l'—E,)) = ker (H°(Ge(-I')) > H°(6z,(-l'))) CT). 


Then the image A,(I’) of H°(@%(—I/ — E,)/H°(@x%(-I' — E)) in T(') satisfies 
Ay’) = ACY AT, V). 


Definition 8.3.2 The (finite dimensional) arrangement of linear subspaces 
Aol’) = {TU}, in T(U) is called the ‘topological arrangement’ at /’ € L’. 
The arrangement of linear subspaces Mp(l'!) = {A,(l!) = Tl) AN AM)}y 
in A(/') is called the ‘analytic arrangement’ at 7’ e€ L’. The corresponding 
projectivized arrangement complements will be denoted by P(T(/') \ UyTy(’)) 
and P(A(I’) \ Uy Ap (l’)) respectively. 


370 8 Multivariable Divisorial Filtration 


If /’ ¢ .H’ then there exists v such that (E,,/') > 0, that is h°(@zg,(—I')) = 
0, proving that T,(l’!) = T(l'). Hence A,(l’) = A(’) too. In particular, both 
arrangement complements are empty. In fact, if 1’ ¢ .%/,,, then by similar argument, 
the analytic arrangement complement is empty too (use 8.2.9(d)). 

The connection with the series P is provided by the following topological Euler 
characteristic formula. 


Lemma 8.3.3 Assume that {Va}aea is a finite family of linear subspaces of a finite 
dimensional linear space V. For I Cc A set Vi := Nae Vu (where Vg = V). Then 


Xtop (P(V \ Ua Vo) = ~ (=! dim V;. 
IcA 
If A # G, then this also equals ~,(—1)'"'*"codim(V; C V). 


Proof Use the inclusion—exclusion principle and dim V7 = Xtop(PVr). oO 


Corollary 8.3.4 For anyl' € .%!, one has 


an 


pl’) = Xtop( P(A) \ UvAr(’))). 


Proof Use Lemmas 8.2.8(b) and 8.3.3. oO 


Similar identities appear in several article of Campillo, Delgado and Gusein- 
Zade, see e.g. [96]. (However, in their articles the linear subspace arrangements 
Aop (I) and Zp (I') do not appear, they were introduced in [486, 487]. A connection 
between the two approaches can be realized using the language and technique 
presented after Theorem 8.4.11.) 

The corresponding dimensions of the linear subspaces in 2n(I’) are as follows. 


Lemma 8.3.5 For anyl’ € L' andI C ¥ one has: 
dim Ad’) = (+ E)—6('), dim Myer Av’) = b+ E) — 6 + E72). 


Thus, we can expect that the analytic arrangement is rather sensitive to the 
modification of the analytic structure, and, in general, does not coincide with the 
topological arrangement. 


Example 8.3.6 Consider the (splice type) complete intersection singularity in 
(C*, 0) given by zt + 23 — 2324 = 24 + 23 — 2521 = O. Its graph is 
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One verifies that div(z;) = Ef for1 < i < 4; Znin = EQ ¢ an; 
Zmax = 2E5 = min{E>, E3}. We wish to find p(Zmax). Note that T(Zmax) = 
H°(@z(—Zmax)) ~ H®(@x(—Zmax)) X C?. On the other hand, A(Zmax) is 
the image of H®°(O(—Zmax)) = Myo. Since z1, Z4 and my , are contained in 
H®(O(—Zmax — E), A(Zmax) is 2-dimensional, generated by the classes of z2 and 
z3. (To see the linear independence of their classes, check their divisors.) Hence 
A(Zmax) # T (Zmax). 

Moreover, Uy Ay(Zmax) 18 the union of the two coordinate axes. Hence P(C?2 \ 
(CUC)) = C* and p(Zmax) = 0. 

This shows that the support of P can be smaller than .%/,,. Note also that both 
E3 and £3 are in the support of P (with coefficients 1), but Zmaxy = min{ E>, E3} 
is not. 

Although A(Zimax) 4 T (Zmax), they still can be compared. Indeed, T (Zax) = 
H° (Cx) (2)) and Uy Ty(Zmax) iS a union of two 2-planes (corresponding to global 
sections of @g,(2) vanishing at the two intersection points of Eo with the other 
components). Hence T \ UyT, = (A \ UyAy) x C, and Xtop(P(T \ UyT,)) = 0 too. 

Here 7) = O, which is contained in A, and A intersects all the other strata of 
{Ty}v generically. This guarantees that xtop(P(A \ UyAv)) = Xtop(P(L \ UvTy)) 
holds. 


Our next goal is to show that whenever the link of the singularity is a rational 
homology sphere the topological arrangement “pop is indeed topological: it depends 
only on the combinatorics of the resolution graph. 

We will need the following technical definition. 


Lemma 8.3.7 


(1) For any I! € L' and subset I C V there exists a unique minimal subset 
J(l', 1) C ¥ which contains I, and has the following property: 


there isnov € ¥ \ Jil’, 1) with (Ey, + Ejwa,n) > 0. (8.3.1) 


(2) J(, I) can be found by the next algorithm: one constructs a sequence {I ee 
of subsets of V, with Ip = 1, Imn41 = Im U {v(m)}, where the index v(m) is 
determined as follows. Assume that I, is already constructed. If In, satisfies 
(8.3.1) then we stop andm = k. Else, there exists at least one v with (Ey, l' + 
E},,) > 0. Take v(m) one of them and continue the algorithm with Im+41. Then 
i= J, 1). 


Proof For (1) notice that if J; and J2 satisfies the wished requirement (8.3.1) of 
J(l’, 1) then J, O Jz satisfies it too. Part (2) is a version of the Algorithm 6.6.7. 0 


Remark 8.3.8 With the notation of Lemma 8.3.7 


x + Ejw,n) = min x’ + E\u7)- (8.3.2) 
ICW\I 
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Indeed, let K C V \ I be such that x(l’ + Eyux) = minjzcy\; XU + Equp)- 
Note also that x (/' + E;,,) along the computation sequence from 8.3.7(2) is non- 
increasing. Hence, it is enough to show that the sequence {J,,,}, can be constructed 
in such a way that for some kg < k one has J;, = I U K. Indeed, assume that [,, is 
already constructed and it satisfies J,, < [UK. Set In := [UK \ Im. By assumption 
x (+ Equx) < x(U' + Ej,,), which implies (Ej. +E) = x (E;,,) > 0. Hence, 
there exists v € Is so that Iin41 = Im U {v} satisfies In41 < TUK. 


Proposition 8.3.9 Assume that the resolution graph is a tree of rational curves. For 
anyl! € L' andI C ¥ write J(1) := J(l’, 1). Then the following facts hold. 


(a) One has the following commutative diagram with exact rows 


k 
0 H(@¢-£;,)(-l' — Eyy)) =e H°(@z(-')) = H?(68,)(-1')) > 0 
~) j | Li 
O > A(Gr-g,(-l-E)) > H°(6x(-l')) > A°(Gz,(-1)) 
I I 
Aver Tr’) = T(') 


where j is an isomorphism (hence Nyer Ty(l') = Qves(1) Ty(l’)), i. is injective 
and k is surjective. 

(b) dim Nery Tu’) = x(@z-Eyy (-l — Ex) = xU + £E)-—xU + En). 

(c) In particular, if J) = J U2) then Quer, Tul’) = NvenTy(’), and if J(h) & 
J (Iz) then Nyen Tul’) D Aven Trl’). Therefore, J(1) is the unique maximal 
subset Inay C ¥, such that I C Imax, and WerTy(l') = Ave Ina, Tv UY. 

(d) Part (b) for I = 9 reads as follows: dim T (I') = dim NyesqyTy(l') = x + 
E) — xl + Ejq). Hence, if l! € SY then dim T(l') = —(U, E) +1. 

(e) codim (Nue1Ty(’) @ TU’) = xU + Eq) — x + Esq). 

(f) In particular, the arrangement complement is non-empty if and only if J (B) = D 
(if and only if I! € S’). 


Proof First we prove the following fact: let F < E be an effective non-zero cycle 
and we assume that for any Ey, < F one has (Ew, l’) < 0. Then h!(@p(-I')) = 0. 
The proof runs over induction: choose E,, from the support of F so that (F — 
Ew, Ew) < 1, then use the cohomological long exact sequence of @r(—l') > 
Or_—eE,,(—l'). 

From the definition, NyerTy(l/) = H°(@g_2,(—l' — E;)). To prove (a) note 
that the group J + NyerTy(l') is stable along the steps of the algorithm 8.3.7(2). 
Hence j is an isomorphism. Similarly, along these steps i is injective. Since 
h'(@r_k, (—l'/ — E;)) = 0 by the above fact, k is onto and (b) follows too. For 
(c) use (b) and the fact that x (I/ + J(2)) > x (l'/ + J(11)) whenever J(11) & J(2). 
The proof of (f) runs as follows. If there exists v € J(@) then J(@) = J(v) hence 
T,(l) = T(l'). Otherwise, if I! ¢ %’ and J # @, then x(l’/ + Ey) — x’) = 
-—(l, Ey) + x(Ey) > 0. Oo 
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Corollary 8.3.10 Jf the graph is a tree of rational curves then the isotopy type of 
the arrangement Loy depends only on the combinatorial data of the graph. 


Remark 8.3.11 Note that J(I', )—associated with I’ € L’ and I Cc ¥W—, and 
also the topological linear subspace arrangement .%op, depend only on the E*- 
coefficients of /’ and on the shape of the graph I’, that is, on the valencies {xy}, 
but not on the Euler numbers {ey}. 


At topological Euler characteristic level one has: 


Corollary 8.3.12 [f the graph is a tree of rational curves andl’ € S' then 


Xtop( PTW’) \ UT’) = YO (EDI + Es). 
Ic¥ 


Proof Use Lemma 8.3.3 and Proposition 8.3.9(b). oO 


Example 8.3.13 Consider the situation of the example 8.3.6, and set l’ = Zypin. 
Then T(Znin) = C? and U,T,(Zmin) consists of the union of two different lines. 
Therefore Xtop(P(T (Zinin \UyTy(Zinin)) ) = 0. 

At Zmin the complement of the analytic arrangement is empty. 


Theorem 8.3.14 Assume the following cases: 


(a) either (X, 0) is rational, ¢ is an arbitrary resolution, andl’ € ' is arbitrary, 

(b) or (X, 0) is a minimally elliptic singularity with H'(X,Z) = 0, dis a 
resolution with |C| = E, and we also assume that either l' = 0 or for the 
fixed I' € .S' there exists a computation sequence for Zmin, which contains E 
as one of its terms, and it jumps at some E, with (E1,I') < 0 (cf. 7.2.B). 


Then the topological and analytic arrangements at l' agree, Hop(I') = ay (I'). 


Proof We need to show that HG? (-l')) > H°(@g(—I')) is surjective. This 
follows from the vanishing of H'(6% (-l' — E)) from Theorem 7.1.11(b) applied 
for z; = E (rational case), respectively from Theorem 7.2.31(d) (minimally elliptic 
case, l’ # 0). For /' = 0 the surjectivity is clear. o 


Example 8.3.15 For minimally elliptic singularities it can happen that %op(I') F 
,,(I'), even for the minimal resolution. E.g., in the case of the minimal good 
resolution of {x7 + y? + <7 = O}, or in the case of minimal resolution of 
{x2 + y> + z!! = 0} (which is good), for! = Zmin one has dim T(Zmin) = 2 
and dim A(Zmin) = 1. 
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8.4 The Topological Series Z(t) 


We provide several equivalent definitions of the series Z(t), the topological ‘pair’ 
of the analytic Poincaré series P(t). & 


8.4.1 Examples 8.2.16 and 8.2.17, and also the case of singularities with C*- 
actions, cf. e.g. (8.1.5), motivate the definition of the next series, as a combina- 
torial/topological ‘candidate’ for P(t). 


We fix a good resolution and we assume that each E, ~ P!. 


Definition 8.4.2 We define the rational function Z(t) in variables x, = t”: by 


Z(t) := @(z)(t), where z(x) := I] d- a (8.4.1) 
veV 


Hence Z(t) = [[, (1 — tEn Kv 2 By 8.2.4, for any h € H the h-component of Z(t) 
is 


1 * Ky 
ZW) =D, py! TT edespey (8.4.2) 


pe veV 


Here, as usual, H is the discriminant group L’/L, and A is its dual. 

In the sequel we identify the rational function Z(t) with its Taylor expansion at 
the origin, as an element of Z[[.“’]] (cf. 8.2.1). 

This definition provides a well-defined series even if the link is not a rational 
homology sphere. However, in subsection 8.4 and 8.4.A we will assume that the link 
is a rational homology sphere (in 8.4.B and 8.4.C we will remove this assumption). 


8.4.3 We start the list of properties of Z(t) by the next observation, cf. [97, 100]. 
If X is a topological space, let S“ X' (a > 0) denote its symmetric product 17 /G,q. 
For a = 0, by convention, S°S is a point. Then, by Macdonald formula [401], 


>> Xtop(S4L) x7 = (1 — x) or), (8.4.3) 
a>0 
Note that if E> denotes Ey \ Uy4uEn then Xtop(EF) = 2 — ky. 


Corollary 8.4.4 (The eit oe of Z(t) [97, 100, 481, 482, 484, 486, 489]) 
With the notation x*® = ae xe, 


en=|| > xara => || tO es 


Vv ay>0 a>0O Uv (8.4.4) 
dy ue a - 
=> (Ie 1) or ))s 


where, for b € Z, (;) = land (’) = b(b—1)---(b—a+1)/a! fora € Zyo. 
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In the next paragraphs we provide another interpretation of Z(t). The combina- 
torial inductive argument of the next proof will also serve as a model for the proof 
of several other identities (e.g. for the proofs of 8.4.13 and 8.5.16). 

For the definition of the cycle J(/’, J) associated with l’ € L’ andI Cc V see 
So. 


Theorem 8.4.5 (The Second Appearance of Z(t) [486, 487]) 
ZH)= > Cv y+ Esa). (8.4.5) 
VES! ICV 
This combined with &.3.8 gives 
Zb)= > Yo Hb min x + Ep -t’. (8.4.6) 
VES! ICV A 
Proof With the notation l’ = }°, a, E* set 
y@®) = OCD + Exe). (8.4.7) 
a>0O I 


We wish to show that y(x) = z(x). In the proof we use induction over |¥|. The 
verification of the |W| = 1 case is left to the reader. Hence, we assume |V| > 1. Fix 
a vertex w € V so that ky = 1. Let I) := IT’ \ {w}, and let wu be that vertex of Ip 
which is adjacent to w in I”. Let xo be the x—vector associated with VY (9). Clearly, 
one has 


Zr (X) = Zrp(Xo) - (1 — xy) /C. — xw).- 


We will establish similar identity for yr. For this we write 1, := R(I') 
ae oe dyE*!® for any I’ = )°,ayE* (here E*!° is the anti-dual of E, in 
I). This is the restriction, the dual operator L(I”)’ — L(1p)' of the inclusion 


L(I09) > L(I). Hence, for Z € L(/9) 
(’, Z) = (t,, Z) and (—E*", Z) = (Ey, Z). (8.4.8) 
First, we fix some I’ € .Y’ anda subset J C VY with w ¢ J. If w € J(l’, 1), we 
may assume (cf. the notations of 8.3.7) that %&_; = J(I’, I) \ w. Since (I’, Ey) < 0, 


Kw = land (l/+ Ey,,_,, Ew) > 0, we get that, in fact, (//+ E;,_,, Ew) = 1. Hence 


xU + Egan) = xC + Eq, pw). 


Comparing the two algorithms on I and I} we get that J(//, 1) \ w = J(I/, 1), 
and 


xU + Equ,pnw) — xU' + Er) = xg + E stow.) ~ xX (Ig + En). 
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By (8.4.8) one also has x (/’ + E7) — x (l/) = x (Ig + Er) — x (Ig). All these implies 
the next identity, where in the right hand side all invariants are considered in I: 


xU + Exon) — xO) = xt E jrow.n)) — x (Io). (8.4.9) 
The same is true if w ¢ J(I’, /). Next, fix again l/! ¢ .Y’ and take J Cc VY with 


wel. 


We need to distinguish two cases. In the first case we assume that (/’, E,) = 


0. This happens exactly when J) — ER ¢ .Y'(I9). In this case, for any K C 


V \ {u, w} one has J(l', K Uw}) = J(l’, K U {w, u}). Indeed, (I! + Exuw, Eu) = 
(Ew, Ey) = 1, hence in the very first step of the algorithm of J(l’, K U w) we can 
add E,,. Thus, 


Yo Dx + Exe.muw) = 0. (8.4.10) 
Médw 


Next, assume that J) — E ae € S'([o). Then, comparing the two algorithms we 
get 


JIU, D = Id — EX, 71 \ w) Uw, 


XU+Ep n)—-—xXC+Ep) = KUED PTE jr pel, yy XUg— Ee + Ew). 
Finally, (8.4.8) implies 
x0 + Ew + Enw) — x + Ew) = x(q — EP? + Enw) — xg — Ep”). 


Hence 


XU + Egat) — xU + Ew) = ly — Ee? + E rye pt yyy) — Xl — Eve”). 
(8.4.11) 


Since for any constant c, one has pee galt air — Vw (— DU le = 0, the 
identities (8.4.9), (8.4.10) and (8.4.11) read as 


DDC HET + Exe y)? = yoo)» DY xs 


a>0 [Zw ayw>0 


SSS EDI YC + Esa ys = Yr (Xo)4u > Yo xh. 


a>0 Jaw dy>=0 


Hence yr(x) = yr (Xo) — xy)/C. — xXw). Oo 
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Remark 8.4.6 If we compare the computation sequences from 8.3.7 and 8.2.15 we 
realize that there is a possible choice of the computation sequence {x;}; connecting 
l' + E] with s(l' + E7) such that I! + Ej(v,1) is one of its terms. Therefore, (8.2.29) 
applied for x; = /' + Ezqr,p reads as 


PO= > YO v(x + Esa) — A ORCU - Eyay)) 


VeS! ICV 


This combined with (8.4.5) gives 


Z()-— P= SS YS ADM A Og(Hl - Eye.n) t’. 


VES! ICV 
Corollary 8.4.7 (The Third Appearance of Z(t) [486, 487]) 


Zt) = D> xtop( PIT) \ Uv Trt’). 


VeS! 
Proof Combine Corollary 8.3.12 and Proposition 8.4.5. Oo 


Corollary 8.4.8 P(t) = Z(t) in the following cases: 


(a) (X, 0) is rational, and ¢ is an arbitrary resolution, 
(b) or (X, o) is a minimally elliptic singularity, and it satisfies the assumptions of 
Theorem 8.3.14. 


Proof Use 8.3.14 (i.e. an(l’) = Aop(U')), 8.3.4 and 8.4.7. Oo 


Remark 8.4.9 


(i) The first proof of the identity P(t) = Z(t) for rational singularities was given 
in [100]. A different proof appears in [481], which holds for rational and 
minimally elliptic germs as well. 

(ii) Part (b) can be improved for some additional cases even if Way (l') 4 Gop(I'). 
E.g., if (X, 0) is a minimally elliptic singularity whose minimal resolution is 
good, and if @ is this resolution, then P(t) = Z(t), cf. 8.5.A. In 8.5.A we 
prove the identity P(t) = Z(t) for the more general family of splice quotient 
singularities. In fact, P(t) = Z(t) implies that (X,0) is a splice quotient, 
cf. 8.5.19 and 8.5.35. 

(iii) See 8.6.B for several examples when Z(t) ~ P(t). 


8.4.10 P(T(') \ UyTy(l')) as a Space of Effective Cartier Divisors For any 
cycle Z € L, Z > E, let ECa(Z) be the set of effective Cartier divisors on Z. 
Their supports are zero-dimensional in E. Taking the class of a Cartier divisor 
provides the Abel map ECa(Z) — Pic(Z). Let ECal’(Z) be the subset of ECa(Z), 
which consists of divisors whose associated line bundles have Chern class /’. Set 
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cl: ECa!’(Z) > Pic!’ (Z) for the restricted Abel map. Regarding the existence 
of ECal (Z) as an algebraic variety we make the following comment. First, by a 
theorem of Artin [29, 3.8], there exists an affine algebraic variety Y and a point 
y € Y such that (Y, y) and (X,0) have isomorphic formal completions. Then, 
according to Hironaka [266], (Y, y) and (X, 0) are analytically isomorphic. In 
particular, we can regard Z as a projective algebraic scheme, in which case ECal’ (Z) 
together with the algebraic Abel map, as part of the general theory, was constructed 
by Grothendieck [245], see also the article of Kleiman [319]. In particular, cl: 
ECal” (Z) > Pic! ‘(Z) is algebraic. For several properties see [452, 453, 456]. 

From the definition, ECa’ (Z) 4 9 if and only if there exists Y € Pic! (Z), 
which has no fixed components (the generic global section does not vanish along 
any of E,’s). If this case // £4 0 and H°(Y|z,) 4 0 for any v, hence —/' € .Y’ \ {0}. 
Conversely, if —/’ € .%’ \ {0} then one can construct an element of ECa! (Z) by 
(I', Ey) generic cuts along each E,. Hence, it is natural to modify the definition (for 
I’ = 0), and redefine formally ECa°(Z) as a point, the space of the ‘empty divisor’ 
{0}. It is sent by the Abel map to @z. In this new version, ECa! (Z) Zo le 
SF: 

In [452] it is proved that for any —/' € 7%, ECal (Z) is irreducible, quasiprojec- 
tive, smooth and of dimension —(/', Z). (Here we will need only the case Z = E.) 

For any Y € Pic!’ (Z) define H°(Z, L)reg, the set of ‘regular’ sections (or, of 
sections without fixed components) by H°(Z, Z)\U,H°(Z— E,, Y(—Ey)). Then 
the preimage of # by the Abel map is H°(Z, L)reg/H°(G%) [318, $3]. 

Next, assume that Z = E andl’ € .”’ (note the sign change). Since h'(Ge) = 0, 
Pic~! (E) is a point, say {@g¢(—/')}, and H°(G*) = (*. Hence, 


BCa"(B) = H°(O¢(—1'))reg/C* = PIT) \ Uy Tv’). ear) 


Theorem 8.4.11 (The Forth Appearance of Z(t) [457]) Jf the link is a rational 
homology sphere then 


Z() = > xop(BCa* (z)) -¢". 
VEL’ 


This identity, or the identity from 8.4.7 via (8.4.12) can be reproved by combining 
the above ‘effective Cartier divisor’ interpretation with the configuration space 
interpretation from 8.4.4. 

To see this, fix /’ ¢ .Y’, and write ay = —(I', Ey) and P := P(T() \ Uy Ty (’)). 

A section s of T(I') = H° (Ge (—I')) is in the arrangement complement if and 
only if it does not vanish along the curves Fy, hence its divisor div(s) on each 
E, consists of ay points (counted with multiplicities). P has a natural stratification 
according to the support of div(s). Let P° be the set of sections (up to a nonzero 
multiplicative constant) such that supp(div(s)) N Sing(E) = @. P \ P° has a 
stratification as follows. For a collection {e;; p;, qj}; of triples, where e; = (v;, u;) 
is an edge and (pj, q;) is a pair of positive integers, we associate a stratum consisting 
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of those sections (up to local invertible germs in C{x, y}/(xy)) which at Ey, N Eu; 
have local form (7,5 p, mx” + Yinxg, Bn"), with ap, 4 0, Bg, # 0. Hence this 
stratum is a fibration over II j C*, in particular, its Euler characteristic is zero. Since 
P \ P° is a union of such strata, X;op(P) = Xtop(P°). On the other hand, P° can be 
identified with their divisors in E \ Sing(£), hence x;o)(P°) = TL, Xtop(S” ES). 
Then use 8.4.4. 


8.4.12 The next incarnation of Z(t) uses weighted cubes. They will play a key role 
in the definition of the lattice complex and the lattice cohomology in 11.1.A—11.1.B. 
Here we will discuss their connection with the series Z(t). 

The set of ‘combinatorial’ g—cubes (where g € Zs) consists of pairs (/', I) € 
L'x P(V), |I| = q, where P(V) denotes the power set of Y.O, = (/’, 1) can be 
identified with the ‘vertices’ {l'+ 7 ,<;/ Ev}icy of a ‘Euclidean’ g—cube in L'@R. 
One defines the weight function 


wil’ >Q, wkh:= xl) =-WU,U + K)/2. (8.4.13) 


This extends to a weight-function defined on the set of all g—cubes 


w(Oy) = w(("', 1) = max{ wl + Y | Ev). 


vel’ 


Theorem 8.4.13 (The Fifth Appearance of Z(t) [482]) Let I be a connected 
negative definite graph such that M(I°) is a rational homology sphere. Then 


-_ —4ylI41 fi ae 
Zw= >> SOC) max x(U' + Ey) t 


Vel’ ICV 


=) Vey wap) te’. 


Vel! ICV 


(8.4.14) 


(The first expression should be compared with (8.4.6).) 


Since }°,(— 1)!/| = 0, the statement of the theorem remains unchanged even if we 
replace the definition of w(I’) by w(/') + c for any constant c. 


Proof We follow the strategy of the proof of 8.4.5. For each I’ = )0,, ayE* € L’, 
ay € Z, write x* := [],, x;” and set the weighted cube counting series 


yr@ = > (do CD! wi, D)) x". 


Vel’ I1cVv 
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We determine yr by induction on |V|. If |\Y| = 1 and E” = e < 0, then 


a(a+e+2) jeeret® eres y) a 
yr) =o | == ee gg ee xf, 
aeZ, 
This is )>,.9(a + Ix” = 1/(1 — x)’. 

Next, we assume |/| > 2. Let w be a fixed end-vertex of I”. Set Ig := I" \ w the 
graph obtained by deleting w and its supporting edge. If I! = }°,,a,E* € L'(L), 
we write /) = eee ay EX! € L'(19) for its restriction R(/'). We write yr asa 
sum ye + ye, where the first series is the sum over those subsets J which does 
not contain w, while the second is the sum over the other subsets. In the first case 


ye) = yr Ko) > D> x2", (8.4.15) 


ayEeZ 


where xo are the variables {xy} 4 corresponding to I. Indeed, one has wl’, [))— 
w(l') = w((Ij, DE) — wi) and Vigw(— Dl we) = DV ryw(— Dw) = 0, 
hence 


YY YMevl™ w@ px = YY eal! wo, D) - w))x* 


VELL) 1pw VELL) Txw 
= YS YC" (Ww, D) — wi))x" 
VELL) [gw 
= Ye ew way Tt 
Ij)EL'(Ip) 4weZ Izw vxzw 


In the second sum w € J; set J = I’ Uw with w ¢ I’. Since 
xU + Ep + Ew) — XU + Ep) = 14 aw — (Er, Ew), 
where (E7, Ew) € {0, 1}, one gets that 


if ay > 0, then w((’, 1)) = w(K + Ew, 1’), 
if ay < 0, then w((/', 1) = wl’, 1’). 


Hence ye (x) splits into two sums: 


SY Cyl (YS wry x* + YO we + Ew, 1) x’). 


IjeL'Uo) 1=1'Uw dw <0 ayw=0 
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For the second one we use Ey = —eyE*, — EX, where u is the adjacent vertex of 


w in I’. Then, computing both sums by similar argument as in the case of yr we 
get 


y (x) = —yry (xo) > x2” — yy (0) tu Do xe, (8.4.16) 
dy <0 dy>0 


The contributions (8.4.15) and (8.4.16) combined provide yr(x) = yrm(Xo)(1 — 
Xy)/(C1—xy). This as an inductive step, together with the identity valid for |¥| = 1, 
give yr(x) = zr(x) =], (1 — xv). Oo 


8.4.4 The Extension of Z(t) to the Grothendieck Ring 


Assume that the fixed graph is a tree of rational vertices. The information 
contained in Z(t) can be improved if we replace in the ‘third appearance’ 


Z(t) = D> xXrop PTC) \ UT) 


VES!" 


the topological Euler characteristic of P(T(/') \ UyT,(l’)) with the class of this 
space in the Grothendieck ring of complex quasi-projective varieties. 

In section 8.4.A, 8.4.B and 8.4.C we follow [457, 486, 487]. The extension 
(8.4.17) below can be compared with similar extensions of certain analytic series 
(like P(t)) to the level of Grothendieck rings as in [99]. & 


8.4.14 Let L be the class of the 1-dimensional affine space. Then, by inclusion— 
exclusion principle (as the analogue of 8.3.3) one has the following. If {Va}aea is 
a finite family of linear subspaces of a finite dimensional linear space V, and for 
Ic Aone writes V7 := Nye Vy, then 


[V\Ue Vel = S0(- 2) ILE), DPV \Ue Vad) = C(I) /(L-1). 
I I 


According to this, one defines 


ZL.) = PTC) \WHeyIt’, (8.4.17) 
VES! 


which, using 8.3.9 reads as 


1 if a / 
Z(L, t) = a > > Eyl Le +E)-XU+E yp) 4 
VeS! ICV 


4.1 
LeU t2)-xU+ Ejay) —] S 8) 


=, Le 


VES! ICV 
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Note that limy_.; Z(L, t) = Z(t). The analogue of the topological/combinatorial 
identity 8.4.5 is the following. 


Theorem 8.4.15 ([457, 486, 487]) If the link is a rational homology sphere then 


Z(L, t= The a te) = i 


(8.4.19) 


Proof Follow the steps and all the identities of the proof of 8.4.5. For an indepen- 
dent proof see the proof of Theorem 8.4.20. oO 


Definition 8.4.16 One defines similarly the analytic version as well: P(L,t) = 
Dey, IPAM) \ Uv) It" (ef. (99). 


Example 8.4.17 Assume that the topological and analytic arrangements at /’ agree: 
Hop (I! ) = &,,(l'). (For concrete cases when this happens see 8.3.14.) Then 
P(L, t) = Z(L, t), hence P(L, t) is given by (8.4.19). 


Example 8.4.18 (Continuation of Example 8.3.6) Note that in Example 8.3.6 one 
has P(t) = Z(t), see also 8.5.A. However, for /’ = Zax the entries of the motivic 
series are different. Namely, fn oe Ay(l'))] = [(C*] = L—1, while [P(T(/’) \ 
UyTy(’))] = [(C x C*] = L? - 


8.4.B Motivic Extension of Z(t) via the Space of Divisors 


We provide the ‘right’ geometric interpretation of the right hand side of the 
identity (8.4.19): it is the generating function of the classes [ECa~! (E)] in the 
Grothendieck group. We follow [457]. & 


8.4.19 The Motivic Series Associated with {ECa~! (E )} (General (X, 0)) Let 
us assume that X is a good resolution of a normal surface singularity (X, 0) such 
that each E, is rational, however, we allow cycles in the graph (hence in this 
subsection the link is not necessarily a rational homology sphere). For any l’ € 7’ 
let ECa"(E ) be the space of effective Cartier divisors of E, cf. 8.4.10 or [452]. It 
is a non-empty quasiprojective variety, cf. [245, 318, 319, 452]. Let us define the 
generating function of their classes in the Grothendieck group 


AL bs [ECa~!'(E)] - (8.4.20) 
VeS' 
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Theorem 8.4.20 ((457]) With the above notations 


Tues (i — t8 — 080 4 Ltt) 


ECa 

Z~~“(L, t) Tey d ~*~ Lt) 
Proof We improve the discussion from the proof of 8.4.11, see also [451, p. 31- 
32]. Write 1’ = )°, a, E* with ay € Zs. Recall that effective Cartier divisors are 
local nonzero sections of the sheaf © up to local invertible elements of O7,. At any 
intersection point p € EyNM Ey, (v, u) =e € &, with local coordinates (x, y) € U, 
{x = 0} = E, NU, {y = 0} = E,, NU, an effective Cartier divisor supported at p 
has the form Dx,,.x,, = cox + ce yku (in C{x, y}/(xy), up to an invertible element), 
where cf, cf € C*. Itis nonempty if and only ifk§ > Landkf > 1. ECa~"'(E) has a 
natural stratification according to the support of the divisors. The sum of the degrees 
of the divisors with support on E, should be ay, out of this, say a}, is provided by 
those supported on E>, and the others by divisors supported on intersection points 
of type E, N E,. Such a divisor has a contribution kf in the degree. Hence a, = 
ay + eee kK“ (ty). Hence, with fixed {ay},, we consider the stratification 
of ECa~!'(E) according to the system S(/’) := {{athy, (ko, ko )ivuyee} Satisfying 
(ty) for any v and k€,k& > 1 for any such edge e which has a contribution. For 
5 = {{aS}u, (KE, KO wee} € S(l) (where Z; is the set of edges, which contribute 
in this stratum) the corresponding stratum, ECa,! \(E ), satisfies 


[ECa,"(£)] = (L— 1)! .[] [8 £9]. 


v 


First we compute the class [S$ E’] for any v. Let E¢ be a set consisting of ky, — 1 
distinct point, and x a formal variable. Then }>;..9 x'[S'E$] - )oj59x'LS'EG] = 
Dis *'1S'C] = \7j59x'L!. Hence 


Y > x'[S' ES] = = xy" /(1 — Ly). 


i=0 


Next, let S be the set of all the systems when we vary /', that is, S = Urey S(I’). 
Then, in S, {ay}, is not fixed anymore, and the integers a} > 0, kf,ki > 1 run 
independently. Therefore, with the usual substitution x, = t”», 


ZBCaL, x) = » > (L— vl Tis £21 ; leo fe) 
) 


I sesi! v v 


= > ( [ [v" bs® £2] -(L—1)!! DT] xtoo=* me) 
Uv 


ses v 
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a dae! i Me 
=[[-13 ee TT a, 


v ane E'CE (v,u)=eEé" 1 — Xy 
(1 — xt Xv Xu 
= A ee ee 14+(L—1). ; 
1 — Ly I] [ +¢ ) 1—Xy =) 
v (v,u)=eE& 


_ I (d— ro) le : Il 1 — xy — Xu + Lxyxy 
1— Lx, (1 — xy) = xu) 


v (v,uj=eE& 


which is equivalent to the needed expression. oO 


Example 8.4.21 If the graph is a tree then ECa~"(E) = PIT’) \ UT) (cf. 
(8.4.12)) and ZEC(L, t) = Z(L, t), hence we recover Theorem 8.4.15. 


Remark 8.4.22 Since Zx — E = >~,,(ky — 2) E* we have tZx-£. Z(¢) = Z(t). 
Similarly, the motivic expression satisfies the functional equation 
Lew)! . tZK-F . 2A, t) le 7 (1. t). 


Des (LtEv)- 1 = 


8.4.C Z(L,t) and P(L, t) for Cusp Singularities 


In the definition of P(t) and Z(t), both indexed by .”’, we used the assumption 
that the link is a rational homology sphere. In the case of P(t) it was really 
necessary, since the definition was based on the existence of the natural line 
bundles (defined via the universal abelian covering). (Indeed, the cohomology 
of a natural line bundle and of a line bundle with the same Chern class might be 
different, hence the identification of the natural bundles is crucial.) 

However, we suggest that using the linear subspace arrangements an extension 
can be done even if the link is not a rational homology sphere, at least when all 
the exceptional curves are rational. We analyse the case of cusps in details. In 
this case several analytic vanishing statements are present, facts which make the 
definition and results work. We follow [457]. & 


We assume that (X, 0) is a cusp singularity, and we fix its minimal resolution Xx. 


8.4.23 The Analytic Series P(t) The definition of P(t) = >>), p(U’ yt!” can be done 
in (at least) two ways. The first definition identifies the coefficients of P(t) by any 
of the identities from Lemma 8.2.8, 


H°(X, 6% (-l' — E))) 


N= —1)!/! di 
pl’) = D7)!" dim HOE. O(P—E) 


Tey 


(8.4.21) 
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once we clarify the meaning of Ox(—l') € Pic(X) for any I’ € .Y’. The bundle 
O%(—-I') can be identified in a ‘naive’, or in a ‘precise’ way. 

By Theorem 7.2.31 Ax, -£) depends only on the Chern class of &, hence 
in the ‘naive’ identification we can put for @y(—I') any bundle with Chern class 
—l’, and the expression from (8.4.21) is well-defined. (Cf. with identities of type 
(8.2.21).) 

The second way identifies precisely the bundles @x(-I') € Pic(X ), and 
even a L'/L-covering, which replaces the universal abelian covering. Once the 
covering is fixed, the analogues of the natural line bundles are defined via an 
eigensheaf decomposition as in 6.2.9, and all the analytic filtrations {.F (1’)},, can 
be defined as in 8.2.A, and all the statements of that subsection can be reproved. 
The corresponding covering is the ‘discriminant covering’ of the cusp, discussed 
in 4.2.8. 

As we said earlier, the cohomology of line bundles are topological, hence p(J’) 
(defined in (8.4.21)) a posteriori, should also be topological. Let us rewrite it in 


terms of x. We fix some /' € .Y and write 7 := VY \ J. Then from the exact 
sequence 
0 6%(-I' — E) > 6%(-l'— E)) > 6z,(-l' — E}) > 0, (8.4.22) 


and from the vanishing h! (Ox (—l' — E)) = 0 (use 7.2.31 for I+ E € ' \ {0}), we 
get that p(l’) = )0,(—1)!"n°(@g,(-I/ — Ey)). Let J := J(’, 1) be as in Lemma 
8.3.7. Then h?(X, O%(-l'— E])) = h°(X, O%(—I' — E7)), hence again by (8.4.22) 
we get 


pl’) = S0(-1)!"'h9 (Gz (Hl — Ep). 
I 


We will separate the case /’/ = 0. In this case for ] = % one has J = V hence 
h°(Ox,(—Ej)) = 1. But for 1 # 0, h°(Og,(—E))) = 0 (since J = V). Hence 
p(0) =1. 

If /’ #~ 0 then hl (Gz,(-l — Eys)) = 0. This for J = @ follows from 7.2.31, 
for 1 4 @ follows from the fact that each component of J is a string and all the 
Chern degrees are > 0. In particular, h?(On,(-l’ —E;))= x(Ge,(-l —Ey;)= 
x(’ + E) — x(l'+ Ez). Hence 


PH=O+ YS Veni YT + Eyay)-t! (8.4.23) 
VeES\{O} I 


(This can be compared with the ‘second appearance’ of Z(t) from 8.4.5, valid in the 
rational homology sphere link case.) 


8.4.24 The Topological Series Z(t) The topological linear subspace arrangement 
can be defined analogously as in the rational homology sphere case, once the 
bundles @z(—I') are identified as above. Namely, one sets T(/') := H°(@g(—I')) 
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and T,(I') := H°(@g_¢£,(—l' — Ey)) for each v € Y, and finally (as in 8.4.7) 


Zt) = D> xtop( PIT) \ Uv Trt’) 


VeS' 


8.4.25 The Second Definition of the Analytic Series P(t) Define the image of 
H°(6x%(-1')) — H(@g(—-l')) as AI’) and set A, (l’) := AW) N Ty, (V) (as in 8.3) 
and set 


P(t) = D> Xtop(P(AW) \ Uy Av’) -t. 


VES! 
Lemma 8.4.26 P(t) = P’(t) = Z(t), or 


ZH®=0+ YO Wen y+ Bye.n)-t’. (8.4.24) 
VEeS\{0} 1 


Proof Notice that H°(@z(-l')) > H°(@g(—I')) is onto (since h! (6x (—I' — 
E)) = 0). Hence the analytic and the topological linear subspace arrangements 
are the same and P’ = Z. But P’ = P follows similarly as in Corollary 8.3.4, 
using 8.3.3. ia 


8.4.27 The Computation of P(t) = Z(t) via {E*},’s Assume first that || > 3. 


(a) Assume that /’ = E* for some v. Then J = % for 1 = Mand J = ¥ otherwise. 
Hence, by (8.4.23) p(/') = 1. Similarly, if /’ = KE* for some v € ¥ and k > 2 
then J = @for] =G,andJ =Vifvel,andJ=V\vifl AGandv ZI. 
Hence, again by (8.4.23) p(l’) = 1. 

(b) Assume that v and v’ are adjacent vertices, and /’ = kE¥+k'E*, with k, k’ > 0. 
Let w # v’ adjacent vertex to v. Let A, := {I C ¥, v € J}. Then its elements 
can be putin pairs (7, 7Uw) with w ¢ J, and with J(/', 1) = J(l', [Uw). Hence 
the contribution in (8.4.23) corresponding to the sum over Y, is zero. The same 
is true, by similar argument, for the subset Y, y := (1 C ¥,v ¢I,v' € I}. 
Hence we remain with subsets J with J {v, v'} = @. For them J = Gif 1 = @ 
(with contribution x (/')), and J = V \ {v, v’} (with contribution x (/') + 1) else. 
Hence p(i’) = 1 again. 

(c) We claim that p(/’) = 0 in all other cases. Write // as )°,.5dyE% with 
all ay > 0. Assume that the E* support S of l’ is not ¥Y. Fix a maximal 
connected string I in V \ S. Let v,v’ € S be the two adjacent vertices of 
I. Then, by excluding the cases already discussed, we know that v # v’ and 
I U{v, v’'} 4 Y. Then we compute p(I’) via (8.4.23). Similarly as in case (b), 
the contribution in the sum corresponding to the subset J with JM {v, v'} 4G 
is zero (choose the adjacent w in J). Hence, in the sequel we consider sets 
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I with 1 9 {v,v’} = Q. For each such /, note that J := J \ {v, v’} has 
the property that x(l’ + Ey) = x(l/ + Ej) (+). Indeed, if at some step of 
the algorithm from Lemma 8.3.7(2) we have I, = J, and by the algorithm 
we have to add v (or v’), then (Ey, /' + E;,,) = 1, hence (+) holds. Write 
Tash Ub with h c 1M, while bOI, = @. Then J also decomposes 
as J; U Jo with similar properties. Note also that (/' + Ej,, Ey,) = 0 Hence 
i HD Ep = Sune +E) eee) = 
Lp CDAlx@ + Ep) Dy (CD! + Dy CD!x Ey) Dp d!"! = 0. 
Finally assume that S = ¥. Similarly as in (7) above, we have x(/' + Ey) = 
x (U'+ E7), which equals x (l/+ E) — x (Gg; (—l'— E7)). (This identity can be proved 
via h!(@¢,(—I' — E;)) = 0 as well.) Now the vanishing )7,(—1)!!!x(@z,(-l' — 
E1)) = >) )(-D!"\(x(Ep — (£;,1' + En) = 0 follows from combinatorial 
arguments. 


8.4.28 Hence we proved that whenever |/| > 3 then 


tFu 


u 


t& 
PW) =Z) =1+ a > Toa Toa 


vEeV (u,vyE€ 
By direct verification, the same formula holds for VY = {v, u} as well. Namely 


P(t) = Z(t) = 1+ — + —e +2: —S : — 
(o io) 1—-t& 1 — th 1-t& 1 -th 
If VY = {v} then P(t) = Z(t) =14+t® /(1 —t®’)?. 


Remark 8.4.29 The above formula is totally different from the ‘standard zeta 
function expression’ T],d — tho) Ko 2, In fact, for cusps, when x, = 2 for all v, 
this zeta function expression is = 1. Note also that Z®°*(L, t)|L=) = I],d - 
to )tv-2 = | too, hence ZEC(L, t)|L=1 is not the right extension for cusps either. 
However, as we will see in 8.4.32, P(t) can be related with ZECa (L, t). 


8.4.30 The Motivic P(L, t) and Z(L, t) for a Cusp Singularity We set 


ZL, 0= PTE) WHE), PLO = D> PAC) \WAM))1-t! 


VeS! Ve! 


Since the vanishing he x(—l' — E)) = O guarantees that the analytic and 
topological arrangements are the same, immediately we obtain P(L, t) = Z(L, t). 

Next, for any l’ € .~’ we consider the Abel map cs ECa! (E) > Pic~" (EB), 
and for any Y € Pic" the class [P(H°(E, L)reg)] = [(c7")1(Z)]. Hence, 


Z(L,t) =) [P(A%(E, O¢(-l’))reg)] - t 


VeS! 
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Lemma 8.4.31 Z(L, 0) = 1. Furthermore, for l' € ' \ {0} one has 
[P(H°(E, Og (—I'))reg)] = [ECa~" (E)1/(L — 1). 


Proof First we claim that Pic(E ), regarded as the kernel of c; : H . (OF) —> L’ in 
H! (@;), is the multiplicative group C*. Indeed, the exponential map exp(2zi -) : 


Ox +> @F induces an isomorphism H!(@¢)/H'\(E,Z) =C/Z acai i Cc*. 

Note that if f : X — Y is an algebraic locally trivial fibration with fiber F,, then 
[X] = [Y][F]. In the proof, instead of the local triviality of the Abel map, we will 
prove the local triviality of its restrictions on the strata of ECa~! (E) considered in 
the proof of Theorem 8.4.20. 

First, consider the Abel map cB: ECa7 Fo (E) > Pic7 £0 (E) for a fixed v € 
Y (for more details see also [452]). The source consists of divisors of degree one 
supported on E*, hence it can be identified with E>. The Abel map can be described 
by Laufer integration. Recall that pg = | and (X, oo is Gorenstein. Then we fix the 
Gorenstein differential form in X ve a with pole E, and we apply the discussion from 
Example 6.8.22. We obtain that c~“» : ES — C* is a tautological bijection. 

Next, consider for any k > | the Abel map oT KEY : ECa7*Fo (E) > Pico (E). 
One has a multiplicative structure The ECa~ Po (E) > ECa~**) (E) given by 
union (sum) of divisors, while [4 Pic~ Fv (E) > Pico (E) given by the tensor 
product of line bundles, that is, multiplication in C*. These operators commute with 
the Abel maps. Hence c~*#» : yd oe = SkC* — C* is given by c—*£: oan Pi) = 
I]; c7 Fa ( pi) (product in C*). This is surjective and it is an algebraic fibration over 


Finally, consider a stratum corresponding to e = (v,u) € & consisting of 
divisors of type Dx, x. AS a space, it is isomorphic to C*. We claim that the Abel 
map restricted to it is an isomorphism. Indeed, if we blow up p = E,, 1M Ey, several 
times conveniently at its infinitesimal close points, this strata can be identified 
Biss the divisors on some newly created exceptional divisor E°,,,, ~ C* given by 

4v + @ = 0, where a € C* is the parameter of the stratum, and dy = gced{k,, ky}. 
By the discussion from the previous case, applied for S? E EC w — C*, we get that 
the subset given by {x” + a = O}gecs maps isomorphically to C*. 

Since the stratification and the Abel map are algebraic, the proof is finished. oO 


Corollary 8.4.32 For a cusp singularity Z(L, t) = P(L, t) is given by 


ZFCaL, t) — 1 


Zi. si +. 
(L, t) + Lai 


where ZE@(L, t) is given in Theorem &.4.20. 
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We invite the reader to verify that 
ZECaL, t) — 1 
Come 
L-1 L=1 

provides exactly the expressions from 8.4.28 for Z(t). 
Example 8.4.33 For a cusp with one vertex one has Z(L, t) = 1+ a [pk-!]. 

kE* 
t : 


Remark 8.4.34 The expression in Theorem 8.4.28 is surprising: the series 


ze) =1+ + SY eZ 


veV 1— xy (u,v)e€ My Lox 


appears in a natural way in a rather different context in the literature. Indeed, identify 
the minimal good resolution graph J” with a simplicial complex |J"| with vertex set 
VY having only 1-simplices corresponding to the edges. Then the Hilbert series of 
the graded Stanley—Reisner ring associated with |I"| is exactly z(x) [89, 425]. (This 
might provide some additional information about the local equations of the cusp 
(X, 0), cf. [663]). 


8.5 Singularities Satisfying the ‘end curve condition’ 


We fix a singularity (X, 0) with a rational homology sphere link and a good 
resolution ¢@ with dual graph I”. The final goal of this section is to prove that the 
following facts are equivalent: (a) the analytic type of (X, o) and the resolution @ 
satisfies the ‘end curve condition’, (b) (X, 0) is splice quotient (associated with 
I’), (c) P(t) = Z(t) (both associated with ¢@). 

For such a singularity we prove that the next analytic invariants can be read 
from the combinatorics of I": .%/,, “Yan, Zmax, base points of Ox (—Zmax), 
mult(X, 0), h\ (6x (—I’)) (e.g. pg). We also show that the ‘divisorial filtration’ 
coincides with the ‘monomial filtration’ (projected weight filtration). & 


8.5.1 We fix a singularity (X, 0) and one of its good resolutions ¢ : X = X with 
graph I”. We assume that H!(X, Z) = 0. As above, VY and ¥° ={vEV : ky =1} 
denote the set of vertices and ends of , and H = L'’/L = Hi (Lx, Z). 


Definition 8.5.2 Consider an irreducible curve-germ (H, p) on X , transversal to 
E, intersecting exactly one E, (v € V) at the point p. A cut function for this curve 
is a function f € @x,, such that the divisor of f o @ is supported on E U H. (H, p) 
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is an analytic principal cut of E, if it has a cut function. Usually we refer to it as 
“p—cut’. 


Definition 8.5.3 ((515]) The ‘end curve condition’ for the resolution @ requires the 
existence of an analytic p—cut H, for each end component E., e € ¥°. We call the 
corresponding cut function ‘end curve function’. 


Example 8.5.4 In the following cases the end curve condition is satisfied: 


(a) rational singularities, where @ is an arbitrary resolution (use 7.1.13(a)); 

(b) minimally elliptic singularities, and @ satisfies |C| = E (use 7.2.31(b)); 

(c) weighted homogeneous singularities, where @ is the minimal good resolution 
(see 5.1.39); and more generally, 

(d) splice quotient singularities (by their construction, the coordinate functions of 
C!”“! induce end curve functions, see [515, (7.2)(6)], or 5.4.11, 5.4.12 and the 
comments in 5.4.13 above). 


8.5.5 End Curve Sections [515] For a fixed v € Y, let 0, be the order of [E*] 
in H. Since Pic(X ) has no torsion, if Hy, is a p—cut of E,, then one can take a cut 
function f, such that div(f, o @) = oy(Hy + E%*). We will call it ‘reduced cut 
function’. Note also that Oz(—E*) = @x(A,) in Pic(X). 


Consider now the universal abelian covering (Xq, 0) of (X, 0), maps c, ¢ and p 
as in (6.2.1) or (8.2.3), and a reduced cut function f, for some v € V as above. Then 
fvco¢@o p isan o,-power of some zy € HZ, Oz). Indeed, the universal abelian 
covering factors through the Z,,, cyclic covering { fy = z°"} = Xf, 0, of (X, 0), and 
the algorithm from subsection 4.1.C provides the holomorphic germ z = z, defined 
on this covering, which lifts to Z. Since z, is in the 0([E*])-eigenspace, by 6.2.9 
one also has that zy € H(X, O%(—E;)), and the divisor of zy, as global section 
of Oz(—E;), is Hy. (In this construction of z, from f, there is a multiplicative 
ambiguity by an 0,-root of unity that we will disregard.) 

If@: X — X satisfies the end curve condition, the sections ze fore « V° 
constructed from (a fixed set of) reduced cut functions will be called end curve 
sections. 

Usually, for each e € ¥°, one fixes one p—cut. Nevertheless, in order to run the 
theory (and inductive steps) properly, for a graph which has only one vertex, one 
fixes two disjoint p—cuts, hence one gets two end curve sections. (For this special 
case, the reader is invited to replace some of the indices used below accordingly.) 


8.5.6 Monomials in H°(X, O%(—I')) Fix a subset W C ¥, and assume that ¢ 
admits cut functions and p-cuts H,, for any w € W. Fix I’ € L’. For any collection 
ay € Zro (w € W), with [) cw @wE},] = [Lin A, take the monomial z* = 
IHwew zu” in {zw}w, considered as a function on Z. It is in the 6({I'])-eigenspace, 
and it is a meromorphic section of Ox (—I’). As a section of Ox (—1’), its divisor is 
yy Cw (Hy + EX) — I’. Therefore, z% is a global holomorphic section of Oz (—') 
if and only if )°,,, @wE}, — I! € Lso. We write D(a) := Do ,cw Aw E%,. 
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Definition 8.5.7 Assume that ¢ satisfies the end curve condition. Consider the end 
curve sections {Ze}.<-ye associated with a fixed set of end curve functions. An 
element of H(X, O%(-I')) of the form z® with W = ¥° is called monomial 
section. 

A global section z% of Ox (—I'), where {a },ew is indexed by a subset YW 2 ve 
(provided that each {Zw} wey exists) is called an extended monomial section. 


Example 8.5.8 For any l'e L’ and l € Lso, the classes of non-zero monomial 
sections in H°(X, @(—I'))/H°(X, G(—I' — 1)) are indexed by 


{a = {ae}ecve |ae € Zs forallee V°; a>0, a #1, wherea = D(a) —I' € L}. 


E.g., if] = E, for some v € ¥ with (l', Ey) > 0, then this index set is empty: the 
existence of such an a would imply 0 > (D(a) —I', E,) > 0. This chimes in with 
the fact that H°(6%(—I')) / H°( Gx (—I'— Ey)) embeds into H°(Ey, @g,(—I')) = 0. 


8.5.9 Restrictions We introduce the needed notations of an inductive procedure. 
Let @ and I be as above, and we assume |/| > 1. We fix a vertex v € V°; let Ey be 
the unique irreducible exceptional curve which intersects Ey. Set E = U ucV\vE 
Let X (E) bea sufficiently small neighbourhood of E in X, and let F be the dual 
graph of E. We denote by E, (= E,),u €V \ vu, the base elements of the new 
lattice L, and by. [hy * their ['-duals in L’. Notice that E analytically can be contracted 
(denote this by #) ving rise to a singularity (X, 0). Set V° for the ends of I and 
Yr=Vo\ 0, a 

If (X, 0) admits the p—cuts {Hz}eeve in X determined by the cut functions 
{ felecye, then X (E ) inherits some compatible p—cuts and cut functions. Indeed: 


Lemma 8.5.10 ) ([533, (2.15)]) The curves {He Jeever and Hy = E, X(E) are 
p-cuts of E in X(E). In particular, the resolution of (X, 0) satisfies the end curve 
condition with distinguished end curve functions inherited from { fe}eeye. 

Proof Let me be the vanishing order of f, along Ey. Then for ¢, f,| Xz) is a cut 
function for Hy, and fe = (f2" ”/ fo NX isacutfunctionfor H.,ece Vv. a 


Leti : i <> L be the natural lattice embedding E, r E,,u € V \ v. Its dual 
R: L' > L’ is defined by (RV), J) = (l', i) (or by R(ES) = Oand R(E*) = EX 
for u € ¥ \ v), and one also has 


R(E,) = —E* and R(E,) = E, forue V \ v. (8.5.1) 
Lemma 8.5.11 The restriction of any natural line bundle of X to X(E) is natural. 
In fact, the restriction of Oz(—I') is isomorphic to O% gp (-RU)). 


Proof We need to show that some power of the restriction has the form 0 (f,) (J) for 
some / € L, cf.6.2.4. Hence, by taking |H|-power of O%(-I'), the proof reduces 
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to the cases Ox(E,)|X(E). But this, for u ~ v is Ox iy (Eu), and for u = vis 
Ox a (Aw), which equals OF iB) (—E*) by 8.5.10 and 8.5.5; all of them are natural. 
Since Oy (—I’) IX ez) is natural, it is identified by its Chern class. oO 


Here, a word of warning is necessary. Consider the restriction map 
R°: H°(X, O¢(-I')) — H°(X(E), Ox (I) x(a)- 


Although @x (I) és and OF B(-RU)) are isomorphic, the isomorphism 
connecting them might not send the restriction of a monomial section of Oz (—1') 
to a monomial section of OR gp (-RU)) : 

The following technical lemma is proved in [75] and [484]. 


Lemma 8.5.12 Let ¢ : X > X bea good resolution which satisfies the end curve 
condition, and H'(X,Z) =0. Let Z = Ox(-l') (I! € L') be a natural line bundle 
on X. Then: 


1. For some l € L>o consider the vector space 
V := H°(X, Z)/H(X, L(-D). 


Assume that a subset of H(X, L) has the following property: for any non-zero 
class in V of amonomial section of & the set contains an element with the same 
divisor. Then the classes of the elements of the set generate V as a vector space. 

2. Assume that |V| > 1, v € V® and (c\(L), Ey) = 0. Set Ey and X(E) as 
in 8.5.9. Then the restriction map induces an isomorphism 


». HX, 2) H°(X(E), Zl ze) 


ee ae ee —_ a a (8.5.2) 
HX, LR-Ey) HRB), gay (—Ew)) 


Proof We prove both statements by a simultaneous induction on the number of ver- 
tices of the resolution graph. For this we will use the notations 8.5.9 and 8.5.10. The 
cut functions {flecyev and ful &é) induce sections in H°(X(E), Ox g(-E?)), 
resp. in H(X(E), Ox a (-E%)), denoted by Ze fore € V°", resp. by yw (cf. 8.5.5 
and 8.5.10). Clearly, if cx, > 2, then w ¢ W° and ¥* = ¥°". Hence the 
new monomial sections have the form [],<yev Ze° (@e > 0); a product of type 


Tleeyev zor . ye (B > OQ) is an extended monomial section. If ky = 2, then 


~e = VV Uw, hence all {He}ecyev and Hy are p—cuts of X(E), and the new 
monomial sections have the form [[,<yev Zee yb (ae > 0, B = 0). If ky = 1 


then for X (E) we preserve both (old and new) p—cuts H,, and H,, and the new 
monomial sections have the form Z°, ye. 
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The induction starts with a one-vertex graph with two p—cuts A and H2, in which 
case we have to check only part 1. In this case the picture is very explicit. 

Set n = —E*. Then E* = (1/n)E and H = Z,. The universal abelian 
covering Xq is C2, Ox,.0 = C{z1,Z2}, where z; and z2 are the two end curve 
sections. Moreover, Z is the blow up of Xq at o with irreducible exceptional 
curve Eq, and p*(E) = nEg. Set 2 = O%(—kE*) for some k € Z. Then 
H(X, = H°(Z, O(—kEq))oqiy which equals the subspace of C{z1, z2} 
generated by monomials of degree deg > k and deg = k (mod n). Therefore, if 
1 = mE, the monomial sections z* of Y with ay + a2 = k+in (0 <i < m) 
are linearly independent and the space spanned by them projects bijectively onto V. 
Since div.y(z®) = a, Hj + a2H2 + iE, the vanishing orders of all these divisors at 
the intersection point HME are all distinct. Hence, any set of section of @ with the 
same cardinality and divisors projects into a linearly independent set in V, which 
necessarily form a basis of V. 

Now, we consider a resolution @ : X — X whose graph has |%| > 1 vertices. 
We fix a vertex v € ¥°, and we will use the notations of 8.5.9. By induction, we 
assume that the statements of the lemma are true for ¢. 

First we prove statement 2 for ¢. Since R? is injective, we have to show its 
surjectivity. For this consider all the monomial sections of | Xz) with non-zero 


class in the target of R?, They have the form M = Thee yer Ze * ye (where a, > 0 
and B > 0, and B = Oif w ¢ ¥°) such that 


\> ae ES + BEX + R(c\(L)) =1 


eevee 


for some l E Ly andi # Ey.In particular, Lis supported on the closure of E \ Ew, 
hence (i(/), Ey) = 0. Since ROW) ec yev Me EX — BE, + €1(L2) —i())) = 0, one has 


> aeEf — BEy +e(Z) — i) = —ay EF (8.5.3) 


ecvev 


for some a, € Z. Since BEy + iW) € Lo, and ay = —BE? + (c\(L), Ey) = 0, 
we get that z* = [],cye ze* is a monomial section of -%, such that the divisors 
of R°(z%) and M coincide. By the inductive step (part 1 applied for X (E ) and for 
the classes of Oa baa | Oe i.e. for the set {R° (z*)}q), the collection {R? (z*)}y is a 
generator set of the target of R’. In particular, R” is onto proving part 2. 

Next, part 2 is used to prove a special case of part 1. Indeed, if we replace above 
each section z® by another section Sq of “ with the same divisor, then by the same 
inductive argument as above the set {R’(Sq)}q form a basis of the target of R’. But, 
since R? is an isomorphism (already proved by part 2), the classes of sy necessarily 
form a basis too. This proves part | for/ = Ey and any # with (ci(@), Ey) = 0. 
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Now we turn to statement | for general & and/ € Ls. First we consider the 
following infinite computation sequence {Xn}n>0, Xn € Lo, such that x9 = 0, 
Xnt1 = Xn + Eyiny, where u(n) € V is provided by the following principle: 


(a) If (—cy(Y@) + %, E,) < 0 forallu € VY then u(n) = w. 
(b) If (—c1 (LY) + xn, Ey) > 0 for some u, then take one of them for u(n). 


By 2.1.19 both steps occur infinitely many times. Moreover, at any step when 
(1) applies, —c1(Y) + x, € Y. Since A’ {l! e L’ : I #1 —c\(L)} is finite 
(cf. 2.1.19), we get that x, > / for a sufficiently large k. 

Next we analyze the steps of (tah and we show by induction on n the validity 
of part 1 for Vy := H°(L)/H°(L(—xn)). In case (b), the natural projection 
Vin+1 —> Vp is an isomorphism and the divisors of the monomials can also be 
identified (cf. 8.5.8). In case (a), one has the exact sequence 


A'(L(= xn) 
°° AZ ay Bay et IO 


Part | is valid for V,, by the inductive hypothesis, and for the first term of the exact 
sequence too (by the particular case / = E,, already proved). Hence, it works for 
the middle term as well. This ends the induction showing | for Vx. 

Finally, consider the projection Vi > V = H°(#%)/H(L(-)). Any set 
of H°(Y) which satisfy the assumption of part | for V can be completed (by 
adding monomial sections whose classes in V are zero) to a set which satisfies the 
assumption of | for Vz. Hence, since V; satisfies the statement of 1,sodoesV. O 


Corollary 8.5.13 Let ¢ : X + X be as in Lemma 8.5.12, 2 = Ox(-I') (I! € L') 
andl € Ls. Then H(X, L){H(X, 2 (=1)) is generated as a vector space by 
the classes of monomial sections of H°(X, Z). 


Proof Apply part | for the subset of monomial sections. oO 
8.5.14 For further references we state a more general version of 8.5.10. 


Lemma 8.5.15 Assume that a resolution X > X satisfies the end curve condition. 
Let I’ be a connected subgraph of I’, X' be a small neighbourhood of E' := 
Uvev(r) Ey, and let X’ + X’ be the contraction of E’. Then the resolution 
xX’ > xX’ satisfies the end curve condition too. Furthermore, the natural line 
bundles of X restricted to X’ are natural. 


Proof Use inductively 8.5.10 and 8.5.11, or modify accordingly their proofs. oO 
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8.5.4 The Identity P(t) = Z(t) and the Monomial Filtration 


Theorem 8.5.16 ([484]) Assume that (X,0) admits a resolution $, which satisfies 
the end curve condition, and H'!(X,Z) = 0. Then P(t) = Z(t). 


Proof By the ‘change of variables’ {x, = te licy, and using (8.2.15) and the 
support restriction (8.2.14), the identity P(t) = Z(t) is equivalent to 


» PO(- YD, kuE*) I] = I] =a)" (8.5.4) 


ky=0 uct uEeVv 


The proof runs by induction on the number of vertices (where we will also use the 
facts that the restriction preserves the class of singularities satisfying the end curve 
condition, and also their natural line bundles, cf. 8.5.10 and 8.5.15). The statement 
was already verified in Example 8.2.16 for a graph with only one vertex. For a 
graph I” with |¥| > 1, let v, w, I be as in 8.5.9, and denote the restriction of 
M = O(->,, kw E*) € Pic(X) to X(E) by .@ (where each k, > 0). Then in the 
formula (8.2.13) of p.w we group the subsets in pairs (/, J U {w})73w. Hence 


= alll H®(4(-E})) 
Pa di ee ay (8.5.5) 
Since (c1(@), Ey) = ky => 0 and —(E7, Ey) = 0, 8.5.12(2) can be applied for 
each Y = .@(—E7). Next, we separate the cases when / contains v or not and we 
reorganize them in expressions as (8.5.5) for p 7 and PME): Then (using (8.5.1) 
too), we get 


PA = Pa — PACE) = Pad — P ae): 


Notice that, by (8.2.14), p_7(g«, = 0 whenever k,, = 0. Therefore 


1-—x 
ky w 
Pro = Pxg* Dy (l= tw) = oe 
ky>0 
But the right hand side of (8.5.4) satisfies the same inductive formula. El 


Corollary 8.5.17 Assume that (X, 0) admits a resolution ¢, which satisfies the end 
curve condition, and H'(X,Z) = 0. Then h! (@%(U')) is topological for any’ € L’. 

Indeed, write Z(t) = yey 3". Then, after the identification P(t) = Z(t), 
the formulae from 8.2.13 read as follows: 


1. Forl!e -—Kzg+ 7 


D> a) = xKgtornl! — rn) +h (Ox(—rn))s (8.5.6) 
(=U), VZV 
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2. More generally, for 2 = O%(-I') with arbitrary l' € L', 


W(Ox(-l))=-— YW) + xKg42n Ul — rn) +h (Ox (—n)). 
(=, vZy 
(8.5.7) 


8.5.18 In fact, the converse of 8.5.16 is also true: 


Proposition 8.5.19 Assume that the singularity (X, 0) satisfies H! (X, Z) = 0, and 
we fix one of its good resolutions @. If associated with ¢ one has P(t) = Z(t), then 
the ‘end curve condition’ for @ is also satisfied. 


Proof If Z = P then p(E>) = 1 for any e € ¥°. Hence, by 8.3.4, A(EZ) \ 
UyAy(Es) ¥ @ and there exists a global section ze € H°(6z (—E%)) without fixed 
component. Thus, by its intersection properties, its divisor is necessarily a p—cut of 
Ee. Oo 


8.5.20 Comparison of the Divisorial and Monomial Filtrations Besides the 
divisorial multi-filtration {4(l/)}vez there exists another filtration on @x, 0, 
indexed by the very same set L’. One starts with the monomial filtration on 
C{z} = C{z1,..., Zjye} defined by the degrees of monomials: 


Gory (U') := { Ye aan* € C{z}: > ae Es > I' whenever dg #0}. (8.5.8) 


a eceve 


Let d : C{z} — G@yx,.o send the variable z; to the corresponding end curve 
section (denoted by z; too, cf. 8.5.5). By definition, the monomial filtration 
{G(l)}v of Cx, ,o is the image of {%cy,} (I) };, by ® (compare with the construction 
from 8.1.22). By definitions Y(l') C F(). 


Theorem 8.5.21 Y(i') = F(l') for alll! € L’. In particular (take I! = 0), ® is 
surjective. 


Proof Let m and my, o be the maximal ideal of C{z} and Gx, respectively. 

In the ring C{z} the m-adic filtration and the monomial multi-filtration {¥(/’)}y 
have bounded difference (use 2.1.19). Hence they determine the same completion. 
The same is true in Gx, . too: the my, o-adic filtration and the divisorial filtration 
determines the same completion, cf. 6.6.10. 

Applying Corollary 8.5.13 to the eigenspaces, we obtain 


PG) + FU +) = FU) for anyl € Lso. 


Therefore, at the level of m-adic completions, @ : Gel )o> Fil) is onto for 
any /’. Then, by a theorem of Houzel [281], ® : Yc, (I!) > Fl’) is onto too. O 
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For additional comments regarding the results of this section see 8.5.36. 

Theorem 8.5.21 generalizes a result of Okuma (for splice-quotients) [533, (3.3)], 
where the filtrations are associated with only one node. For a similar discussion see 
[75, (8.2.1)] too. A similar identity (of the divisorial and a combinatorial Poincaré 
series), valid for affine toric varieties, was verified by Lemahieu in [383]. 


8.5.B Topological Characterization of 7, and San 


Recall that Y° denotes the set of end-vertices of and any {a@e}eeve (ae € Zs0) 
provides a monomial cycle D(a) = )>, ae Es € L’. 


Theorem 8.5.22 (Combinatorial Characterization of .%/,, [484]) Assume that 
(X, 0) admits a good resolution $, which satisfies the end curve condition, and 
H!(X, Z) = 0. Then for any I! € S' the following facts are equivalent: 


LVveA, 
2. for each v € ¥ there exists an effective cycle 1, € L>o such that: 
(a) Ey Z |lo|, 


(b) (ly, Ey) = —U, Ey) foranyueV\ ¥°%, 
(c) (ly, Eu) < —W, Ex) foranyue ¥°; 


3. there exists finitely many monomial cycles {D(a))}x € I’ + L so that l! = 
ming D(a). 


Proof (1)=>(2). If I! € %, then H°(Ox (—I'))/H°(Ox(-I' — Ey)) # 0 for each 
v € ¥. Hence, by 8.5.13 (see also 8.5.8), there exists a monomial z*™ so that 


\ agjeBi aT =k, (8.5.9) 


eceVve 


where /, € L>o and E, ¢ |/,|. Hence (2) follows. In order to prove (2)=>(3), define 
the non-negative integers a(y),¢ := —(l' + ly, Ee) for all e € W°. This means that 
(8.5.9) is satisfied. Since miny D(a@q)) = min, (I! + 1,) = I’, (3) follows too. For 
(3)=>() notice that if /’ = ming D(a), then a generic linear combination of the 
monomials z* is a holomorphic section of @z(—I’), which is not zero along any 
of the components. Oo 


The next result shows that the ‘saturation’ of the sub-monoid .%,,, is 7. 
Corollary 8.5.23 Let (X, 0) be as above, thenm: Y' C -Lan for somem € Zs0. 


Proof For v € &, E* € %{,, by the definition. Next, take a vertex v with k, > 2 
and adjacent vertices {w;}, sitting in the branches (connected components of I” \ v) 
{Cx}, of v. Regard Cz as a subgraph, let E* be the C;-dual of E,, in this subgraph 
(u € V(C,x)). Next, consider in C, an arbitrary integral monomial cycle I. of 
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type >> ee¥E, aye E*, where VE, are the ends of I in Cx. Since ax,¢ are positive 


I, is effective. Let mx be the multiplicity of Ey, in I;. Then, one verifies (by 
intersecting both parts with all E,,, w € V) that dee VE ake ES — meE* = ill), 
k 


hence it is effective, integral and supported on Cy. (Here i : L(Cy) — L is the 


inclusion of lattices.) Hence, by taking m, := Icmz{m;z}, one has my - EX = 

ming D(agmy/mx) € San. oO 

Remark 8.5.24 

(a) In fact, if k, # 2 then E* € .Y,, hence 0, E* € -%an, where oy is the order of 
[E*] in H. 


Indeed, for end curves this is clear. For nodes the proof uses the monomial 
condition for I’, cf.5.4.10. This is a topological condition, which must be 
satisfied by I” whenever (X, 0) satisfies the end curve condition, for the proof 
see 8.5.D. 

Let {Cx}i<k<x, be the branches of the node v. Then the monomial condition 
says that there exists a monomial cycle D(a) so that D(a;,) — E* is effective, 
integral and supported on Cy. Hence E* = ming D(ax) € -%, and oyE* € 
Fo NGS on 

(b) For v with xk, = 2 it can happen that 0, E* ¢ Yq, (hence E* ¢ .Y!, neither). 
E.g., 0, = land E* ¢ .Y,, in the case of E, in the right graph from 8.5.27. 

(c) One of the motivations for the characterization of ._%, is the Nash Problem. 
The components of the arc space can be separated using the ratios J; /1; of the 
coefficients of cycles dy; jE; € San, see e.g. [574]. By 8.5.23, for splice- 
quotients, the set of these ratios remain the same if we replace .%yn by -7. 


8.5.25 The Maximal Ideal Cycle We denote the (finitely generated) monoid of 
integral monomial cycles by 


bagi | Yo aeE : a € Zo NL. 
ecve 


Theorem 8.5.22 implies the following: 
Corollary 8.5.26 Let (X, 0) be as in 8.5.22. Then Zmax = min{l : 1 € Lena \ {O}}. 
Example 8.5.27 Consider the following two graphs, both with L’ = L, and both 


realized by splice quotient equations. The first one has equation x? + y? + z!3 =0, 
the second one is the complete intersection a + re + us = a + a + Zag 1=0. 


2 7 1 2 2 1 13 1 2 


e e r 
Eo EF EF 
—3 —3 —3 
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For the left graph Zmin € Yan, nevertheless Yq, 4 %. In fact, Y \ Yan = {ET}, 
where £| is the —7-curve. To show that Et ¢ San, choose Ep in 8.5.22(2) for Ey. 
(Compare also with 7.2.100.) 

The right graph is an example with Zmin ¢ Yan and with infinite .Y \ an. 
Indeed, let E, denote the (—13)-curve and let E, be any exceptional curve with 
valency 1. Then ET + kEX ¢ Yan for every k > 0 (take in 8.5.22(2) for v the node 
adjacent to the end-vertex e). In this case Zmax = 2Zmin. 


Example 8.5.28 Assume that (X,0) is as in 8.5.22, and the link is an integral 
homology sphere. Then ._%, is a monoid generated by {E3}.cye via the operators 
+ and min, where min is understood via the embedding into L. The presence of 
the min operator is necessary: if we take e.g. the Eg singularity, then we have three 
generators {E3}.cye, however Yan = 7 is an 8-dimensional affine semigroup. 

Let v € V be an arbitrarily chosen vertex, and let .Ygn|z, be the set of Ey- 
coefficients of elements of .%;,. Then -Yan|£, is a numerical monoid of N. By the 
above fact, it is generated by {—(EZ, E*)}ecye, via the operator +. 

Let us consider the case of weighted homogeneous singularities. In this case, the 
link is an integral homology sphere exactly when (X, 0) is a Brieskorn complete 
intersection of type (a@1,...,a@)) with {a;}; pairwise relative prime, cf. 5.1.33. Let 
us fix the central vertex E, = Ep. Then —(E3, E*) = a/ae for any 1 < e < v. 
Hence -4n| £y is the numerical semigroup G(a, ...,a@,) generated by a; = a/a;. 

We wish to comment this last statement. For any set of integers (a),..., day) 
with gcd(a,..., a@,) = | let us consider the numerical monoid G = G(a),..., ad) 
generated by them. Then the famous Diophantine Frobenius problem asks to find 
the Frobenius number Frob(G) of G, that is, the largest element of N \ G. If v = 2 
then Frob(G) = aja2 — a1 — a2 [673], however, in general the problem is still open, 
for more see [585]. In [112] the following upper bound is proved: 


Frob(G(a1,...,av)) < (v— 1) -lem(ai,..., av) — ai. (8.5.10) 


i 


Moreover, in [112] it is proved that in (8.5.10) the equality holds exactly when 
there exist pairwise relative prime integers {a;}/_, such that a; = ([[ jo j)/Oi- 
From the above discussion G has this extreme property (equality in (8.5.10)) of the 
Frobenius number exactly when it coincides with the numerical semigroup -“an| £9 
associated with a Brieskorn complete intersection (as above). (Here, as in several 
cases in mathematics, the sharp bound is realized in algebraic geometry.) In the 
language of singularities, the formula from (8.5.10) reads as Frob(G) = a + t. This 
can be reproved by techniques from 5.1.29 (using N(t) = —2). For details (and for 
the case of a weighted homogeneous germ with rational homology sphere link) see 
[351]. 
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8.5.C Base Points of @* myx,o and Multiplicity 


In general, the Oz—module ¢*my,, (generated by elements f o @ with f € myx,o) 
has the form @z(—Zmax) ®@ @pewIZp, where # denotes the finite set of base- 
points and .%p is an mp-primary ideal at P € &. Next we provide a combinatorial 
description of the ideals .%p. We follow [484]. 

Assume that @ satisfies the end curve condition, we fix some p—cuts H, fore € 
¥®© as in 8.5. Consider D := E U (Ugewe He), and let Sing(D) denote the singular 
(double) points of D. Fix such a point P € Sing(D) and order the two components 
of D containing it. Associate with each D(a) € Leng the multiplicities (dy, by) in 
> ccyve Me (He + E*) — Zmax of the two components of D containing P. 


Corollary 8.5.29 


1. & C Sing(D). In particular, if He 1 E € & for some e € ¥°, then the 
intersection point He E is independent of the choice of He (i.e. it is imposed by 
the analytic structure). 

2. Fix P € Sing(D). In some local coordinates (t,s) of P (so that ts = 0 is the 
local equation of D), %p is the monomial ideal generated by {19 5 0} 1) eLend* 


Proof By 8.5.21 applied for Zax, Mx,o is generated by non-zero monomial 
sections. oO 


Example 8.5.30 On the left graph of 8.5.27, & consists of only one point, the 
intersection of the p—cut with Eo, the unique curve FE; with (Zmin, E;) < 0. In 
the case of the right graph # = G. In the next example 8.5.32, & consists of one 
point, which is the intersection of two irreducible exceptional components. 


For every P € &, the pairs (dy, by)q determine a (convenient) Newton diagram: 


Np = Rig \ convex closure{ U (Ge, ba) + Reo) }. 
D(a)€Lend 


Theorem 8.5.31 ([484]) The multiplicity mult(X, 0) of (X, 0) is topological: 


mult(X, 0) = —Ziyay +2- > area(Np). 
PEB 


Proof For each P let dp and wp be two plane curve singularities with Newton 
diagram N, and generic coefficients. Then (see e.g. the proof of 6.7.9) mult(X, o) 
equlas —Z = acts > pcg (oP, WP)P, where (., .)p denotes the intersection multiplic- 
ity at P. But (dp, yp)p = 2- area(Np), see e.g. [683], or [575, page 276]. oO 
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Example 8.5.32 Consider the following graph. 


2 1 8 8 1 2, 
e @ @ @ 
ca 33 
Z2 e—3 —3 @ 74 


It is the graph of the following splice quotient singularity. Let {z;}1<;<4 be the 
end curve sections (as indicated in the picture), then a possible choice for the splice 
diagram equations is zt + a + 2 = a + Pa + eG = 0. H ~ Z; is generated by 
[E3], and acts by [E3] * (<1, 22, 23, 24) = (Z1, Wz2, 23, Wz4), where p= e779, 
The generators of the invariants are z,,z3, a = ae b= re and c = z2z4, hence 
the equations of (X, 0) are ee +at+ re = ae +b+ a =ab—c =0,orc = 
(2} + 23)(z3 +23). 

In this case Zmax = Zmin With Vc ax = —2. Let P be the intersection point of 
the two (—8)-curves. Then ¢*(mx,o) = Ox%(—Zmax) ® mp, hence mult(X, 0) = 3. 


8.5.D The Monomial Condition and End Curve Theorem 


In order to prove that a singularity with ‘end curve condition’ is a splice quotient, 
first we have to prove the ‘monomial condition’ [533] (see its definition in 5.4.10). 
We recall that the requirement of this condition is the following: if {Cx}i<k<x, are 
the branches of a node v then for each k there exists a monomial cycle D(a,) such 
that D(a;,) — E* is effective, integral and supported on Cx. 

In this section we always assume H : (X , Z) = 0 and the proofs follow [75]. 


Proposition 8.5.33 Assume that (X, 0) admits a good resolution $, which satisfies 
the ‘end curve condition’. Then the ‘monomial condition’ is also satisfied. 


Proof Let v bea node and C one of its branches. Let w be the vertex in C adjacent 
to v. We concentrate on the connected full subgraph Ic spanned by v and C. Let 
E, and 1D be the base elements and their duals in L(Mc) and L'(Ic). Then E, 
in Ic inherits several p—cuts as the restrictions of the other branches of v, cf. 
8.5.10 and 8.5.15. We select two such p—cuts (which clearly intersect E, in different 
points), and let sj and sz be the corresponding two end curve sections. They are 
global sections of @ (—E*) with divisors the corresponding p—cuts, hence they are 
not in H°(G (—E* — Ey)).In particular, their images under the embedding 


H°(6(—E*))/H°(O(—Ei — Ey)) > H°(6g, (-E%)) ~ C 
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are nonzero. Hence sj — c - 52 H°(G( Da Ea for some nonzero constant c. 
Since the divisors of s; and sz intersect E, in different points, s} — cs2 is nonzero 
along E, and its class is nonzero in V := H®(6(—E* — Ey))/H®°(6(—E* — Ey — 
E,)). Since V embedds into H°(O;, (-E* — E,,)) = C, we get V = C, with the 
class of s; — cs as its generator. Hence, by 8.5.13 there is a monomial divisor D(a) 
of Ic whose class is nonzero in V. This means, cf. 8.5.8, that D(a) = EF + Eel, 
with/ € Lo but E, is notin the support of /. This shows that (E*+ Ey +, E,) > 0, 
hence in D(a) there is no contribution from end curves supported by Ey, that is all 
the contributions come from the end curves of I” sitting in C. (Hence (J, Ey) = = 
(D(a), Ey) = Pr too, showing that the support of / does not contain oe either). 
Then D(a) — = E, +1 is the wished effective divisor supported on C. oO 


Next we present the End Curve Theorem of Neumann and Wahl. 


Theorem 8.5.34 (End Curve Theorem [75, 517, 534]) Assume that a fixed good 
resolution @ of (X, 0) satisfies the ‘end curve condition’ and H! (X, Z) = 0. Then 
(X, 0) is splice quotient associated with the graph of @. More precisely, in the splice 
quotient equations, one can take for the coordinates of (C'”*|,0) the end curve 
functions {Ze}eeve, and for the equations one can make a choice of certain I'- 
combinatorial equations in variables (c”"1, 0). (For definitions see 5.4.10-5.4.11.) 


Proof We already constructed in 8.5.20 a ring homomorphism @ : (C{z},0) > 
@y,,o, and in 8.5.21 we proved that it is surjective. Hence ker(®) is a prime 
ideal of depth 2. Since any ideal generated by [’-combinatorial equations is also 
prime of depth 2, cf. 5.4.12, it is enough to show that ker(®) contains a set of I’- 
combinatorial equations. 

We fix our resolution and we choose a collection of end curve sections {Ze}eeye. 
For any node v we find the equations as follows. By Proposition 8.5.33 the 
graph satisfied the monomial condition, hence it is possible to choose admissible 
monomials M,_.¢ for all the branches of v. The admissible monomials are elements 
of H°(O(—E *)). On the other hand, the vector space of power series with higher v- 
degree and with the same eigenspace is H WG (—E — E,)). Therefore, we need 
to show that the admissible monomials of v satisfy «, — 2 linear equations in 
Vi= H°(@(—E*))/H°(G(—-E* — E,)), whose matrix of coefficients has full rank 
(that is, the subspace generated by all the admissible monomials in V is generated 
by any two of the admissible monomials). For this, take the injection 


H®(6(—E*))/H®(@(—E* — Ey)) > H®(6z,(—E*)) ~ C’. (8.5.11) 


Any nonzero global section in H°(@z, (—E%)) has exactly one zero point on Ey, 
and any two such sections having different zero points form a basis of it. Since the 
zero of Myc is CM Ey, (hence they are all different), V is 2-dimensional, and any 
two admissible monomials form a basis of it. Oo 
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Corollary 8.5.35 Fix a good resolution with graph I" of a normal surface sin- 
gularity (X,0), which satisfies H'(X,Z) = 0. Then the following facts are 
equivalent: 


(a) (X, 0) satisfies the ‘end curve condition’ (associated with I); 
(b) (X, 0) is splice quotient (associated with I’, in the sense of 5.4.11); 
(c) Z(t) = P(t) (both series associated with I’). 


Proof For (a)<>(b) use comment from 5.4.13 and 8.5.34. For (a)<+(c) use 8.5.16 
and 8.5.19. O 


8.5.36 The monomial Filtrations Revisited Assume that (X,0) is a splice 
quotient singularity given by J°-combinatorial equations as in 5.4.11—5.4.12. We 
wish to analyze deeper the monomial filtration {4 (1’)};-. 

Recall that the monomial L’—multigrading of C{z} is defined in such a way that 
the variable z- (e € ¥Y°) has multidegree E>. This means that the multidegree 
w(z*) of the monomial z* is D(a). In particular, the Poincaré series of C{z} is 
the expression | | ccve (1 — tke me The associated filtration is Ycyz}. 

As usual, if f = )° ayz%, then w(f) := infa,,40D (a) (see also 8.1.22). 

Consider next the [-combinatorial equation fy, ; = )°¢ av,c,jMv,c + 8v,j G = 
1,...,y — 2) associated with a node v, cf. 5.4.11. Since Myc is an admissible 
monomial, there exists an integral effective cycle Zc supported on the branch C 
such that w(My,c) = E* + Zc. In particular, w (Xo a,c, jMv,c) = infc{E} + 
Zc} = EX. 

Next,we analyze gy, ;: by the construction 5.4.11 it is a convergent power series 
of monomials of type z%, each with multidegree w(z*) = D(a) and with v-degree 
(+) -(D(q@), E*) > —(E%, E*). We claim that for each such monomial D(a) > E¥ 
holds too. Indeed, take D := D(a) — E} and write it as D = D' + a,Ey, where the 
support of D’ does not contain E,. Then (+) just says that ay > 0. Since D(q@) is a 
monomial cycle, (D, E,,) < 0 for all u 4 v. Hence (D’, E,,) < 0 too for all E, in 
the support of D’ implying D’ > 0. Therefore, w(fy,j) = E}. 

Since, the /°-combinatorial equations define a complete intersection, the expec- 
tation for the Poincaré series of the projected filtration G := ®(Gc1z}) of O(x,,0) is 
(cf. 8.1.2 and 8.1.23) 


Pg) =] ae). 
veV 


This puts the combinatorial definition of Z(t) in a new light: it gives a new 
reinterpretation for Z(t). In fact, a combination of Theorems 8.5.16 (P.z(t) = Z(t) 
and 8.5.21 (Y = #) implies that, indeed, 


Ky—2 


Py(t) = Pe(t) = Z(t) = [] (1-t®) 


veV 
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It is worth to mention that (conversely) the identity of the series Pg = Pg would 
also imply Y = #. Indeed, since for both filtrations the ‘inversion’ of type 8.1.19 
holds, their Hilbert series must coincide: Hy = Hg. This together with Y(I’) C 
F (l) for alll’ imply Y = F. 


Example 8.5.37 For additional information regarding ECC and WECC properties 
of elliptic singularities see 7.2.70 above. 


8.6 Reductions of Variables in the Series P(t) and Z(t) 


For any fixed resolution @¢, in the definition of the series P(t) and Z(t) one takes 
a variable t, for each exceptional divisor E,, of ¢. However, in several situations 
and applications we realize that some of the variables are ‘superfluous’. E.g., if 
the resolution is not minimal, the non-essential exceptional components (those 
which do not appear in the minimal resolution) carry less information. The same 
is valid even for some of the exceptional curves of the minimal resolution, e.g. 
for those with k, = 2. Or, from a different point of view, certain exceptional 
divisors might have some intrinsic geometric meaning, and sometimes we wish to 
concentrate only on them. Hence, one might focus only on the subset of vertices 
either corresponding to the nodes of the graph, or the ones corresponding to the 
essential exceptional divisors only, or WR— and SR-sets, or pullbacks/images of 
lattices provided by some geometric constructions. 

In this part we reduce the variables corresponding to an arbitrary subset of V, 
creating the theoretical background. First, we define the corresponding topolog- 
ical and analytical series with reduced number of variables. This procedure will 
be called ‘reduction’. & 


8.6.1 We fix (X, 0) (as in 8.2.1) and the resolution ¢. Let 7% be a non-empty subset 
of ¥. Associated with it we consider formal series in variables {ty} e.7, denoted by 
t.y, and the projection yg : L'’ > LOQ ayQyeyl Ev) = Vyeg li Ev. We 
write 


. I Li I 
Vg:=mg(l'), and ty = ]] a? =t'|,,<1 forall ver 


vEF 
Here a word of warning is necessary. In the original case % = ¥, from a 
series S(t) = op ayt! we can recover its h-components Sp, (cf.8.2.3). Indeed, 


the monomial at! (ay 4 0) belongs to S, if and only if [/'] = h. However, 
this property will be lost when we reduce the variable: if % C ¥Y then from 
the information carried by z.¢(I’) usually one cannot recover [/’]. Therefore, the 
reduced h-components of a series S(t) should be defined as the reductions of the 
original h-components Sp (t) (and they cannot be recovered from the reduced S). 
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8.6.2 The Topological Series Z(t) is reduced as follows. 


Definition 8.6.3 The reduced series of Z is defined as Z.¢ (t.v):=Z (0, =1 for all ver: 
Similarly, for any h € H, Zy__¢ (tv) = Zn(O|t,=1 for ail ve.¢- Equivalently, 


1 * Ky—2 
re Y~ oth)! TT 0-day). (8.6.1) 
peH veV 


Zn, g (ty) = 


The substitutions {ty = l}ye.g are well-defined since Z(t) is supported on 7’, 
which has the special finiteness property 2.1.19. 


8.6.4 Reducing Variables in Series P(t) In the case of the analytic series P(t) 
we can proceed, a priori, in two different ways (in 8.6.5 we will show that they 
agree). By the first one we reduce P(t) ‘blindly’, as we did with Z(t) in 8.6.3, via 
substitutions f, = | for all uv ¢ .%. Again, this step is well-defined since P too is 
supported on .”, cf. 8.2.8. 

On the other hand, we can also repeat the original geometric definition of P(t), 
as the multivariable Poincaré series associated with the divisorial filtration, however, 
at this time we will use the ‘reduced set of divisors’ indexed by -%. Let us examine 
next this second, more geometric approach. 

For any l’, € my(L’) set 


Fg Ug) = {f € Ox,,.0 | div(f o ba) = p*Uy)}. 


Furthermore, for any  € H and I’ g © Ug(tn +L) let Fh g (Ug) be the intersection 
of Fg (Ug) with the 6(h)-eigenspace (@y,,o)(n), and define 


ba,.¢ Ug) = dim (6x,,0)0(n)/ Fn, 7 Uy). 


Then set: 
Uy 
Hystts):= >> balls): t7, 
en g(rpt+L) 
Piety) = —My (ty) T[a-4,"). 
vEeF 


If l/ = 1+ 7» ( € L) then, in general, I’, = (1+ rp). is not an element of 
L'. However, ly + ry, € L’ is the smallest element of {/’ € rm, +L : I! = Epis 
Furthermore, using the fact that div(f 0 @a) € p* (rn + L) for any f € (Ox, .0)a(n) 
(cf. 6.2.11(b)) we obtain 


Fnig (Ul +rn)s) = F(lg + rh) 0 (6x, ,0)0n); (8.6.2) 
On. +9n).2) = bale + rn) = H(Le +1). (8.6.3) 
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Proposition 8.6.5 With the above notations, 


Pr g (tg) = Pr(O|1,=1 for all ve: (8.6.4) 


In particular, Pp..g (tg) is supported on 1g (S’'). 
(The same statement is not true for H;,(t): lim;,—.; Hy(t) is not even convergent.) 


Proof We run descending induction over the cardinality of 7. Set I = I \ vo 
such that .% 4 J. Then it is enough to verify 


(Hir(ty)- T]a-s)) = naa: [[a-4. (8.6.5) 
ves "0 


ve JF 


Define S(t.z) := Ha, s(tv)-T]y<g-t))), supported on z.7(L’). Let L(.7) be the 
lattice generated by {Ey} <.g. Then S(t.z) - t" has the form vets) ang () ae 
This can be rewritten as 


1 7 k 
De tg Dy an EF KEW) fo, 
leL(F) keZ 
where 


an, gL + KE) = D> (-1)!""bn C+ KE + E71): 
ICI 


By definition (cf. also (8.6.3)), for any fixed / and I C -Y, Dh, al +kE, + E7) = 
Ong 2(1 + E7) whenever k < 0. Hence aj, gl +kEy) = Ay, gO whenever k < 0. 


On the other hand, for k >> 0, ap, gal +kE,, + £7) = 0. Indeed, if u € SF isa fixed 
element of .Y, and J a subset of Y \ i, then 


bao Ul + KE yy + Ez) = 0n.g C+ Evy + Ez + Ej). 


(Recall that for any / € L there exists an integer n, such that for any s € . with 
s > land (E£,,, —s) => n, one automatically has s > 1 + E.) Hence 
YS ano E+ KE) th — t;,') = a, 7). 
keZ ae 


oO 
Corollary 8.6.6 Assume that for a resolution ¢ and an element h € H the identity 


P;,(t) = Z(t) is valid. Then for the same @ and h and for any non-empty 4% CV 
the ‘reduced identity’ Zp. (tg) = Ph. (tg) (in Z[[t, fo ,v € ¥]]) is valid too. 
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8.6.7 We will use the following notation for the coefficients: 


Pixts)= Yo pro(lyrty. (8.6.6) 
Vieng (tht+L) 


Corollary 8.6.8 For any l'5 € m.¢(rn + L) one has 


bn, (Ug) = > pao y), sumover Ig engin tL), Ug ZU. 


Proof Write l'y = (1+ rp).¢. Then by (8.6.3) and (8.2.10) one has 


bn, Ug) = Ong +1) = D> pa@+rn). 
itl yg 


Since Py), is supported on .’, in this sum % Ly can be replaced by Ly # ly. Hence 


Dn, gly ) equals the coefficient of ty in Pp(t)|,=1 for all vg.z- Then use (8.6.4). 
oO 


Remark 8.6.9 If |.4| = 1, then all the coefficients of Ph,.v(t.7) are nonnegative: 
pro (lz) = dim F),.7(l'7)/Fn.g Uy + Ev). However, this is not the case for 
the coefficients of P(t). Take e.g. the shigulanity from 8.3.6. This germ is of splice 
type, hence P(t) = Z(t). Moreover, H = 0. Therefore, from the shape of Z(t), 
cf. 8.4.2, for any node v the coefficient of t” is —1 (note that all E*’s are linearly 
independent). 

Probably is worth to mention that in the case of Z;,_.7(t.7), evenif |.%| = 1, it can 
happen that it has some negative coefficients. For example, for a superisolated germ 
(and .Y% = {v+}) we will show in 8.6.21 that Zp .7(t) = N(t) + (1 — 1?)/( _ ae 
where N(t) is computed for several examples. E.g., for the last example from the 
table of 8.6.22 with d = 5 we have N(t) = —8r, hence Zo(t) = 1—5t+6t7+--- 


8.6.10 The Counting Function of P,,.7 Usually, when we reduce variables, we 
loose some information. Nevertheless, when the reduced variables are indexed (say) 
by an SR-set, we still hope that the basic connections between P(t) and certain 
numerical analytic invariants of the singularity will be preserved. E.g., we wish to 
have an analogous statement of the identity (8.2.26) in the reduces case as well. 
Recall that by (8.2.26) (see also 8.2.15) for any /’ « —K + .# the sum yp) 
ug! i’ with ty ] = [l/] and i’ % I') equals the quadratic function x (l’) — x (rn) + 
he ¥(—rn)). In particular, P(t) provides all the equivariant geometric genera via 
the free terms of these quadratic functions. 

Our next goal is to prove a similar statement for Py. 

Let (X, 0) be a singularity with resolution ¢. Let .% = V Cc V be an R-set. 
We write Y = Y u Y* as in section 7.3.B. Let M be the bound required by the 
Unbalanced Vanishing Theorem 7.3.31. (We can assume that M > 0.) 
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As above, for any / € L abridge 77 (/) by i or Ly. Next, by 7.3.24, associated 
with any / € L(V) and the representative rj; we have the universal element x,,, (/). 
The assumption /’ « —K + / of (8.2.26) will be replaced by the condition: 


(a) (Qy,O+1n, Ev) < —M foranyve Y. (8.6.7) 
First note that (a) implies the next conditions as well: 


(b) xn, +n €-%, 
(c) hl (OX(—xn,O — rn) = 0, (8.6.8) 
) bGr,0 +7) = 60+ rn). 


For (b) note that for v € ¥* one gets (x,, (1) + rp, Ey) < 0 from the definition of 
Xrp (), while for v € VY one gets it from (a). Part (c) follows from the Unbalanced 
Vanishing Theorem, while for (d) use 1 + rp < x,,() + rn < s+ rp) and (8.2.8). 

Cycles / satisfying (a) always exist. Indeed, take / € L with the following two 
properties: (i) 1+r,¢ 4%, and (ii) (l+rp,, Ey) < —M foranyv € VY. Then 
Xrp () satisfies (a). Indeed, x,,, () < / from the universal property of x;, (1) and (i). 
Hence (x;, (J) + rn, Ev) < +r, Ev) < —M for v € ¥ from (ii). 


Proposition 8.6.11 For anyl.g = 1 satisfying (a) from (8.6.7) one has 


Yo pr (C+ ra).s) = XK-420 Xr, DO) +h! (OZ (—Fa)) 
leL, ig#ly (8.6.9) 


=x (xr, +n) — x (rn) +h! (6x (—rn)). 


Proof Use the identity (8.2.27) for l' = x,, (7) + rp, and the vanishing (8.6.8)(c). 
Then via (8.6.8)(d), (8.6.3) and Corollary 8.6.8 the sum in this expression is 


h(x, D+ rn) = 60 + rn) = bn. (+ rn).) = left hand side of (8.6.9). 


oO 


Note that from 7.3.25 one gets x,,(l.v) + rn = Xs,((l — A).v) + Sn, where 
A := sp, — rp. Therefore, in (8.6.9) via a shift] H 1 — Ay we obtain the following 
analogue identity. Assume that (x5, (7) + s,, Ey) < —M for any v € ¥. Then 


So pr x (E+ Sn).g) = XK 4255s, D) + h! (OZ (—Sn)) 
leL, ly#ly (8.6.10) 


=x (xs, 0) + sn) — x (sn) +h! (Ox (—sn)). 
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8.6.4 Examples. Is P;,,.7 Topological/Combinatorial? 


In this section we mostly assume that .7 contains only one element. We compute 
the analytic reduced series P;,.7 for several families and we compare it with 
the topological series Z;,.7, or with other series provided by certain weight 
filtrations. We show that in some special cases these filtrations might coincide, 
hence Py can be described topologically/combinatorially. However, in general, 
the series Pv can be different from its topological/combinatorial candidates. & 


We will analyze different filtrations {.¥ (J)};>0 of the C-algebra Oy, (or Gx, 0). 
As usual, for any such filtration ¥, we write Gr¢z(J) := F(l)/A(U + 1), and 
P(t) := Yis0 dim(Gr¢ (1))t! for its Poincaré series. 


Example 8.6.12 (Singularities Satisfying the End Curve Condition) Assume that 
the link is a rational homology sphere and (X, 0) admits a resolution @ which 
satisfies the ‘end curve condition’. We fix also a non-empty subset .% Cc Y. 

Recall that we associated with a monomial z* e€ C{z} the corresponding 
monomial cycle D(a) = Do cye Me EZ € L’, cf.5.4.10. For the definition of the 
monomial filtration of C{z} see (8.5.8). Its reduced version is defined as follows. 


Geqz,.9 Ug) = { ae : D(a)y = Iz whenever dy # 0}, 
a 


and Gg (l',) = B(Giz,.¢ U'g)) © Ox,.0. We call Yy the monomial filtration of 
Ox,,,0 associated with F . 

Recall that C{z} has an H-eigenspace decomposition (induced by the action h « 
Ze = O([EZ])(h)ze), namely C{z}n = { \iydaz% : [D(a)] = hifay A O}. Set 
Gy g (Ul + rn) g) = ®(Gerz),.¢ (+ rn).7) O C{z}q)- Then, similarly as in (8.6.2), 


Gro (U+rn)s) =GAllg +1n). (8.6.11) 


In particular, by Theorems 8.5.16 (P = Z) and 8.5.21 (Y = ¥), the monomial and 
divisorial filtrations associated with % coincide, 4.7 = Fn,_, and their Poincaré 
series is given by the combinatorial series Z),_.7(t). 


Example 8.6.13 (Weighted Homogeneous Germs) Assume that (X, 0) is weighted 
homogeneous and its minimal good resolution is star-shaped with v > 3. We assume 
that % = {central vertex vo} corresponding to the exceptional divisor Eo. For other 
notations see 5.1 and 8.1.B. 

Our plan is to compare three filtrations and to show that they agree. 

Firstly, the Eo-divisorial filtration coincides with the filtration given by the C* 
action. Indeed, via the automorphic factor realization (cf.5.1.25), which preserves 
both filtrations, it is enough to verify the identity for cones. For cones the 
coincidence is coded already in the definitions: a homogeneous element of degree £ 
(with respect to the C* action), as a function from the total space of Y~! to C, has 
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local form s(x)u®, where x is a local coordinate of C and u is the fiber coordinate 
(cf. 5.1.3). Thus, their vanishing order along Ep = C is @. 

Assume next that g = 0, hence the universal abelian covering is well-defined, 
for its description see 5.1.32. Therefore, one has three equivariant Z—filtrations 
of @x,.o: the divisorial filtration 7 associated with the central divisor Eo, the 
filtration/grading associated with the C*-action, and the monomial filtration Gz 
associated with uo. 

The monomial filtration is defined as follows. Since the coefficient of Eg in 
D(a).g is deg(z®) = deg(D(a)) = —(D(a), E5)» the filtration is determined by 
this vp—deg, namely deg(z;) = deg(E;,) = (Qj je|)~! (1 <i < v). The equations of 
the universal abelian covering (cf. 5.1.33) have vg-degree |e|~!. 

This coincides exactly with the weights of the C*-action on (Xq,0) (see 
e.g.5.1.33). In particular, the monomial filtration and the filtration induced by the 
C*-action agree. Since weighted homogeneous singularities satisfy the ‘end curve 
condition’ (see 5.1.39), by 8.6.12 the monomial and the divisorial filtrations agree 
too. 

Hence, the three filtrations coincide. We claim that the (common) Poincaré series 
of the above filtrations agree with the topological series Z;,.7(t) (the variable t 
corresponds to vg). This fact can be seen in many different ways (in the literature 
see e.g. [490, 506, 571): 


(i) The identity P = Z was proved for any singularity which satisfies the end 
curve condition. Then the identity P,.7 = Zy,.v follows from 8.6.6. 

(ii) The Poincaré series of the Eg—monomial filtration (equivalently, of the C*- 
action grading) was computed in the first paragraphs of 8.1.B basically via 
Zhn,.g- This computation emphasizes that the topological series Z(t) is suited 
basically for those situations when there is a complete intersection structure 
behind, cf. 8.5.36. 

(i) If h = O then the Poincaré series of the graded Gx, was computed 
analytically via the Dolgachev—Pinkham—Demazure formalism, providing the 
same answer, cf. 5.1.26. 


For any fixed h € H, let J, € L’ be one of its representatives. If J, = 
ages + Doig Aik Ej, then lly = aoE9 + Diz CikNi 1 _ EX. is still a representative, 
and zg(l') = mg(l.q) = 4 € 1Z, cf.8.1.B. The rational number a modulo Z 
is independent of the choice of the representative /;,, it depends only on A (and any 
integral shift can be realized by different choices). In particular, 7.¢(L+ry_,) = a+Z. 


The common Poincaré series is given by 


Phi g(t) = > max (0, 1+ao+¢b— >[PAO 8] | pee, 


Q; 
leZ, t>-a j J 


With the choice //, = rj, one has a € [0, 1). 
This expression can also be compared with another expression obtained via a 
rather different construction, namely via the universal cycles x(¢) and their t- 
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function, cf. 11.3.14. In this way, the universal concatenated sequence y from 7.3.D 
(see also 11.3.14) has the minimality property S(y) = min; gi S(y), and its 
expression recovers the Dolgachev—Pinkham—Demazure formula for pg. 

Additionally, notice the next identity as well. For simplicity let us assume that 
h = 0. Recall that Po.g(t) determines in a unique way its ‘polynomial part’, 
denoted by P* in 8.1.9 and 8.1.10 (or Py: in (5.1.8)). Then PT (1) = pg. 


Example 8.6.14 (Weight Filtrations and Hypersurface Singularities) We take a 
(not necessarily weighted homogeneous) isolated hypersurface singularity (X, 0) = 
{f =0} c (C?,0). Let @ : O¢3,9 > @x,o be the natural projection. 

We fix a system of weights w = (w1, w2, w3) € zy as in 8.1.22. It defines 
a valuation tw and filtration Fy of 003.0 and an induced order function vx w on 
Oxo; 


Dx,w(P(g)) = max vw(g + fh). 
heOe3 9 


Motivated by filtrations associated with Newton diagrams, we define the ‘localized’ 
version, a larger order function as well: 


Dy w(P(g)) = max | vw(g + fh). 


Se 
hEOe3 glX] 1X7 4X3] 


Consider the following filtrations on Oyo: ¥#?" = ®(¥Fy) and F° and F ol 
induced by vy w and Dew respectively. Then, by definitions, F?" (1) = #°()) C 
Be (J) for any / (see also 8.1.22). In particular, if o( f) = d, then the Poincaré series 
PP" = P° of FP" = F° is P°(th = (1 —- t?)/T],C —t), cf. (8.1.16). 

Note that the order functions vy w and Die usually are not valuations. 

However, in the next discussion we are interested in the existence of a filtration 
{.F(D}, determined by a valuation v : Ox, > Zso U {oo} centered at the maximal 
ideal with the property v(z;) = w;. Such a v may appear as follows. Consider ¢, 
the w-weighted blow up of (X, 0). Let E be that part of the the exceptional curve, 
which is not contained in the pull-back of the zero locus of the coordinates. Assume 
that E ~ J. Usually E is not irreducible. Let fa be the degree d w-homogeneous 
leading term of f, and write fa = x*g, where g is a polynomial not divisible by 
the coordinate functions. Then EF is irreducible if and only if g is so. In that case 
we consider the divisorial valuation tb associated with FE, and the corresponding 
divisorial filtration ¢. Using local coordinates of the weighted blow up one verifies 
(using the irredicibility of g) that Dy w = ve and ¥° = Fz (see also the next 
paragraph). Moreover, if fy itself is irreducible then vy w = vg and .¥° = Fez. 

Let A be a compact facet of the Newton diagram of f and let w be its (positive) 
primitive normal vector. Then in the above discussion the irreducibility of g is 
guaranteed by the Newton non-degeneracy of f along A. In this case the identity 
vy w = ve is proved in [173]. 
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Example 8.6.15 Let us exemplify the previous subsection. Our goal is to determine 
the Poincaré series of the divisorial filtration Py for certain .% of cardinality 
one. 


I. First assume that f = z + ra + ZA + az223, hence (X, 0) is minimally 
elliptic, and also Newton non-degenerate. The minimal good resolution graphs 
is (cf. 5.5.23): 


Set % = {E}} (see the graph). Oka’s algorithm 5.5.23 associates with the 
vertex of FE, the vector w = (3,2, 1) (hence w—blow up creates FE ;). Since 
fo= rar + a is irreducible, Py (of the F-divisorial filtration) is given by the 
filtrations. #° = ¥?" as well. Hence Py(t) = (t©—1)/((t#?—1)(t7—1)(t—)). 
A direct computation gives that Z(t) is the same. (The identity Z = P follows 
from 8.3.14 or 8.5.16 too.) 

II. Next assume that f = a +z (23 + ziz2 + za). Its minimal resolution graph I" 
is: 


2 2 ps) 2 
e @ 
‘TL, 
—2 =3 


I’ can be obtained by Oka’s algorithm 5.5.23. By this, there is a one-to-one 
correspondence between the faces of the Newton diagram of f and the nodes 
of I”. By this correspondence, F; corresponds to the face A determined by the 
monomials of z2 a + z4Z2 + Z). The positive primitive normal vector of this 
face is w = (5, 2, 6), whose entries agree with the vanishing orders of the three 
coordinates on E). 


Our goal is to compare three series, namely Zo,.7(t), Po,.s(t) (for h = O and 
JY = {F}}), and PZo(t) provided by the filtration ¥° = ¥?" associated with w. 

First, notice that J” is a minimally elliptic graph, and the resolution is minimal, 
hence P(t) = Z(t) by (8.3.14). In particular, Po,.7 = Zo, too. 

Zo,.g can be read from the graph as follows. The group H is Zy2, if p is a 
generator of Hi then the possible values p(LE;]) are given as follows: 


a Ge ee em 
e e (€? =1) 
ae 
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Then Zo,.¢ is the Fourier-Dedekind sum 


ee (l= 670) — &814%) 
Zo,9(t!?) = Bee (1 = E75) — &128)(1 = E1720) (1 — E448) 


By a computation 


(1 —#'°). — #"”) 


40.40 = G@pMq- Dd Dd) 


Finally, notice that the series Pgo provided by the face A: 5z; + 2z2 + 6z3 = 14 
is 


1— 14 
PaO = Ga Da ay 
This also shows that the £j-divisorial filtration ¥ (/) (which agrees with F ol (]) by 
the above discussion) is strictly larger than the filtration Y° (J) (for certain /’s). 

Let us analyze the case / = 12 and 13 more closely. In the case of ¥° the 
weight 14 of the equation is higher, so Grgo(/) is the same as the corresponding 
vector spaces computed from @¢3 9: iz, Z323, Zz ziz2} is a basis for Gr.go (12) 
and {z1z22Z3, z1Za} for Gr.zo(13). On the other hand, regarding ¥, the expression 
he z + ziZ2 + ze along E; equals 23/22, whose vanishing order is 13. Hence h 
provides a relation in Gr.gz(12) = Gr.go(12)/(h = 0), while h is a new element in 
Gr¢(13) = Grgo(13) @ C(h). 

In particular, the ‘naive’ series Pgo = Pgpr associated with a face A of a 
Newton diagram does not agree (in general) with the Poincaré series Po,.7 provided 
by the valuation of the exceptional divisor corresponding to A (although they agree 
for weighted homogeneous singularities). Moreover, although both Pgo and Zo. 
are topological/combinatorial, and both are very natural, and one might hope that 
they should coincide, in general, this is not the case. In general, Zo,.7 contains more 
information about the Newton boundary of f (from the complement of A too). 

Finally notice that the ‘leading term’ z0(z3 +2122 +28) is not irreducible, causing 
the anomaly 7° 4 F,vxywF Oy 


Example 8.6.16 ‘P #¢ Z’. We provide a general method to find singularities with 
P + Z, and by this discussion we wish to emphasize that the identity P = Z can 
hold only for very special, rigid analytic structures (compare with 8.5.35). 
Consider the following resolution graph I. It is realized e.g. by {z} +23 +73! = 
0}, but one might take any analytic structure supported by I”. Notice that H = 1. 
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3 2 2 2 2 2 2 2 
e @ @ @ @ @ @ 
Ei £3 
—2 


Let F’? be a non-minimal graph obtained from I" by blowing up a point of Ey \ 
E3, and let E> be the new exceptional divisor. From topological point of view, all 
the possible choices of the center of this blow up are equivalent. But this is not 
the case from peels point of view. Indeed, since the singularity is minimally 
elliptic with Zz. n = —1, in the resolution with graph I” one has Zmax = Zmin and 
o* (myo) = O(—Zmin) - mg for a certain regular point QO of E}, cf. 7.2.36. 

Let 8°" (respectively #2) be the resolution obtained from # by blowing up a 
generic point (4 Q) of EF; (respectively Q). In the first case Zmax = Zmin, while in 
the second case Znax = Zmin + E2. Notice that the multiplicity of Eo in Zmin is 1. 

Therefore, considering the reduced situation for the graph I’? and .% = {E)}, 
we get the following: the coefficient of t in the series Pygen y(t) is non-zero, while 
in Poo, g(t) is 0. Since the combinatorial computation in I” b gives Z g(t) = (t® _ 
1)/( — 1)? — 1)?), we get that Zgecen 7 A Ppsen yg. 

In the previous discussion we focussed on the base points of O%(—Zmax)- 
However, there are many more subtle analytic pieces of information (e.g. base points 
of other linear systems) which may obstruct the identity P = Z. 


Remark 8.6.17 Let us analyse the above examples from the point of view of splice 
quotient singularities. In the resolution @ any minimally elliptic structure of (X, 0) 
is in fact a splice quotient, constructed from the graph I” of ¢. On the other hand, on 
the topological type of the resolution space X8¢" of $8¢" (i.e., on I”? obtained from 
TI by blow up £;), there are two analytic structures (both minimally elliptic), which 
behave differently with respect to "?. The first one, X8°”, is the pullback of the 
splice quotient analytic structure constructed using the graph I” (where the center 
of the blow up is a generic point). The other one is the splice quotient structure 
constructed using the graph I’’. The point is that the first structure, X8e" is nota 
splice quotient associated with its dual graph (e.g., it does not admit an ‘end curve 
function’ on E> by its very construction). The splice quotient analytic structure 
associated with I”? is the same with a pulled back splice quotient if and only if 
the center of the blow up is the base point (a very special, unique point). 

Hence, by blowing up a splice quotient singularity at a wrong point we can get a 
non splice quotient singularity. The same is true for the property P = Z. 


Example 8.6.18 Assume that (X, 0) is a hypersurface singularity in (C?, 0) with 
Newton non-degenerate principal part. Let us consider the filtrations ¥?" and ¥° 
associated with the facets of the diagram, or, equivalently, with the nodes of the 
(minimal good) resolution (given by Oka’s algorithm). Then, if NJ” is bi-stellar 
then #?" = ¥°, cf. [384], see also 8.1.24. Additionally, assume that (X, 0) is a 
suspension Newton non-degenerate germs and let ¥~” be the divisorial filtration 
reduced to the set of nodes. Then. ¥” = .%?" = F¥°, cf. [643] (see also [173]). 
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In fact, Sigurdsson proves the following statement for any Newton non- 
degenerate hypersurface germ with rational homology sphere link: there exists 
a top-dimensional polyhedral cone @g in .“g such that ¥” (1) = F?" (1) = F°(1) 
for any] € Gp NL. 


8.6.B Example. Po and Zo for Superisolated Singularities 


We compute the one-variable {v;}—reduced series Po and Zo for superisolated 
singularities associated with an irreducible curve C, and we formulate geometric 
properties and conjectures about their difference. Such properties might serve 
as combinatorial criteria for the existence of the rational cuspidal curve C with 
given topology. & 


8.6.19 Assume that (X, 0) is a superisolated singularity, where C is irreducible and 
the link is a rational homology sphere, cf. 5.2. Let @ be its minimal good resolution 
described in 5.2.4(a). For notations see 3.5.C and 5.2. We set Y% = {v+} (the vertex 
corresponding to the curve) and h = 0. 

Set A(t) := []; A;. Then A(1) = 1 and dA/dt(1) = 5, where 6 = )0; 5; = 
(0; i)/2 = (d—1)(d—2)/2 is the sum of delta-invariants. Hence, A can be written 
as A(t) = 14+(t—1)8+(t—1)?Q(1) for an integral polynomial Q(t) = erg ati 
(see 5.2.2). For v = 1 one has Q(t) = LseAcp, (4r+---+ 17!) (cf. (5.2.3), 
hence 


aj=#Hs¢ Sop i s> ij} Gifv=1). (8.6.12) 
Since s ¢ Yc, p, if and only if 26 —1—s € Yc, p,, we get 


ad—3-jd = Hs € Sop, i s< jd} Gfv=1,0<j<d—3). (8.6.13) 


8.6.20 We wish to compute Po,.7(t) and Zo,.7(t) and to compare them. 

By 8.6.14, one has Po,.g(t) = (1 —t7)/(1 —1)°. 

By the definition of Zo,.7, and from A’Campo’s formula 4.1.22 (and using the 
fact that H = Zq is generated by [E+]), we obtain 


1 Aét'/4) 
Zo, g(t) = a > G—ea?’ 


g4=1 


Lemma 8.6.21 ({198]) The difference 


A ét!/4) 1-14 


1 
N() = Zo,¢() — Pov = 5 Do 


é4=1 
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has the following properties: 


(a) N(O) = 0, and N(t) is a symmetric polynomial: N(t) = alae N(1/t). 
(b) 


d-3 ‘ 2 
1 2 . 
N(t) = ) (a-3-jya _ Va Gas) = ei = ) a a 
j=0 


Proof (a) Use the symmetry of Aj;’s. (b) Use 


1 1 l+(d-1)t 1 1 1 
72s qa = a—1? ° d 2 Tae Tot 


ed=1 
Oo 


Example 8.6.22 ([198]) The classification of combinatorial types of the cuspidal 
rational curves with degree d < 5 is given in [459], and of d = 6 in [193]; see 5.2.8 
too. 

If d = 3, then C has a unique singularity of type [2]. If d = 4, then there are four 
possibilities; the corresponding multiplicity sequences of the singular points are [3]; 
[23]; [22], [2] and [2], [2], [2]. In all these cases N(t) = 0. Ford = 5 andd = 6 the 
next table shows all the possible multiplicity sequences together with N(f). 


’ 70 _ 
; ; [33, 2] 

2 33], [2 
5 (3, 21, [22] 0 al ai 
5 [3], [23] 2t [39] [3 2] 
5 |2__| [22], [24] 2t [4 25] 2 
5 [3], [22], [2] 2t (4, dy] [22] 
5 [20], [22], [22] _ | 6¢ (41, Dal 
5 [23], [21 (21, (21 | 8 


[4], [23], [2] 
[4], [22], [22] 


For d = 7 there is no complete classification (known by the author). The next 
table shows some examples (the first column provides either a possible equation, or 
the reference where the corresponding curve has been constructed). 
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‘Reference | d | v type of cusp | —N (t) 
x°cty? 17 |1 | [6] i) 

wz+y? |7 12 | [5,20], [23] 10 

vty [7 [2 | 4,31, Bol 0 

93) s«d17~—«d(2s~=«d:«*ES) , 2s)ti(itié‘“(;.; Oe? $203 
[193] 7 |2 | [4,23], [32] t+274+2 
[193] 7 |2 | [4,22],[32,2] | 2¢+2¢? 4 293 
[193] 17 |2 | [4], [33] | 2t +21? + 213 
[203] (7 |3 | [4,20], [321,[2] | 3¢ +40? + 323 
[202] 7 (3 |(51,24],.2]) ([3¢+32 — 
[202] 7 (3 | [5],(23],2o) | 3¢+323 


Examples with arbitrarily large d and with non-vanishing N(t) exist. E.g., if C has 
two cusps of types [d — 2], [2¢—2] (for its realization see e.g. [193]), and d is even, 
then 


d 
5-2 


—N(t)= 0 kh $107. 


k=1 


The above examples supported the following (hasty) conjecture, formulated in 
[198]. 


Conjecture 8.6.23 ([198]) All the coefficients of N(t) are non-positive for any 
rational cuspidal curve. 


Assume that v = 1. Then 8.6.21(b) combined with (8.6.13) says that the 
Semigroup Distribution Property 5.2.9([V) guarantees the vanishing of N(t). In 
particular, the conjecture follows from [68] with N(t) = 0. 

If v = 2 then the Conjecture is true again, it follows from the Semigroup 
Distribution Property and certain lattice cohomology formulae of the link of 
superisolated singularities; the method even provides a conceptual meaning of the 
coefficients of —N(t) in terms of ranks of certain first lattice cohomology groups. 
See 11.5.B for a detailed discussion. 

However, the conjecture fails for certain curves with v = 3. 


Example 8.6.24 (Counterexample to Conjecture 8.6.23 [63]) Consider the rational 
three-cuspidal plane curve of degree 8 and with multiplicity sequences [6], [24] and 
[22], respectively. (It is Cg,2 in the list 5.2.8(V).) 

A computation shows that the coefficients a(q_3_ jyq — (j + 1)(j +2)/2 of N(t) 
forO0 < j < 5 are 0, 1, —1, —1, 1, O (for more details see 11.5.37). In fact, 
the smallest degree where Conjecture 8.6.23 fails among currently known rational 
cuspidal curves is exactly 8. 


A ‘weaker’ version of Conjecture 8.6.23 was formulated in [63], it is a numerical 
inequality (instead of a polynomial one); in fact, it is more in the spirit of the 
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motivation of the original conjecture 8.6.23, since it is a reformulation of an 
inequality between the geometric genus of a superisolated singularity and the 
normalized Seiberg—Witten invariant of the link (see again 11.5.B for the complete 
discussion). 


Conjecture 8.6.25 ([63]) N(1) < 0 for any rational cuspidal curve. 
Note that by Lemma 8.6.21(b) one has: 


d—3 d-3 
d(d — 1)(d — 2) 
N() = ) Q(d—3—j)d — ———_ = — Peg + ) Q(d—3—j)d- (8.6.15) 


: 6 é 
j=0 j=0 


Clearly, Conjecture 8.6.23 implies this second one, hence by the above discussion 
Conjecture 8.6.25 for v < 2 is also true. Moreover, in [63] a case-by-case 
verification provides its validity for all the curves from 5.2.8(V)-(VI) (which, 
conjecturally, provide all the possible combinatorial types with v > 3). 

In fact, the computation from [63] shows that in all cases N (1) is an even integer. 

Recall that the link of a superisolated singularity is a surgery 3—manifold, 
cf. 5.2.5. The polynomial N(t) can be considered for any surgery 3—manifold too, 
e.g. by the expression from 8.6.21(b), see also the discussion from 11.5.B. The point 
is that, for surgery 3—manifolds which are not superisolated singularity links, it can 
happen that N(1) is odd and positive. For example, N(1) = 1 for d = 5 and cusp 
types [3, 2], [2], [2] (see also 11.5.38). Hence, the facts that N(1) < 0, and N(1) 
is even, are not topological statements regarding the link, they are consequences of 
the algebraic realizability of the cuspidal curve C C CP? with given cusps (i.e., the 
realizability of the link as a superisolated singularity link). For more see 11.5.B. 


8.6.C The Ring ®nz0 b«(Oz(—nl))o 


For a fixed resolution X and cycle 1 € .Y one can ask whether the ring 
Bn>0 «(Ox (—nl))o is finitely generated. Similarly, one can ask whether P(t) 
(or some reduction of it) is a rational function (since Z(t) is tautologically 
rational). Examples show that the answer to both questions is: sometimes yes, 
sometimes not. & 


8.6.26 Fix a resolution @ : xX of (X, 0) as above. There is another way to 
reduce the multivariable Hilbert or Poincaré series to a one-variable series. Namely, 
for any fixed / € L and any n € Zso one can consider the following objects: J, := 
ox (OZ%(—nl))o, the filtration F = {In}n>0 of Gx,o, the associated graded (Rees) 
ring R = R(/) := @nsoln, (or, written differently, R = ®n>olnt” C Cx,o[t]), and 
the associated graded ring grr (@x,o) := On>0ln/In+1 of Gx.o. 

We will assume that / € .7 \ {O}. 
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Proposition 8.6.27 Assume that (X, 0) is rational andl € SY. Then 
bx(OZ(—D) 2" > bx(Ox(—nl))o 


is onto. In particular R is finitely generated by elements of degree 1. 
Proof By 7.1.11 @¢(—1) is basepoint free, hence Theorem 6.5.8 applies. oO 


In general, both assumptions of Theorem 6.5.8 (the basepoint freeness and the 
h'_vanishing) are obstructed. In some cases weaker assumptions imply a weaker 
statement (e.g. finite generation by elements of degree < k for certain k > 1). 

Take e.g. a minimally elliptic singularity, its minimal resolution, and 1 = Zjpjn. 
Then, usually C¥(—Zmin) is not basepoint free. However, when it is, then the 
vanishing H! (6%(—Zmin)) = 0 holds (by 6.4.3), hence 6.5.8 applied for 2 = 
O%(—Zmin) and F = O%(—2Zmin) gives that R is generated in degrees < 2. If 
O%(—Zmin) is not basepoint free, then Cx¥(—2Zmin) is basepoint free (see [469, 
5.51]), hence taking Y = O%(—2Zmin) and F = Ox(—3Zmin) we obtain that R 
is generated in degrees < 4. Hence, R is finitely generated always. 

However, if we take more general singularities, or non-minimal resolutions, or 
arbitrary cycles] € .”, then the fact that R is finitely generated might be obstructed. 
In the next example gr-(@) (= R/ @n>0 In+it") is not finitely generated, hence R 
is not finitely generated either. 


Example 8.6.28 Consider the minimal good elliptic graph from Example 7.2.99. 
It is unimodular, and the length of the elliptic sequence is 2. We fix an analytic 
structure such that E¥ is realized by an analytic function, while E3 is not, cf. 7.2.99. 
Thus pg = 1. We show that gr;-(@) is not finitely generated for / := Zin. 

Let C be the elliptic cycle, hence EJ = 1 = C + Ez, and EF = 1+ C. Then 


(a) h!(Ox(—nl — C)) = 0 forn > 1; 

(b) H°(@%(—nl — C)) = H°(6xz(-nl)); 

(c) Gc(—nl) € Pic9(C ) is a non-trivial bundle. 

Part (a) follows from 7.2.34(b). (b) for n = 1 it follows from the facts that] ¢ Yan 


and / + C is the smallest element of . strict greater than /. (In fact, / + C = Zmax, 
cf. 7.2.99.) Next, consider 


0 > Ox(—nl — C) > OF(-nl) > Oc(-nl) > 0. (8.6.16) 


For n = 1, using (a) we get that H°(@c(—l)) = 0, hence (c) (for n = 1) follows 
from 7.2.77. Then (c) holds for an arbitrary n, since Pic9(C) is torsion free. In 
particular, H°(Gc(—nl)) = 0 using 7.2.77 again. Finally, (b) for any n follows 
from this vanishing and (8.6.16). 

Since ¢,.(@(—l))o = My,o, we get dim Ip/I) = 1. 

From 0 > @3%(—(1+ DI —C) > OX(—nl — C) > Oi (—nl — C) > Owe get 
forn > 1 that In /In41 = H°(G)(—nl — C)) of dimension x (G;(—nl — C)) =n. 
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Using the vanishing H*(@c(—(n + 1)/)) = O guaranteed by (c), in the 
cohomology exact sequence of 0 > @c(—(n+ 1)l) ~ G(-—nl — C) > 
Or, (—nl — C) > 0 we get In/In41 = H°(Ge,(—nl — C)) = H°(Gpi(n — 1)). 
But 


H®(6p,(—nl — C)) @ H°(6g,(—ml — C)) > H°(6z,(-(n+-m)I — C)) 


cannot be onto, since it factorizes through H°(Or, (—(n + m)l — 2C)), which has 
codimension 1. Here is a schematic picture of the multiplicationin R~1-C@x- 
C[x, y], as embedded as a subalgebra into @n>0H (Gr, (—nl)) ~ C[x, y], where 
I,/In+1 corresponds to the n-homogeneous elements: 


1 /Tg . 

h/k 8 

l/h oe -. 
Io/l 0 @ 


For discussions and examples of similar nature see [129]. 


Example 8.6.29 There is a special interest in cycles of type / = 0, E* € L, where 
0, is the order of E* in H (or a multiple of it). Set py := my(o,E%), the Ey— 
multiplicity of /. We claim that s(pyE,) = 1. [Indeed, by the universal property 
of the s-operator we have s(pyEy) < 1. Furthermore, (J — s(pyEy), Ey) = 0 for 
any u, hence / — s(p,E,) < 0 too.] Similarly, s(np, Ey) = nl forn > 1. Hence, 
Tn = bx (OZ(—n)))o = bx (OX (—Npy Ev))o. In particular, 


dim(Jo/In) = bo, z(npv), where % = {v}. 


Remark 8.6.30 By Lemma 6.6.25(b) and discussion from 6.6.26 we get that 
20 dim Un /In41) t” is a rational function. This implies that }°,. dim (Jo/Jn) t” 
is rational as well. However, the rationality of 7 


Yo dim(@x,0/b.(Ox(—m1h — noly — n3ls))o) 11115715" 


n1,N2,n3>0 


is not guaranteed in general [129]. Hence P(t) is not rational in general. 


8.7. The Periodic Constant of One-Variable Series 


Assume that counting function n > )°,_,, a; of a one variable series S(t) = 
djs ait’ is a quasipolynomial for n >> 0. Then, we associate — as a new 
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invariant — a number to S(t), called the ‘periodic constant of S(t)’. It measures 
the difference between the counting function and its quasipolynomial. 

The main geometric application is provided by ‘additivity formulae’ (see 8.7.A). 
Consider a resolution X > X , a vertex v € V (which satisfies a technical 
analytic assumption), a free @y-module ./, and the resolutions {X j}j associated 
with the connected components of the subgraph I” \ {v}. Then, it turns out that 
the ‘additivity correction term’ Al(x, M) — par W(X; M(x.) is given by the 
periodic constant of a series associated with these data. 

In the case of .@ = Ox (—rn) the needed series is Pp,{y}(t). 

Such ‘additivity formulae’ serve as inductive steps in the determination of 
invariants of type ni(x , Ox(—l')) for splice quotient singularities (formulae 
initiated by Okuma), or for singularities with AR graphs. 

The statements will serve as models for topological surgery formulae, where 
P(t) will be replaced by Z(t) and {ni (X , O%(—rn)) }nen by the Seiberg—Witten 
invariant of the (rational homology sphere) link (cf. the next chapters). & 


Definition 8.7.1 ([493, 3.9], [533]) Let F(t) = 7 j.0 a;t' be a formal power series. 
Suppose that there exist a positive integer p and a polynomial p(t) such that 
Dibeieen ai = Bp(n) for every n € Zo. We call the constant term $8,(0) the 
periodic constant of F and we denote it by pc(F’). We refer to the integer p as the 
‘period’. 

Furthermore, we extend the above definition to expressions of type t” - F(t) via 
pe(t’ F(t)) := pe(F(t)), where F is a power series as above andr € QN [0, 1). 


If the periodic constant exists then it is independent of the choice of the period p. 
(In the presence of two periods, compare them via their least common multiple.) 

If the period p and the polynomial ‘8, satisfy a weaker condition, namely 
Ditsiepn aj = Bp(n) for every n > no, then aston aj = Bp(non) for every 
n > 1, hence pc(F‘(f)) still exists (take n +> 58)(non) with period pno) and it 
equals B ,(0). 

Furthermore, if F; and F2 admit periodic constants, then the same is true for the 
series F, + Fo, cF, (where c € C), Fi (t’”) (where m € Zo). Moreover, pc(F; + 
Fy) = pe(F1) + pe(F2), pe(cFi) = c - pe(F), pe(Fi(t”)) = pe(Fi(2)). 

However, even if both F(t) and t* F(t) admit periodic constants (for certain k € 
Zo), usually pe(F(t)) # pe(t* F(t)). 

If F(t) is a finite sum (i.e. it is a polynomial), then pc(F) exists and equals F(1). 

For certain rational functions, one has the following equivalent description. 
(Here, we identify a rational function R with its Taylor expansion at the origin.) 
Clearly, any rational function can be written in a unique way as R = Rt +R, 
where R* is a polynomial and R7 is a rational function of negative degree. 


Lemma 8.7.2 ((77]) Let R be a rational function having poles only at infinity or at 
certain roots of unity. Then R admits a periodic constant and pc(R) = RT (1). 
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Proof Write R as the finite sum 


i 
— Rt : : 
R(t) =R (t) + > Oki ppl (ak; € C). 
k>0 
O0<j<p 


But #1 —1?)- SD = yo (PU ene admits a periodic constant, which is 0. 


Indeed, the constant term of 2 > Y0; Lay Gi = yr 4”) = E) is 0. Oo 


Note that if R = R* + R™ is as above andr ¢€ [0, 1), then t”R7 still has a 
negative (rational) degree, and t” R*(t) is a finite sum. Moreover, pe(t’ R(t)) = 
GRY). 

Before we list several examples related with surface singularities, let us empha- 
size the main point in the definition by comparing the coefficients of a Hilbert 
function with those provided by their Hilbert polynomial. 


Example 8.7.3 Let X be a smooth projective variety of dimension d and & an 
ample line bundle on it. We wish to determine the periodic constant of F(t) := 
ae n°(X, Z')t!. Since F is ample, for i >> 0 one has h(x, Z') = x(Z'). 
By Hirzebruch—Riemann—-Roch Theorem (see e.g. [258, App. A]), x(2 ‘) is the d- 
coefficient of Tdy - e’!(@), where Tdy = Tdg +--+ + Tdo is the Todd class of the 
tangent sheaf of X. This is )~¢_, i*(c1(Z)* - Tdg_x, [X])/(k!). 

Hence, if we replace the original series F(t) by the ‘regularized’ series 
F'es(t) := Yap t yr, we get that F’® is a linear combination of series 
of type )7;.9 i*t'. All of them admit periodic constant, and they are 0. On the other 
hand, F — F’®§ is a polynomial. Hence, F itself admits a periodic constant, and 
pe(F) = pe(F — F'°’) = (F — F’®)(1). This shows that the periodic constant 
is not the output of the ‘Hilbert polynomial’ i ++ x(#'), but, on the contrary, 
it measures the difference between the series F' and its regularized series F’°S 
provided by the Hilbert polynomial. 

This is the general principle followed in the local case as well. 


Example 8.7.4 Consider a subset .Y C Zso with finite complement. Then S(t) = 
DVseg t* rewritten is 1/(1—t)— ser t*, hence pe(S) = —|Zso\-”|. In particular, 
if .Y is the semigroup of a local irreducible complex plane curve singularity, then 
—pc(S) is the delta-invariant of the corresponding germ. 


In the next discussions we fix a resolution of a normal surface singularity (X, 0). 


Example 8.7.5 For any ideal I! C Q@y consider the series S(t) = 0 


dim(/”/7"*+!)¢”. Then the Hilbert-Samuel function n +> dim(I”/I"*+!) admits 
a Hilbert-Samuel polynomial of type n +> mult(/)n + e,. Therefore, similarly as 
in the above global case 8.7.3, pc(S) exists and equals >. (dim(”/1"*1) a 
mult(J)n — é1). Note that pc(S) cannot be read only from n + mult(/)n + e. 
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However, pc(S) = e2(7), where mult(/)n? /2 + e,(J)n + e2(U/) is the Hilbert— 
Samuel polynomial of n > dim(@y,o/I"). 

As the presence of the Todd class in the previous global case suggests, in the 
local case too the term e2(/) must be related to the geometric genus of (X, 0). 

In fact, cf. [181], e227) = pg for any Hironaka ideal J C @y,o, where I is 
Hironaka if blowing up (X, 0) along J one gets a resolution. For example, if (X, 0) 
is a hypersurface given by a homogeneous equation of degree d, and J = myo, 
then S(t) = (1 — t4)/(1 — 1)°, and its periodic constant is e2(1) = pg = d(d — 
1)(d — 2)/6. Furthermore, 0 < e2(/) < pg for any /, provided that Gry» (@x_o) 
is Cohen—Macaulay for n > 0. (Here Gry» (@yx,o) is the associated graded ring of 
Ox,o with respect to J”.) 

On the other hand, the strict inequality e2(1) < pg might occur frequently; take 
e.g. (X,0) = ({x7 + y? +27 = 0},0) Cc (C*, 0) with py = 1 and set J = myo. 
Then S(t) = (1— 1?) /A- ty, hence, being a rational function with negative degree, 
e2(1) = pe(S) = 0. 


Example 8.7.6 Fix a resolution X — X and! € L such that (1, Ey) < 0 for all 
v. Set S = Yo.) dimUn/In41)t", where I, := (Oz (—nl))o. Then, for n >> 0, 
h'(@(—nl)) = 0, hence dim(@x,o/In) = x (nl) + pg. In particular, pc(S) exists 
and equals py. 


Remark 8.7.7 Fix aresolution graph and a vertex v € %. Consider the reduced one- 
variable series Zp,.7(t) associated with .Y := {v} C V and anyh € H. Then Z,_ 7 
satisfies the requirements of Lemma 8.7.2. The denominator of Z is [] ,<ye(1 —te), 
This can be replaced by Q = Teeye - t°Ee) = Z[[L>o]], where o, is the order 
of EX in H. Hence Z,, has the form P;,/Q, where P;, might have rational exponents. 
In particular, Z;,.7 can be written as t’ Py v(t)/Q.(t), where P;, 7 and Oy are 
polynomials, Q ¢ is a product of factors of type (1 — t”), andr € QN[0, 1). (Here 
r equals the E,-entry of r;,, namely —(rp, E*).) 


Example 8.7.8 Recall that for cyclic quotients (with s > 1) Z(t) = (1 —- 
t£1)-!(1 — t®)—!, which equals also P(t), cf.8.2.17. We fix .% = {v,} and 
h = e2tia/n (Q < qa < n). Then Z,¢ equals P(C[z1, z2]%; ty) of (8.1.3), or 
pal”. pa, H (xX, O(—rn)) mt, where the grading is given by the vanishing order 
along EF}, cf.6.6.19. By any of these results one has Zyp,.7(t) = pun, ye asail + 
L(a+nm)/qJ)t". 7 

For the period it is convenient to take g, and one can check that pce(Zp,.7) = 0. 


Example 8.7.9 Fix a weighted homogeneous germ with g = 0 and the represen- 
tative r,. Take -% consisting of the central vertex Eg. Then, with the notations of 
8.1.B (where a € [0, 1) stays for —(rp, EG)) 


Pho (t) = Zy,g (0) = Pa(R(Xa), 0) = D> max{0, 1 + Ny, (Ee. 
£>0 
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Here the coefficient of r°+* coincides also with h?(X, O(—rp))e, cf. (6.6.27). Then, 
by 8.1.9, Py (R(Xa), t) = Yops9 max{0, —1 — N,, (€)}¢**. Thus, by (6.8.7), 


pe( Ph. (t)) = pe(Zn,.(t)) = ) max{0, —1 — N,, (€)} = h! (Oz (—rn)). 
c>0 


The same statement follows from the expression (8.1.7) too. 


Example 8.7.10 Consider the Brieskorn singularity (X,0) = {x¢ + y’ + 2° = 0} 
when a, b, c are pairwise relative prime. Then the Poincaré series of its local graded 
ring is P(t) = (1—t®°)/((1—#7") (1 t°*)(1 —2%)), of. 8.1.2. By 8.7.9 its periodic 
constant is pg. Hence, by 5.5.4, pc(P(t)) is the number of lattice points in the open 
(a, b, c)—-tetrahedron, namely #{(i, j,k) € Vian i/a+ j/b+k/c < 1}. 

More generally, one has the following fact. Consider positive integers 
W1,--+, Wn+1 (n => 0) and d, and the rational function P(t) := (t¢ — 1)/(],@" - 
1)). Then PT(t) = a ae kiwi where the sum is over the lattice points of 
the polyhedron T := {k = (kj,...,kn41) € (Zo , do; kiwi < dj. (The 
elementary proof runs as follows: write d = wyp+rwithO <r < w 
and observe that modulo a negative degree rational function, P(t) equals 
@? — f)/TL@" -—1) = se 17 tkwi / TT, (tr — 1); then use induction.) 
In particular, P* (1) is the number of lattice points in T. 

If P(t) is the Poincaré series of a weighted homogeneous isolated hypersurface 
singularity f (see 5.1.15) then Pucfyo,) — Vier 1(Li Kiwi)/4 Hence there exists 
an identification of P+ (t) with }* f°‘, where {s;}; are the Hodge spectral numbers 
in (0, 1] (cf. 5.1.15(g)). 


8.7.11 More generally, assume that the graph is almost rational (AR), cf. 7.3.21. 
Assume that .% = {v} is an SR-set. For any fixed h € H consider the series with 
reduced variables, cf. 8.6.6, 


Ph, g(t) = > pag +rn)g) toms, 


Since it is supported on .7(.%’), in the sum we can assume that l.y € Zso. 

We wish to compute the periodic constant pc(Pp,.7(t)). 

Let 0, > 0 be the order of E¥, hence] := 0, E* € L. Write also p := (0, E*) ¢. 

Since nl +s, € -/’, by the universality property one has x5, (np) + sp < nl + sp, 
and nl — xs, (np) is supported on ¥*, hence (xs, (np) + Sn, Ey) < (nl + sn, Ey) = 
(sp, Ey) — noy. In particular, (x5, (np) + sn, Ey) tends to —oo asin —> ov. 

Since by 7.3.25 x,,(np) + rh = Xs, (np — pr.g(A)) + Sp, the same is true for 
(xr, (np) + rn, Ey). Therefore, Proposition 8.6.11 can be applied for n/ with n > 0. 
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Furthermore, by 7.3.25(b), x; (np) = Xr, (0)--nl. Note also that 7,7 (rn) € [0, 1). 
Therefore, 8.6.11 forn >> 0 reads as follows 


Y> pa E+ rn).s) = xOrm (np) + rh) — XOn) + hOR(—rn)) 


lg<pn 


= X(%r, 0) +l + ra) — xCn) +h! (OX(—1n)). 
Taking n = 0 in the right hand side, we get 
Theorem 8.7.12 If .% = {v} is an SR—-set (hence I" is AR) then 
pe( Ph. (t)) = Xr) + rh) — x0») +h (OR(—n)). 


Note that the assumption is topological, while the statement is analytical. 
Example 8.7.13 Assume the notations of Theorem 8.7.12. 


(a) Ifh = 0 then pce(Po,.7(t)) = pg. (Use 7.3.33.) 

(b) By Lemma 7.3.26 x (%r,(0) +r) < x (rn), hence pe(Ph,.v(t)) < h! (Ox (—rn)). 

(c) For an arbitrary h, in some cases it might happen that x (x;,,(0) + rn) = x(n), 
e.g. in the case of a star-shaped graph (cf. 8.7.9, or 8.7.28 for a direct argument). 
However, this is not always the case. Consider e.g. the following graph (left 
picture). 


a we ee 2/3 0 2/3 0 2/3 


“a le eahee 


It is not rational, but it is AR with {v} as an SR—set. Choose ry as indicated on the 
right picture. Then x (x,,(0) + rn) = x (rn) — 2. 


8.7.A  Okuma’s Additivity Formula 


We discuss several versions of the h!—additivity formula, with a focus on the 
correction term realized as a periodic constant. & 


8.7.14 The Setup Consider a normal surface singularity (X, 0) and fix one of its 
resolutions @ : X > X with exceptional curve F' and graph J. We fix a vertex 
v € ¥. Let UjeyTj be the connected components of the graph obtained from I" by 
deleting v and its adjacent edges. Assume that v is connected to each I’; by exactly 
one edge. Let X’ be the space obtained from xX by contracting (via T) all irreducible 
exceptional curves to normal points except E,. It has |J| normal singular points 
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{o;};, which are the images of the connected scaeenel of E \ Ey. Let X; be 
a small Stein neighbourhood of 0; in X', and Xj; am 0.6 ;) its pre-image via 
the contraction t : X — X’. We denote the peal aneuae by (X;, 0;). They 
are resolved by X; with dual graphs Ij. Set T(E) = E’ c X’. The resolution 
@: X > X and ae contraction T : ¥ — X’ induce an analytic modification 
go! : X' > X with (irreducible) exceptional curve E’. 

We say that the Assumption (C) is satisfied if 


(C) nE’ C X’ is a Cartier divisor for a certainn > 0. 


If (C) is satisfied for some n, then it is satisfied by any positive multiple of it. 

Next, fix an integer 0, > 0 such that / := 0,E£% € L. For anyn € Zso write 
Ly = OZ (—nl) and I, := (¢x-Ln)o. Define G as the graded ring ®p>oln/In41 
and Pg (t) as its Poincaré series )°,.) dimUn/In+1)t". 


Theorem 8.7.15 ((533] Additivity for mG x). First Version) /f Assumption (C) 
is satisfied then Pg(t) admits a periodic constant and 


pe(X, 0) = pe(Pa(t)) + ¥) pe(Xj,0;). 
J 


This theorem is the prototype of a series of results, analytic and topological 
ones. In 8.7.22 we will prove its more general version, when we will replace the 
structure sheaf Oy by an arbitrary locally free @z-module. For other generalizations 
or topological analogues see e.g. 9.2.6, 9.6.5, 10.5.5. 


Remark 8.7.16 Assumption (C) in Theorem 8.7.15 cannot be (entirely) omitted. 
Take e.g. the example from 7.2.99 and 8.6.28 (see also Remark 7.2.101). Here we 
contract the elliptic cycle (hence |/J| = 1). Then pg(X, 0) = pe(X1, 01) = 1. On 
the other hand, by 8.6.28, Pg(t) = 1+ ¢/0 — t)* with pce(Pg) = 1. Hence the 
above additivity does not hold. In particular, Assumtion (C) is not satisfied in this 
case. 


Remark 8.7.17 The validity of Assumption (C) can be tested as follows. Let E(I7;) 
be the union of the irreducible exceptional divisors corresponding to the subgraph 
Ij. If for every j € J there exists a holomorphic function fj; € @x,o such that 
its strict transform in X does not intersect E (J), then Assumption (C) is satisfied. 
Indeed, f; provides a local equation of m,(fj)E’ at 0;. 

For example, if nE* is realized for a certain n > 0 as the divisor of a function 
restricted to E, then (C) is satisfied. This happens whenever .Y = .%gn (e.g. for 
rational singularities, or for minimal resolutions of minimally elliptic singularities). 

Similarly, if H Vx ,Z) = 0 and X satisfies the ‘end curve condition’ (cf. 8.5), 
then again (C) holds. This happens e.g. for weighted homogeneous singularities. 
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8.7.18 In some cases the series Pg (t) is easily computable, see e.g. Example 8.7.23. 
In general, it can be related with the reduced Hilbert and Poicaré series of the 
divisorial filtration associated with the subset .% = {v}. 


Theorem 8.7.19 (Additivity for h' (6x). Second Version) Jf Assumption (C) is 
satisfied then Po g(t) admits a periodic constant and 


Pe(X, 0) = pe(Po,.g(t)) + >) pe(Xj,0;)- 
J 


Proof From 8.6.29 


>> Po.) = bo,.7(mpy) = dimUo/ In) (where py := my(I)). 


i<npy 


Since Pg(t) admits a periodic constant (cf. first version or Theorem 8.7.22), the 
same is true for Po,.y(t), and pe(Pg(t)) = pce(Po,.¢(t)). oO 


Example 8.7.20 


(a) Assume that I” is rational. Then 8.7.15 gives pc(Po,{v\(¢)) = 0 for any vertex 
v. Since P = Z (cf.8.5.A) one also has pe(Zo,{y}(t)) = 0. 

(b) Similarly, if [” is a minimal graph of a minimally elliptic singularity then for 
any v one obtains pc(Po,,y}(t)) = pe(Zo, y(t) = 1. 

(c) If I” is a star-shaped graph and v is the central vertex then pc(Po,{y}(t)) = 
pe(Zo,{v}(t)) = pe; for the compatibility of this formula with older ones 
see 8.7.9. 


8.7.21 Consider the situation from 8.7.14. Let @ be a locally free @y-module. Let 
My = M ® Ly = M &® OF (—nl) and Jn = (b%-Gn)o. Consider the graded 
G-module ®n>0Jn/Jn+1 and its Poincaré series P_ v(t) = Seer dim(Jn/Jn41)-t”. 


Theorem 8.7.22 (Additivity for .Z@) Assume that (C) is satisfied. Then P_ y(t) 
admits a periodic constant and 


h\(X, M) = pe(P.v(t)) +) Al (Xj, Mz,). 
J 


Proof From the exact sequence 0 > .4, > &@ > M ® GC, — 0 we obtain 
dim(Jo/Jn) = x(M@ Int) — A(X, My) +h (X, M). 
By Leray’s spectral sequence associated with tT we have 


0 > H'(X', % My) > HX, My) > H°(X', R'm) > 0. 
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Since Oy: (—nm, (1) E’) is invertible by (C), and t*(—nm, (1) E’) = —nl, we get 
R’t, My = R*%y(M @ t* Oy: (—nm,(DE')) = (R'%@) ® Oy (—nm, (DE’). 


We claim that h!(X’, t..%,) = 0 forn > 0. Indeed, by the above identity for k = 0, 
h!(X', t-M@q) = h'(X', MH’), where M! := (tM) ® Ox: (—nm,(1)E')). By the 
normality of X’ (and from sheaf theoretical version of Zariski’s Main Theorem), 
TM isa free Ox/-module too. Hence h!(.%’) = 0 follows since — E’ is an ample 
Q Cartier divisor via (C). 

Next, note that R't,.@%, is supported at the points {o;};. Using Assumption (C) 
for certain ng >> 0 (which satisfies the previous vanishing as well) and the local 
trivialization of @x/(—ngmy (1) E’)) near 0;, we obtain that Ox (—nom,(I)E"))o; = 
Oxo; Hence R't,.M ® Ox (—nm,(1)E’) is isomorphic to Oj (Rl ty )o;. In 
particular, hh(X, My) = Par h\ (Xj, WM). These facts show that for a certain 
no > 0, and for all its multiples no (n = 1) the dimension dim(Jo/Jngn) equals 


D> dim(Si/Jiz1) = X(Mnont) + A(X, M) — YOn(Xj,M). (8.7.1) 


i<non J 
On the other hand, by Riemann—Roch Theorem, 
X(A@ \noni) = non - deg(det |) + rank(@) - x (nonl). (8.7.2) 


Since x¥(@|nnot) from (8.7.2) is a quadratic polynomial in n, the periodic constant 
of P v(t) exists and it can be obtained from the right hand side of (8.7.2) via the 
n = O substitution. But x (W|nnot)|n=0 = 0. oO 


As a first application we obtain the following result of Tomari [689]. 


Corollary 8.7.23 Let (X, 0) be an isolated hypersurface singularity with multiplic- 
ity d and X’ — X be the modification obtained by blowing up the origin o € X. If 
X" has only isolated singularities {oj} then 


pg(X, 0) =d(d — 1)(d — 2)/6+ ) > pg(X', 0)). 
j 


Proof Assume first that the d-homogeneous term of f is irreducible (in particular, 
the exceptional set E, of the blow up is irreducible) and that the above theorem can 
be applied (i.e. in the good resolution graph J” each component I; of I” \ {vu} is 
connected to v by one edge). Then Theorem 8.7.15 applies directly. 

Indeed, the isolated singularities of X’ are normal, hence the blow up is exactly 
the modification ¢’ of the theorem. Moreover, the strict transform of the generic 
linear function lifted to a good resolution intersects only Ey, hence Assumption (C) 
is satisfied (cf. 8.7.17). Furthermore, @y:(—E’) = mx.o@x (which has no base 
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points and it is ’—ample). Hence, by 8.6.14, myo = bx (Ox (—nE’))o, Inf/In41 = 
my jie ss and H(t) = (1 — t“)/(1 — 1). Its periodic constant is ) (cf. 8.7.10). 

If the above assumptions are not satisfied then the proof repeats the arguments 
of the proof of 8.7.22, with the modification that E’ is be replaced by the maximal 
ideal cycle of X’. (For more see [689].) oO 


The above Corollary can be applied e.g. for hypersurface superisolated singular- 
ities. In that case pg (X’, oj) = 0 forall j, hence pg = () (cf. 5.2.4(d)). 


8.7.24 Additivity for Line Bundles Assume that H xX ,Z2) = 0. Fixh e dH 
and set #@ = Ox%(—rp). Then 4, = Ox(—rp — nl), where 1 = 0,E* as above. 
By (8.2.7) 


dim(Jo/Jn) = dim H°(Ox(—rp))/H°(Ox(—nl — rn)) = b(nl + rn). 
Note that nl + ry, > nm,(l)Ey + rp. On the other hand we claim that 
s(nmy()Ey + rh) >nl+rp. 


Indeed, there exists a computation sequence as in 6.6.3 connecting nmy,(I)E, + 
r, with s(nm,(J)Ey + rp) (filling first the vertices from ¥*), which has 
Xr, (nm,()Ey) + rp as an intermediate term. Therefore, s(nm,(/)Ey + ra) = 
Xr, (nmy (I) Ey) + rn. The right hand side of this is x,, (0) + noyE£* + rp by 7.3.25, 
part (b). But x,,(0) = 0 by 7.3.33, hence the inequality follows. 

In particular, by (8.2.8) we have 


h(al + rn) = b(nm, (I) Ey + rn). 


Using (8.6.3) and 8.6.8, the right hand side of this identity is 


ba.fv) amy (Ey + mora) =D) pao + mv(rn)). 


i<nmy,(l) 


Since m,(r;) € [0, 1), this sum is the counting function of the coefficients of 
the series Ph tv (t) = 2; Phu} + mo(rn))tit”""™, In particular, pe(P_v(t)) = 
pce( Ph ty} (t)). This fact combined with Theorem 8.7.22 gives the following. 


Theorem 8.7.25 Set % = {v} and fixh € H. Under the Assumption (C) 


h\(X, O%(—rn)) = pe Phy) + YA (Xj, OR(—rW)Iz,)- 
J 


Remark 8.7.26 In general, the restriction Oz (—rn)| X; is not a natural line bundle 


on ey If the restriction is not a natural line bundle then it is hard to identify 
as an element of Pic(X;), and to use the above theorem as an inductive step in 
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the computation of h! (@z%(—rpn)). The same observation holds for Theorem 8.7.22 
applied for any natural line bundle .# = Ox(—I'). 

However, if O¥(—rn)| x, (respectively Oz (—')| X;) are isomorphic with certain 
natural line bundles on X j» then Theorems 8.7.22 and 8.7.25 provide powerful 
inductive procedures. A few particular cases are analyzed in the next examples. 


Example 8.7.27 (The Case of AR Graphs) Assume, that {v} is an R—-set (hence an 
SR-set too, cf. 7.3.22). Since each X; is the resolutions of a rational singularity, 
OF (-rn)| %; is natural, say OF, (-I'). (In particular, by projection formula, (+) 
(d,rn) = (1, vi I’) for any cycle / supported on U,4yE,.) Then, by Corol- 
lary 7.1.12, on X; one has h' (6x (-)) = xi) - x(sjU)). Here l' = Rj (rn), 
where R; is the cohomological restriction (see e.g. 9.3.8) and s; is the s—operator in 
I; (cf. 6.6.3). 

We have the following key observation. One can identify the steps of the 
following two algorithms: the algorithm from 6.6.3 (which provides par Sj CF ) 
from par, l' ) and the algorithm 7.3.26 (which provides the cycle x,,,(0)). That j is, 
a (s(t) —I’,) = Xr, (0). Therefore, 7 (x Uj) — x (sj Ui) = x (th) — x @r, O) + 
a (use the fact that x;,, (0) is supported on Ut y and the projection formula (7)). 
In particular, 


h'(X, OF (—rh)) = pe( Pho) + XH) — Xr, O) + rn) (8.7.3) 


compatibly with Theorem 8.7.12. (In the proof of (8.7.3) we used Assumption (C), 
however in the proof of 8.7.12 it was not needed.) 
This formula should be compared with its topological analogue from 10.5.8. 


Example 8.7.28 Assume that (X,0) is weighted homogeneous and X is its 
minimal good resolution as in 8.7.9, and v is the central vertex. 

Then we claim that h! (Xj, OV- TANK, ) = 0 for all j. In particular (cf. 8.7.12 
and (8.7.3)) x (xr, (0) + rn) = x (rn) (see 8. 7.13 too). 

Indeed, using the notations of 8.2.A regarding the universal abelian covering, it 
is enough to show that h! (Xj, px@3| x,) = 0, or that h'(p—!(X;)) = 0. But, this 
is true since all the components of p~! (X j) are resolutions of rational singularities 
(cf. 5.1.33). 


ath aa 8.7.29 (The Case of Splice Quotient Singularities) Assume that 
A 1X, Z) = O and the resolution X of (X, 0) satisfies the end curve condition. 
Choose v € ¥ arbitrarily. Define the resolution of singularities {X; }j; as above. 
Then, by 8.5.15, each resolution Xx; of (Xj, 0;) satisfies the end curve condition, 
and the restriction 0 (—rn)|¥ x; isa acne line bundle on X;. 
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Furthermore, P(t) = Z(t) (see 8.5.A), hence 


h\(X, Ox (rn) = pe(Zn,vy() + D(X; Ox(—W)1z,)- 
J 


This type of argument will be applied later to show inductively that h! (X ,L) of 
any natural line bundle & is topological (see 9.7 for the Seiberg—Witten Invariant 
Conjecture, especially 9.7.15 for this case). 

For example, for 2 = Oz we get h! (Cz) = pe(Zo,~y (t+) h'(6x,). Recall 
that contracting the exceptional curve of x j We get a singularity satisfying the end 
curve condition. Therefore, by induction, we obtain that the geometric genus of a 
singularity satisfying the end curve condition is topological. 


Remark 8.7.30 The above additivity formulae can be compared with the one estab- 
lished in (6.8.13). Let 2, be the subspace of 2(M) := H°(X \ E, 22) /H(X, 22) 
generated by (classes of) differential forms, which have no poles along the generic 
points of E,. Then h!(@z) — Dae h' (6x,) = codim(Qy C 2(9)). 

Note that this last identity holds without any additional (topological or analytical) 
assumptions. (The two formulae are compared in [452].) 


Remark 8.7.31 


(a) In chapter 10 we will define the periodic constant for multivariable series as 
well. In that language (8.2.23) will be reinterpreted as follows: the multivariable 
series Po(t) admit a periodic constant, which is pg. 

(b) In order to continue the comparisons between P(t) and Z(t), we will establish 
the analogs—valid for Z(t)—of the statements proved for P(t) above. The 
topological side will be strongly related to the low-dimensional topology of 
the link, and will be discussed in the next Chapter. 


Chapter 9 ®) 
Topological Invariants. The od 
Seiberg—Witten Invariant 


9.1 The Casson Invariant 


The Casson invariant assigns an integer to any oriented connected integral 
homology 3-sphere. In this book, instead of the original definition of Casson, 
we will use as starting definition a surgery formula valid for negative definite 
plumbed 3-manifolds. Starting from this expression, we will prove the needed 
properties of the Casson invariant for normal surface singularity links. 

In particular, we will prove the additivity with respect to splice decomposition, 
and the behaviour of the Casson invariant with respect to rational surgery along 
an algebraic knot. We establish a formula valid for Seifert 3-manifolds in terms 
of the Seifert invariants (involving Dedekind sums). For the Brieskorn singularity 
link © = 2'(a1, a2, a3) we relate it to a certain lattice point count, and also to 
the number of irreducible SU2-representations of 7; (2). & 


9.1.1 The Setup In this section we assume that J” is a connected plumbing graph 
with negative definite intersection form. We denote its plumbed 3-manifold by 
M(I"). We also assume that det”) = 1, hence M(J’) is an integral homology 
sphere. Sometimes we replace I” by its splice diagram 6 (cf. 5.3.10). 

Recall that in 3.5.11 we defined the surgery 3-manifolds S$ : hy (K). The construc- 
tion can be generalized to the case of any connected oriented integral homology 
sphere M and knot K C M (that is, K ~ S'). Indeed, for any p/q € QU {oo} one 
defines the Dehn surgery 3-manifolds My/,(K), in the very same way as SP is (K) 
was defined. It has Hj(Mp/q(K)) = Zp, hence Mp/_(K) is an integral homology 
sphere if and only if p = 1. The surgery with coefficient 00 is trivial. 


9.1.2 Alexander Polynomial Let K be an oriented link in the integral homology 
sphere M. Let F be an oriented Seifert surface of K (cf. 3.2.8). The orientation 
provides a positively oriented normal vector field along the interior F° of F. If b 
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is any l-cycle in F°, then let b* be its ‘positive push off’ by this vector field into 
M \ F. Then the Seifert form S$ : H\(F) ® H\(F) > Z of K C M associated 
with the choice of F is Sr(a,b) := €n(a, b*) (compare with 3.2.15). Then the 
Alexander polynomial (associated with F’) is Ar(t) = det(Spr — tS7.), where St is 
the transposed matrix. If F and F’ are two Seifert surfaces then A p(t) = +t” A(t) 
for a certain n € Z. In particular, A(t) := Af (ft) is well-defined only up to a unit of 
Zt, t—!]. 

If we change the orientation of all the components of K simultaneously, then 
A(t) remains unchanged (up to a unit). In particular, if K is a knot, then A(t) is 
independent of the orientation of K. 

One sees that Ar(t7!) = (-t) "Apr(t) (7), where r = rank H)(F). If K isa 
knot then r is even; let A; (t) be the symmetrized Alexander polynomial of K Cc M, 
that is, As equals Ar up to a unit and it is normalized by As(1) = 1 and As @h= 
As(t) (by (+) this exists). (Note that A(1) = 0 if K has more components.) 

If K Cc M is the binding of an open book with page F and algebraic monodromy 
h, (and compatible orientations), then the characteristic polynomial Aj(t) of hy 
equals A(t) (up to a unit). (This follows from the identities from 3.2.15.) 

We denote by A” (r) the second derivative of As (ft). 


9.1.3. Rochlin Invariant Let M be an oriented integral homology 3-sphere. Then 
(cf. 6.10.10) M admits a spin structure, which is unique by 6.10.8. Furthermore, 
since the spin cobordism group is trivial in dimension 3, cf. [668], there exists a spin 
4-manifold N whose spin boundary is M. Then one defines the Rochlin invariant 
i(M) as the class of o(N)/8 in Z2. [Note that the existence of the spin structure of 
N implies that w2(T N) = 0, cf. 6.10.8. Hence, by Wu’s formula (cf. 6.10.6(b)), the 
intersection form on N is even. Then, by linear algebra, 8|o (NV), cf. [283, 630].] The 
definition is independent of the choice of N. Indeed, by Rochlin’s Theorem [594] the 
signature of any compact spin oriented 4-manifold is multiple of 16. In the presence 
of two fillings, this fact applied for Nj U(—N2), combined with Novikov’s additivity 
o (Ni U —N2) = a (N) — 0 (N2), show the independence of NV. 

By another version of Rochlin Theorem, the signature of any simply connected 
compact oriented 4-manifold with even intersection form is multiple of 16. Hence, 
if M is as above, and N is a simply connected 4-manifold with even intersection 
from and dN = M, then n(M) = o(N)/8 (mod 2) also works. 

One has the identities 4(—M) = u(M) and uw(M,#M2) = w(M,) + uM?) 
(here # means the ‘connected sum’). 


9.1.4 Casson proved the following facts. 


Theorem 9.1.5 ((12]) There is a unique invariant M ~» (M) € Z, of connected 
oriented integral homology spheres, which satisfies the following two properties: 


(a) 4(S3) = 0, 


(b) (M1 /g41(K)) — M1 q(K)) = 5 AN (1) for any knot K C M asin 9.1.1. 
Additionally, it has the following properties too: 
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(c) A(—M) = —A(M), 

(d) if 1(M) £0, then 11 (M) has a nontrivial SU2-representation, 
(e) 4(M) modulo 2 is the Rohlin invariant 1(M) of M, 

(f) ACM #M2) = A(M1) + A(M2). 


The integer 4(M), which satisfies the above properties is called the Casson 
invariant of the oriented integral homology sphere M. 

The original definition of Casson is based on a Heegaard splitting W; U W2 of 
M, and on the study of the space of conjugacy classes of SU2-representations of the 
fundamental groups of M, Wi, W2, Wi M Wo, cf. [12], see also [200]. 


9.1.6 In this book we will adopt a specific formula of 1(M) as starting definition, 
valid for any M(J‘) as in 9.1.1. It was proved in the PhD thesis of A. Ratiu (Paris 
VID, and it follows also from the surgery formulae from Lescop’s book [385]. 

Starting from this formula we will prove all the needed expressions and 
properties what our presentation needs (in particular, some properties from 9.1.5 
as well). 


Definition 9.1.7 With the standard notations associated with I” we define 


—24-2(M) = 0 (EF +3) + D> (2 — Ky) (EX, EX). (9.1.1) 
vEev vEev 


We extend the definition of 1 by the very same expression for non-connected 
graphs as well, (that is, for connected sums of plumbed 3-manifolds). Note that via 
this definition the property 9.1.5(f) is guaranteed automatically. 


9.1.8 The right hand side of (9.1.1) is an expression in terms of J”, and it is not 
very transparent that this expression depends only on M(J°*), that is, it is stable to 
the plumbing calculus of negative definite plumbing graphs. The direct verification 
of this fact is left to the reader (for a similar statement see 7.3.5). 

A computation for the (—1)-curve shows that 4(S3) = 0, cf. 9.1.5(a). 


Example 9.1.9 Tf M is a Seifert 3-manifold, then using 3.5.2 and (2.2.7) one has 


1 v 1 v 
—~24-A(D(a1,...,ay)) = AG eee s(wj,aj). (9.1.2) 
I= J {= 


From 5.1.17, w; is determined from {ax}, by @; - Ik ax)/a; = —1 (mod a;). 
Hence s(wj,aj) = s(w),aj) = —s(([],o%)/aj, aj). Note also that el = 


~The a: 


Using Dedekind reciprocity law (2.2.6) one shows that for any 1 < j < v— 1 


A(X (a1,...,QA))) = 


A(X(a1, vee Hj, QAj+] + Qy)) FAL (ay ++ Qj, Qj41,-.-,Qy)). 
(9.1.3) 
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In particular, the computation of A(2'(a@1,..., @,)) can be reduced to the case 
v= 3. 
Using either (9.1.1) or (9.1.2) one obtains A(27(2, 3, 5)) = A(X’, 3, 7)) = -1. 


Additionally to the properties 9.1.5, Akbulut and McCarthy, Boyer and Nicas 
[73], Fukuhara and Maruyama [207] proved that the Casson invariant is additive 
with respect to the splice decomposition. For plumbed 3-manifolds (starting from 
the definition 9.1.7) the verification can be done independently. 


Theorem 9.1.10 Assume that M is obtained from M, and M2 by splicing (as 
in 5.3.7). Then 


A(M) = A(M1) + A(M2). (9.1.4) 
Proof Use the same strategy and identities as in the proof of 6.3.15. Oo 


Remark 9.1.11 Formula (9.1.3) can also be interpreted as additivity in the sense 
of (9.1.4), if we allow splice diagrams with vanishing edge-determinants (and the 
additional splice operation described below). In this generalized sense, the following 
two splice diagrams determine the same 3-manifold (where b = [[,. ju andc = 


Tee; ax), cf. [178, Theorem 8.1]: 
a Aj+1 
--> 5 ‘ 
“aj ay~ 


Example 9.1.12 (57(a, a2, #3)) and the Signature of the Milnor Fiber 
Let o = o (a1, @2, a3) be the signature of the Brieskorn singularity ae ae 
cf. 5.3.6(c), see also 5.1.15—5.1.17. Recall that the a,’s are pairwise relative prime. 
In 9.2.5 we will prove the next identity, as part of the Casson Invariant Conjecture 


A(L'(@1, 2, 03)) = O(a], a2, a3)/8. 


Via this identity we can provide several other reinterpretations of A(2/(a1, a2, @3)). 
First recall (see 6.9.14) that o = Sg — S, + Sz, where 


Si = AC, J, 33) 10 < je <a UA <k <3), i < Dy e/a <i + 1}. 


First we give another interpretation of o in terms of the number of certain lattice 
points. Define the cube C = {0 < x; < aj, i = 1,2, 3}, let C° be its interior. 
Each vertex v of C determines a tetrahedron T,, whose vertices consist of v and 
the three other vertices of C adjacent to v. Let #, be the number of lattice points in 
Ty 1C°. Then #, is independent of v: e.g. the identity #(9,9,0) = #(a;,0,0) 18 realized 
by (1, j2, j3) <> (@1 — Ji, j2, 3). Let us denote this common value by #. 
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Let T be the tetrahedron defined by the vertices (a1, 0,0), (0, a2, 0), (0, 0, a3), 
(a1, @2, #3), and let #(T M C°) be the number of lattice points in TM C°. Then 


o = Sy — S| + Sp = 28) + 282 -] J@ — 1) =4#-[ ]@i - 1) = -#(7NC%). 


In particular, one also has 


A(X (a1, 2, 03)) = —#(T NC?)/8. (9.1.5) 


Example 9.1.13 [200] A(2'(@1, a2, a3)) and SU2-Representations 

We will show that the number of conjugacy classes of irreducible SU2 represen- 
tations of 1 := 71 (2'(@1, a2, @3)) is finite and it is #(T N C°)/4 (cf. 9.1.12). 

For a presentation of 2; see 3.7.5. Let p : ma, — SUp be an irreducible 
representation. Since yo is central and p is irreducible one has p(yo) = +1. Recall 
that SU2/ + 1 = SO3. Therefore, p induces a representation p : 11/vo — SO3. 
The point is that this correspondence realizes a bijection between the irreducible 
representations 7; — SU? and zm; = m/v — SO3. We show this fact in 
two steps. First we identify the irreducible representations 7; — SO3 and zm, = 
m1/yvo — SO3. This follows, since SO3 has no nontrivial central element, hence 
for any p : m1; — SO3 one has p(yo) = 1. Next, we have to lift any irreducible 
representation 6 : mj — SO3 to p : ma; — SUz. Since SU2 = Spin, this is 
equivalent to the fact that any flat SO3 bundle of M is spin. This is obstructed by 
the second Stiefel-Whitney class w2 € H 2(Z, Zo) of the bundle (similarly as in 
6.10.7, cf. [368]). But since H)(2’, Z) = 0, this obstruction vanishes. 

Consider now an irreducible SO3-representation p of the polygonal group 7 = 
(x1, X2, X3 ae — x — = x1x2x3 = 1), ef. 3.7.5. 

Each ¢(x;) is a rotation of S? of order a; with fixpoints P-~. These fixpoints 
{P--}; determine 8 triangles of S?, and four pairs of triangles with respect to the 
symmetry P <> —P. Ifa triangle of S* has angles (j,2/a1, j27/a2, j37/a3) then 
we say that it is of type (j1, j2, j3). The relation x;x2x3 = 1 guarantees that the 
types of the four (non-symmetric) triangles of S* determined by / are 


(j1, j2, J3), (@1 — ji, 2 — ja, j3), (a1 — fl, j2,a3 — J3), (f1, 2 — j2,a3 — j3). 


Furthermore, the area of a triangle is > 2, which translates into the fact that the 
four lattice points above are in T 1 C°®. In fact, on the lattice points of TM C° 
one has the natural free Z. x Zz action whose orbit consists of the four triples 
above, corresponding to the four pairs of triangles. Such an orbit determines the 
representation uniquely, hence the number of irreducible SO3 representations is 
#(T 1C°)/4. 
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This fact together with (9.1.5) give that 1(2) is 


-5 - {number of irreducible SU2-representations of zr (2) up to conjugation}. 


9.1.14 From any of the following two examples we obtain that A(27 (a1, a2, @3)) < 
0 (whenever all a}, a2, a3 > 2), hence via (9.1.3) and (9.1.4) we have: 


Corollary 9.1.15 For any singularity link M one has (M) < 0, and 24(M) = 0 if 
and only if M = S?. 


9.1.16 Next, we prove the surgery formula 9.1.5(b). We start with the g = —1 case. 
We assume that M = M(J’) is given by the connected negative definite plumbing 
graph I’, and the knot K is represented by an arrow supported by the vertex v. Set 


d := det(T \ v) (9.1.6) 


and consider the new graph I’*(—k) obtained from I" by adding a new vertex, say 
u, decorated by Euler number —d — k, and connected by a new edge to v (k € Z). 


Lemma 9.1.17 (a) det(I"’(—k)) = k; (b) P'°(—k) is negative definite provided that 
k > 0; and (c) M(I'*(—k)) = M_x(K). 


Proof (a) follows from 2.2.5(6) (where G is the edge uv) and (9.1.6). Part (b) 
follows from (a) and from the fact that I” is negative definite. Next we prove (c). 
Consider the plumbed 4-manifolds P = P(I”) and P(°(—k)), cf. 3.3.5. Let 
JY, and Y,, be the disc bundles with cores E, and E,, and let Dy x D, be the bidisc 
obtained by the identification of z> | (D,) with 1, |(Dy). Then K = 0 x 0D, in 
M = OP, and its meridian yz in M is 0D, x 1. Let us denote | x dD, by x. Then 
the linking number of x and K in M is —I,,(I”) = d. Since the intersection of x 
with yz in the torus 0D, x dD, is 1, we get that in this torus x = du +. Next, we 
take a C™ section in Y, whichis | x D, in D, x D,. By the Euler obstruction its 
intersection with E, is —-d—k, hence x —(d+k) generates ker( Hj (0 Dy x 0 Dy) > 
AH (0Y,\ 0D, x D,)), thus du+’A—(d+k)y and p+ qd are proportional. Thus 
p/q =-k. Oo 


In the sequel we write ’° := I’*(—1), hence M(I"*) = M_(K). 
Theorem 9.1.18 Jf As is the symmetrized Alexander polynomial of K C M, then 


A(M) — M1(K)) = 3° AY(1). 


Proof We can assume that v is an end-vertex of I” (if not, we blow up the supporting 
point of the arrow). Let w be a vertex of I, w #4 v. We wish to compare 
—(EX,, E,)() = det \ w) with the corresponding value computed in T° and 
we apply (9.1.1). Let m,, be the multiplicity of the arrow of K (considered with 
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multiplicity one) along the vertex w. Then we claim that 
det(I"* \ w) — det(’ \ w) = m?,. 


Indeed, let {Te be the connected components of I” \ w, with v € V9). Let 0 
be the connected components of I”¢ \ w which contains I. Set D := [],.9 det(7). 
Using 2.2.5(6) (applied for Ip with G being the edge (u, v)), we get det) = 
(d + 1) det(I9) — det(/o \ v). Therefore, 


det(I’’ \ w) — det("\w) = D- (d det(o) — det(/o \ v)). 
On the other hand, 2.2.5(6) applied for and G = Io \ v, gives 
det(/ \ v) = ddet(o) — D- det(/o \ path(v, w))*. 


Hence det(”* \ w) — det(’ \ w) = [D - det(/o \ path(v, w))] = ee (cf..3.3.19), 
which proves the claim. Note also that det(” \ v) = d and det(I* \ wu) = 1. All 
these put together give 


—24(M_1) = —244(M) +1— )°(2—kw)mi,. 
wAzv 


But A(t) = (1-14) Tue» — tw)kw~? (cf, 4.1.22), hence by 4.1.23 we conclude. 
oO 


This proves 9.1.5(b) for g = —1. For a more general q we proceed as follows. 


9.1.19 First recall that if M,,/, is an integral homology sphere then p = 1. 
Moreover, if M is represented by a negative definite graph I” and we wish to have the 
same property for Mj/,, then necessarily q < 0. In fact, the analogous statements 
of 9.1.17 (with analogous proofs) are the following. For g < 0 and for the link 
K C M represented by 


we define the graph I"°(1/q) as 


‘a e 


where d = det(I" \ v) as in 9.1.16, and outside the box there are —q vertices. Then 


(a) det(”’(1/q)) = 1 and I'°(1/q) is negative definite, 
(b) M(I°(1/q)) = Mijq(K), 
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(c) Let Kg be the knot in M(I’°(1/q)) represented by an arrow supported on the 
right end (—2)-vertex. Then As(Kq Cc Mi /q(K)) is independent of q, and it 
is A;(K Cc M). (In the proof use the fact that the multiplicities needed in the 
A’Campo’s formula are g-independent.) 

(d) (M1/q)-1(Kq) = Mij(q—1y (for any gq < 0). 


Hence, (c)—(d) applied inductively provides 9.1.5(b) and the next expression too: 


MM) — A(M1/q(K)) = Sara. 


9.1.20 Generalization The above construction can be generalized as follows. 

Assume that we have v connected negative definite plumbing graphs Jj (1 <i < 
v), Mj = M(J;), and for each i a knot K; C Mj; represented by an arrow of I; 
supported by the vertex vj; € “(J;). Set dj := det(J; \ v;). Then consider the new 
graph I° obtained from Ui; I; by adding a new vertex u decorated by Euler number 
—1—)°; dj and connected to each v; by a new edge. Then I”* is connected, negative 
definite, det’) = 1, and M(I°) = (#4 M;)_1(#; K;). If A is the product of all the 
Alexander polynomials A(K; C M;), then 


Yi a(Mi) — AM) = 3 AY) = 3-5 ACK C Mi). 


This can be proved either similarly as the above v = | case, or one notices that 
the splice diagram 6(J"°) decomposes into splice components 


6(| G+ +), 


and another (non-minimal) splice component which has a central vertex and v 
legs all decorated by 1 (representing S? with v Hopf link-components in it). Then 
the formula follows from the splice formula 9.1.10. 


9.1.21 Casson Invariant and Cyclic Coverings Assume that the integral homol- 
ogy 3-sphere M is represented by the splice diagram 6, and the knot K C M by an 
arrow of 6, cf. 5.3.18. Assume also the n-fold cyclic covering of M branched along 
K, denoted by M(K, n), is an integral homology sphere too. For a characterization 
of this fact, and for the splice diagram of M(K,n) see 5.3.22. Let us define also 
£++ n(€) from the graph of M as in Proposition 6.9.16 (this can be done from the 
plumbing graph and also from the equivalent splice diagram). Equivalently, 7 can 
be defined in the following way as well. 

Consider the homological package of the (Milnor) fibration M \ K — S! with 
page F’. (The binding determines uniquely the open book decomposition, cf. 3.4.10; 
and, in fact, the fibration can be realized even analytically, cf. 2.5.8.) 
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Let b be the intersection form on H,(F,C). Then the monodromy /, and also 
its power h{, have no eigenvalue one (and preserve b). (Indeed, since M(K, n) has 
a natural open book decomposition with the same page as M with monodromy h’, 
cf. 4.1.D, one can apply 3.2.A or 3.4.) Fix an integer @ such that ht has no eigenvalue 
one. Then consider the generalized eigenspace decomposition @) (M1 (F, C),, ba) 
of (H,(F, C), b) associated with the operator ae Then for each eigenvalue X = 
ete withO <c < lof ht define n(£), as (1 — 2c) - signature(ib,). Finally, set 
n(@) = a n(£),. (This definition agrees with the one considered in 6.9.16, cf. 
[474]. The term (1 — 2c) can also be compared with the Dedekind symbol ((c )) 
from 2.2.A, or with the eta invariant of Atiyah, Patodi and Singer associated with 
the circle and the flat bundle over S' with monodromy A and the hermitian form 
ib). For more see e.g. [34, page 411] or [504] and the references therein.) Then, by 
[474], 


MM(K,n)) —n-2(M) = = - (n(n) —n- (1). (9.1.7) 


1 
8 
In particular, n + ACM (K, n)) is a sum of a linear and a periodic function. 

For a slightly more general situation see again [474]. Here it is also conjectured 
the validity of the formula even if (M/, L) has no splice representation. 

The formula should be compared with a similar expression valid for the signature 
of the Milnor fiber, cf. 6.9.16. This similarity will be exploited and explained in the 
next section. For more regarding (9.1.7) see also 9.2.10 and the references therein. 


9.2 The Casson Invariant Conjecture of Neumann—Wahl 


Let (X, 0) be an ICIS with integral homology sphere link Ly and Milnor fiber F. 
Then the Casson Invariant Conjecture (CIC), formulated by Neumann and Wahl, 
predicts that A(Ly) = o(F)/8. If this identity holds then it follows that o(F), 
Xtop(F) and pg, (X, o) are all computable from the abstract link Ly. 

In this section we verify CIC for Brieskorn complete intersections, suspension 
hypersurfaces and splice singularities. (The general case is still open.) & 


9.2.1 Based on the computation of Fintushel and Stern valid for © = 
2/(a1, 2,03), which identifies the irreducible SU2-representations of m,(2) 
with Brieskorn formula for the signature of the Milnor fiber (cf. [200], or see 
examples 9.1.12 and 9.1.13 here), Neumann and Wahl formulated the following 
conjecture, which generated a fertile activity in the field. 


Conjecture 9.2.2 (Casson Invariant Conjecture (CIC) [512]) Assume that (X, 0) is 
an isolated complete intersection singularity of dimension two, whose link Ly is an 
integral homology sphere. Let o(F) be the signature of its Milnor fiber F. Then 
(Lx) =a0(F)/8. 
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The divisibility of o(F’) by 8 can be deduced as follows. Since the intersection 
form on the Milnor fiber is even, cf. 6.10.9, and H,\(dF,Z) = O implies the 
unimodularity of the intersection form, the signature is multiple of 8 by [630, p. 
53]. 

The conjecture would imply (via formulae of Durfee and Laufer 6.9.6-6.9.7) 
that X;op(/) and p,(X, o) can also be computed from the abstract link. 


Remark 9.2.3 Since the intersection form of F is even (see above, cf. 6.10.9) and 
F is simply connected (cf. [252], see 3.2.13 here), the Rochlin invariant of Ly can 
be computed as w(Ly) = o(F)/8 (mod 2), cf. 9.1.3. This, via Theorem 9.1.5(e) 
reads as A(Lxy) = o(F)/8 (mod 2). Hence, CIC says that this identity lifts from 
Zy to Z. [In gauge theory and low-dimensional topology there is an expectation of 
a universal construction of a 4-manifold P from the geometry of a 3-manifold M@ 
with dP = M and o(P)/8 = 4(M). CIC suggests that for the link M = Ly this 
universal filling should be the Milnor fiber; for some speculation see [512].] 


9.2.4 Neumann and Wahl supported the conjecture by its verification for 
Brieskorn—Hamm singularities and suspensions. Since for these germs the Casson 
invariant is known (see 9.1), any formula which provides the signature (or the Milnor 
number, or the geometric genus) in terms of the link can serve for the verification of 
the conjecture. (Nevertheless, usually these formulae are rather arithmetical, hence 
the verifications of the needed identity involve certain arithmetical manipulations). 


9.2.5 Proof of CIC for Brieskorn—Hamm Germs Based on Signature Formula 

For an arbitrary Brieskorn—Hamm complete intersection (even if the link is not 
integral homology sphere) Hirzebruch in [272] obtained the following formula for 
the signature o of the Milnor fiber. Below we adopt the notations of 5.1.17. 


@—1yn-2 t4+1 Pt tly\dt 
wa Yee (SS) ETS) 
ion +1 pol a ee 


In [512, (1.13)] this formula by a residue computation is transformed into 


A n n 

eee =a( —~(n—2)a2 + yr) — 4." gi -8(%i,04). (9.2.1) 
i=l i=l 

[This formula determines o in terms of the coefficients {a;}; of the Brieskorn 

equations. Usually, if H)(2’,Q) 4 0, o cannot be determined from (the Seifert 

invariants of) the link, e.g. for (2,7, 14) and (3,4, 12) the links agree but the 

signatures not. If the link is an integral homology sphere then A = a, e = —1/A, 


and one also has yj = —a; (mod @;), hence —3o0 has an identical expression such 
as —24) in (9.1.2). 
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9.2.6 CIC in Terms of the Milnor Number Recall that for any ICIS 30 + 24. + 
K? + |VY| = 0 holds (combine formulae of Durfee and Laufer 6.9.6-6.9.7). 
Therefore, the CIC can be rewritten as 


2a SA) = (REI. (9.2.2) 


9.2.7 Proof of CIC for Brieskorn—Hamm Germs Based on Milnor Number 
Using the formulae (9.1.2) for A(Lx) and 6.3.12 for K* + |V|, the CIC for 
Brieskorn—Hamm singularities is equivalent to 


tre [@-nt I P-@-2tY a], (9.2.3) 


On the other hand, the Euler characteristic y = 1 + yw of the Milnor fiber is given 
by the following residue formula of Greuel and Hamm [234, Satz 3.7(c)] 


1 
X= aPC) -(1 + At)"-2 ; 


l 


i A 
gt +o) (A= |]. 


L 


Now, a direct computation of this residue gives (9.2.3). 


9.2.8 The proof of CIC for Brieskorn—Hamm germs based on the Pinkham’s 
formula of geometric genus will be given in 9.7.14 (see also 9.7.A), where we 
prove the more general Seiberg—Witten Invariant Conjecture for any weighted 
homogeneous singularity with rational homology sphere link. 


9.2.9 The Proof of CIC for Suspensions We adopt the notation of 5.3.21. Let 
f (resp. g) be the irreducible plane curves singularities with splice decorations 
(aj, pi), 1 < i < s (resp. 1 < i < 5s), and let Gfyn and Ge4," be the 
splice diagrams of the corresponding 3-dimensional links. Then (ff) = psu(g) + 
(as — 1)(ps — 1) by A’Campo’s formula 4.1.22. Hence (use 6.3.15 for c(”) = 
(K* + |¥|)(L) too) 


wf +2") = psw(g +2") + (as — 1) (ps — DO —- 1), 


CG p4cn) = c(Ggtzn) + (LAs, ps, n)) — 2u(g +z")(ps — 1). 
Therefore, via 30 + 2 + K*+|V| = 0 (cf. 6.9.6-6.9.7) one obtains o (f +z”) = 
o(g +z") +oa(X(as, ps, n)). Hence, inductively, 


o(f +2") =) )o(E(ai, pi,n)). (9.2.4) 


i=1 
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Then use the additivity in the splice formula 9.1.10 for 4 and 9.1.12. 


Remark 9.2.10 The case of suspensions 9.2.9 can be generalized as follows. Using 
identities of type (6.9.2) and (9.1.7) respectively one sees that CIC is stable with 
respect to cyclic branched coverings. For topological generalizations see also [122— 
124, 595, 612]. 


Theorem 9.2.11 ([493]) CIC is valid for any splice (complete intersection) singu- 
larity. 


The proof will be given is Sect. 9.2.A. 


Example 9.2.12 Consider the pair of examples from 5.3.22. Both of them are of 
splice type, cf. 5.4.3. Since the splice components are identical, we get that their 
Casson invariants are identical. By 9.2.11 their signatures are also identical, namely 
—2792. Nevertheless, several other numerical invariants are different. E.g., the 
invariants K* + |V|, and Peg in the first case are —5440, 6908, 1029, while in 
the second case —5520, 6948, 1039. 


Example 9.2.13 Consider the splice type complete intersection {x2 = u? + 
vy, y? =v? +u?x} C (Ct, 0) with link S3 , (7>,3#7>,3) and graph given in 5.2.5. 
Then A = 0/8 = —2, K? +|¥| = —8, pp = 3. 


9.2.4 The Proof of CIC for Splice Type Singularities 


9.2.14 In this subsection we follow [493]. 

Let (X, 0) bea splice type singularity, whose minimal good resolution X satisfies 
the end curve condition. Assume also that the link Ly is an integral homology 
sphere. I” will denote the graph associated with X;V stays for its vertices. 

Using formulae of Durfee we can express o in terms of geometric genus (via the 
link): o + 8pg + K? + |V| = 0, cf. 6.9.7. 


9.2.15 Assume that I” has only one node. Then by 8.7.29 (applied for the central 
vertex) its geometric genus is pc(Zo,{y}(t)), which agrees with the geometric genus 
of the weighted homogeneous singularity with the same graph, cf. 8.7.9. Hence we 
can assume that (X,0) admits a good C*-action. In this case, by 5.1.33 it is of 
Brieskorn—Hamm type, hence the identity follows from the proofs listed in 9.2. 

In the sequel we assume that I” has at least two nodes. 

Let v; be an ‘end-node’ of I” (end vertex of the minimal subgraph which contains 
all the nodes), and v2 be another node which is nearest to v1. 
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Let 6 be the splice diagram associated with I”, cf. 5.3.10. We decompose 6 into 
two splice diagrams 6; and 62, where 6; 3 vj. 


Wi 
ay dj ia 
6: : b c z 
Wr ar ¥ v2 d; sh 
-—_e,rvr_» rr rr” 
6, G2 


Let I; be the minimal plumbing graph associated with 6; (i = 1, 2). The maximal 
string I in I”, which connects v1 and v2, is recovered from 6; and 62 as follows, 
cf. 5.3.10. Seta := []}_, aj and d := []j_, di, and set a/b = [[eo, ..., em] (with 


é€o > 1 ande; > 2 fori > 1) and similarly d/c = [[fo,..., fr]. Next, consider the 
string: 
BS. —em —eo — fo —fn 
Io o—___e—_ ——e—___e—_ ——e—___- 
V1 v2 
This is not ‘minimal’, either e9 = 1 or fo = 1. Then we successively blow 


down (—1)-vertices and at some moment inevitably a vertex with weight 0 appears; 
then we make a 0-absorption. In this way we obtain J0. On the other hand, the 
corresponding maximal string (with determinant c) in J has the form: 


Th: vf oe fn 


e 
v2 


9.2.16 In our inductive procedure the following fact is crucial. For any splice 
type singularity with fixed (not necessarily minimal) good resolution graph I’, 
consider any connected subgraph I’’ Cc I” (which is not necessarily unimodular). 
Let E’ denote the reduced connected exceptional curve corresponding to I’. Then a 
neighborhood of E’ satisfies the end curve condition (see 8.5.15) (hence I’ satisfies 
the monomial condition too). This allows us to apply induction, and the inductive 
step 8.7.29 shows that pg (X, 0) is topological. We write pg(X, 0) = pg(I). 

In the proof we have to handle the following situation: for A and K* + |V| 
the (topological) additivity formulae follow from the splice decomposition, while 
(the analytic) Okuma’s additivity formula follows from the operation  ~ I" \ v, 
and it can be applied only for negative definite plumbing graphs, which satisfy the 
monomial condition. Since the algorithm which describes the graph of a splicing 
(from the two components) involves non-negative definite plumbing calculus, the 
application of the geometric genus additivity needs some extra care. 


9.2.17 Here are the additivity formulae what we will use. If c(I”) denotes K7+|V|, 
then c(I") = c(11) + cU9) — 24142, where pu; is the Milnor number of the knot 
L; C M(G;) along which the splicing is performed, cf. 6.3.15. Next, AW”) = 
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ACU) +A(12), cf. 9.1.10. Hence, in order to prove CIC (that is, 8A+8p,g+c(I") = 0) 
inductively, we need to verify 


PeD) = pe(T1) + pg (2) + ipa /4. (9.2.5) 


This will follow from the p,-additivity, once we create the compatibility between I; 
and several negative definite graphs obtained from I" and J;. [In this way we provide 
the prototype of a construction, which replaces the topological—‘non-analytical’— 
splice decomposition with ‘analytic’ steps  ~ I \ v, involving negative definite 
plumbing graphs satisfying the monomial condition. ] 


9.2.18 Let I’ C I be that connected component of I" \ vj which contains v2, and 
denote by w that vertex in I”’ which is connected by v; in I’. Let Zin @ be the 


series appearing in the additivity formula 8.7.29. Since pg(I’”) = 0 for all other 
connected components I"” of I” \ v; (since they are strings), by 8.7.29 we have 


pe(I) = pe(Zj,,)(t)) + pe”). (9.2.6) 
The graphs I’ and I) can be compared as follows. 


Lemma 9.2.19 Consider the following graph DP) which satisfies (1)—(4) below: 


re —1 
Ty: Pr ———r ree rm e ey’ 
/ W 
vy 


(1) the subgraph on the left hand side of w is a chain; 

(2) T° consists of (€9 — 1) vertices; the right-end has weight —3, all the others —2; 

(3) I" consists of (@€m — 2) vertices, all of them with weight —2; 

(4) for0 <i < m, TI" consists of (e; — 2) vertices, the right-end has weight —3 
and all the others —2. 


Then 1» is negative definite, whose associated minimal graph is I. 


Proof First replace in I) the string Ip of I" ' by I. Hence, the above string of D 
from the left hand side of w is glued to I. Then blow down repeatedly the (—1)- 
vertices and use the 0-absorption which identifies 


0 —fo 


o—e—e 5 


with I. oO 
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Corollary 9.2.20 The (non-minimal) resolution graph Py represents the splice 
diagram ®o, it has I’ as a subgraph, and it supports a splice type singularity. 


Proof We only have to show that I) satisfies the monomial condition. Let u be a 
node of I>, let C” be a branch of it (connected component of 1 \u), which contains 
the distinguished string involved in the splicing (otherwise the condition is trivial). 
Let C be the branch of uw in I which contains C”. Then there exists an effective 
cycle A supported on C so that E* + A is monomial in I. Then the restriction A| I” 
to I’ has the property that E*(I"’)+ A|I”’ is monomial and has negative intersection 
with E,. Then A|I”’ can be “extended easily on the string considered in (9.2.19) to 
an effective cycle B on ~P, such that E* ‘P >) + B is monomial in Pp. oO 


Let Zz } (t) be the topological series associated with v} in Ty. Then by 8.7.29 
1 


pe(T2) = pe(Z 3, () + e(I"). (9.2.7) 
Finally, the star-shaped I, automatically satisfies the monomial condition, hence 


pe(F1) = pe(Zi' (0). (9.2.8) 


As a consequence, from (9.2.6), (9.2.7), (9.2.8) one gets: 


pel) — Pel Ti) — pe(T2) = petZfi,y) — pe(Zy3,) — pe(Zih,). (9.2.9) 


Proposition 9.2.21 pe(Zj, lee pe(Zi) — pee) = Ly 2/4. 


Proof We compute the corresponding series using the multiplicities m,, = a i 
expressed in terms of the decorations of the splice diagrams (cf. 5.3.19). 

Let % be the set of vertices of I>. Then in I one has my,», = ab and my, yw; = 
ab/a;. Consider the integers pj := My,w;/b = a/a; and qy ‘= my,,/a for all 


1<i<randue % respectively. Finally, set g(t) = Tuew@ — t%)ku-2_ Then 


a _ zabyr—-1 _ zabyr—-1 
g(t“) — t®”) Zw Ch") 


“Th,d = 1) py? Zt) Gar] d wy Ta =P) (9.2.10) 


T 
Ziv} = 


The non-minimal splice diagram associated with >, having vj as a node, is 


Aas i eo, a 
2 U} 1) 
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Since my,, in I” and My! y in I) are the same for any u € %, 


hp. 8) 
Zi =a (9.2.11) 
We define the functions Q;(t) and Q2(t) by 
(eS a { 1 
t) = = ——_ - t) = g(t) - ——. 
10> am ip OHO“ 
Then from (9.2.10) and (9.2.11) we have 
fe 1 
1 In b 
Ziv — Zpyry — Zihy = Oi(t?)Qo(t*) — = (9.2.12) 


On the other hand, by A’Campo’s formula 4.1.22, the characteristic polynomials 
Aj(t) of the knots L; C M(6;) can be related with the polynomial Q; by Q;(t) = 
(Aj(t) — 1)/C — t). Since A;(1) = 1, Q;’s are polynomials. Hence Q;(1) = 
—Ai(1) = —y;/2 (cf. 4.1.23), and pe(Q1(t?) Q2(t*)) = Q1(1)Q21) = wipe2/4. 

| 


9.3. The Casson—Walker Invariant 


The Casson invariant defined for integral homology spheres has an extension 
to rational homology spheres given by Walker [741]. We will refer to it as the 
Casson—Walker invariant. Similarly to the Casson invariant (cf. 9.1), we will 
adopt a working definition, valid for negative definite plumbed 3-manifolds, 
based on a surgery formula of [385]. & 


Definition 9.3.1 Assume that H = H,(M(JI’), Z) is finite. We define 


aad a AM (I*)) = GG +3)+ se — Ky) (EX, E%). (9.3.1) 


|| vev veV 


9.3.2 Again, cf. 9.1.8, a direct verification shows that the above expression depends 
only on M(J°), that is, it is independent of the choice of the graph I’. 


Example 9.3.3 Tf M is a Seifert 3-manifold with v > 3 then using 3.5.2 and (2.2.7) 
one has 


— MM) = sC-¥+ 3 qe) ees ee) (9.3.2) 
j=l 
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Example 9.3.4 For a lens space one has A(L(n,qg)) = n - s(qg,n)/2 (use the 
definition and (2.2.7)). 


Remark 9.3.5 The CIC identity A(Ly) = o(F)/8, expected in the case H = 0, 
does not extend in the same form to hypersurfaces with rational homology sphere 
links. For example, in the case of A,_1 germs, one has A(Lx) = A(L(n,n — 1)) = 
—(n — 1)(n — 2)/24, while o /8 = —(n — 1)/8. 


In the rational homology sphere case there is no natural splice decomposition and 
surgery operation, hence we will have no (immediate) analogues for the Casson— 
Walker invariant of the splice formula 9.1.10 and of surgery formula 9.1.18. 
However, we will have another type of ‘additivity formula’ (more in the spirit of 
Okuma’s analytic additivity formulae). This is the subject of the next discussion. 


9.3.4 Additivity Formulae for . and K* + |\V| 


Assume that I” is a connected negative definite plumbing graph with M(I") 
rational homology sphere, v € ¥, and I” \ {v} has connected components {17}. 
Then for the invariants (7) = A(”) and [(I”) = (K +21’)? + |V| we determine 
the ‘correction term’ (J) — }°; (7). & 


9.3.6 Let I” be a connected negative definite plumbing tree, such that M(I") is a 
rational homology sphere (though some of the statements below can be generalized 
to a more general setup). 

For v, w € V we define myy := —(E%, EX) = —(I7!)yw € Qso, and let Ky be 
the valency of v in I” as usual. Then for any fixed v € V we set 


ay = So (kw — Dm, — Bo = DY) (kw — 2p. (9.3.3) 


wev wev 


Via the identities from 4.1.23, wa, and 6, can be expressed in terms of the first and 
second derivative of (1 — t)? - Ziv} (t) evaluated at t = 1, where Z,,}(t) is (by its 
definition) [],,(1 — 7). 


9.3.7 For a fixed vertex v of J”, we denote the connected components of I” \ v by 
I;. Let v; denote the unique vertex of I; which is adjacent to vin I’. 

We indicate by a subscript i when we consider an invariant in Jj, instead of I’. 
For example, we write L;, Li, muw,i, Ne L’, ¥i := VI), and so on. We 
regard L; as a sublattice of L via the natural inclusion Hy7(P(U;)) > Ao(P()), 
Ey i t> Ey for any w € %. It admits the natural extension L; ®@ Q—> L@Q. 
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Definition 9.3.8 The restriction Rj: L' — L’ is the homomorphism induced by 
the inclusion P(J;) <> P(J‘) on second cohomology groups. In other words, 
R;(E},) = Ej, , if w € ¥;, and Rj (Ej,) = 0 otherwise. 


By projection formula (Rj(x), xi), = («, xi)z for any x € L’ and x; € L'. 
Furthermore, for x = >, rwEw = ©, NwE%, and its restrictions x; := R(x) one 
has 

xi = R(x) = > Ny EX = —tyE* + > rwEw.- (9.3.4) 
wey; wey; 


Example 9.3.9 R; maps Char(J") into Char(/}), and the canonical characteristic 
element K of I into the canonical characteristic element K; of Ij. 


Lemma 9.3.10 Any x € L’ and its restrictions x; := R;(x) satisfy 


$5 ee DH 2__&, nae 


Myy vu 


Proof For the first identity check that the intersection of both sides with E* and the 
Ey for w ¥ v are equal. For the second one take the square of the first identity. oO 


Theorem 9.3.11 ([77]) For any I! = >°,, rwEw € L’ 


,41 on 
(K +20 + |W) — UK + 2R)(1y? + Hy = 1 — Se 


(9.3.5) 


ae ge eo (9.3.6) 
|| Hi) My = 


Proof Since K + E = )°,,(2 — kw) E* one gets (K, E*) = ay + 1. Then 9.3.10 
applied for x = K + 21’ gives (9.3.5). 

For the second identity first we apply 9.3.10 to x := E*, for some w 4 v. Then 
oe Ei if w € ¥, and x; = 0 otherwise. Hence, 9.3.10 reads as 


2 
—Myw + Myw,i = —Myy/Mvv, We Vj. 


Next, we apply 9.3.10 to x := E,. Then x; = =F, ; and E? + Ve imyv;,i = 


—1/myy. Then (9.3.6) follows by the definition of 2 and the above identities. oO 


Example 9.3.12 Consider the surgery 3-manifold M = S? qi Ki) as in 3.5.12 
with d > 0 and K; algebraic knot with Alexander polynomial A;. Let A(t) = 
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[], Ai) and w = >; w; = 26 as in 8.6.B. Then K* +|V| can be directly computed 
by the adjunction formula in the minimal resolution, see 6.3.13. 

Using (9.3.5), where v is the vertex v,, one has the following data: my, = 1/d 
(use 2.2.5(5)) and ay = (t4 — 2)/d (use A’Campo’s formula 4.1.22). One gets RK? + 
IY) =1l—-(u-2+ d)* /d. If ~ = (d — 1)(d — 2), as in the case of superisolated 
singularity links, this reads as K* + |W| = 1 — d(d — 2)’. 

Next, we determine 4 for M = Ss (#; K;). By A’Campo’s formula 4.1.22 one 
has Z,,)(t)- 1 — t!/4)2 — act!/4). Hence, by (9.3.3) and by the second derivative 
formula 4.1.23 one gets d7B, = 12A”(1) — 2. Therefore, (9.3.6) reads as 


24-4 = (d—1)(d—2) —12- AN(1) = (d — I)(d — 2) + 3yu(u — 2) — 12. A" (A). 


If « = (d — 1)(d — 2) then this transforms into 244 = w(3u — 5) — 12+ A”(1). 


9.4 The Reidemeister—Turaev Torsion. Generalities 


This section contains the general definition of the sign-refined torsion associated 
with Euler structures (equivalently, with spin‘-structures). The presentation is 
based on the books of Turaev and work of Nicolaescu and Ranicki, see [519, 
703, 705] and the references therein. & 


9.4.1 Torsion of Finite Chain Complexes We fix a field F’. If in an F'-vector space 
we have two ordered bases c and c’, then the determinant of the transformation 
matrix (the vectors of c expressed as linear combinations of c’) is denoted by 
[c/c'] € F* := F \ {0}. We say that the bases c and c’ are equivalent if [c/c’] = 1. 

Consider a chain complex with finite dimensional components and of finite 
length Cy, = (Cx, 0x) : Cm — +++ — Co. We assume that each C; admits a 
distinguished basis c;. Similarly, we assume that each homology group Hj (C;,,) has 
a distinguished basis, let i; be an ordered set of vectors in ker(0;_-1 : C; — Cj-1), 
which projects to it. Let b; be a set of ordered vectors in C; such that 0;—1(b;) is 
a basis in Im(0;_1). Then for every i the ordered set 0;(bj41)h;b; is a basis in C; 
which can be compared with c;. The torsion of C,, is defined as 


t(Cx) = (-1' TY fai bigsyhibi feo? € F*, 
i=0 


where |C| = yr Ojo dim C)O 0 dim H;(C,)). It depends only on the 
equivalence classes of the chosen bases in C; and H;(C,,), and it is independent 
of the choice of h; and b;. If C,, is acyclic, then |C| = 0, and t(C,,) associated with 


the classes of {cj}; is t(Cx) = []; (4; (bis1)bi/e\O"™. 
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9.4.2 The Reidemeister Torsion Next, we fix a finite connected CW-complex Y. 
Set H, = H,(Y, Z) and fix a ring homomorphism p : Z[H;] > F. Let Y, > Y 
be the universal abelian covering of Y with its natural CW-complex structure. Hy 
acts on Yq via covering transformations, which permute the cells. Hence the chain 
complex C,.(Y,, Z) becomes a complex of (left) Z[H,]-modules. We regard F as 
a (right) Z[H,]-module via f -h := fpo(h), and we define Ch(Y) = F Oz] 
C..(Yq, Z). H,(C2(Y)) is called the p-twisted homology of Y. 

A set of cells in Y, is called fundamental if over each cell of Y lies exactly one 
cell of this set. Take a fundamental set of cells, order them and orient them in an 
arbitrary way. They constitute a free generating set of C,(Yaz, Z) over Z[ Hi], and 
a basis of C2(Y) over F. If C?(Y) is acyclic then define its torsion t(C2(Y)) (as 
in 9.4.1) using this basis. Different choices of the fundamental cells, orientations 
and orderings provide a multiplicative ambiguity with tp(h), h € Hy. The class 
(set) T°(Y) := +e(My)t(CR(Y)) € F*/{+p(H)} is called the Reidemeister 
(or Reidemeister—Franz, or Reidemeister-Franz—de Rham, or just R-) torsion of Y 
associated with p. If C?(Y) is not acyclic then we set t?(Y) := 0. 

The torsion behaves invariantly with respect to cellular subdivision of Y. 


Remark 9.4.3 (Torsion in Commutative Rings) In the above discussion the field 
F can be replaced by a commutative ring A (with invertible elements A*), and 
p by aring homomorphism Z[H,] — A. In this case the R-torsion is a class in 
A*/{£p(A1)}. 


Assume that corresponding to two representations p; : Z[H,] > A; (i = 1, 2) 
we have two R-torsions t(Y). If p2 = wo eo, for some ring homomorphism 
w : A, — Ao, then one has the functoriality property w(t?! (Y)) = t°2(Y). 


9.4.4 The Universal (Maximal) Abelian Torsion [705, I.3] Consider Y and Hy 
as in 9.4.2. Let Q(H)) denote the ring of fractions (localization of Z[H,] by all 
non-zerodivisors). The monomorphism Z[H;] <> Q(#}) can be considered as 
a representation, denoted by p,. Usually Ci“ (Y) is not acyclic, hence one has to 
modify either the ring or the representation in order to guarantee the acyclicity of 
Ch (Y). 

For example, assume that H} = Z,, hence Z[H,] = Z[T]/(T” — 1). Then 
O(A}) = Q(A,] = QUT) /(T”" — 1), cf. [703, Corollary 12.7]. In this case Q[ HH] has 
several ‘unpleasant’ properties, e.g. the element T — 1 is a non-trivial zerodivisor, or, 


a (sub)complex of type Q[ M1] = Q[A1] is not acyclic. This implies that in several 
geometric cases the corresponding chain complex is not acyclic. However, instead of 
Q[A1] one can take the ring O(M)) = Q[A1]/N, where N :=14+7+4+---4+7""!, 
and the corresponding homomorphism f, : Z[Hi] — Q(H1). The advantage of 
O(H}) is that in this ring T — 1 (and any T% — 1 with (n,q) = 1) is invertible. 
(Indeed, (T — 1)(1 +27 +---+nT"—!) = nin O(H})). Hence the torsion in 
O(H}) can be non-zero even when it is zero in Q(H). In fact Q[ Hj] is the direct 
sum aug @ Q(N) of two ideals, the augmentation ideal aug = (T — 1)Q[ Aj] and 
the 1-dimensional Q(N). Hence Q[H;] = O(H1) @ Q (or aug = O(H);)), and the 
second component is responsible for the non-acyclicity in Q(1) in several cases. 
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Therefore, in the case of ring representations, we obtain a finer invariant if we 
try to decompose the ring in a direct sum and we take the corresponding torsion for 
each component independently. 

In general, we proceed as follows. According to Turaev, Q( 71) splits as a finite 
direct sum of fields. First, consider the torsion part H := Tors(). Each character 
x : H — C* extends to a Q-linear ring homomorphism p, : Q[H] — C, whose 
image is a cyclotomic field Ky, C C. Two characters x; and x2 are equivalent if 
Ky, = Ky and py, is a composition of py, by a Galois automorphism of Ky, 
over Q. Then a complete family of representatives {x;}/"_, of equivalence classes 
provides an isomorphism (py,,..., Py,) > QLH] > YL, Ky;. Thus, O(H) = 
Q[H] too. 

In general, if Fr := H,/H is the free part of H,, then Q[A)] = (Q(H))[Fr] = 
@i K,,[Fr]. Since K,y,[Fr] is an integral domain, an element of Q[ 1] is a non- 
zerodivisor if and only if all its projections to the summands K’y,[ Fr] are non-zero. 
Hence, O(H)) = @; Fj, where F; is the field of fractions of Ky,[Fr]. 

Denote by p; the composition Z[H;] — Q(H,) — F;. Then the universal 
(maximal) abelian torsion is 


ta(Y) =) t?(Y) € (@iF*)/{£(@i pi) (Ai)}- (9.4.1) 


Example 9.4.5 (The Alexander Polynomial of a Link as Torsion) Assume that M 
is an oriented compact integral homology sphere and K C M a knot in it. Set 
Y := M \ K, and H := H(Y, Z). Then Hj = Z, Q(A,) = Q(t) and the complex 
C£* is acyclic. In particular, the universal abelian torsion is well defined. Moreover, 
by [427], it equals A(t)/(t — 1) € Q(t) (modulo +{t”"},-7z), where A(t) is the 
Alexander polynomial of K Cc M (cf. 9.1.2). 


Example 9.4.6 (The Torsion of Lens Spaces) Consider the lens space L(n,q) = 
53 /Zn, where the generator T of Zy, acts on S? = {|z1|7+|z2|? = 1} by T(z1, 22) = 
(E€z1,€%22),& = et/n Lin, q) is a CW-complex with four cells, the images of the 
cells c; C S3 (0 <i < 3) defined as follows: (i) eg = (1, 0), (ii) ey = (e'’, 0);, (iii) 
eo = (a1, V1 — [zz (iv) es = (cel T — [z1 Pz, rz, Where 0 <¢ <2n/n 
and |zi| < 1. The complex C,.(L(, q)a, Z) is freely generated by the fundamental 
cells {e;}; over Z[Z,]. The boundary relations are: (i) dey = (T — Leo, (ii) de2 = 
(+7 +---+T7")ey, (iii) 8e3 = (TU — leo, where qq = 1 (mod n). 

Let us assume that the representation p : Z[Z,] — C sends T into a n-root of 
unity € ~ 1. Then {e;}; in CP(L(n, q)) form a basis over C, and de; = (€ — 1)eo, 
de2 = 0, 0e3 = (E q 1)e2, hence the complex is acyclic. Moreover, 


(Lin, q)) = € —1)!-€% — 1)! (mod £8*). 


For the representation @ : Z[Z,] > C with p(T) = 1 we have rt? = 0. 
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Corresponding to the representation fg : Z[Zn] > O(Zn) we get 


ce(L(n,g)) = (T—1)!- (7% — 1)! (mod ET. 


9.4.7 Classification of Lens Spaces If the lens spaces L(n;, gq) and L(n2, q2) 
are homotopic then their fundamental groups are isomorphic, hence nj = ny. 
Whitehead in [750] proved that L(n, gq) and L(n, q2) are homotopic if and only if 
there exists r € Z* such that q2 = +q ir? (mod n). Indeed, there exists a homotopy 
equivalence h : L(n, qi) > L(n, q2) with h,(T) = T" if and only if there exists a 
A := Z[Z,]-module chain equivalence h,.(C,(L(n, qi)a, Z) > Cx(L(n, q2)a, Z), 
that is 


td 
T2-1 N T-1 
>A >A >A 


where N = 1+7+.---+T7"—!, and u; are invertible in A. Then necessarily 
uy = un =1+T7+---+T7'7!, and u3 must satisfy (from the first commutative 
square) 


a3(T — 1)(T@ — 1) = (7" —1)(7T'"4 — 1), (9.4.2) 


Lemma 9.4.8 (See e.g. [429]) There exists a unit u in A satisfying the equation 
ul [Ky (r% -)D = ee — 1) if and only ifk = € and [],a = 
+], bi (mod n). 


Hence, (9.4.2) implies that qj = Beg (mod n). Since q’ = (q')7q holds, one 
also has q2 = +r7q\ (mod n) for a certain r with (r,n) = 1. 

This can be compared with the isomorphism of the linking forms (cf. 6.10.2). 
The linking form brig) : Zn X Zn > Q/Z is (T%, TB abq/n € Q/Z. 
Therefore, bz (n,q;) and by (n,q)) are isomorphic (by T +> T’, (r,n) = 1) if and only 
if g2 = r7q\ (mod n). Hence, the homotopy equivalence of lens spaces is the same 
as the isomorphism of their linking form up to orientation (that is, up to a sign +). 

Two CW-complexes are combinatorially equivalent if they have (rectilinear) 
subdivisions which are (simplicially) isomorphic. The combinatorial classification 
of lens spaces was established by Reidemeister in [588]. 


Theorem 9.4.9 The following facts are equivalent: (i) L(n, q) and L(n, q2) are 
combinatorially equivalent; (ii) their Reidemeister torsions t® (as in 9.4.6) are 
equal; (iii) (9.4.2) is valid in A with uz of the form +Tk; (iv) q2 € {£q1, q}}- 


[The implication (iii)=(iv) follows by a lemma similar to 9.4.8, called ‘Franz 
Independence Lemma’, cf. [429, 12.6].] 
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By a result of Moise [437] two 3-dimensional manifolds are combinatorially 
equivalent if and only if they are homeomorphic, that is, they are topologically 
equivalent up to orientation. (Since in dimension 3 there are no exotic smooth 
structures, this is equivalent to the C® equivalence up to orientation as well.) If 
in 9.4.9 we take into account the orientation as well we obtain: L(n, gq) and L(n, q2) 
are equivalent by an orientation preserving homeomorphism if and only if q2 € 
{q1, 7}. For example, L(7, 1) and L(7, 2) are homotopic, but not homeomorphic 
(and they have different torsions). 


9.4.10 Recall that the famous Hauptvermutung of Tietze conjectured that for any 
triangulable space any two triangulations have a common refinement. In different 
words, homeomorphic triangulable spaces are also combinatorially equivalent. This 
is true in dimension 3 but it is false in dimensions > 6, cf. [426]. Milnor considered 
the finite simplicial complex Y, obtained from L(7,q) x o” by adjoining a cone 
over L(7,q) x 00”, where o” is the n-simplex, and n > 3. Then, according to 
Milnor, Y; is homeomorphic to Y2, but no finite cell subdivision of the simplicial 
complex Y; is isomorphic to a cell subdivision of Y2 (the argument is based on a 
‘relative torsion’). 


9.4.11 Turaev’s Sign-Refined Torsion [705] Consider the situation from 9.4.2. 
The torsion t?’(Y) = +p(HM1)t(CP(Y)) € F*/{+e(H;)} has two types of 
ambiguities: a sign ambiguity +, and the ambiguity given by multiplication by 
elements of type p(h), h € Hy. First we eliminate the first ambiguity using an 
additional structure, a homology orientation of Y, which is an orientation w of 
the real vector space @; H;(Y, R). Take a fundamental set of cells, order them 
and orient them in an arbitrary way, and fix a homomorphism p : Z[H;] — 
F. Then 9.4.1 provides a torsion t(C£(Y). Since the fundamental cells are in 
bijection with the cells of Y, they induce an order and orientation of the cells 
of Y, hence a bases of the chain complex C,(Y,R). Fix basis h; in H;(Y, R) 
such that the basis ho, h,,... has the same orientation as w. C,(Y,R) together 
with {h;}; gives a torsion t(C,(Y,R)) € R*; let its sign be t € {+1}. Then 
t?(Y,w) := tot (Ch(Y) € F* is well-defined up to multiplication by (1). The 
class t°(Y, w) € o(H1) F™ is called the sign-refined torsion. 

If M is an oriented manifold with 0M = @ and of odd dimension m, then any 
fixed orientation induces automatically a homological orientation w. It is determined 
by an arbitrary basis of @j<m/2Hi(M,.R) followed by the Poincaré dual basis 
in @i>m/2Hi(M, R). In the sequel, for any 3-manifold with fixed orientation we 
consider this canonical @ in all sign-refined torsion considerations. 


9.4.12 Turaev’s Torsion Associated with Euler Structures [705] The o(/) 
ambiguity can be eliminated by the help of an (any) Euler structure. 

Additionally to the notations of 9.4.2 we fix a homology orientation w as in 9.4.11 
and an Euler structure [uv] as in 6.10.24. We assume that the Euler structure is 
realized by the choice of a set of fundamental cells of Y,. Then using the very same 
set in both constructions 9.4.2 and 9.4.11 we obtain the torsion t?(Y, @, [u]) := 
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t°’(Y,@) € F*, which is independent of any choices of the fundamental set 
(whenever it determines [w]), and of the order and orientation. In this way, for any 
homology orientation w and representation p we get a function t? : Eul(Y) > F*. 


9.4.13 The Case of 3-Manifolds Assume that M is a closed connected 3-manifold 
without boundary with a fixed orientation, which determines a homological orienta- 
tion w as in 9.4.11. We assume that H = H,(M, Z) is finite, hence O(H) = Q[A], 
cf. 9.4.4. Consider any triangulation of M (the next torsion invariant is independent 
of this choice by 9.4.10). Identify Eul(M/) with Spin®(M) as in 6.10.A. Consider 
the ‘universal abelian representation’ pg : Z[H] — Q(H) = Q|[H] and 
the corresponding ‘universal abelian sign-refined torsion’ (the analogue of (9.4.1) 
without the +(@; 9;)(H)-ambiguity, see 9.4.11 and 9.4.12): 


t: Spin’(M) > Q[A]; oR t= S-To (hh (Jo (h) € Q). (9.4.3) 
h 


Theorem 9.4.14 ([705]) The torsion o +> To has the following properties: 


(a) Duality: Consider the involution Q[H] > Q[H], given by x = V°,a(h)h wh 
%:= 0, a(h)h"!. Then te = To, or Tx(h7!) = To (h). 

(b) H-equivariance: the = ht; that is, for any g,h € H one has Tgg(gh) = 
Jo(h). In particular, for fixed 09 € Spin®(M) the coefficients {Tg.(h)}n, or for 
fixed ho € H, the coefficients {Tq (ho)},¢, determine the whole t. 

(c) t determines the linking form by: For any o one has 


Jo) — To (h) — To (g) + To (hg) = —ba(h, g) (mod Z). 
(Here H is written multiplicatively.) Hence, for any 0 € Spin°(M) the map 
go: H > Q/Z, qo(h) =To(1) — To(h) (mod Z) 


is a quadratic function associated with by. 

(d) t determines the quadratic functions [489]: The correspondence Spin‘ (M) > 
Q°(M) given by o +> qo is a bijection and it agrees with the correspondence 
q° defined in 6.10.18. 

(e) Augmentation: Let aug : QLH] > Q be the augmentation )>, a(h)h 
>>, a(h). Then, for any o one has aug(t.) = 0. Equivalently, 


Y 2 To (h) =0 for any h. 
oO 
Let us verify (e). Consider the notations of 9.4.4. If 1 denotes the trivial character 


of H then K; = Q, and the projection Q[H] — K, is exactly the augmentation 
map. Since C£!(M) is not acyclic, t°!(M) = 0. Hence aug(t) = t?! = 0. 
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We need a dual description of the torsion invariants in terms of Fourier transform 
as well. Let H bea finite abelian group and let H = Hom(H, S') be its Pontryagin 
dual (the group of characters). If y € H then x denotes its conjugate: x (h) = x (h). 


The Fourier transform f: A — C ofa function f :H — C satisfies 


= SMM), FM= 5 => FOO). 
heH |A| "a 


Example 9.4.15 For any o set f(h) := J, (h). Then fd) = J, (1) = aug(t.) = 0. 
Example 9.4.16 By 9.4.14(a)-(b) for any o, x, h one has 


(a) Tox) =THH), (b) To (x) = X(A) - Tho (XD. (9.4.4) 


Example 9.4.17 (The Fourier Transform of h +> t,(h) for Lens Spaces) 
We will use the notations of 9.4.6 and 9.4.7. We wish to compute the coefficients 
TT) @ <i <n) of te. 
First consider the torsion in O(H) = Q[T]/N, where N =14+7+...4+7771. 
Corresponding to a fixed o € Spin®(M) and orientation, we can assume that t” is 
T* 


To = —————  € QT] /N foracertains =s,, O<s5 <n. 
Oo (1—T)—T?) Ql ]/ o s n 


We wish to determine ts € Q[T]/(T” — 1). Consider the natural projection pr : 
Q(UT|/(7” — 1) — Q{T)/N. Then t, is the unique element of Q[T]/(T” — 1) 
such that pr(t>) = To and aug(t,) = 0. E.g., if T = a: aj T/, then t = 
payee 6ajT! — aN, where an = /; aj. Inverting | — T and 1 — TY in O(H) one 
gets the expression 


n—1 n—1 
to = TOO GHEDTAO LG 4 DT") /r?, 


j=0 j=0 


hence the previous lifting for this expression applies. The coefficient J, (T’) can be 
expressed via generalized Dedekind sums, cf. 2.2.11. 

Let us compute the Fourier transforms f,. In general, for the trivial character, 
t,(1) = 0. For x € A with x(T) =& #1 one has 73 (x) = 1? ea ae whenever 


To = a;T'. Hence, f(x) is obtained from t, by ‘aibstitution T + &. The 
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above algebraic manipulation applied for T applies for € too, hence 


x(T°) és 


qari cee T)= 1. 
d-g@p)a—-a0*)  G-Ha-My KOs 


T(x) = 
Therefore, by Fourier inversion formula, the coefficient of T! in Tz is 


, 1 gs! 
Lejece Ye ay 
EN=1ZE dl —&)d —&7) 


This expression can be compared with generalized Dedekind sums from (2.2.11). 
This type of sums will be called Dedekind—Fourier sums. Furthermore, the above 
expressions can be compared with Z(t) (consider e.g. (8.6.1) for a string graph); 
this relationship will be exploited fully in the next sections. 


9.5 The Reidemeister-Turaev Torsion of Graph 3-Manifolds 


Let M be an oriented rational homology sphere 3-manifold associated with a 
connected negative definite plumbing graph I’. 

In 9.5.7 we provide a combinatorial expression in terms of I” for the refined 
Reidemeister—Turaev torsion. The equivalence of this expression with the orig- 
inal definition of the refined torsion is proved via a surgery formula in [489]; 
this proof will not be reproduced in this book. In this book this combinatorial 
expression will constitute the ‘working definition’ of the torsion, applied for 
negative definite plumbed 3-manifolds. All the needed properties of the torsion 
will be obtained starting from this expression. & 


9.5.1 Preliminary Discussion We assume that H;(M,Q) = 0. We follow the 
standard notations of the plumbing graphs. First, let us guess what the shape 
of an appropriate definition should be. Let us assume that we have a function 
Yo : H — C indexed by the spin® structures 0 of M, 0 t &,. Moreover, we 
fix a distinguished spin‘ structure og € spin°(M), ando +> he € H is the bijection 
via the action h,o9 = o. Motivated by 9.4.15 and the formulae from 9.4.17 we 
assume that the Fourier transform of {, satisfies {,(1) = 0, and for x ¥ 1 it has 
the following form 


T(x) = (x(he))€ » T] — x espe, (9.5.1) 


vEeV 


for a universal (x and o independent) choice of € = +1. (Since )°,, (k, — 2) is even, 
in the product the term 1 — x ([E¥]) or x ([E¥]) — 1 produce the same expression.) 


9.5 The Reidemeister-Turaev Torsion of Graph 3-Manifolds 459 


We wish to find € and og provided that & satisfies the duality and the H- 
equivariance properties (9.4.4). By equivariance, g+€hgg = €hg, hence necessarily 
e=-l. 

The duality imposes )°,, (ky —2)[E*] = ho +h¢ in H. This can be interpreted in 
two different ways. First, since >, (ky) —2)E% = —K — E, we geth, +hs = —[K] 
in H. On the other hand, since hg; 09 = o and hzoo = O, if we take the first Chern 
classes (cf. 6.10.16) we get 2(h, +hg +c1(00)) = 0. Therefore, it is natural to take 
oo = o[K] (for notation see 6.10.21). 

Let us try another definition too. Assume that 


T(x) = (xlha))® - TT a - xe, (9.5.2) 
veV 


for e’ = +1 and for o = ho, where of is a certain distinguished spin® structure. 
By similar computations as above we get e’ = —1 and of = o[—K]. 

We claim that with the above choices of €, o9, €’ and 4, the two possibilities 
provide the same function. Indeed, set o = hgog, ho = U5), 1, € L’. Then 


Von KOO = 2,00 = xo) [0 - xc)? 
=xtho) 'T] xcdep’*T]a-xdepy? 5.3) 


= Vo 21 42 N(my—2)EX+- K(X) = Lola, 2K + K(X): 


Hence V7, = To. 
Above, tacitly, we assumed that x ([E3]) # 1 for any v with x, # 2. This 
property will be eliminated by a regularization procedure described below. 


9.5.2 The Fourier Transform of Z;.7(t) Assume that % = {u} C Visa 
distinguished vertex, and for each h € H we consider the reduced series Z)_.7(t), 
where ¢ is the variable corresponding to u. Set my, := —(E%, E;) > 0. From 
(8.4.2) 


1 ky 
Zn.) = rap Dy x) TY (= xcs perry. 


xeH veV 


This shows that the Fourier transform of the map h +> Zp,tu}(t) is 


ZmO@ = T] Q-xdesperm ye. (9.5.4) 
vEeV 
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9.5.3 Character Values on I Since {[E*]}, generate H, any character x € His 
completely characterized by the values & := x([E%]), v € ¥. These are roots 
of unity. When we wish to identify the character x, we put its values {&)}, as 
decorations on the vertices of the graph I”. The collection {x ([E}])}v,, is a more 
subtle information than the abstract group HZ itself: it shows the ‘distribution along 
I’ of the corresponding values of the characters as well. Since for any v € VY one 
has ey [E¥] + Pad edgel Ex] = [—E,] = 0in H (where e, = Ey), for each x one 
has 


ge. T] & =1. (9.5.5) 
(u,v) edge 


Conversely, any collection of complex numbers {&} ev, & € S', which satisfy 
(9.5.5) for any v, determines ac character x defined by x ([E¥]) = &. 

Furthermore, for any x € A \ {1}, define the ‘extended support’ supp* (x) of x 
as the set of those vertices v € V for which either x ([E¥]) # 1, or v has an adjacent 
vertex w such that x ([E¥,]) 4 1. 


Lemma 9.5.4 Fix a character x € H \ {1}. 


(a) For an arbitrary vertex u the limit lim; Zum (x) exists and it is finite. 
(b) This limit is independent of u whenever u € supp* (x). 


Proof The next terminology is needed: We say that a subgraph I’ of the plumbing 
graph I satisfies the property (P) if }° (ky —2) > 0, where the sum }° , runs over 
the vertices of I”’ (and x,y is the valency of v in I). A subgraph I’ of I is ‘full’ 
if any two vertices of I’’ adjacent in I are adjacent in I’ as well. A full proper 
subgraph I’ of I” has prope (C) if it has a unique vertex (say venq), Which is 
connected to a certain vertex v’ of V(I) \ V(I’’) by an edge of I’. ue vertex v’ 
is not necessarily unique.) Associated with our fixed x € fal \ {1}, let 7"! be the full 
subgraph of I” with the set of vertices {v € V | x ([E¥]) = 1}. 

Proof of (a) We show that I ' satisfies (P). Let I! be one of its connected 
components, and let be be the valency of v in '!°. Then Yopie Gehe —-2)=- 
since I”!-° is a tree. Since '!¢ is a proper subgraph of (the connected) I”, there 
exists at least one edge of I”, which is not an edge of I”! and it has one of its end- 
vertices, say v*, in '!°. But (9.5.5) shows that there are at least two such edges 
adjacent to v*. Therefore, T’!-© satisfies (P). 

Now, (a) follows from the property (P) and the form of the function from (9.5.4). 
Proof of (b) If > pic(ky — 2) > O for a component r'-°, then the limit is zero 
(and it is independent of m,,,). Otherwise, for each I” 1.¢ one must have > rie(Ky — 
2) = 0. By the above discussion, this means that each ”!-° has property (C). On 
the other hand, if I”’ is a full proper subgraph of I" which satisfies (C), then the 
positive integers {77y,}yey(r') modulo a multiplicative constant are independent of 
the choice of u whenever u € (V(I) \ V(I)) U {vena}. This follows from 2.2.5.5. 

| 
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Remark 9.5.5 For x = 1, the Laurent expansion at | of the series Ziu) (1) has a 


non-trivial principal part, cf. (9.5.22), hence lim;_, Zu) (O() is not finite. 


9.5.6 In this book the torsion o € Spin°(M) Jz, Jo = Yo, To(h)h € QLH] is 
defined via the Fourier transform of h > J, (A) in the following way. 


Definition 9.5.7 ([489]) 
(a) For the trivial character ieee 1) =0. 
(b) If x([E¥]) 4 1 for every v with x, 4 2, then we set 
To (x) = (x(ho)) 1 T] = xCetDy,  o = hoo LK. 
veV 
(c) If x # 1, but the assumption from (b) does not hold, then the formula from (b) 


is regularised as follows: 


To (x) = (x(hg))*- lim [[o-xqeneyy™ = (x(ho))* tim Zu (R. 


for certain (any) u = uy € supp*(x). 


Theorem 9.5.8 ([489]) 


(a) 0 To defined in 9.5.7 and the refined Reidemeister-Turaev torsion 9.4.13 
coincide. 
(b) J defined in 9.5.7 is independent of the choice of the resolution. 


Proof For (a) see [489], (b) follows from (a) since it is true for the refined 
Reidemeister—Turaev torsion (as defined in 9.4.13). oO 


Remark 9.5.9 


(a) By Fourier inversion 


1 ae ee 
To) =o DE xh) rho)!» im, Zia Gu, 
xeA\{1} i 


Similarly as in 9.5.1, one verifies that the properties (9.4.4) are valid, hence 
{To (h)}o.n Satisfy the duality and H-equivariance properties. Hence 


To(1) =Te(1), and To (1) = Thgotk (1) = TotK)(—ho). (9.5.6) 


In particular, T,;x|(4)h € Q[H] contains the same information as {J, (1)}.. 
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(b) 


(c) 
(d) 
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From part (a), 


1 - ; ry ae 

To) =—- Yo (x (he) + lim Zia) tu, ) X- 
|| = tuy 1 

xeA\{I} 


Usually, for different characters x one needs different regularization vertex uy. 
However, if N,4isupp*(x) 4 Y, then any u € M,~,supp*(x) might serve as a 
common regularization vertex (with a common variable t = 1,,). In such a case, 


via Zi) = Zpy() = TT = erry, 


To(1) = lim (— : 


FA De lho Zin HD) = him (Zt O- Fe 


xeA\{l} 


1 

Ztuj (0) ). 
a 
We rewrite {Zp {u)(t)}n equivariantly as Zy f(t) = Dhet Za fuyQh € 
Qt] ][H], and we set N := >, h € Q(H]. Then, via T5 (1) = Jopx(—ho), 


Jot-K] = Jo(k] = i (Zw - Ziuy(t) - am) € QA]. (9.5.7) 


The identity (9.5.7) is not true in general, i.e. when Ny~1supp°(x) = . For the 
formula valid in the general case see 9.5.23. 

The above formula already shows in this special case that the principal (pole) 
part of the Laurent series at t = 1 of Zp {,)(t) is independent of h € H. This 
statement is true in general, even without the restriction Nyz,;supp°(x) 4 Y, 
cf, 9.3.23. 

If I” is star-shaped then the central vertex is an element of Ny ~isupp*(x). 
Similarly, if H is cyclic, then again Ny; supp°(x) 4 Y. 

Here is an example when M,z;supp°(x) = @%. Consider the suspension 
singularity {(x? + y)? +.x«°y = z+}. Its resolution is shown on the left diagram; 
ithas H = Zs x Zs x Z 13. The ais of the characters is shown on the 
right diagram, where a? = 6? = é!3 = 


—3 


—3 
—3 


—3 


Example 9.5.10 (The Torsion of a Lens Space) We will consider the notations 
of 6.6.18. We fix 0 = hzo[K] € Spin®(Lx). Then for x 4 1 


To(x) =xX(Ao) | — x(E*)) 1d — x Cee). 
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Assume thath, = a[E*] for some 0 < a < n. Set& := x ([E{]). Then, cf. (2.2.11), 


es e 
Jo(X) = aqd-Ha_-é (§ #1), 


1 g-4 
Jo(l)=-- YY —~—-_— 
= (1 —&)d — &4) 

" gtaldt (9.5.8) 


sgn foe tS He) 3 


Example 9.5.11 (Brieskorn—Hamm Complete Intersections of Type (i) [489]) 
Assume that (X,0) = Xc(q,...,@n) is a Brieskorn—Hamm complete 
intersection, with rational homology sphere link, such that (aj,...,a,) = 
(kpi, kp2, p3,---, Pn), where k > 1 and the integers {Ping are pairwise coprime, 
and ged(k, pj) = 1 for any j = 3. We follow the notations of 5.1.17(4). Using the 
properties listed in 5.1.17 one verifies the following facts (see also [489]): 


* There are n ‘leg-groups’, their cardinality is gq} = 1, q2 = 1, and q; = k for 
j = 3. The a-Seifert invariants are a; = p; for j = 1,...,n. 

+ a=] Jj) pj, and —e -a = 1, hence by (3.5.5) |H| = []j3 4! ando = 1. 

° Ifhij (3 < j <n, 1 <i < k) denote the classes [E}] of the end vertices with 
the corresponding indices, then 


H ~ @js3( hij, 1<i<k|ajhij =O forall i, and 0; hij =0) ~ @j>3(Za,)!. 


The character values of x # | at the central vertex and at the end vertices for 
j < 3 are 1, and at the other end vertices are &; with a = 1 and []; &j; = 1. 
Therefore, 


S él = t@k(n—2) 
Tale A) = se ae 
tol (1 — 4/%1)(1 — ¢2/02) Iljz3 []j10 — ti) 


The limit is nonzero if and only if for exactly two pairs (i, 7) (with the same /) 
i; # 1. Therefore 


gk(n—2) 


LkK=D a 
TotR) = So aa Gy ee . @=n€-0 


f23 % 2 6083 “ja1dé 


Since Vig payye (E — 1)~'(€ — 1)7! = (p? — 1)/12 (cf. 2.2.A), one gets 


K(k —1) 1 
Jo[K}C) = I ; yea a aa): 
j23 J 
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Example 9.5.12 (Brieskorn—Hamm Complete Intersections of Type (ii) [489]) 

Assume that (a1,...,4,) = (2°p1,2p2,2p3, pa.-.-, Pn), Where the integers 
{Pjyint are odd and pairwise coprime, and c > 1, cf. 5.1.17. The discussion is 
rather similar to the previous case, the only difference is that now ho, the generator 
associated with the central vertex, is not trivial. We follow again the notations 
of 5.1.17, and we write P := Ij pj;- One has the following facts: 


* a=2°P and A = 2°+* P. Moreover, a, = 2°! p; and aj = pj; for j > 2. 

* qj =2for j <3 andq; =4 for j > 4. The number of legs is v = 4n — 6. 

° a = 2°!P, hence —e~! = 2°-*P. Therefore 0 = 2 and |H| = 
2° P?/(p1 p2p3)°. 

e The self-intersection —bg of the central vertex is even (use the above data 
and (3.5.1)). In particular, bobo = 0 in H, hence H equals (cf. 3.5.4) 


(iis, 1l< J <n, 1<i< qj3 ho aj hij = ho for all L; J ae wjhij = 2ho = 0). 


There are two types of non-trivial characters, since x (ho) = +1. If x (ho) = 1, 
then the computation is similar as in the case (1) from 9.5.11. If x (Ao) = —1 then 
there is no need for regularization. The final answer is (cf. [489]): 


oe . (x hs 4 
Tae) == +) (1 =a). 
jz! J 


Example 9.5.13 For additional computations of the torsion see (a) 9.7.A for the 
weighted homogeneous case, (b) 9.7.B and 11.5 for ae (#; K;), (c) [491] for the 
suspension case f(x, y) + 2” with f irreducible. 


9.5.A  Additivity Formula for the Torsion 


We fix a graph I” such that M(J°) is a rational homology sphere. For a vertex 
v € V of I let {Ij}; be the connected components of I \ v. For any 
o € Spin*(M(I")) we define in 9.5.20 its restrictions oj € Spin‘(M(J;)). The 
main result determines J, (1)(M(I")) — 3°; To,(1)(M(j)) in terms of certain 
numerical data associated with v. In this subsection we follow [77]. & 


9.5.14 Notations Regarding Rational Functions We write any rational function R 
as Rt + R~, where R™ is a polynomial and R7 is a rational function with negative 
degree. For R without pole at 0 we will refine it further: one writes R~ in a unique 
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way as a finite sum 


Ga,k 


d—aty¥ (de,k € C). 


R(t) = D> La RW), where (La R)() = > 


aeC* k>0 


For any rational function R(t) with Laurent expansion pare ky Gk (¢— 1)‘ att = 
1, we write coef? R(t) := ao. If 1 is not a pole of R then coef? R(t) = RQ). 
The next identities are elementary and their proofs are left to the reader. 


Lemma 9.5.15 For any 0 <q < d one has 


1 ad t? 


oe Se 0), 9.5.9 
d 4«1-at 1—ef4 ee) et 
a“ =e 
I a4 dt4 (d—q—1)t4 
a ieee yee camer a: De a 9.5.10 
diag (=i)? Lae 
a?=] 
1 a4 gid, 
fo] — ae 5.11 
boot Do Tai a orl 
at=1 
1 a4 (d—1)\(d—5) q?*>+2q-—qd 
Pia ee 9.5.12 
ae z Gd — ar? 12d 2d ore 
at= 


9.5.16 Identities Regarding Determinants As above, write d = det(”) = |A| 
and myy = —(E%, E*), and set dyw = dmyy € Zso for any two vertices u, w € V 


of I”. Recall (cf. 2.2.5(5)) that if I” \ ww denotes the subgraph of I” obtained by 
deleting the path connecting u and w (including u and w), then 


Quy = det(I" \ Ww). (9.5.13) 
Lemma 9.5.17 
1. For any u € ¥ one has 
Quu * I] akw—2 =, (9.5.14) 
wev 


2. Assume that I” has the form (compare also with 2.2.5(6)): 


¢ E> « Lk{ 


u 
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Then for any S © ¥(G"), one has: 


( Tats?) = detG’ - det(G UG" Uu) 


wu’ 
w¢és 


(9.5.15) 


“(det - deu(G \ aay)" TT dee" \ amy. 


wes 


G is allowed to be empty. Also, u’ and u are allowed to be the same, and in this 
case G is empty and one should write G" instead of GU G" U u in the formula. 


Proof (9.5.14) follows by induction. Indeed, let {17}; be the components of I" \ {u}, 
and set 1’ = I’ \ Uj 4; Ij. Let u; be the vertex of I; adjacent to wu. Then the identity 
is valid for the pair (1”, ~) whenever it is true for each oe ,u). Then compare the 
pairs eye u) and (Jj, u;) as well. Next we prove part 2. By (9.5.14), the left hand 


side of (9.5.15) is duu’ [wes aX”, °, then apply (9.5.13). o 


9.5.18 Generalization of Characters Fix a vertex u €¢ Y. We will need to extend 
the expression Zu (t2)(X) = [LS x (LEX ttn yew? valid for a character 
x € A, for an arbitrary map y¥: VY > C*. We write 


My (t) = [] d- vw). (9.5.16) 
wev 
For such a map jp, set Mya := {w € V : W(w) = 1} and supp(W) := V \ Vyat. 


Lemma 9.5.19 Let I" be as above, fixu € V and let y: ¥ — C* be any map. 
Then the least degree term of the Laurent series of ITy,t,, at 1 is 


Mw@= |] d-v@w)?- [[ ae?-a-ot+0a-n"*), 
wEVy=1 wEevy=1 


where 


n= se (Kw —2) = —2#{components of Vy=1}+ #{edges going out from Vy=1}. 
wEevy=1 


In particular, if every component of Vy=1 has a vertex with at least two outgoing 
edges (e.g. w is a non-trivial character) then n > 0 with equality if and only if all 
components have exactly two outgoing edges. 


9.5.20 Additivity Formula for the Torsion. Preparation 


¢ Letu € ¥ bea fixed vertex and we will use the notations of 9.3.7: the connected 
components of I” \ v are I}, and v; is the unique vertex of I, which is adjacent 
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to v in I’. Regarding graph-invariants, we indicate by a subscript i when we use 
invariants of J; instead of I. 
e Using (9.5.13) for every component J; and vertex w of I; one has 


dyw = Gviwi-[ [dj (where dj = det(I7j)). (9.5.17) 
iti 


° If¥:= VC), then 


1 
[| a3e= = (9.5.18) 
wev\% i 


[Use (9.5.17) for I” and I; and the identity ee: (Ky — 2) =-1.] 

¢ Fix an arbitrary map y : Y — C* as above. Then for any vertex w € V we 
define def, (Ww) := w(w)™ - THqu.w) edge w(u), cf. (9.5.5). The map y is called 
a pseudo-character associated with the vertex v if defy (wv) = 1 for all w ¥ v. 
Their collection will be denoted by H. We set def(w) := defy (w). Notice that 
the pseudo-characters y with def(y) = 1 are exactly the characters of H via the 
correspondence y(w) = w([E%,]). In fact, any w : ¥ — C* can be regarded as 
a character on L’ (which does not necessarily descend to H): any w € H gives a 
morphism L’ — C* defined by y (0, mwE%) :=T], vw)”. 

Write also yj; = wly,: Vj — C* for the restrictions. 

¢« We will use the following notation for a spin® structure of M(I") and its 
restrictions. We fix I! = }°.,rwEy € L’ such that ry € [0,1). Set ho = [/’] 
ando = o[2l'+ K] = hgo[K] € Spin‘(M(L)). Similarly, we set o; = 
o[R;(2l' + K)] = [R;@)]o[Ki] € Spin°(M(;)). (For the definition of R; 
see 9.3.8.) 


o; is the restriction of o in the following sense. For any o = h,o[K] € 
Spin®(M(I")) we can take a lifting © € Spin®(P(I")) of the form o(2/' + K)) 
with r, € [0, 1) and [/’] = h,. Each P(I;) can be considered as a submanifold of 
P(I’), hence one can take the restriction of ¢ to each boundary 0P(I;) = M(I). 
They are exactly the spin‘ structures o; (since the restriction of K € L’ is Kj € L'), 
They depend only on o (and not on the choice of /’). Note that r, depends also only 
ono. 


Theorem 9.5.21 Set l! = 0, rwEw, tv € [0, 1), [/] = he as above. Recall also 
the notations (cf. 9.3.6) 


Ay = > (Kw —2)Myy, By i= > (Ky — 2)m?,,.. 


wev wev 
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Then 


1—By (a +1-—2r,)? 
ToMMEY—Y Fos MED) = peti, y(t4))+ 5 — So Ft 


Muyy 8Myy 


Corollary 9.5.22 J,(1)(M(L)) is a rational number. 


Proof The right hand side of the above additivity formula is a rational number, then 
use induction. Oo 


The remaining part of this subsection constitutes the proof of Theorem 9.5.21. 
Proposition 9.5.23 (Breaking the Torsion) 
(a) Forany x € A \ {i} and xi = x|v 


eee 1 _ AJo(xi) FxlonruM) = 1 
2 F500 = Sx he)! Hyg + fH ROY TXormu0m 
d d 0 otherwise. 

(9.5.19) 


(Uf x(v) = 1, e.g. as in the upper case of (9.5.19), then x; is a character of Hj.) 
(b) 


Jo(1) = lim 1 (Zi. {uv} (t) — “Ih, wy (e'/4)) + Ys > To; Tz, (pi)- 
i i H\1 
“peli! 
(9.5.20) 


In particular (since the limit exists), the principal (pole) part of the Laurent 
series att = 1 of Zy,{y\(t) is independent of h. Moreover, the principal part 
of Zriant®) agrees with the principal part of IT, {y\(t), (for its expression 
see (9.5.22)). 


(Note also that Ty (t'/%4) is identical to Zty\(t).) 
Proof 


(a) The proof is a case-by-case verification. 

First, we consider the case when v € Supp*(x). Then we can choose uy := v 
in the regularization, hence the first two terms of (9.5.19) become equal. The 
third term is 0 because the lower case of the equation applies. 

In the remaining cases, x(v) = x(v;) = 1 for all i. By the second part of 
Lemma 9.5.19, all three terms of (9.5.19) are 0 (because n > 0) unless every 
component of %,—1 has exactly two outgoing edges. Hence the only remaining 
case is when every component of /%,—1 has exactly two outgoing edges. By the 
character property, these two edges must be edges of the same vertex uc of that 
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component C. Let C(v) be that component which contains v. If uc~) € %, 
then for any j # i one must have ¥; C C(v). Hence, the upper case of (9.5.19) 
should hold. 

Furthermore, by 9.5.19 with n = 0, Dd wesupp(x) Kw —2)=-2. 

Choose uy as Uc(y) and decompose I" into subgraphs as shown in the next 


picture. 
F 
« > 
G! = G tt] (supp(z) C G") 
! _ oe ce 
Me -! 


C(v) 


We express the terms of (9.5.19) using 9.5.19 and (9.5.15): 


A so CA é - en 
x.{v ee \ 7 ; 
det(G UG” Uuy) ee det(G” \ a, W) 
det(G’ UG Uv) Cae EA le 
Ty ju) = — aT] ( re ) 
det(G”’) wesupp(y) det(G” \ 1, W) 
__ det(G) d= )\"" 
Tata = gcgn LI (Gaara) | 


wesupp(x) 


Note that x ({l/]) = x;(R;[/']). Hence, after we factor out the TTwesuppi) 
product, and we use dj = det(G UG” Uu,) andd = det(I"), (9.5.19) reduces 
to 2.2.5(6). 

(b) Use the definition of the torsion. 


| 
9.5.24 The Negative Part of Z;,, .(t) (For notations see 9.5.14 and 9.5.20.) 
Lemma 9.5.25 For every non-trivial pseudo-character w 
1 FAy;.v;,)0)-d-wi)) —. 
>: EE —ifsuppw C Vandy (v;) $ 1, 
Li Ty.) = dj 1-t if PP i I # 
0 for all otherw F 1. 
(9.5.21) 


Proof We apply Lemma 9.5.19. By the pseudo-character relations, all components 
of %=1 have at least two outgoing edges except possibly the component containing 
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v, which can have only one outgoing edge, which must start at v. Hence the lower 
degree of the Laurent expansion of J7y,y at 1 is at least —1 with equality if and only 
if all the components have the minimum number of outgoing edges declared above. 
In particular, if Ly Ty ,y}(t) A 0 then y(v) = 1, w(v;) F | for exactly one 7, and 
supp(w) C ¥;. This proves the lower case of (9.5.21). 

To prove the upper case, note that by (9.5.17) for any w € % 


Ty, tu(t) = Ty,fu\(ie 4) - = ive) - TY] d= ety. 
wE Vj 


IT y;,{v;}(t) is regular at 1 because wy; is a non-trivial character of H;. Moreover, 
wey (Kw — 2) = —1. Thus 


1 
Li Ty, = TA ty A - wid) TT ae 


wet; 


Then for the last product use (9.5.18). oO 


For any character x € H, all the poles w of JT, {y; are roots of unity. Furthermore, 
for any fixed root of unity a, the map w +> Ate) = = a“ is a pseudo-character 
associated with v, with def(A) = a@ oe —I~! =d(ayy)). In particular, for any 
fixed a, the correspondence w(w) := x(w)- a” realizes a cies between 
characters x € H and pseudo- =charavters we H with def(y) = a. This reads as 
wl!) = x((U) «a4, Therefore: 


pe Ameen Ca => > xD) La Tx, 


aeC* yeH 


=o Yo vd) a4 Ly My tv) @2). 


aeC* we 
def(y)=a7 


For w 7 1, by 9.5.25 all such terms Lj /Ty,{y} are zero except when supp(y) C %, 
and a? = def(w) = W(v;) ¥ 1. In particular, the Saar wi = Wily isa 
churaiere of I. Conversely, any Wj € Hj with i (vj) = af # 1 can be extended 
(by 1) to a pseudo-character y with def(y) = a7 4 1. Hence, by 9.5.25 one has 


d+ Zn, yt)” = Yo a 41 Th ny) (2) 


ad=] 


tL LZ YL WUD Ay na = woo 


qe 


{=n 
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Using the definition of the torsion and of 0; one has Ve (Wi) = Wi (UD) Ty, {v;}C). 
Next, fore 4 1, (9.5.9) for g := dr, € [0, d) applies. Hence VA Col equals 


a is drs (L TM.y)(at) + > Ys ys. ime (1 — jt 
1 441, {v} Jo; u 1—eréd . 


Oe 1 ecC*\l 7 WieH; 
Wi (ui)=eAl 


Since the last fraction has no pole at tf = 1, its coef? is its value at 1. Hence 


cot? (Zi,.y(t4)~) = coed (5 > aL M, men)+Lz xu Tes (Wi). 


ad =] 


fy (ui el 


Recall that (9.5.20) reads as 


To(1) = coety (Zi, y(t) = FT) + Dy 7 > Tax). 


i yehi\l 
Xi(yj=l 


Since coef? (Zng,{v} (t4)*) = pol Za, aul"); the last two identities combined 
provide: 


Ta (I= J Foj (1) = pe(Zng.tuy(t4)) + coef (So oy My). 4j(0). 


ad=] 


The last coef? term depends only on the coefficients of terms with non-positive 
degree of the Laurent expansion of J7),4y) = [],, (1 —t@)""~? at 1. (Indeed, 
L,JT,, {yj is the principal part of this expansion.) This expansion (use also (9.5.14)) 
is: 


1 1 1+day/2  3(day +1)? + d?B, —1 
Titi —(—a + ay/ wa (day ) By 


G=1) eae er 24 - Ro) 


(9.5.22) 


with lim;_,; R(t) = 0. Hence (9.5.15) and a computation provide Theorem 9.5.21. 


9.6 The Seiberg—Witten Invariant 


In this section we fix a plumbed rational homology sphere 3-manifold M 
associated with a connected negative definite plumbing graph J”. The Seiberg— 
Witten invariant of M, stv, associates to each spin® structure 0 € Spin®(M) of M 
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a rational number stu,.. Here, based on [520], we ‘define’ it as the refined Turaev 
torsion modified by the Casson—Walker invariant. Based on the formulae of the 
previous sections, this provides sto combinatorially from I”. & 


Definition 9.6.1 We define stv : Spin‘(M) > Q,a + stu, by 


stg = To(1) —4/| HI. 


Example 9.6.2 If H = 0 then Spin°(M) has only one element, and the correspond- 
ing Seiberg—Witten invariant is —A(M) (the negative of the Casson invariant). 


Remark 9.6.3 


(a) In the literature in some definitions the Seiberg—Witten invariant appears with 
opposite sign. Our choice 9.6.1 is motivated by the fact that in this way 
the Euler characteristic of the topological lattice cohomology H*(M) equals 
sto, (with our sign), and also we will have a sign-correction free comparison 
with the analytic theory. However, by 11.7.2 H*(M) corresponds naturally 
to HF*(—M), and HF? is again a categorification of the Seiberg—Witten 
invarint. Hence sto(M) in our sense is sto(—M) in the sense of Heegaard Floer 
+-theory HFT. 

Several topological/combinatorial expressions of this book can be extended to 
plumbed 3-manifolds associated with not necessarily negative definite graphs. 
Let us consider a plumbing graph I" with intersection matrix J such that M(I”) 
is a QHS?. In particular, I is a tree, g, = 0 for all v and det(/) 4 0. We assume 
that (E*, E*) = (~!)yy 4 0 for all u and v. Then the Casson—Walker invariant 
can be computed by the formula (9.3.1), the torsion can be recovered from the 
procedure of 9.5.7 [519]. Hence the Seiberg—Witten invariant (via 9.6.1) has the 
corresponding combinatorial expression as well. 


(b 


wm 


9.6.4 Additivity Formula for the Seiberg-Witten Invariant We consider the 
situation from Sect. 9.3.A, see also 9.5.20 and 9.5.21 for notations. 


Theorem 9.6.5 ((77]) Set l' = >°,,U,Ew, Ui, € [0,1), as in 9.5.21. Leto € 
Spin’ (M(I")) be defined as [I'}o[K] = o[K + 21'], and take also its restrictions 
oj := [RiU)Jo[Ki] = o[ Ri (K + 21] too. Set hg = [I’']. Then the following 
identities hold: 


(ay +1— Qry) 


1 
sto (M(I")) — S79 st05; (Mi) = pe(Zing.fuy() + a = 


L 
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and 


Wn\2 ; -tyy2 4 
(K +21’) VPN) _ > (s109, (Mri) —- SEARO aad) 


(sw. (M()) = ; 3 


t 


= pc(Zn, {vj (t)). 


Proof Combine Theorems 9.3.11 and 9.5.21 and use pe(S(t7)) = pe(S(t)). oO 


This additivity formula should be compared with its ‘analytic counterpart’, 
namely with Okuma’s additivity formula 8.7.25. 


9.6.4 The Seiberg—Witten Invariant and the Series Z(t) 


We prove two key formulae for the Seiberg—Witten invariant of a rational homol- 
ogy sphere link. One of them identifies it with a weighted Euler characteristic of 
(shifted) weighted cubes in a large rectangle of L © R. The other one identifies 
it with the constant term of the counting function of the coefficients of Z(t). The 
proofs are based on additivity formulae of the compared invariants. 

The similarities with the analytic counterpart (the series P(t) and the equivariant 
genera) are emphasized. In this section we follow [482]. & 


9.6.6 In the next discussion we will use the weighted cubes introduced in 8.4.12. 
Let us fix an element h of H and write Li = {l/ € L’ : [I'] = h}. Recall that 
the set of ‘combinatorial’ g-cubes (associated with h) consists of pairs (l’, 1) € 
Li, Xx PY), | = 4 (@ € Zso). (/, I) will be identified with the vertices {1/ + 
ver Evticr of a ‘Euclidean’ cube in L ® R. One defines the weight function 
w:L' + Q, wil’) := x), and also the a weight of the g-cubes 


wl’, )) = max { wil’ + ) | Ev) }. 


vel’ 


Assume that a set A C L @ R has the following property: if an Euclidean cube (as 
above) is in A then any face of any dimension of that cube is in A. For such a set A 
one defines the ‘weighted Euler characteristic’ 


Euy(A):= > (-b! wD). 


(DEA 


If A; and Az are two sets with the above property, then we might abridge the 
difference Eu, (A) — Euy(A, M Az) by Euy (Aq \ Az). 

Such a set A might appear as follows. For the fixed class h € L'/L one takes 
two representatives /|, 1, € L), with 1; < 1. Then Rp = Rp(l4,1;) consists of the 
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union of all combinatorial cubes (/’, 7), of any dimension, such that [/’] = h and 
any vertex I’ + )°.., Ey of (I/, 1) satisfies 1, <1/+ )) <7 Ey <1). Accordingly to 
the above identification, Ry, (i, i) will also denote the real rectangle {x € L@R: 
Ls <x< hh}, or the union of all Euclidean cubes in this real rectangle. 


Remark 9.6.7 In this book, for a fixed h € H, we consider two types of rectangles 
and weighted g-cubes, depending on the geometric situation. First, in the context of 
lattice cohomology (see e.g. 11.1.B, and in its preparation 7.3.A) we take integral 
lattice points and rectangles R(J2, /;) and cubes with vertices in the lattice L, but we 
twist the weight function: we take x, (which generates w;) with k = K + 21), for 
some representative /), of h. 

Second, in the context of 8.4.12—8.4.13 (and in the previous paragraph too), when 
we wish to relate the cubes with the coefficients of Z(t), we take shifted rectangles 
Rn = Ral, 1) (Ui) = h) with cubes (I’, 1) of type [/’] = h in them, together with 
the usual untwisted Riemann—Roch-function xy = xx. 

The two approaches can be compared easily (see also 11.1.B). Indeed, if k = 
K +21), [l,] = h, then for] € L we have x(/ + 1),) = xx(J) + x (U,,). In particular, 
with the notation I’ =1,+1, (dj € L), we have Ra(l4,1,) = I, + Rb, hh) as 
rectangles, and 


Euy (Rib, 1))) = Euy, (Rib, hi) — x Uj). 


9.6.8 Via the two incarnations of the weighted cubes (cf. 9.6.7) the next result is 
the ‘pair’ of the statements from Lemmas 7.3.9 and 7.3.12. 


Lemma 9.6.9 Fix a class h and take a representative I) of h in —K + S'. 


(a) Foranyl' € L’,[I')}=h,l' > 14, there exists an Ey in the support of l' — Ih 
such that w(l' — Ey) < w(l’). 

(b) There exists a computation sequence {£;}i>+0, €; € L, with £9 = 0, and €j41 = 
£; + Ey) for some v(i) € ¥ when i > 0, satisfying: 


(i) The coefficients of €; tend to infinity, that is limj—oo(li, —E*) = 00 for all 
v. 
(ii) For anyi > 0 one has w(lg + €;) < wlg + fi41). 


(c) Foranyl' < 0, with [I'] = h, there exists Ey € |l'| such that w(l'+E,) < wil’). 

(d) For any representatives I, 1; of h, such that! > Ig > 0 = 15, Euy (Rn (4,1) 
is independent of the choice of |, and I}. In particular, with such choices, h > 
Euy(Rp(l5, 1) is a numerical invariant of h ¢ H = L'/L. 


Proof (a) Assume that w(l! — E,) > wi(l') for any E, € |l' — I5|. Then (K + 
I’, Ey) = 0. Since (K +1, Ey) < 0, one gets (I’ — 1), Ey) = 0 for any Ey, hence 
(! — i > 0, which is a contradiction. For (b) use (a). Next we prove (d). 

For any /; > J) chose Ey ¢€ |l; — J5| such that w(, — Ey) < w(/;). Then 
we claim that Eu, (Rn(l4, 1, — Ey)) = Euy(Rn(l5,1))). Indeed, for any /’ with 
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('] =handl, <I’ <1) andm,,(l’) = mz, (1), we have w(l' — Ey) < wil’) too 
(use (I', Ey) < (I, Ey)). Hence, combinatorial cancelations of type w(l/ — Ey, 1 U 
v) = wil’, 1), I % v, in the sum provide the identity. In particular, by induction, 
Euy (Rn (ly, 1,)) = Ey (Rn(ly,1))- 

Statements regarding part (c) and 5 can be proved symmetrically. oO 


Definition 9.6.10 The invariant provided by 9.6.9(d) will be denoted by Sp. 


9.6.11 Let Z(t) = Yoyer 3!’ yt!” be the combinatorial series defined in Sect. 8.4. 
Since Z is supported on .7’, the next sum in (9.6.1) is finite by 2.1.19. 


Theorem 9.6.12 Fix h € H. Foranyl! ¢ —K + # with [I'] =h, the expression 


—xV)+ YO 3+) (9.6.1) 


leL,1Z0 


depends only on the class h of l', and, in fact, it equals §;, (defined in 9.6.10). 


Proof In the proof we use the above rectangle notation (and several versions of it); 
for simplicity we will drop their h-index. Fix some //, < 0 with [/5] = [/’] and set 


R= {l/eL@R: I >b, I" -l =) cyE, so that Icy < 0}. 
Although R’ is not bounded, R’ 1 . is finite by 2.1.19. Fix some io from 
Lemma 9.6.9(b) (applied for l’ = 14) such that R'N AY’ C RUI5, I + li, — E), 


and define 


R= Rin) = RO RGM F Lig), 
DB. yl BRB. 7 yoo —_ = 
aR: (eR: I <i", I - =) cyEy so that cy = 0}, 


aR:= {le R: I —I — 6), =)  cyEy so that Ic, = 0}. 
Then, by Theorem 8.4.13 


S> 3 +) = Eu, (R(Ciq)) — Euy (01 R (Cig) U 82 R (Lig). (9.6.2) 
leL,1Z0 


We claim that the right hand side of (9.6.2) equals with any similar expression 
whenever we replace R(£;,) by any R(y) with y € L, y > €;). This follows from the 
fact that the identity (9.6.2) is true for any R(y) with y > €;, (by the same argument 
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based on 8.4.13), and the left hand side of (9.6.2) is independent of the choice of y 
(since Z(t) is supported in .”’, and in the sum the same coefficients appear). 

Next, we prove that Eu, (a2 R(y) \ 1 R(y)) = 0. For this we distinguish for any 
w € ¥ the following part of 4. = 02R(y): 


8o,w = dwRO):= {le R: I —U — Li = Y > cyEy and cy = 0}. 


First, we wish to choose a convenient y (which satisfies the above claim together 
with some additional properties). We start to fix a vertex v9 € VY and we denote 
by d(v) the (graph-theoretical geodesic) distance from v € V to vg. Write D := 
Maxywey{d(w)}. Next we fix some M > 0 such that M > 2(-E? + 1) for any 
v € ¥. Then we choose y such that the coefficients {m,,(y)}uey of l’ + y satisfy 


(i) my(y) > M-my(y) whenever d(u) > d(v); 
(9.6.3) 
(ii) My (y)/MP is larger than any E,-coordinate of 1’. 


Now fix some u € ¥, u 4 v9, d(u) = D and let v be its adjacent vertex with 
d(v) = d(u) — 1. Then for any x = m,E, + myEy +--+ € 02,4 (x € Li) one 
has x(x + Ey) — x(@*) = 1-(, Ey) < l-m, - m,E2 < 0 from (9.6.3)(i). 
Here it is important that uw and v are adjacent and the E,,-coefficient m, of x is 
large compared to m,. Hence by combinatorial cancellation—using pairs of cubes 
of type (x, /) and (x, / Uv), I # v—one has Euy (02,4 \ (Uw4ud2,w U 01)) = 0. 
In similar way we eliminate all faces of type 02, with d(u) = D, and we get 
Euy (02 \ (Uw: diw)<pD92,w U 01)) = 0. 

Then we continue with vertices u with d(u) one less. By induction, by this 
procedure we get that Eu, (02 \ (02,1) U 01)) = 0. Note that in this sequence of 
‘contractions’ we used only part (i) of (9.6.3). 

Next we eliminate the remaining cubes of 02,,, which are not in 0). We consider 
a similar sequence of ‘contractions’, but now starting from vo. 

Let v be any vertex with d(v) = 1. For an arbitrary element x = my) Ey) + 
MyEy +--+ € 02v9 \ 01 (x € Ly) we consider x(x + Ey) — x(x), which is < 
1—my — myE?. 

We distinguish two cases according to the value of my. If my < my,/M (that is, 
if the ratio of my/my, is ‘small’) then using my,/M < (my) — 1)/(-E?) guaranteed 
by (i), we get x(x + E,) — x(x) < 0. Hence w(x, J) = w(x, I Uv) for any such x 
and J  v. After all such eliminations of pairs of cubes (x, J) and (x, J U v), all the 
x-corners of the remaining cubes (x, J) satisfy my > my,/M (that is, the ratio of 
My/Myp is ‘large’). This in particular shows, via (9.6.3)(ii), that the E,-coordinate 
of any such x is larger than the E,-coordinate of I’. 

With the remaining lattice points (02, \ d1} N {x : my > my) /M} we repeat 
the procedure for another vertex v’ with d(v’) = 1 (which replaces the previous v). 
After we finish all such vertices we only have cubes (x, J) with x in 


{92,v) \ 91} A {x + my(x) = myo (x)/M for all v with d(v) = 1}. (9.6.4) 
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Any such x has the property that its E,,-coordinate is larger than the E,,-coordinate 
of l' for any v with D(v) = 1. 

Next, chose v with d(v) = 2, and let u be its adjacent vertex with d(u) = 1. 
Take any x = m,E, +myEy+--- from the set (9.6.4). As above, we distinguish 
two cases. If m, < m,/M thenm,/M < (my — 1)/(—E?) guaranteed by (i) gives 
x(x + Ey) — x(x) < 0. Hence w(x, J) = w(x, J U v) for any such x and I ZF v. 
After all such eliminations of pairs of cubes (x, /) and (x, J U v), all the x-corners 
of the remaining cubes (x, J) satisfy m, > m,/M. Since my > my,/M, we also 
have my > m,,/M >. Using (ii) we get that the E,,-coordinate of x is larger than the 
E,-coordinate of /'. Then, we proceed with all the vertices with d(v) = 2. Finally, 
by induction, we continue in this order with all the vertices. 

After all these eliminations, if a certain lattice point remains, then it must have 
the property that for any v € V its E,-coordinate is larger than the corresponding 
E,-coordinate of J’. But there is no such lattice point in 02 \ 0. Hence, we proved 
that Eu, (02 \ 0}) = 0, which via (9.6.2) implies 


Do al +1) = Euy(RGQ))\ ARO). (9.6.5) 
leL,1Z0 


Finally, we claim that by a combinatorial cancelation in the sum, Eu, (R (y)) = 
Euy(R), where R = R(I5,1'). This follows by induction using a sequence of type 
{€i}o<i< jy (as in 9.6.9) connecting /’ with I’ + y. Its existence follows from 9.6.9(a). 
This provides the equality Eu, (R'N R(I4, l + €i41)) = Euy (RO RUS, 1 + &)). 
Indeed, for any / containing v(i) and cube (/", 1) of R’ NM (R(I4, 1’ + €:41) and not 
contained in R(/5, 1’ + €;)) one has w((l", 1)) = wl" + Ey, J \ v@)) by 9.6.9. 
Similarly, by the same argument applied for aR), one gets Eu (1 RW) = 
Eu,(R(W,1)) = —w(). Hence (9.6.5) reads as 


—xU)+ So 3 +) = Eu, (R) =p. (9.6.6) 
leL,1P0 


oO 


Remark 9.6.13 The statement of theorem 9.6.12 can be (and should be) compared 
with Theorem 8.2.11 and its consequences, e.g. with (8.2.26). However, their proofs 
are very different. The main difference is in the weights of the ‘analytic’ and 
‘topological’ cubes. For a fixed cube (J’, J) the analytic invariant associated with 
(l', T) is h(l’ + E7), which depends only on /’ + E; (on the ‘top’ vertex). On the 
other hand, the topological weight w((I’, [)) is a max of the x-value running along 
all the vertices of the cube. (Compare also the formulae of p(/') from (8.2.9) with 
the formula of 3(/') from (8.4.14).) 

It is worth to mention also the following alterity. While the analytic linear 
subspace arrangement associated with some /’ (cf. 8.3) is the projection into 
H°(Gz(-l')) of a larger ideal arrangement of @x,,o, a similar object at the 
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topological level (as lift of the topological linear subspace arrangement) does not 
exists. 


9.6.14 The Additivity Formula for § Similarly as in the proof of Theorem 8.4.13, 
we change the variables of the series Z(t). By setting x, := t® for allv € Y, 
Z(t) transforms into z(x) = TLev(l _ alt, whose Taylor series at the 
origin is denoted by )> 3*(a)x*, where x* = xP --. x, Sometimes, in order to 
emphasize I”, we write z! (x) = z(x) and gel a) = 3°(a). The exponents a, are 
the coordinates of L’ in the basis {E*}y, and t!” transforms into x“. In particular, 
3° (a) = 3(’). For any fixed 1’ = )°,, ay E* we define 


i= > svine > a ©) (9.6.7) 


leL,1Z0 beS! (a) 


where S'' (a) = {bE L'() : b=a+t Yi nyEy, ny € Z,An, < 0}. We assume 
that |W| > 2 and we fix an end-vertex u of I’. We also set 


—_— a 3°! (b) (sum over b=a+ SE wn ny €Z, ny <0). 
The inclusion of the subgraph I” \ u inducesi : LU" \ u) > LUD), i(Ey) b Ey 
(usually we omit the symbol i), and its dual, the restriction R : L’() > L'/(I'\u). 


Then 


for v £u, and R(Ex") = 0; 
for v 4 u, and R(El) = see. 


R(E*") = EY 


9.6.8 
R(ET) = E/ ee 


where w is the adjacent vertex of u. We abridge R()_,, ay E*) by R(a). 


Proposition 9.6.15 Assume that w, the adjacent vertex of u in I’, has valency two. 
Then, if ay >> 0 (compared with the other entries {ay}y4u of a), one has 


T\u 


Tr 
hy = Ah thee. 


Proof Since ky = 2, the series z” and z! \“ have the form 


a 1 xs 1 
gS og MST: ; (9.6.9) 


where Z does not depend on the variables x, and x,. Therefore, for any relevant 
b € S! (a) (i.e. when 3**" (b) ¥ 0) one has: by, = 0 and b, > 0. Hence: 


At — pt = > 3°" (b), (9.6.10) 
beS£ (a) 
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where S£(a) = {b € S' (a): by =0, by = 0, ny = 0,4ny < 0}. Then taking 


(., E,,) to the identity b= a+ » Ny Ey, one gets (with e, := E?) 
by = ay — Ny — CuNu- (9.6.11) 


Sometimes it is convenient to write b as (b°, by, by), with b° = Doesita by E*. 
We wish to write the right hand side of (9.6.10) in terms of I” \ u. Accordingly, 
we consider the expression ne = >> 3*/"\“(b), where the sum is over 
S’\(R(a)) = {bE L'(L \u), b= Ra) + dim Ey, my € Z, Amy < O}. 
vA~u 


By similar argument as above, based on (9.6.9), for any relevant b € S'\“(R(a)), 


one has by, > 0, hence it is enough to consider the subset si“(R(a)) — {b € 


S’\“(R(a)) : by > 0} in the computation of hig We write b = (b°, Ba 
Since ny = Se b — a), for any fixed a one has a well-defined map 


& : SE (a) > SER), b= (b°, Bw = 0, bu)  (B°, Bw) == (b°, nu). 


In other words, ®(b) = R(b) +n, Ex," “ (use (9.6.8)). Moreover, again by (9.6.8), 
B(b) — R@) = RQ ygy MEF) = DyzyMvEy “, hence the integers {ny}vzu 
at the level of I” are the same as the integers {my} )4, at I” \ u level. This fact, 
and (9.6.11) implies the injectivity of ®. For the surjectivity, for any (b°,n,) € 
so (R(a)) set b, defined by (9.6.11), then (b°, 0, b,,) satisfies automatically all the 
conditions of S/ (a), except maybe one, namely b,, > 0. In order to guarantee this 
one too, we argue as follows: for R(a) fixed, consider all the elements o. by) € 
sf be (R(a)) (this is a finite set), and associate with them the maximum M of all the 
possible values my + €, Dy (which equals under ® to ny + e,n,). M depends only 
on R(a). Then, if we take a, > M, then by (9.6.11) the inequality b, > 0 is also 
satisfied. 
Finally, notice that from (9.6.9), for any b € se (a) one has 


sh) So" HOO), 


since both of them agree with the | | x>»-coefficient of Z. o 


vAzW,U 
Corollary 9.6.16 Fix an end-vertex u as above and fix I! = Y\,ayE*" too. 
Assume that every dy is large (and ay is large compared with the others). Then 
one has: 


= —T 
he = By +x) — Seay tx MRO). 
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With the notation 


Str = Bry + (K* + 1V1)/8 


one has 
i! = sf, (Kr +21)? +|¥| _ P\u (Kr\w + 2R(’))? + 1Y \ ul 
=a |? RO 8 
gr _ gi \u U,2° C+ Kr; ED) 
1 ~ “RU 2s BS) 
aa Wee: 
= $11 — Stray] + x(k. E* u)> Where k= (Es ES) EX) 


Proof Note that Kr\, = R(Kr). Therefore, if l! ¢ —K +.’ in I’, then R(I') € 
—Krywt -S' (LF \ u) as well. In particular, Theorem 9.6.12 applied for /' and R(/’), 
and Proposition 9.6.15 provide the first identity. Then use the identity 


I” =iRO) + ey ae 
(Es, Ey)" 
for both /” = /' andl” = Kr, and (i(/), E*) = 0 for any! € L'(I" \ wu). Oo 


9.6.17 Another Additivity Formula for s,{);, Next we wish to establish the 
relationship between the coefficients h4 defined in (9.6.7) and the [/']-component 
Zw,{u}(t) of the series Z;,,;(¢), with reduced variables associated with the subset 
{u} C ¥, and with the class [/'] € H. 

Theorem 9.6.18 Consider the graph I’ and let u be one of its end-vertices. 

(a) Fix! = 0, ayE = 0, l\, Ey as in Corollary 9.6.16 and set d = det(I"). Then 


= » gi. Where Zy,,)(t4) = at 


i<dl/ i20 
(b) Take I’ € L' such that (', E*) € (—1, 0]. Then 


pe( Zip, 14) (4) = 


Po (Kr +2’ +|¥| _ lu (Kr\u +2R0))* +[¥ \ ul 
) 8 [RM] 8 ; 
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Proof Write Z(t) = 323(U’t!”. Then (a) follows from Zyj.u)(t4) = 
yo 31” )tt and 


C= Sa Oe. >. ae) 
b: ny <0 Uy ele 
(b) For any fixed /' as in the assumption of (b), take // such that [//] = [/’], and 
[R()] =[RW)] andl! = >, avE* = ©, 1! Ey with a > 0. Since I’ —1' € L, we 
get that // + ie. EX) = (car. Es) € Z, hence =i, E*) is the fractional part of 
U/,. Write l/, = € and let n be its integral part and {€} its fractional part. For this /’ we 
apply part (a) and the identity from Corollary 9.6.16. 

In order to compute the periodic constant of Z[1) 414 (12), notice that if 3(/”) 4 0 
then 7” —1' € L, hence 1” — I = (E%,1l' — 1") € Z. Therefore, if the coefficient 
3i Of Ze}, (0) (t?) is nonzero, then i — dé € dZ. In particular, for 3; #4 0,1 < dé 
if and only if i < dn — 1. This shows that one has to write hi’ as P(n) for some 
polynomial P, and then, the periodic constant of Z)7),,44 (t?) is P(O). From the last 
identity of 9.6.16 we get that P(n) is the right hand side of that identity after the 
substitution (/', E*) = —l), = —{€} — n. Therefore, pe(Zy}, {uj (t7)) equals 


gr gh 1 Kr ED) gp gr ED) + Kr, Ed) 
1 SRO 2(E*, Ex ee ad 2(ET, Ex 


This provides (b) by a computation similar to the one from the proof of 9.6.16. 
Strictly speaking, the above argument proves the additivity formula (b) only if 
Ky = 2 (cf. the assumption of 9.6.15). In general we argue as follows: let u be an 
end-vertex, and let us blow up the unique edge adjacent to uw, getting in this way I”. 
Then the newly created vertex w has x, = 2. Hence in this situation we can apply 
the above proof for 7’ and IF”? \ u. Since blowing down the w-vertex in I”? \ u 
we get I” \ u, and all the involved invariants in (b) are stable with respect to blow 
up/down, the result follows. Indeed, (K +21')?+|Y| = (K’+22*(’))?+|V?|, and 
Zi (t) is stable since it depends only on the numbers (Ei ; Hie) where Ky; 4 2. 
The stability of the S-terms will be proved later, when we show that they coincide 
with the Euler characteristic of the lattice cohomology of the link, which are 
independent of the choice of the plumbing graph, see 11.1.36 and 11.1.24. oO 


9.6.19 Identification of s with the Seiberg-Witten Invariant Theorems 9.6.5 
and 9.6.18 can now be compared. Since these theorems are true even if I” \ u is 
the empty graph, an induction on the number of vertices provides the following. 


Corollary 9.6.20 For any I and [K + 2I'] € Char one has 


sWofK+2")(M(L)) = 5) + (K? + |VY1)/8 = sy, 
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or, with the notation of 9.6.9 and 9.6.10 (see also (9.6.6)), 
Euy (Rah, U)) = 50 = sox 421M (L)) — (K? + |V))/8. (9.6.12) 


Therefore, Theorem 9.6.12 reads as follows. 


Theorem 9.6.21 Assume that l' « —K + ' and let Z(t) = Vyep: 3)” be the 
combinatorial series defined in Sect. 8.4. Then 


(K +27 +1¥| 


Yo 3) = sox 4217) — 8 


(=U), VzU 


(9.6.13) 


If we write l! = ry, +1 (where h = [I'| and 1 € L), then (9.6.13) transforms into 


(K + 2rn)* +|¥| 


8 (9.6.14) 


Yo 3) = xx 42m OC) + StofK +2") — 
(=U), UzU 


In particular, in the chamber I! = 1+ ry, € —K + .%’, the sum from the left hand 
side of the above identities is a multivariable quadratic function in | with constant 
term SWo[K +2r,] — ((K + 2rn)* + |V1)/8. 


These formulae should be compared with those from (8.2.26) valid for the 
coefficients of the series P. The fact that in (8.2.26) (associated with the series P) 
the constant terms are the equivariant geometric genera, is rather natural. However, 
the fact that the constant terms in the above Theorem 9.6.21 (associated with 
Z, a rather ‘simple’ series) is the Seiberg—Witten invariant, is rather surprising. 
Nevertheless, the above identity provides a very natural, direct and conceptual 
explanation, how the Seiberg—Witten invariant might appear in the theory of 
singularity links. 


Example 9.6.22 If I” is numerically Gorenstein and h = 0 then (9.6.14) reads as 
K*+|¥| 


D2 a) = st09[K] — —— (9.6.15) 
leL, [#Zx 


9.7 The Seiberg-Witten Invariant Conjecture/Coincidence 


In this section we discuss a set of possible potential identities connecting the 
analytic invariants with the topological ones, namely, the equivariant geometric 
genera with the Seiberg—Witten invariants of the link. Whenever these identities 
are valid they provide a topological description of the equivariant geometric 
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genera. The identities are generalizations of the expectation of the Casson 
Invariant Conjecture to the case of singularities with rational homology sphere 
links. We verify their validity for cyclic quotients, Brieskorn—Hamm complete 
intersections, weighted homogeneous and splice quotient singularities. 

Superisolated singularities in general do not satisfy SWIC, their case will be 
discussed in 9.7.B. & 


9.7.1 Seiberg—Witten Invariant Conjecture/Coincidence (SWIC) In this 
section we assume that the link of (X, 0) is a rational homology sphere, and we 
fix a resolution X + X, and we keep all the notations associated with it. We say 
that (X, 0) satisfies SWIC(7;,) for a certain h € H if the following identity holds 


> (K + 2rp) + |¥| 
W(X, O(—rn)) = 8to[k-42m] — ———————. O71) 
We say that (X, 0) satisfies the equivariant SWIC if (9.7.1) holds for every h € H. 
We say that (X, 0) satisfies the SWIC if it satisfies SWIC(0), that is, if 


Dg(X, 0) = sol} — (K* + |V|)/8. (9.7.2) 


The identity SWIC was formulated as a conjecture in [489] (while the equivariant 
case in [479]): the expectation was that it holds for any Q-Gorenstein singularity. 
Although the conjecture can be verified for several subfamilies of singularities, since 
[399] we know that it is not true for the large class of Q-Gorenstein singularities (see 
also 9.7.B for the treatment of superisolated singularities, a family which produces 
several counterexamples). But even in the case of families when it fails, it still 
indicates interesting ‘virtual’ properties (e.g., in the superisolated case it has lead 
to the Semigroup Distribution Property). The limits of the validity of the SWIC 
are not clarified at this moment. Having in mind the existence of cases when the 
identities do not hold, one might say that its name as SWI ‘Conjecture’ is not totally 
justified, although this was its name in the literature. Hence, the reader might read 
the abbreviation SWIC as SWI ‘Coincidence’ too. 


Remark 9.7.2. One verifies that all the terms eae in the SWIC are indepen- 
dent of the choice of the resolution. Indeed, h! (X, O(-rn)) = Pg(Xa, O)ocn), 
and pg(Xq, 0), hence pg(Xa, 0)g(n) too, have resolution independent descriptions 
(see 6.8). The statement for stwg[x+2r,] follows from 9.3.2 and 9.5.8, while 
the independence of a is a computation (if w : ©’ — TI is an 
elementary blow up with exceptional divisor Eyey, then rz (" b) is either 2*(rp_(I")) 
or 2*(rn(I")) — Enew)- 


Example 9.7.3: Assume that (X, 0) is Gorenstein and it admits a smoothing with 
smooth nearby (Milnor) fiber F. Then the signature satisfies o(F) + 8p, + K Pot 
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|V| = 0, hence the SWIC (for h = 0) reads as 
— o0(F)/8 = sox}. (9.7.3) 
In this case, usually, o (/’)/8 is not an integer, see the germ Ap. 


Example 9.7.4. Assume that (X, 0) is a complete intersection with integral homol- 
ogy sphere link. Then J,;x%](1) = 0, hence the SWIC reduces to the CIC (see 9.2): 


o(F)/8 = (Lx). 


Example 9.7.5 The identity P(t) = Z(t) (that is, the topological description via Z 
of the Poincaré series associated with the divisorial filtration) implies the equivariant 
SWIC. In particular, the identity Po(t) = Zo(t) implies SWIC. Indeed, for any 
'e-K+M with l’ =1+ ry (1 € L), from (8.2.26) one has 


Yd pM) = xK42n,() +h (O(-rn)). (9.7.4) 
=’1, vz 


On the other hand, from (9.6.14), 


(K + 2rn)? +1Y| 


3 (9.7.5) 


Y> 3) = xx42n,O + sto[K+2r) — 
(=U, zt 


For l! ¢ —K +.“ andl! = 1+ rp, we can regard the evaluation at / = 0 of 
the counting function ime. ize coeff(i’) as an operator. It associates with any 
multivariable series its ‘multivariable periodic constant’, cf. 10.2. In this sense, the 
above identities say that the periodic constant of Ph is h'(@(—rp)), while of Z;, is 
St0rK+2r,] — ((K + 2rn)? + |V|)/8. 

Hence, if P;,(t) = Z;,(t) then the SWIC(r;,) automatically holds as well. 

In fact, in order to have the SWIC(r;,) we need the validity of the above identities 
for a certain l’ € —K + . ({I'] = h) only. Indeed, if a certain ]) ¢€ —K + 1”, 
[15] = h, has the property that P;,(t) — Z;,(t) is supported on Va Io}, then by 
the above identities applied for this J, we obtain SWIC(r;,). In such a case, again by 
the identities (9.7.4)-(9.7.5), even if P,(t) 4 Z;(t), their counting functions I’ > 
mew. ingy coeff(/’) in the whole chamber I/ € —K+./%’ coincide (independently 
of the position of /) in this chamber). 

For a fixed h, the identity P, = Z, is much stronger than the SWIC(r;): 
examples when P;, # Z;, but the SWIC(7;,) holds can be constructed. E.g., in 8.6.16 
we constructed two resolutions of the same singularity such that in one of them 
P = Z while in the other one P ¥ Z. The validity of the (resolution independent) 
SWIC identity can now be read from that resolution which satisfies P = Z. (See 
also 9.7.17.) 
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9.7.6 Extension to the Other Natural Line Bundles Recall that in 6.6.3 we 
proved that for any /’ € L’ there exists a unique minimal s(l’) € .Y’ such that 
s(I') —I/ € Lo. We wish to compare h! (@(—I')) and h!(@(—s(I'))) via the SWIC 
property. 

We say that /' € L’ satisfies the SWIC identity, denoted by SWIC(/’), if 


ws K+2'P +|V 
SWIC(’) : hl (X, O(-I')) = SW o[K +421] — aoe. (9.7.6) 
If this holds, then it obviously provides a topological description for 
hi(X, 6(-1)). 
By 6.6.5 one has 


hh (X, O(—s(’))) — A(X, O(-1')) = xs) — x). 


A computation shows that the right hand side of (9.7.6) behaves similarly. Hence 


Proposition 9.7.7 (First Extension) The SWIC(l') is valid if and only if 
SWIC(s(l')) is valid. In particular, SWIC(r;) is valid if and only if SWIC(sp) 
holds. 


This shows that the validity of SWIC(r;,) implies the validity of SWIC(/’) for all 
I’ € Li, with s(l') = sj). This covers exactly those cycles J’ € Li, with I! < sy 
(including all cycles /’ = }°,,//,E, with I, < 1 for any v). 

This topological characterization SWIC(I’) of h!(@(—1')) (modulo the validity 
of SWIC) in this ‘negative’ region {// : 1! < sj} can be compared with the 
vanishing h!(@(—1')) = 0 in the ‘opposite positive’ region {I/ : I! € —K +.%’}. 

It is natural to ask the question: what can one say in the case of an arbitrary 1’, 
which sits outside of these two regions. The answer is hidden in the identity (8.2.17): 


KRAo te ¥ 
h'(@(-I')) = - Fe pee teiteg (9.7.7) 


8 
aeL, aZ0 


Assume that for h = [/'] SWIC(rp) holds. Then in (9.7.7) one has constre(_1) = 
—Sl0o[K +21]. Hence, we obtain the following. 


Proposition 9.7.8 (Second Extension) Jf SWIC(r;) holds then for any I' € L), 


K +212 +|V 
h\(@(-1')) = - » nr a pene amie cocoa al (9.7.8) 


8 
acL, aZ0 
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Additionally, if Ph = Zp (or, at least their counting functions coincide), then one 
has the following topological characterization of h!(G(—I')): 


K +2 +|¥ 
PONa= S* tease erg) 


aeL, aZ0 : 


Remark 9.7.9 In easy it is very hard to determine the possible values h rea ZL), 
where Y varies in Pic! (xX ), even if the analytic structure of (X, 0) is ‘nice’ ’ (e. g., 
even if the equivariant SWIC holds). In general we know that 2 tb h' ee L) 
behaves semicontinuously (cf. [452, 5.2.1]) with respect to Y € Pic! '(X), but 
definitely it is not constant (except for some very particular cases), hence it 
cannot be recovered from the Chern class /’ and I. In fact, Zw A! (X, L) 
determines a complicated stratification of Pic! (xX ) (the analogue of the Brill— 
Noether stratification considered in the context of projective smooth curves). For 
several properties of this stratification the reader might consult [452-456], where 
the Abel map for surface singularities is developed. 


Remark 9.7.10 Assume that the equivariant SWIC is true for (X, 0). Then, taking 
the sum of the identities SWIC(r;,) from (9.7.1), and using )>, J, (1) = 0, we get 
the following expression for the geometric genus of the universal abelian covering 
(Xq, 0) in terms of the graph I’: 


Kee l¥ 
Pe(Xa, 0) = —A(M(P)) — |H|- a + >> x(n). 
heH 


Note that for the validity of this identity we do not require the validity of the 
SWIC(0) for (Xa, 0). See also Sect.9.7.C for behaviour of the Seiberg—Witten 
invariant with respect to coverings. 


9.7.11 Starting from the next paragraph we discuss several families of singularities 
and we will prove/disprove the identity SWIC for them. (When SWIC is true we 
try to find even several independent arguments for its validity.) As a byproduct, we 
provide several closed fomulae for stv, in the corresponding cases. 


Example 9.7.12 (SWIC Is True for Cyclic Quotients [489] ) In this case the link is 
L(n, q), H = Zy and the spin‘ structures are indexed by o = o[K + 2aE*], where 
a € Zand0 <a <n. Set also h = a[E*] € H. From 2.2.A and 9.5.10 we get 


T= 8G ni at ee > (#). 


2n é n 
i=l 
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Since A/n = s(q,n)/2, cf. 9.3.4, we also have 


3 n—1 a “4 
ea see a (+). 


i= 


On the other hand, (K + 2ry)* + |V\)/8 = (K? + |Y\)/8 — x(rn) can also be 
computed explicitly. From 6.3.11 one has (K? +|V|)/8 = (n— 1)/4n — 3s(q, n)/2. 

Furthermore, from 6.6.5 we have h!(@(—s,)) — h'(@(—rn)) = x (Sn) — x(rn)- 
But h!(@(—sp)) = 0 by the vanishing 6.4.3, while h'(@(—rn)) = pe (Xa, 0)o(n) = 
0 (cf. 6.8.11) since the universal abelian covering (Xz, 0) is smooth. Hence x (r;,) = 
X (sp), and its expression is computed in (6.6.11): 


i= +> (4). 


In particular, the right hand side of SWIC(r;,) is zero, and the same is true for the 
left hand side because of the vanishing already mentioned. 


Example 9.7.13 (SWIC for Brieskorn—Hamm Complete Intersections via Hirze- 
bruch’s Signature Formula [459]) Assume that (X,0) = (XcC(a1,...,4n), 0) is 
as in 5.1.17. The torsion of the link is computed in 9.5.11 and 9.5.12, while the 
Casson—Walker invariant in 9.3.3 (for the determination of the Seifert invariants in 
terms of (a1,..., Gn) see 9.5.11 and 9.5.12). This provides a concrete formula for 
StUg[K] in terms of (a1,..., dn). On the other hand, the signature of the Milnor 
fiber was also determined by Hirzebruch [272] (as a residue) and by Neumann— 
Wahl in [512] in terms of (a, ..., dn), see (9.2.1) for the corresponding expression. 
It satisfies o(F) = —8st0g,K}, hence SWIC holds (cf. 9.7.3). 


Example 9.7.14 (The Equivariant SWIC Is True for Weighted Homogeneous Singu- 
larities [490]) We prove that SWIC(r;) is true for any h. The next short proof 
does not use the precise expression of the involved ingredients, it is based on the 
analytic and topological additivity theorems. Let v be the central vertex, and note 
that Zp fy\(t) = Phtv}(t), cf. 8.6.A. Then use the additivity formulae 8.7.25 for 
h'(@(—rp)) and 9.6.5 for the Seiberg—Witten invariant applied for /’ = r,. Then 
note that for each fh the restriction R(ry,) (on any leg) has all the E-coefficients 
< 1 and each X j is the resolution of a cyclic quotient singularity, a case for which 
SWIC(/’) was established in 9.7.12. (See also the paragraph after 9.7.7.) 

For a different proof based on the expression of all the involved invariants in 
terms of Seifert invariants (and for several additional properties) see 9.7.A. 


Example 9.7.15 (The Equivariant SWIC Is True for Singularities Satisfying the End 
Curve Condition [492]) For such singularities P(t) = Z(t) by 8.5.16. Then for 
any l' € —K + .¥’ SWIC(l’) is valid by 9.7.5, and even the identity (9.7.9) 
holds for any /’ by 9.7.8. In particular, all these identities hold for any rational 
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and minimally elliptic singularity. (A slightly different proof, based on additivity 
formulae, follows the arguments from 9.7.14 and induction. The inductive step is 
guaranteed by 8.5.15—which says that the resolutions x j determine singularities 
satisfying the end curve condition—, and also by the fact that the E-coefficients of 
R(rn) are < 1, cf. 9.7.7.) 


9.7.16 A different proof of the equivariant SWIC for rational singularities appears 
in 11.1.38, and for minimally elliptic ones in 11.1.39. See also the proof of the 
(non-equivariant) SWIC for the elliptic case in 11.1.40. 


Example 9.7.17 Consider the germ {Z* = (u* — w)(w* + u!!)} treated in 5.4.5. 
Note that its graph does not satisfy the monomial condition, hence P(t) 4 Z(t). 
Let v be the (—4) vertex of J”. Then each connected component of I” \ v supports 
a ne singularity. Furthermore, a Fourier-Dedekind sum computation provides 
v(t) = (t* + 1)/(@¢? — 1) — 1)), with polynomial part t + 1 and periodic 
sondut 2. Hence, from the additivity formula 9.6.5, swo;K] — (K 24. |V|)/8 = 2. 
On the other hand, (X, 0) is an elliptic singularity with py = 2. Hence the SWIC 
holds. 


Example 9.7.18 (SWIC for Suspensions) In [491] it is proved that SWIC(0) is true 
for suspensions {z” + f(x, y) = O}, where f is irreducible. 


9.7.4 SWIC for Weighted Homogeneous Singularities 


In this subsection we compute the torsion and the Seiberg—Witten invariant of 
any rational homology sphere Seifert 3-manifold (with e < 0) and we prove the 
equivariant SWIC for any weighted homogeneous singularity. (SWIC follows 
from P = Z too, here we present a proof based on an independent computation, 
which provides an explicit formula for the torsion as well.) We follow [490]. & 


9.7.19 We will use the standard notations, see e.g. Sect.8.1.B. First we consider 
the topological series Z.g(t) reduced to the central vertex and with variable tr. 
Its definition can be compared with the formula of the Poincaré series P;,(t) := 
Py (R(Xq), t) from see 1. =); hence they are equal (see also 8.6.13). For fixed h set 
(Sp )red = A9 + bae ajE ,; Then, according to 8.1.B, 


Zn, g(t) = Pat) = a max {0,1-+ Ng, (£) } -¢2FeO®), (9.7.10) 
£>0 


(The choice of s, is motivated by the fact that x (s;,) is available in (6.6.19).) 
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Since the central vertex is a regularization vertex for all characters, by 9.5.9, 


To(1) = lim (Zn, 70) — = Zr). (9.7.11) 


1 
lA 
Zn,.g has a sum-decomposition Lig +Z, og (cf. 8.1.9), where 


Zt g(t) = )) max {0,-1—Ny,(0) } °F", Zz y(t) = D> + Ns, ©) 0" 


£>0 £>0 


Here Zi. g(t)/t® is a polynomial, therefore 


To(1) = Zi} p(l) + lim (Z;, p() - Zs). 


1 
|| 
From Eq. (8.1.9), and from the fact that each 0 < a; < aj, for a certain function 


R(t) with lim;_,; R(t) = 0 one has 


a! —e x/2+e 2-xX X-—ea ag 
Z ee ——— — : — 
ng) a= = mn a 5) + 

v (9.7.12) 


-¥ (otra + 5 (HL) + a0 


j=l ij=l 


Note that the pole of Z,,_,(t) is independent of h, and by the existence of the limit, 
it should be the same i ‘the pole of Z.7(t). Indeed, one has the following. 


Lemma 9.7.20 Z.¢(t)/|H| has the following Laurent expansion: 


—e x/2+e 


Z g(t)/|H| = G-b2. t-1 +E+ Q(t), 
where lim;_,; Q(t) =0 and E equals 
eeDOH 1 1 1 1 1 
ie. ae ge a) ea 


Indeed, in the proof use v + 2 times in the expression 


7 al I/lelyv—2 7 1 ro, ae I/le| __ 4 
eS T1,a- rV@jleDy — (¢ — 12 (om = *) Tl pitejle) — 1 
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the Taylor expansion 


tv —-l sey —t 1 2 
ett ty-v-¢-p+to-0(*- 2) et. 
Corollary 9.7.21 


v 


Tq (1) = Z PO 1 22> Goya pty (& 1) 


i=1 ij=l 


(e+ 1)(e+5) 1 1 1 1 1 1 
Ss 1-— Paes 
12e + 12e F ( aj a 4e de 


~ 844 > (o;,0+ 5 (ZY), 


j=l ij=l 


Theorem 9.7.22 SWIC(s;,) holds for weighted homogeneous singularities. 


Indeed, Z, gl) = h!(@(—sn)) by (6.8.8), hence SWIC(s;,) follows from 
9.7.21, (9.3.2), 6.3.12 and (6.6.19). 


Remark 9.7.23 


(a) (The Milnor number) Assume that (X,0) is Gorenstein and it admits a 
smoothing. Then using the Laufer—Steenbrink [362, 655] formula ~ = 12p¢, + 
K* +. |Y| for the Milnor number, one obtains 


21+ u) = 24- Tox) + = (2 sees me Gee Dr =). 


(if H\(Lx, Z) = 0, then T,;x (1) = 0 too, hence the formula simplifies.) 

(b) (Laurent expansion) We already mentioned that the non-regular (Laurent) 
part of Z;,_,(t) is independent of h. It is —e(1 — t)~* — (x/2+ e)(t— 1)", 
and it is completely determined by the virtual Euler number and virtual Euler 
characteristic e and x. On the other hand, the coefficient of (t — 1° involves the 
torsion invariants (depending on h). Indeed, the above proof shows that 


Xn  K?+|¥| 


iH] 3 — X(sn). 


li Li. ! —Z 
tim (Zj, 4) — 7 s()) = 
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In particular (by subtractions and by (9.7.11)) 


lim (ZO = Zo,(0)) = —X (Sn) 
(9.7.13) 
lim (Zn. wi He g) = = Thotx|() — Tox (1). 


We emphasize that Zo,.7(t) and Z.g(t) are also equal to the Poincaré series 
associated with the C*-gradings of (X, 0) and (Xq, 0) respectively. 


Example 9.7.24 (Complete Intersections) Since Zo,.g(t) = Ppo,.v(t) is the Poincaré 
series of the C*-grading too, cf. 8.6.13, in special cases it can be determined via 
different numerical invariants as well. Assume e.g. that (X,0) C (C”,0) isa 
complete intersection with weights w1,..., Wy (where gcd(wj,..., Wn) = 1) and 
degrees d, ..., d,—2. Then (similarly as in the proof of 9.7.20) we get the expansion 


[jar [poy 1? oa: 


Po. (t)= pe ui), 


where lim;_,; U(t) = 0 and F is the expression 


hae 7 otids +5 ee Bt s ww) - py 
j 


i<j i<j 
1 1 
— dds + 75 
i,j 
This compared with 9.7.20 and (9.7.11) provides the next identities 


—e=]];4i/[]; »;. t= didi -— 0, vj and Joxjl) = —-e-F-E, 


where F is given above and EF in 9.7.20. (For the first two identities see e.g. [721], 
considered in the hypersurface case.) 


Example 9.7.25 (Hypersurface Singularities) For weighted homogeneous hyper- 
surface isolated singularities there is an additional subtle connection between the 
above series Z(t), Zo,.g(t) and the characteristic polynomial A of the monodromy 
on the second homology of the Milnor fiber. 

Fix an integer h > O and assume that ¢(f) is a rational function of the form 
d(t) = Tn lh (1—t'")* , Saito in [605] defined a dual rational function (with respect 
to the integer h) by #*(t) = Tin — tk)~Xh/k, Here we wish to eliminate the 
dependency of the duality on the integer h via the following principle. If @(¢) is a 
rational function of the form [],,(1 — 1’”)*”, then we take h = h(@) := Icm{m : 
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Xm # O}, and we define #*(t) using this h = h(@). One verifies that if gcd{m : 
Xm # 0} = 1 then h(p*) = A(P) and $*™*(t) = o(). 

Let Ly be the link of a weighted homogeneous isolated hypersurface singularity 
with Seifert invariants as above (all possible equations are listed in 5.1.15). Set 


WO := (1-9? T]d - 1%) and $0) := Zor - VO. 


j=l 


In fact, via the above definition, y*(t) = Z.g(t°). Note also that A(t) always can 
be written in the form THnjaQ — ¢'")X" with gcd{m : xm 4 0} = 1 (in fact, x; 4 0, 
cf. [7]). The point is that Ebeling in [170] proved a new type of relationship (via 
concrete computation of the involved invariants): 


A*(t) = o(t). 
[In [170] it is not explicitly said that h = h(@), but it can be verified using [432].] 
This can also be combined with (9.7.11) providing for Jo, x](1) the expression 


lim (6@Y"'@ — ZrO/IH|) = lim ((4* — Ze OQVO/IH|) V0). 


Since lim,.; w~!()(1 — t)* = |e|/|H |, we get 


Tel jin AO = Ze OVO HL 


Totx}(1) = 
am) =a ea (— 1) 


(¥) 


Similarly as in the proof of 9.7.20 the Taylor expansion Zi at t = 1 can be 
computed. This gives the first three terms of A* as well. E.g., the first two terms are 
A*) 

| H| 


=14 ge42—v4 Dane (9.7.14) 


The term és; = —(2—v+)° ; #j)/t is Batyrev’s stringy Euler characteristic [45] 
as it is generalized by Veys in [716]. Equation (9.7.14) can also be compared with 
the expansion 


A(t) 


b 
— = 1 =(f= 1 tee 
HT +e@-D+ 


where yz is the Milnor number of (X, 0) (for the proof use e.g. A’Campo’s formula). 
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9.7.B SWIC and Superisolated Singularities 


We assume that (X, 0) is a superisolated singularity associated with the irre- 
ducible projective rational cuspidal curve C of degree d, and we use the notations 
of 5.2 and 8.6.B. We prove that for a superisolated singularity the SWIC is valid 
if and only if N(1) = 0, a property which is not always true, cf. 8.6.B. Several 
concrete examples (and their universal abelian coverings) are discussed. & 


9.7.26 Though in many cases (e.g. for weighted homogeneous singularities) we 
discuss the SWIC together with equivariant SWIC, this is not the case for the 
superisolated germs. The main obstruction is that in the superisolated case (though 
Pg(X, 0) and Po 4y,}(t) are extremely simple), usually we have very little infor- 
mation about the analytic properties of the universal abelian covering, e.g. about 
its geometric genus pg(Xq,0). (The reader might consult [665] to see certain 
difficulties, and also some particular explicit examples. See comment from 1 1.5.47 
as well.) Therefore, in this subsection we focus merely on the SWIC (for h = 0). 
Let us list first the involved invariants. 


9.7.27 From 9.3.12 we have K* + |V| = —d(d — 2)? + 1 and 244 = py — 
5) — 12- A” (1) (uw = 28). Since C is irreducible, by 8.6.14, the divisorial filtration 
associated with % = {C} = {v,} agrees with the filtration associated with 


weights (1, 1, 1), hence Po y(t) = (1 — t?)/(1 - iy (see also 8.6.B). Since in the 
good resolution I” \ {v,} supports only rational (in fact smooth) germs, by 8.7.25 
Pe(X, 0) = pce(Po,.z(t)) which is d(d — 1)(d — 2)/6 (see also 5.2.4). 


9.7.28 The definition of Z.7(t) compared with A’Campo formula 4.1.22 gives 


1 A(ét!/4) AGUS) 
Zo, g(t) = 7 >. (—éape and Zag (t) => ad —1/ae 


é4=1 


Since H is generated by [E% ], the vertex v+ (corresponding to C) is a regularization 
vertex for any character. Therefore, from 9.5.9 


1 1 A ) 
J, 1)=1 (z th--Z )) == —.. 
otk) = lim (Zo,.g-5Z00)=5 Do TES? 
E4146 
Following 8.6.B we also consider 
A(ét!/4) 1-14 


1 
N(t) = Zo,9(0) — Pog = 5D) 


2 Ga 0 
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For some of its properties see 8.6.21 and the list of examples after it. Then 


1 Acr!/4) 1-14 
lim N(t) = Tox) + lim (= ‘G1? OH 53) 


If we write A(t) = 1+ 6(7¢ -—1)+ O(1)(t - 1)? as in 8.6.B, then the limit can be 
computed in terms of d and Q(1) = A” (1)/2. The computation provides 


Proposition 9.7.29 ({199]) 


K*+|V 
N(1) = $Wo[K] — —— — Pg. 


This combined with (8.6.15) gives (with Q(t) = ay a jt!) 
K? : K*+IV| 
Sol K] — “Ye Qjd- 


Corollary 9.7.30 


(a) SWIC for h = 0 is equivalent to N(1) = 0. 
(b) The Conjecture 8.6.25 (which predicts that N(1) < 0 for any superisolated 
singularity) is equivalent to st0g[K] — os < Pg. 

Corollary 9.7.30 has the following consequences (for some of the arguments see 
the paragraphs after 8.6.23): via the ‘Semigroup Distribution Property’ 5.2.9, the 
SWIC (for 4 = 0) is valid whenever v = 1. In fact, in this case not only N(1) = 0, 
but even N(t) = 0, i.e. Zo. (t) = Po. (t). 

If v = 2 then the coefficients of N(t) are non-positive, however, it can happen 
that N(t) # 0, see. e.g. several examples in the list 8.6.22. Hence, if v = 2 and 


N(t) £ 0 then the SWIC fails and stotx) — <1 < pg. (The difference will be 
interpreted in terms of lattice cohomology in 11.5.B.) 


Remark 9.7.31 Though till now we tried to convince the reader that the SWIC, 
for certain analytic types, is a ‘natural’ reality, the superisolated case suggests the 
opposite. Indeed, for such germs, pg depends only on d, but the topological side 
depends in a subtle way on the local singularity types of C (see above the formulae 
of A and J,;x |(1)). Having in mind this subtle sensitivity to the local singularity 
data of C, the validity of SWIC (when it holds) is a true marvel. 


Example 9.7.32 Let us analyse a particular case with more details. Assume d = 5, 
v = 2, and the two singularities have multiplicity sequence [3] and [23] (see the 
table from 8.6.22). The graph I” is presented below, and N(t) = —2t, hence SWIC 
fails: pg = 10, while —’ = 21/2 and Jo[x](1) = 2/5, hence stg[K] — (K? + 
|Y)/8 = 8. 
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Supported on this topological type (given by the graph) we will consider two 
analytic structures. They are rather different, though both are very natural. The first 
is a superisolated hypersurface singularity, as analysed above. 

On the other hand, this topological type supports also a splice quotient singularity 
which satisfies SWIC (cf. 9.7.15), hence it has pg = 8. This singularity, by the 
general construction of splice quotients from 5.4, is the Zs5-factor of the complete 
intersection {z? + Zz + Zed — Zz + a + z1Z2 =O} C (C*, 0) by the diagonal action 
(a7, a4, aw, «) (a> = 1). 

For this topological type one can verify that the topological upper bound Path! 
for any potential pg (depending on analytic structures) is 10. Indeed, since pg = 10 
can be realized for an analytic type, using 6.8.B we obtain Path’ > 10. But a special 
path with S(yv) = 10 can be found (see e.g. the reduced x-table in 11.4.12). In fact, 
in 11.6.11 we will prove that for any superisolated germ py = Path’. 

This means that the two analytic structures make their choice for pg in two 
different ways: the choice of the superisolated germ is the optimal topological upper 
bound Path’, while the choice of the splice quotient is the value predicted by SWIC. 
(It is hard to decide which analytic structure is ‘nicer’ !) 


Example 9.7.33 (The Case d = 4 with Multiplicity Sequence [23], and Its Universal 
Abelian Covering [399]) Such a C is projectively equivalent to (zy — x7)? = xy’, 
(see [459], page 146). Hence a possible choice for f is f = (zy — x7)? —xy? +2). 
Furthermore, pg(X, 0) = 4 and the resolution graph I" is 


Since the graph is star-shaped, the same resolution graph can be realized by a 
weighted homogeneous singularity (X,,0) as well. In the present case this is 
an isolated complete intersection in (C*,0) with two equations: yz = x* and 
z> +1? — xy? = 0. The corresponding weights of the coordinates (x, y, z, f) 
are: (16,18,14,35). By Dolgachev—Pinkham—Demazure formula one gets that 
Pg(Xw, 0) = 4 as well. 

Now, one can use the result of Neumann and Wahl (cf. [512, (3.3)]), which 
guarantees that a Gorenstein singularity (with the same link as a weighted homo- 
geneous singularity (X,,, 0)) is an equisingular deformation of (X,,, 0) if and only 
if its pg equals the number predicted by Dolgachev—Pinkham—Demazure formula. 
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(In [loc. cit.] the result is stated for integral homology spheres links, but the proof 
works without modification for rational homology sphere links as well.) 

In particular, the superisolated singularity (X, o) is an equisingular deformation 
of (X,, 0). Here, this deformation can be written easily: the pair of equations yz — 
x? = At, and z> +17 — xy? = 0—for the parameter 4 4 0—is equivalent to (X, 0). 
Note also that (X, 0) and (Xw,0) have the same multiplicity 4, but clearly have 
different embedding dimensions—hence different Hilbert-Samuel functions. 

Next, we wish to analyze the corresponding universal abelian coverings. 

The universal abelian covering (Xw,a, 0) of (Xw, 0) is easy: by 5.1.33 it is the 
hypersurface Brieskorn singularity {u’ = v!® + w?}. (The action of a generator of 
H =Zygisut> —u,v+ ivandwt> —iw.) Furthermore, pg (—u’? + v8 4 w?) = 
10. 

The resolution graphs of both universal abelian coverings are the same: 


Ts ° © © o e ry 


—5 


We claim that the universal abelian covering of (X, 0) is not an equisingular 
deformation of (Xy,q, 0). In particular, using again the above result of Neumann— 
Wahl, we obtain that their geometric genera must be different. For details see [399]. 

In this case, for the graph Jj, the construction of the splice equations is not 
obstructed, it admits a splice singularity, namely (Xy,a, 0). However, (Xa, 0) with 
the same graph is not of splice type, since its geometric genus is different than 
the geometric genus of the splice type singularity (Xya,0). Both (Xg,o0) and 
(Xw,a, 0) are Gorenstein, with a common star-shaped graph, but pg(Xq, 0) < 10 = 
Pe(Xw,a, 9). 


Example 9.7.34 (The Case Cz: d = 5, with Multiplicity Sequence [26], and Its 
Universal Abelian Covering [399]) This provides a very similar scenario as 9.7.33. 
in this case again (X,o0) is an equisingular deformation of (X,0), both with 
geometric genus 10. However their embedding dimensions are different (3 and 6), 
and their multiplicities are different (5 and 6). 

The new phenomenon in this example is that the universal abelian covering 
graph J; is an integral homology sphere, namely the graph of 2 (2, 13, 31). 
Again, one verifies that (X,, 0) is not an equisingular deformation of the Brieskorn 
equation (Xw,q, 0). Hence pg(Xq, 0) < Pg(Xw,a, 0) and we obtain two Gorenstein 
singularities with the same unimodular star-shaped graph, but different pg. 


Example 9.7.35 Consider M = S3 (To, 3#T2,3#T, 5#T2,5) (i.e. the multiplicity 
sequences are [2], [2], [22], [22] and d = 5). A computation regarding Q(t) gives 
a = 6,a5 = —8, ajo = 1, hence stvgrx] — (K? + |V\|)/8 = —1, ef. (11.5.4). 
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Since this number is negative, it cannot equal the geometric genus of any analytic 
structure. That is, this topological type does not support any analytic types which 
satisfies SWIC(0). 


9.7.C The Seiberg—Witten Invariant and Abelian Coverings 


9.7.36 Assume that J is a numerical invariant associated with pairs (M, h), where 
M is aconnected oriented rational homology sphere 3-manifold and h € H,(M, Z). 
We say that 3 satisfies the Covering Additivity Property (CAP) if }°,3(M,h) = 
J(Mz, 0), where M, is the universal abelian covering of M (and we assume that it 
is a rational homology sphere as well). (Obviously, the definition can be extended 
to more general 3-manifolds, and also to arbitrary finite coverings.) 

There is a similar analytic version, where J is associated with pairs ((X, 0), h). 
Here (X, 0) is a normal surface singularity with rational homology sphere link 
M andh € H\(M, Z). Here we ask for )>, 3((X, 0), h) = 3((Xa, 0), 0), where 
(Xq, 0) is the analytic universal abelian covering of (X, 0). In this analytic context 
we have a rather immediate example. Let 3((X, 0), h) be the equivariant geometric 
genus of (X, 0), namely nl(X, O%(—rn)) = Pg(Xa, en). By its very definition, 
see 6.8.11 or 6.2.9, )7, De(Xa, O)a(ny = Pe(Xa,0). Hence, this analytic invariant 
satisfies CAP. 

Having in mind the equivariant SWIC, we can ask whether the invariant 


(K + 2rn)? +|¥| 


(M,h) +> sto(M, h) := sto, K+2r] — 8 


satisfies CAP or not. Here M is a 3-manifold associated with a connected negative 
definite plumbing graph and we assume that both M and M, are rational homology 
spheres. [This is a similar situation, what we witnessed in the case of the additivity 
formula 9.6.5. Once the analytic pg-additivity formula of Okuma appeared in the 
literature, it was natural to ask, motivated by the SWIC, about the existence of a 
topological version, valid for any singularity link. The answer was positive and the 
solution provided a very useful topological tool.] 

Clearly, if M is the link of a certain analytic singularity, which satisfies the 
equivariant SWIC, and its UAC (Xq, 0) satisfies the SWIC too, then the answer 
is positive for (M, h) +> sto(M, h). Since this is a rather large class of 3-manifolds, 
one can hope that it remains true for any rational homology sphere singularity link. 

However, the answer in this general case is not true—not even when M is 
obtained by an integral surgery along algebraic knots in an integral homology 
sphere. Such an explicit example is given in [64, Example 5.0.2]. [If we replace 
the —8-vertex below by an arrowhead we get a knot K in an integral homology 
sphere G, and M = G_»2(K) and H\(M, Z) = Z».] The plumbing graphs are the 
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following: 


Nevertheless, the class of manifolds for which CAP works is much larger then 
the class covered by the analytic (eq)SWIC mentioned above. Surprisingly, it is 
valid even for links of superisolated singularities (a family, which regularly produces 
counterexamples for the SWIC). 


Theorem 9.7.37 ((64]) Let M = S? ne (#; K;) be a negative rational Dehn surgery 
of S° along a connected sum of algebraic knots K\#---#K, (p,q > 0, gcd(p, q) = 


1). Assume that Mg, the UAC of M, is a QHS?. Then CAP for 5t0 holds. 


For some other examples, which satisfy CAP see [64]; the author does not know 
the limits of CAP. 


Remark 9.7.38 (Characteristic Numbers) Let us consider that version of the above 
question, when 3 is independent of h. That is, we search (in a slightly more general 
context) for an invariant J associated with 3-manifolds such that whenever M’ > 
M is a regular covering of degree d then 3(M’) = d - 3(M). Such invariants are 
called characteristic numbers by Milnor and Thurston in [434]. They list several 
characteristic numbers: the next one is relevant for singularity theory as well (they 
ascribe it to [39]). 

Let M be any 3-manifold such that some d-fold covering M’ of M fibers as 
a circle bundle with Euler number e' #4 O over a surface B'. Then 3(M) := 
x (B')? /dle’| is a well-defined characteristic number of M. 

Note that if M is the link of a weighted homogeneous singularity, then using the 
covering from Theorem 5.1.23 and the notations/discussion from 5.1.24 we get that 
3(M) = (2—2g')*/deg(p)-|e’| = x7/le|, where x is the virtual Euler characteristic 
(cf. 5.1.21) and e is the virtual Euler number (cf. 3.5.1) of the singularity. 

This characteristic number was generalized to the case of arbitrary singularity 
links by Wahl in [727]. Wahl’s construction is the following. Let X > Xbea 
good resolution of a normal surface singularity. Set /’ := Zx — E, and consider 
the Zariski decomposition —l' = @z(l’) — Sz(I’) as in 6.6.23 (Here @z(l') > 0 
and sz(l') € .%g.) (Usually this is written in the form K + E = N + P.) Then 
3(M) := —(sz(l'), Sz(l’)) is a non-negative characteristic number associated with 
singularity links. From the negative definiteness of the form we get that 3(M) = 0 
if and only if Sz(/’) = 0, or Zx < E, ie. (X,0) is numerically log-canonical 
(cf. 6.3.33). For weighted homogeneous singularity links J(M) agrees with x*/|e|. 
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[Its relationship with the m-th log-plurigenus is the following: Am = m?-3(M)/2+ 
lower order terms, cf. [727], see also 6.6.26 here. For another analytic application 
of 3(M) see [529].] 

In fact, Wahl also proved that for any analytic finite map (X’,0) — (X,0) 
of degree d one has 3(Link(X’)) > d - 3(Link(X)). Invariants satisfying such 
covering inequality property (in the presence of a branch covering, in either analytic 
or topological context) are more frequent. 

As a sample let us mention the following related topological example from 
[296]. Let f : M’ — M bea smooth map between Seifert homology spheres, 
and let H? eq denote the reduced lattice cohomology, as categorification of the 
Seiberg—Witten (Casson) invariant (for details see Sect. 11). Then rankz Hl, q(M > 
|deg(f)| - rankzH?, q(M). For similar statements see e.g. [387] and the references 
therein. 


Chapter 10 ®) 
Ehrhart Theory and the Seiberg—Witten od 
Invariant 


10.1 Introduction into Ehrhart Theory 


This section is a brief introduction into the equivariant multivariable Ehrhart the- 
ory. The main steps are: the definition of the ‘rational vector-dilated polytopes’ 
and of the equivariant quasipolynomials associated with a fixed chamber (com- 
binatorial type of the polytope). We also state the Ehrhart-Macdonald-Stanley 
reciprocity law. For more on Ehrhart theory see [42, 43, 47-51, 53, 114, 146]. 
The theory has several similarities and connections with the theory of partition 
functions, see e.g. [86, 669, 674]. & 


10.1.1 The Classical Ehrhart Polynomial Fix an Euclidean space R% and an 
embedded lattice M (e.g. Z') in it. Assume that P is an n-dimensional compact 
convex polytope in R% with all its vertices on M. In this case we say that P is 
an integral polytope. For any t € Zso the polytope ¢P is still integral (t P is the 
homothety from 0 € M). Let Eh(P, t) denote the cardinality |fP 1 M| of tPN 
M. Ehrhart in [176, 177] proved that Eh is a rational polynomial of degree n in 
variable t, that is, there exist rational numbers { Eh; (P)H 9 such that Eh(P,t) = 
> a0 EA: (P)t' for all t € Zo. This statement was extended to rational polytopes 
(that is, when P is the convex hull of finitely many points from M ® Q). In sucha 
case Eh(P, t) is a quasipolynomial. 


Recall that Q(t) is a quasipolynomial if there exists a period p and (rational) 
polynomials Q),i = 0,..., p — 1, such that Q(t) = Q(t), for p|t — i and any 
teZ. 

If P° denotes the interior of P then by another result of Ehrhart Eh(P°,t) = 
|tP° 1 M| is also a quasipolynomial, and he conjectured the reciprocity law 
Eh(P°,-t) = (-1)"Eh(P,t) (as an identity of quasipolynomials). This was 
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proved by Macdonald in [402], and the identity is called Ehrhart-Macdonald 
reciprocity law. 


10.1.2 Reinterpretation in Terms of Toric Geometry Ehrhart theory in algebraic 
geometry appears usually in the context of counting functions and Riemann—Roch— 
Hirzebruch type formulae, and the Ehrhart-Macdonald reciprocity law is linked to 
duality theorems from algebraic geometry, like the Serre (or Gorenstein) dualities. 
(This will happen in our local singularity context as well.) Let us remind the toric 
prototype of this fact. We follow [134], see also [208, p. 90]. We will use the 
standard notations of toric geometry, see [208]. 


Let P be an n-dimensional convex polytope in M ® R (of rank n), with vertices 
in the lattice M. Then one can associate with P a fan, which provides a complete 
toric variety X, and also a T-Cartier divisor D on X. Furthermore, the line bundle 
Ox (D) is generated by its global sections, and H°(@x (D)) is generated freely by 
monomials x” with m € P/M M. By refining the fan we can assume that X is 
smooth. Write also the canonical divisor in the form @x(— }°, D;). Consider also 
the exact sequence 0 > Ox(tD — )°; Di) > @x(tD) > Cy, p,(tD) > 0 
(t € Z.o). Then the higher cohomologies of all these three sheaves vanish, and 
one has the following reinterpretation of the h®-ranks: h°(6x (tD)) = |tPN MI, 
WO, p;(tD)) = |dt P 1 M|. (Here 0 denoted the boundary of the corresponding 
polytope.) Hence by the exact sequence h°(@x(tD — >); Di) = |tP° N M| 
too. By Riemann—Roch-Hirzebruch (RRH) theorem the expression |tP 1 M| = 
h°(@x(tD)) = x(@x(tD)) is a polynomial in t, say RRH(t). On the other 
hand, again by RRH, RRH(—t) = yx(@x(-tD)). This by Serre duality is 
(-l)"x(@x(tD — >; Di)) = (—1)"|t P° N M|. Hence via Serre duality we recover 
the Ehrhart-Macdonald reciprocity law for RRH(t) = Eh(P, t). 

If we start with a rational polytope P then D is a Q — T-divisor and we have to 
handle in the similar way the expression x (Ox (|tD])), which is a quasipolynomial. 


10.1.3 By a similar argument as in 10.1.2, based on toric geometry, one can prove 
the following statement as well, cf. [134, 312]. Let Pj,..., Px be n-dimensional 
convex compact polytopes with vertices in M (~ Z"). Let Eh(P,t) (resp. 
Eh°(P, t)) be the cardinality | 5°; t; P) NM | (resp. |()°; 7 P;)° NM |), where t; € Zo. 
Then both Eh(P, t) and Eh°(P, t) are quasipolynomials and (—1)” - Eh(P,t) = 
Eh°(P, -t). 


10.1.4 Generalizations The statements from 10.1.1 have several generalizations. 
First, one can replace the one-variable ¢ by several variables and the dilated polytope 
by a vector-dilated polytope. This means that if P is an n-dimensional convex 
rational polytope given by {x € R” : Ax <I} with Aa (m x n) integral matrix and 
le Z”, and m is the number of facets of P, then one can consider the vector-dilated 
polytopes Py) := {x € R” : Ax < t}. The members of this family of polytopes 
can be combinatorially very different depending on the choice of t: we say that 
Py and P are combinatorially equivalent if there exists a bijection between their 
faces that preserves the inclusion relation. For t staying in a connected component 
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of such fixed combinatorial type, Beck in [48] proved that Eh(P, t) = |Pa,  M| 
and Eh(P°,t) = | Poy A M| are multivariable quasipolynomials in t € Z” and 
they satisfy (fF) Eh(P°, -t) = (—1)” EA(P, t). [Multivariable quasipolynomials 
are defined similarly: a finite sum )>,, cx (t) t* is a quasipolynomial if the coefficients 
cx (t) are periodic functions in t, with respect to a sublattice. ] 


In fact, if P is replaced by the union of convex polytopes U;_, Pg, and Pi) by 
the dilated families Ux Px (,), then (+) still holds [48] (see also 10.1.3). 

Stanley in [649] had the following generalization (see also [48, 86, 674] too), 
which will be crucial in our applications as well. Instead of considering the interior 
of P (that is, the open polytope with all facets removed), we can consider the case 
when we remove only some of the facets. Under the assumptions that Pt) varies 
in (a fixed connected component of) a fixed combinatorial equivalence class, let 
us denote the set of (closed) facets by ¥. Let Z be a subset of FY and assume 
additionally that Ure F is homeomorphic to an (n — 1)-manifold. Then, for any 
TFT, ENP, Z,t) = |(Pa)\UrezF)NM| is a quasipolynomial in t, and Eh(P, F \ 
ZF, —-t) = (-1)"EA(P, 7, t). This version is called Stanley’s reciprocity law. 


10.1.5 Chambers Results of Brion—Vergne [86], Clauss—Loechner [114], Sturm- 
fels [669] and Szenes—Vergne [674] show that Z* @R has a chamber decomposition 
in such a way that if t varies in one of the chambers then the combinatorial stability 
holds and the corresponding lattice point counting function Eh(P, 7, t) = |(Pr \ 
UrezF) 1 M| is a quasipolynomial. We will return to a possible constructions 
of the chambers later. In some statements not only the theoretical existence of the 
chambers is important, but their concrete description as well (cf. 10.6.3). 


10.1.6 Coefficients Some of the coefficients {Eh;(P)}'_) of Eh(P,t) = 
Yeo Bhi (P)t' have immediate geometric/combinatorial interpretations. First 
of all, in the context of 10.1.1, the constant coefficient Eho(P) is 1. Next, the 
leading term Eh,(P) is the n-dimensional volume of P divided by the volume 
of the fundamental region of the lattice. Similarly, for any facets F let Mr be the 
lattice induced by M on the affine (n — 1)-space determined by F, and consider the 
(n — 1)-dimensional volume of F divided by twice the volume of the fundamental 
region of Mr. The sum of all these values summed over all the facets is Ehy_1(P). 


However, already the next ‘third’ coefficient Eh,—2 is rather hard. Even for 
n = 3 it is an expression in terms of Dedekind sums, see e.g. Mordell’s formula 
in 6.9.14. In this chapter we will connect this third coefficient (associated with 
certain polytopes constructed from a dual resolution graph) with the Seiberg—Witten 
invariants of the corresponding plumbed 3-manifold. For this we need to develop the 
equivariant version of the theory corresponding to the abelian group H = L’/L. 


10.1.7 Here is a schematic picture of these connections and areas we target: 
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Z(b) equivariant series denominator 
— > es: 4) 


with L’//L = H Z(t) = hen ZaIAl of Z with H-representation 


plumbing graphs polytope in a lattice 


special Ehrhart 
truncation theory 
plumbed 3-manifolds counting function multivariable equivariant| 
+<—<$___ 
with H,(M, Z) = H of the coefficients Ehrhart polynomials 
| sto | free term | ‘third coeff.’ 
QUH] = Q H] = QUH] 


Above we assume H;(M(JI"),Q) = 0 and the ‘right chamber’ is the Lipman 
cone. 


10.1.A Equivariant Multivariable Ehrhart Theory 


10.1.8 In this section we generalize the classical Ehrhart theory to the equivariant 
multivariable version, involving non-convex polytopes. The presentation will fit in 
with the equivariant multivariable series provided by plumbing graphs. In the next 
sections we will follow closely the joint work with T. Laszlé [349]. 


10.1.9 The Equivariant Setup Let us start with an n-dimensional lattice M Cc R” 
and a group homomorphism p : M — S§ to a finite abelian group §. We consider a 


rational vector-dilated polytope with parameter 1 = (li,...,1-),l) € Z”’, 
at 
p= | | po, where PM = fee R” + Aye <1,), (10.1.1) 
v=1 


with Ay € Mm, (Z) (integral my, x n matrices). If {Ay xi}ei and {ly 4}_ are 
the entries of A, and l,, then the inequality Ayx < 1, in (10.1.1) reads as 
Yai *tAv ee = lox forany k= 1,.22,0y. 


We will vary the parameter I in certain chambers (described below for the needed 
cases) such that the polytopes P remain combinatorial stable whenever I belongs 
to the relative interior of a chamber. We also suppose that P is homeomorphic to a 
n-dimensional manifold (possibly with boundary). Denote the set of all closed facets 
of P® by ¥ and let 7 bea subset of ¥, such that Upa-7F is homeomorphic 
to a (n — 1)-manifold (possibly with boundary). Then we have the following 
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generalization to the equivariant version of results of Stanley [669], McMullen 
[415] and Beck [47, 48]. The proof reduces the statement to the non-equivariant 
case, see [114, Theorem 2] and [349] for details. 


Theorem 10.1.10 Foranyh é€ Sand J C F let 


L(A, TY := | (P©\ Upmeg F®) 1 p71) |. (10.1.2) 


(a) If 1 moves in some (connected) region in such a way that P stays com- 
binatorially stable then the expression Z2,(A, 7,1) is a quasipolynomial in 
Le Zd0™, 

(b) For a fixed region and J (as in (a)), the quasipolynomials Z,(A, FV) and 
L_i(A, F \ F,)) satisfy the Ehrhart-Macdonald-Stanley reciprocity law 


L(A, 7M) = (-1)" - Ln(A, F \ FZ, Wireplace tby-1- (10.1.3) 


Remark 10.1.1] In order to avoid any confusion regarding the expression 
from (10.1.3) we note the following. Under %(A, 7,1) we understand the 
following: the value I determines a chamber, which contains I, hence a combinatorial 
type of P® too. Furthermore, (in the presence of h and .7) the data h, 7 and this 
chamber determine a quasipolynomial—depending essentially on the chamber— 
which restricted to this chamber is ¥ t+ &%(A, 7,1’). The quasipolynomial 
L_n(A, F \ Z,)) is associated with —h, ¥ \ FZ and the very same chamber (i.e. 
which contains I). (10.1.3) means that the first quasipolynomial agrees with the 
quasipolynomial obtained from the second one after the substitution ] + —I and 
multiplied by (—1)”. Usually for —1 the combinatorial type of P‘— is different, 
hence the right hand side of (10.1.3) does not equal (—1)" - Z_n(A, F \ Z,—-l). 
This last expression is the value at —1 of that quasipolynomial, which is associated 
with the chamber which contains —1 (and with —h and F \ 7). 


Definition 10.1.12 The quasipolynomial .%,(A, 7,1) considered in Theo- 
rem 10.1.10, associated with a fixed combinatorial type of P“, is called the 
equivariant multivariable quasipolynomial associated with the corresponding data. 

If we vary lin Z»"» (hence we allow the variation of the combinatorial type) we 
obtain the equivariant multivariable piecewise quasipolynomial %,(A, 7,1) (see 
also Theorem 10.2.8 and Corollary 10.2.9 below). 


Remark 10.1.13 
(a) Parallel to the collection {-%,},, defined in (10.1.2), one can consider their 


Fourier transforms too: for any character € € Hom(, S 1) one sets 


L(A, ZN) := ye"), sum over x € (P® \ Untieg F®), 
(10.1.4) 
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which satisfies 4% = >>, G-&'(h), and ||--F, = Die & -&(h). Hence, 
the above properties of -7, can be obtained from similar properties of % as 
well. Hence, Theorem 10.1.10 can be deduced from [86, § 4.3] too. 

In the sequel we will consider only those polytopes which will be associated 
with multivariable rational functions, whose denominators have the form 
[],;(—-t”), cf. 10.2. In order to avoid unnecessary technical details, the stability 
of the combinatorial type and the corresponding chamber decomposition will be 
considered only for these special polytopes, see 10.2.7. 


(b 


wm 


10.2. Multivariable Rational Functions and Their Periodic 
Constants 


We associate a dilated polytope to the denominator of a certain type of multivari- 
able rational function (in the equivariant setup) and a piecewise quasipolynomial 
to the counting function of its coefficients. The combinatorial type of the polytope 
induces a chamber decomposition of the dilation parameter space. Then we 
define the (multivariable equivariant) periodic constant associated with each 
chamber. (For the periodic constant of the Taylor expansion at the origin of one- 
variable rational functions see 8.7.) We follow [349]. & 


10.2.1 The Multivariable Setup We wish to extend the definition of the periodic 
constant to the case of Taylor expansions at the origin of multivariable rational 
functions of type 


ye 1? 


t)= el 
O= TE d=) 


(uy € Z). (10.2.1) 


Let us explain the notation. Let L be a lattice of rank s with fixed bases {Lok ai 

Let L’ be an overlattice of it with the same rank, L C L’ C L@Q. Write H := 

L'/L and set |H| = d. Then, in (10.2.1), {bg},_,, {ai}'_, € L’ and for any I’ = 
, U / 

dy Ev € L’ we write t' = by tee tis. We also assume that all the coordinates aj_y 


of a; are strictly positive. Hence, in general, the coefficients /, are not integral, and 
the Laurent expansion 7/f (t) of f(t) at the origin is 


TIO= > 200 Wg ost ly “et, = Zee, 
l/ 


We also consider the natural partial ordering of L ® Q (via {E,},, defined as 
in 2.1.15). If all vectors by > 0 then Tf(t) € Z[[t!/“]]. Sometimes we will not 
make difference between f and 7'f. 
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10.2.2 We consider the H-decomposition of Tf as usual: 


if TAH) = o2't’ thenforhe A set Tfr(t):= D> 2@')t". (10.2.2) 
P /]=h 


Hence 7/f written equivariantly is Tf° = >>, T fn - (h] € Zit] 11. 


The next warning is appropriate: We always start with this group L’/L = H, 
hence also with the decomposition }°,-, fn of f. Nevertheless, some alterations 
will appear. In order to simplify the rational function we will eliminate some of 
its variables (e.g., we substitute ¢; = 1 for certain indices i), i.e. we restrict f to 
a linear subspace V. Then, after this modification, the restricted function f|;,—1 
will not determine anymore the restrictions (f7,)|,;,=1 of the ‘old’ components fh. 
That is, the new pair of lattices (Ly, Ly) = (LN V, L’ NV) and the ‘old group’ 
H = L’/L become rather independent. In such cases we will always keep the old 
group H = L’/L (and the ‘old’ decomposition fj) without asking any compatibility 
with Li, /Ly. 


10.2.3 Since all the coordinates a;,, of a; are strictly positive, for any T f(t) = 
yz’ yt” we get a well defined counting function of the coefficients, 


Vals Q):= >> cl eZ. 
he a 


If Tf = >°,, T fn, then each T f;, determines a counting function Q;, defined in the 
same way. That is, in the group ring Z[H], 


S- 2) - ("T= D> On) - Tal. (10.2.3) 


Zl heH 


The definitions are motivated by formulae from 8.2.12, 8.2.13, (9.6.1) and (9.6.13). 
The functions Q),(') will be studied in the next subsections via Ehrhart theory. 


10.2.4 Ehrhart Quasipolynomials Associated with Denominators of Rational 
Functions Let us fix a rational function as in (10.2.1). First we consider the case 
n > 0; the special case n = O (i.e. when f(t) = ee ixt?*) will be treated 
in 10.2.10. 


10.2.5 First Step: The Polytope Associated with {a;}/_, In order to run the 
Ehrhart theory we have to fix a lattice M and a representation p : M > 5, 
cf. 10.1.A. Here we set M = Z",a: M > L’ given by a(x) = )7}_, xiai € L’, 
§ = H =L’/L,|H| =, and p is the composition M —> L’ > L’/L. Set also 
s :=rank(L). 
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Consider the matrix A with column vectors d - a; and write A, for its rows. Then 
the construction of Sect. 10.1.A can be repeated (eventually completing each A, to 
assure the inequalities x; > 0 as well). For] € ae l, Ey € L consider 


Ss 
P*:= {x € (Rzo)" : d- ec < ly} and Pt := U Ps. (10.2.4) 
i v=1 


The closure P, of P;' is a dilated convex (simplicial) polytope depending on the 
one-dimensional parameter /,,. Moreover, P* is described via the partial ordering of 
L ®@ Qas >°; xja; % 1/d. Since L’ C L/d, we can restrict ourself to the lattice L’ 
(preserving all the general results of Sect. 10.1.A). Hence for any /’ € L’ we set 


POs = {x € (Reo)" + So xia) ZU}, P© = closure of (P*). (10.2.5) 
i 


The combinatorial type of pe) might vary with /’. Nevertheless, by definition, the 
facets will be grouped for all different combinatorial types by the same principle: 
we consider the coordinate facets Fo = PHYA {xj = 0}, 1 < i <n, and we 
denote by 7 the collection of all other facets. Hence PO). = pv) \ Urireg F™. 
The construction is motivated by the summations from (9.6.1) and (9.6.13). 


10.2.6 Second Step: The Counting Function Associated with {a;}"_, The 
general theory from 10.1.A leads to the next counting function 


L(A, 7,l):= > L(A, Z,V)- [hl = > 1- [a(x)] € Z[H], (10.2.6) 


heH 


where the last sum runs over x € (P® \ Unireg F) = pl), 


By the very construction, we have the following identity. Consider the equivariant 
Taylor expansion at the origin of the function determined by the denominator of f, 


1 


7 a es 
“ Tai — [ailt”) 


= yee (1) € Ze!/“]] (A). (10.2.7) 
[" 


Note that since all the {£,,}-coefficients of each a; are strictly positive, for any J’ € 
L’ the set {1” : ZU’) 40,1” # I’} is finite. Then, by the above construction, 


YI SS az). (10.2.8) 
lag 
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We also define the corresponding non-equivariant counting function by 


LAT MN => GAT Me, 
heH 


10.2.7 Combinatorial Types, Chambers Next, we wish to make precise the 
combinatorial stability condition. The results from [86, 114, 669, 674], cf. 10.1.5, 
imply that #° from (10.2.8) (that is, each %,) has an extension from L’ to L @ R, 
say ££, which is a piecewise quasipolynomial on L ® R: the parameter space 
L ® R decomposes into several chambers, the restriction of LR on each chamber 
is a quasipolynomial, and 7 is continuous. Sometimes 7 will be denoted by the 
same #°. A possible choice of chambers is described by an algorithm (principle) 
as follows. 


Notice that the combinatorial type of P“ in (10.2.5) vary in the same way as 
the combinatorial type of the closure of its convex complement in R%,, namely 
{x € (Rso)” : dX xja; > I'}, since both are determined by their common 
boundary .7. The inequalities in this last system can be viewed as a vector partition 
>) xiai + Oy Yvo(— Ev) = I’, with x; > 0 and y, > 0. Hence, according to the 
above references, we have the following chamber decomposition of L @ R. 

Let M be the matrix with column vectors {a;}"_, and {—Ey}‘_,. A subset 6 
of indices of columns is called basis if the corresponding columns form a basis 
of L @ R; in this case we write Cone(M,) for the positive closed cone generated 
by them. Then the chamber decomposition is the polyhedral subdivision of L @ R 
provided by the (minimal) common refinement of the cones Cone(My), where 6 
runs all over the bases as above. A chamber is a closed cone of the subdivision 
whose interior is non-empty. Usually we denote them by c, let their collection be €. 

We will need the associated disjoint decomposition of L ® R with relative 
open cones as well. A typical element of this disjoint decomposition is the relative 
interior of an intersection of type N-ce’¢, where €’ runs over the subsets of €. For 
such relative interior cones we use the notation cop. 

Each chamber c determines an open cone, namely its interior. And, conversely, 
each top dimensional open cone determines a chamber c, namely its closure. 

The next theorem is the direct consequence of [86, 4.4], [674, 0.2] and 10.1.10 
using the summation of the Ehrhart quasipolynomial associated with suitable convex 
parts of P ), (We state it for our specific facet—collection .7, the case which will be 
used later, but it is true for any other facet-decomposition of the boundary whenever 
Upneg FP is homeomorphic to a (n — 1)-manifold.) 


Theorem 10.2.8 
(a) For each relative open cone Cop of L ® R, P) is combinatorially stable, that 


is, the polytopes {P OV ceop have the same combinatorial type. Therefore, for 


any fixed h € H, the restrictions a (A, 7) and fas (A, F\ 7) to Cop NL’ 
of Lr(A, Z) and L,(A, F \ FZ) respectively are quasipolynomials. 


510 10 Ehrhart Theory and the Seiberg—Witten Invariant 


(b) These quasipolynomials have a continuous extension to the closure of Cop. 
Namely, T Sop is in the closure of Cop, then the restrictions to Cop of L(A, 7) 
and a (A, 7) agree. (Similarly for ye (A, ¥ \ Z).) 

In particular, for any chamber ¢ one has a well defined quasipolynomial 
L(A, 7)—defined as Aa (A, 7), where Cop is the interior of ¢ —, which 
equals L(A, 7) for all points of c. 

Hence, for any two chambers ¢, and cz one has the continuity property 


oA, T yleines = Ee (A, TF y\ einer: (10.2.9) 


(c) YA, Z) and L°, (A, F \ 7), as abstract quasipolynomials associated with 
a fixed chamber ¢, satisfy the reciprocity law 


Ly(A, FV) = (-1)" - 25, (A, F\ FJ, 1"). 


We define the semi-open unit cube (associated with L Cc L’) by {l/ = )) I Ey € 
L': 0 <I < 1}. Foranyh € d let ry; € L’ be the unique representative of h in the 
semi-open unit cube. We have the following consequences regarding the counting 
function I’ +> Q,(l') of f° (t) defined in (10.2.3): 


Corollary 10.2.9 
(a) Qh is a piecewise quasipolynomial. Indeed, for any h € H andl’ € L' 


On’) = Yo te Gry, FU — by). (10.2.10) 
k 


In particular, the right hand side of (10.2.10) is independent of the representa- 
tion of f as in (10.2.1) (that is, of the choice of {bx, ai}x,i), it depends only on 
the rational function f. 

(b) Fix a chamber c of L ® Rand for any h € H define the quasipolynomial 


On) := Dou Gp (A, FU — by). (10.2.11) 
k 


Then the restriction of Qy(I') to Ng (bg + ©) is a quasipolynomial, namely 


On(l') =O, (U') on ( \(be +0). (10.2.12) 
k 


Moreover, there exists I!, € ¢ such that I’, +¢ C Ng(be + ©). 
[Warning: Ly ty, 6A> TM —by) F Lyr—jy,(A, J, l'—bx) unless l'—[ by] € 
c.] 
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(c) For any fixed h € H, the quasipolynomial 0,0) satisfies the following 
property: for any l' € L' with [I'] = h, and any q from the semi-open unit 
cube one has 


Ol — 9) = 9,0). (10.2.13) 
In particular, by taking l' = q = rn: 


0;,(0) = O;, (rn). (10.2.14) 


Proof For (a) use (10.2.5) and the fact that by + > xja; # I’ if and only if )° xj;a; 
l' — by. Since the coefficients of the Taylor expansion depend only on /, the second 
sentence follows too. For (b) use part (a) and the fact that ¢M (Nz (bg + ©)) contains 
a set of type + ¢. 

(c) Consider those values /’ in some J, + c for which all elements of type 1’ — bx 
and /’ — q — b, are in c. For these values /’, (10.2.13) follows from the identity 
PO).<9 p '(h) = Pl'-9).3 9 p—!(h) whenever [/'] = h. This is true since for any 
l” with [2] = [I], 1” = I’ is equivalent to /” > I’ — q. Indeed, taking y = 1’ —I', 
this reads as follows: for any y € L, y > Oif and only if y > —q. 

Now, if two quasipolynomials agree on some /) + @ then they are equal. Oo 


10.2.10 The n = 0 Case Though in this case the polytope constructed in 10.2.5 
does not exist, we can look at f(t) = )°, i,t? directly. Using the notation 
of (10.2.3) we set 


Yo Qn’) Ta = S020") = YS alba. 


heH eal {k bp Zl} 


The point is that these functions L’ 3 I’ t+ Q,(I') have no extension to L @ 
R as continuous piecewise quasipolynomials. However, we can define a chamber 
decomposition of L@R imposed by {—E,}*,_, via the same principle as above. This 
provides two chambers: cp := Rso9(—Ey), and cy, the closure of the complement 
of co in R®. Then Qp(l') = pat [bpleny bk OD Nk (De + C1,op) and 0 on Nk (bE + 0). 
(Nevertheless, they have no common real continuous extension.) 


10.2.11 The Multivariable Equivariant Periodic Constant of a Counting Func- 
tion Corollary 10.2.9 motivates the following general definition. Fix a lattice L 
with fixed bases {E,}*_, and an overlattice L’ C L @ R of the same rank, and 
set H := L'/L. For any h € H denote by rm € L’ the unique representative 
of h in the semi-open unit cube >, 10, 1)E,. We fix some multivariable series 
S(t) = ver z(t! € Z{[[L']], and we associate with its coefficients a ‘counting 
function’. This depends on the choice of some ‘summation procedure’. In many 
cases (of this book) this appears as follows: for any l’ € L’ we define a subset 
R() Cc L’ such that its intersection with the support {l’ : z(l') 4 0} of S(t) is 
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finite. Then we define the counting function /' oR G ) associated with the choice 
of {I > RUD by Vneray 20") U1 = Den OR OYA] € ZLHI. 


Definition 10.2.12 Let “ Cc L’' ® R be a closed real cone whose affine closure 
aff(%) has positive dimension. For any h € H we assume that there exist 


(a) LéeH 
(b) asublattice L C L of finite index, and 7 
(c) amiultivariable polynomial 7 > Dp (), defined on LO aff(%) such that 


ORG +rp) =Qn) foranyle LN (+H). (10.2.15) 


Then we say that the counting function of S admits an equivariant periodic constant 
in .# and we define this equivariant periodic constant of Q* associated with .% by 


c&* (QR) = \~ po (OR) - [hl = Y~> Qn) - [A] ZLH]. (1.2.16) 


heH heH 


In a similar way, for any fixed h € H one can define the periodic constant of oR 
independently of the other classes. (Sometimes we will use the same notation for 
the real cone % and for its lattice points “ M L’ in L’.) 


Remark 10.2.13 


(a) The above definition is independent of the choice of the sublattice L: any two 
sublattices L} and L can be replaced by their intersection sharing the very 
same properties and the very same periodic constant. The advantage of ‘small’ 
sublattices is that convenient restrictions of oF might have nicer forms which 
are easier to compute. The choice of EL corresponds to the choice of p in 8.7.1, 
and it is responsible for the name ‘periodic’ in the name of pe®’” 

Usually, the candidates for Q are quasipolynomials, hence in (c) we might 
ask for the existence of a quasipolynomial. However, this is not really an 
extension, since the restriction of a quasipolynomial to a convenient sublattice 
is a polynomial. 


(b 


we 


Proposition 10.2.14 Let f be as in (10.2.1) above with n > 0 and by > 0 for all k. 


(a) Consider the chamber decomposition of L®R given by the denominator | |; (1— 
t) of f as in Theorem 10.2.8. Then Q defined in (10.2.3) admits a periodic 
constant pc, (f) := pc;,(Q) in each chamber c and 


pef(f) = O, (rn) = O;, (0). (10.2.17) 
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(b) If two functions f; and f2 admit periodic constant in some cone X, then the 
same is true for a, f| + a2 fo and 


pe” (a1 fi + a2 f2) = ape” (fi) + arpe” (fo) (a, a2 € C). 


(c) If f admits periodic constants in two (top dimensional) cones #4 and 44, and 
the interior (#4 0 443)° of XH 0 #4 is non-empty, then pe”! (f) = pe (f). 


In particular, if {¢;}i=1,2 are two chambers as in (a), and f admits a periodic 
constant in XH, and (¢, 1. #)° #0 (i = 1, 2), then pe“! (f) = pe? (f). 


Proof For (a) use Corollary 10.2.9; (b) is clear. For (c) we can assume that #2 C 
A, (by considering .%; and“, N .%2). Then if Q» is quasipolynomial on i +4 
(with J; € .%), then (I, + #2) N % contains a set of type /, + #2 with I, € %, 
on which one can take the restriction of the previous quasipolynomial. oO 


Remark 10.2.15 


(a) By Corollary 10.2.9(b)-(c) On@ + rn) = Onl) on Nebe + ¢, hence in the 
definition of the periodic constant we can replace (10.2.15) by the assumption 
Onl) = Qn) for any! € LN (i, + -#). 

Note that in the rational presentation of f we might assume that a; € L for 
every i. Indeed, take 0; € Zs such that oja; € L, and amplify the fraction by 
[],C. — t?“)/(1 — t®). Therefore, for each h we can write fj, (t) in the form 


(b 


wm 


2 


rh 
fr) =t ditt: Tate’ 
where aj, by € L, hence f;,(t)/t™ € Z[[t}][t~']. Then if we consider 
the nonequivariant periodic constant pc° of f,(t)/t™, (10.2.3), (10.2.12) 
and (10.2.17) imply that pe; (f (t)) = pe'(fp,(t)/t™) for all chambers @ 
associated with {a;};. 
Example 10.2.16 Assume that L = L’ = Z (with the basis Ej = lz) and #4 = 
Ro, and consider S(t) as in 8.7.1. If S(¢) admits a periodic constant in -%, then the 
definition of pc(S) from 10.2.12 is compatible with 8.7.1. 


Example 10.2.17 


(a) (Then = Ocase) Assume that f(t) = a pt? Then, using 10.2.10 (and its 
notation), pc*(f) = 0 and pe®"!(f) = >°y_, ulbe] € ZAI. 

(b) Assume that the rank is s = 2 and f(t) = t’ /( — t*), with both entries 

(a1, 42) of a positive. We assume that a € L while b € L’. Again, for 

:  [b] the counting function, hence its periodic constant too, is zero. Assume 

=([b i and write b = (b,, b2). Then the denominator provides three chambers: 

:= Zso(-E1, —E2), «1 := Zso(a, —E2), «2 := Zso(a, —E1). Then the 
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three quasipolynomials for 1/(1 — t*) are az = O and A (n1, 2) = [nj /aj] 
Gi = 1,2). Thus pe,’ (f) = 0 and pe,’ (f) = [-b;/a;| Gi = 1,2), since 
On(n) = Zoi (n — b) = [nj — bj /ai]. 
In particular, pc; (f), in general, depends on the choice of c. 
by bg 
_ yl = th 
(c) Assume that L = L’ and f(t) = Canty (ait 
with the denominator are: co := Rso(—E1, —E2), «2 := Rso(—Fi, dU, 1), 
c:= Rso(C, LD, (@, 1)) and cy) := Rso((2, 1), —E2). Then, by a computation, 


. Then the chambers associated 


2 
gt: Lh, bh) = $+ 3: 


2 2 avid 
L°(h,h) = sae +4—-hbh; 29(h,b) = 4, g,hCco' ue 
(10.2.18) 


Hence, by 10.2.14 and (10.2.11), pe (f) = 2 (—b 1, —b2). 


Example 10.2.18 (Normal Affine Monoids) Consider the following objects 
(cf. 10.2.1): a lattice L with fixed bases {Ey} (hence s = n) and with induced 
partial ordering <, an overlattice L’ C L@Q with finite abelian quotient H := L'/L 
and projection p : L’ — H. Furthermore, let {a;}?_, be (R—) linearly independent 
vectors in L with all their {E,,}-coordinates positive. Let .% be the positive real 
cone generated by the vectors {a;};, and consider the Hilbert series of the pair 


(#, L') 


fO= yt: 


VEHKNL' 


Consider the monoid M := Zso(a;) and B := (2 510, l)a;) N L’ (cf. e.g. [88, 
2.C]). Then the normal affine monoid .#  L’ is a module over M and by [88, Prop. 
2.43] # OL' = Lipeg b + M. Thus, f(t) equals >, 22 t?/ TT, — t”) and it 
has the form considered in 10.2.1 with every b > 0. 


If the rank n is > 3 then usually .% is cut in more chambers. Indeed, take e.g. n = 
3,a4, = (1,1, 1) + £; fori = 1, 2,3. Then .% is cut in its barycentric subdivision. 
Nevertheless, ifn = 2 then .% consists of a unique chamber and f admits a periodic 
constant in .%. Indeed, one has: 


Lemma 10.2.19 [fn = 2 then pa") = 0 for everyh € H. 


Proof It is elementary to see that .# is one of the chambers (use the construction 
from 10.2.7). Take B = {bx}, and write f = yy tk, where fp = te /( _ 
t“)(. — t”). The only relevant classes h € H are given by {[bj] : bi; € B}, 
otherwise already the Ehrhart quasipolynomials are zero (since a; € L). Fix 
such a class h = [b;]. Let aa (7)}, be the quasipolynomial associated with 
the chamber .% and the denominator of f. Then, by (10.2.17) and (10.2.11), 
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pe; 4 (fe) = ie by 67 > —b,;). This, by the Reciprocity Law 10.2.8(c) equals 
een Od \ 7, bx). Again, since the denominator is a series in L, for [by —b;] 4 0 
the series is zero; so we may assume that [by; — bj] = O. But, since bg € .%, the 
value ae (F \ J, bx) of the quasipolynomial carries its geometric meaning, it is 
the cardinality of the set consisting of m = na, + n2a2 such that nj > 0, n2 > 0, 
and the entries of m — bx cannot be both > 0. But since for any such m one has 
m > a, + a2, and a; + a2 — bx has both entries > 0, this set is empty. oO 


Example 10.2.20 (General Affine Monoids of Rank n = 2) Consider the situation 
of Example 10.2.18 with n = 2, and let N be a submonoid of N = .# 1 L’ of rank 
2, and we also assume that N is the normalization of NV. Set 


fOi= yt. 


VEN 


Then f(t) is again of type (10.2.1). Indeed, by Bruns and Gubeladze [88, Prop. 
2.35], N \ N is a union of a finite family of sets of type (I) b € N, or (UD b + Zéa;, 
where b € N ,£ € Zso, i = 1 or 2. Obviously, two sets of type (ID with different 
i-values might have an intersection point of type (1). In particular, 


fO= 2 tt ye = a Des —— 2a2 ge 
J 


VEN 


Note that the periodic constant of the first sum is zero by Lemma 10.2.19, and the 
others can easily be computed (even with closed formulae) via Example 10.2.17(a)- 
(b). The computation shows that the periodic constant carries information about the 
failure of normality of N (compare with the delta-invariant computation from 8.7.4). 


10.3. Ehrhart Theory of Z(t) Associated with a Plumbing 
Graph 


As an application of the general theory, we associate with Z(t) a dilated polytope 
and the piecewise quasipolynomials {_%},. The restriction of Y%, to the real 
Lipman’s cone .A%g is a quasipolynomial (though .%g might be cut into several 
chambers). We follow [349]. & 


10.3.1 The Construction Consider the topological setup of a surface singularity 
with rational homology sphere link. We fix a good resolution and let I” be its graph. 


The lattice L has a canonical basis {£,},-y corresponding to the vertices of the 
graph I". We investigate the periodic constant of the rational function Z(t), defined 
in 8.4.2 from I’. Since Z(t) has the form (10.2.1) with every by > 0, all the results 
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of Sect. 10.2 can be applied. In particular, if 7° = {v € V : 6, = 1} denotes the 
set of ends of the graph, then A has column vectors a, = E> for v € V°. Hence, the 
rank of the lattice/space where the polytopes P“ = UyPy sitisn = |\¥°|, and the 
closed convex polytopes {Py} (closures of {P;*},) are indexed by %. Furthermore, 
the dilation parameter /' of the polytopes runs in a |¥|-dimensional space L @ R. In 
the sequel we will drop the symbol A from 4% (A, 7,1’). 

In this construction, a crucial additional ingredient comes from singularity 
theory, it is Theorem 9.6.21 (in fact, this is the main starting point and motivation 
of the whole approach). This combined with facts from Sect. 10.2 give: 


Corollary 10.3.2 Let Y = ~p be the (real) Lipman’s cone {x € RI”: (, Ey) < 
0 for every v}. Furthermore, as usual, set l' =1+ rp withh = [I'] andl € L. 


(a) The rational function Z;,(t) admits a quasipolynomial in the cone , namely 


(K + 2rp +21)? +|¥| 


Ql) = $o[K+2r,](M) — 3 


In particular, Z(t) admits periodic constant in ./, which equals the normalized 
Seiberg—Witten invariant 


(K + 2rn)* + |V| 


pe* (Zn) = 240) = stor 42r,)\M) — : 


(10.3.1) 


(b 


ae 


Consider the chamber decomposition associated with the denominator of Z(t) 
as in Theorem 10.2.8, and let ¢ be a chamber such that the interior (C(N.Y)° 4 @. 
Then for l' € Ng (by + ¢) one has 


Onl) = You Giyy(ZU — de). 
k 


Furthermore, Zp(t) admits a periodic constant in c, which equals both pe” (Zn) 
and 


pe'(Za) = Yiu ZGiipyy(F.—be) = Yiu Zi nF \ Fe). 
k k 
(10.3.2) 


Thus, pc‘ (Zp) does not depend on the choice of ¢ (under the above assumption). 


Remark 10.3.3 The Newton diagrams of hypersurface singularities have certain 
similarities with the polytopes P“), Indeed, cf.5.5, the Newton polytope 
NI:(f) C (Ro)? is a convex polytope (similarly as the closure of (Rso)!”"! \ 
PO), hence NI“_(f) can be compared with pe), However, their role is rather 
different. If f has a non-degenerate principal part (and, for simplicity, let us assume 
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that NI” is convenient as well) then NI_(f) is related with the equation of f, 
with the equisingularity type of f. In contrast, P“ ”) is determined from the abstract 
ee type of the link of V(f). The first one sits in (R>9)*, the second in 
(Rso)!” 

On tie. other hand, in the view of Theorem 5.5.7, which recovers NI_(f) (up 
to equivalence) from the link, it would be a nice achievement to recover NI_(f) 
directly from P) for a certain I’ (or from some of the Pls), e.g. as in 10.3.5. 

In general, for a normal surface singularity, NI, (f) is not even defined, and 
even for a hypersurface with degenerate principal part, the amount of information 
what it carries is rather restrictive. In parallel, P’ is always defined and it caries 
strong topological information about the link. 


Remark 10.3.4 Corollary 10.3.2 shows that the Lipman’s cone .Y admits a periodic 
constant, hence, from the point of view of the periodic constant, it behaves 
uniformly (as a chamber). However the next example shows that .Y can be cut 
in several chambers of the denominator of Z. This fact indicates that in the case of 
Z(t), though the chamber decomposition algorithm from 10.2.7—-valid for general 
rational functions of type (10.2.1)—presumably is optimal from the point of view of 
the combinatorial types of P“ ”), or for the quasipolynomials 4%; (.7, 1), however, in 
general it is not optimal for the quasipolynomials of the counting function Q» (J'). In 
other words, several neighboring chambers might have the same quasipolynomial. 
(In fact, later in 10.4 we will modify this chamber decomposition, and in the new 
setup the Lipman’s cone becomes one of the new chambers.) 


Example 10.3.5 (Lipman’s Cone Disjointed by Chambers) Consider the hypersur- 
face singularity i + ra + 2 = 0, with triangle graph D237 (cf. 7.2.20), central 
exceptional curve Eo, and three other curves E;, E2, E3. The polytopes defined 
in (10.2.4), with parameter 7 = (/o, 1), 12,15) C Z’, sit in R®. Let uy, u2, v3 be the 
basis of R*. Then the polytopes are the next convex closures: 


lo I I lo l l 
PO = = conv{0, a aie eish pO = = conv{0, ai ou, 13) 
PO = = nti ou Diss eg PO = conv{0 a O14, Iou3} 
> 5 ] 2 ] 3 ’ 3 oy 2 2 * 


Note that (—e;)E* = Ej + E; for 1 < i < 3, hence the chamber decomposition 
is dictated by 4-tuples of the collection {Ej + E; ca 1 ~£0, {-Ei es _;- Since Ej + 
E,, —Eo, —E, —E2 isa possible basis, for 1 > € > 0 the vector E*+e(— Eo) is on 
the boundary of the corresponding cone. Since this Ej + ¢(— Eo) is in the interior of 
the (real) Lipman’s cone, we get that the Lipman’s cone is cut in several chambers. 
(The interested reader might check the variation of the combinatorial types as well.) 

By 10.3.2 Qo(/) admits a (quasi)polynomial in the cone .%, namely Qo(/) 
from 10.3.2(a). But for (X, 0) the SWIC is true, hence stug;x] (M)—(K?+|V|)/8 = 
Pg = 1. Hence Qo(/) = 1+ x(/) on Y. Furthermore, if ¢ is a chamber with 
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(cN.S)° FY, then by part (b) of 10.3.2 2°(1) — Z°(1— Ey) = 14+ x(). Though 
the right hand side is independent of c, “*° might depend on c. 

The periodic constant of Q(/) can be computed in any c, it is the periodic constant 
of 1+ x (J), hence it is 1. In fact, in general, by the continuity of the quasipolynomials 
associated with the chambers, any quasipolynomial associated with a chamber 
which contains any ray in the Lipman’s cone .“g (even if it is situated at its boundary 
d.%g), provides the periodic constant. One such degenerated polytope provided by 
a ray from 0.%g is of special interest. Namely, if we take /] = AE) € for 
A > 0, then PY = ee P& is the same as PL? = conv(0, 2Auq, 3Au2, 7Au3). 
(For a generalization see 10.3.A.) Moreover, if ¢ is any chamber which contains 
the ray R>0E5 9 at its boundary, then for any / = AE} one has @°(A, 7,1) = 
= (Po, ZF, x), where the last is the classical Ehrhart pclyaonial of the tethrahedron 
Po := conv(0, 2u1, 3u2, 7u3). Here we ao an _— coincidence of Po 
with the Newton polytope NTI~ of the equation z + a + Bes 

Let us compute L(Po, Z,). From Corollary 10.2.9, we get that (t) Qo(/) = 
L (Po, T,rnN- L (Po, ZF, —1). Again, as above, from SWIC Qo(J) = 14+ x (J). 
A x-computation gives Qo(/) = 1+ x (AE5) = — 2142 — A+ 1. Since the free term of 
ZL (Po, ZF , x) is zero (since for A = 0 the zero polytope with boundary conditions 
contains no lattice point), from (+) we get L (Po, Th) = 73 + 1007 + 4d. 

From the point of view of the Newton diagram NJ = Po, the formula 


L(P, J,4) — L(Po, F,4— 1) = pg + XE), 


realises a bridge between x (supplemented with the geometric genus) and the 
Ehrhart polynomial of the Newton diagram. 


Example 10.3.6 More generally, if I is as in 10.3.1 and vo € V is adjacent to 
all other vertices, then by a similar argument as above ES +e(-—Ep) (O<& « 
1) belongs to a chamber wall and also to the interior of a real Lipman’s cone. In 
particular, the interior of .%g is cut by the chamber decomposition. 


Example 10.3.7 (The Case of Lens Spaces) This example determines P’ ’) for the 
minimal resolution of cyclic quotient singularities (when the Newton polytope is 
not even defined). For notations regarding the graph see 2.2.A and 2.3. In this case 
H = Zn, it is generated by [E*], cf. 6.6.18. For different invariants and properties 
see Z.2.A, 2.3, 6.3.11, 6.6.18, 6.6.19, 7.1.21, 9.34, 9.7.12. 

We compare these results with Ehrhart theory. In this case Z(t) = (1 — 
t£1)-!(1 — t£s)—!. The vectors a; = E; and as = E* determine the polytopes 
P®) and a chamber decomposition. Since nE; — er Ny+i,sEy and nEY = 
a1 M1,v—-1Ev, for any l/ = >>, 1, Ey € , the (non-convex) polytopes are 


S 
pO) — U | (X1,Xs5) € Reo DX My4+i,s HXsM1y-1 < ni} Cc R3 . (10.3.3) 


v=1 


The representation Z* any Zn = H is (x1, Xs)  (qx1 + x5) [EF]. 
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Though PY) is a plane polytope, the direct computation of its equivariant 
Ehrhart multivariable polynomial is still non-trivial. Here we will rely again on 
Theorem 9.6.21. On a subset of type //, + -/ the identity (9.6.13) provides the 
counting function. The right hand side of (9.6.13) depends on all the coordinates 
of I’, hence all the triangles P, contribute to P. Since this can happen only in 
a unique combinatorial way, we get that there is a chamber c which contains the 
Lipman’s cone. Let Y°* be its quasipolynomial, and Y°™ its restriction on 7. 
Since the numerator of Z(t) is 1, 0, = £;. Since this agrees with the right hand 
side of (9.6.13) on a cone of type li, + ./’, and the Lipman’s cone is in c, we get that 


>t hy / K 2I' ph WV 
Onl’) = O10) = GF U) = sot 421M) — ore il 


(10.3.4) 


for any I’ € (rx + L)N #' andh € H. Since the SWIC is true for cyclic quotients, 
from (9.7.1) one has stog¢K+2)(M) = ((K + 2rn)? + |V|)/8. Hence 


LFV) = XU) — xCn) for any U! € (ry +L)". (10.3.5) 


For an arbitrary /’ € L’ and h € H we proceed as follows. Note that for any 
fixed A and any J’ there exists a unique q;,, in the semi-open unit cube such that 
U + ayy i=l” ery + L. Then (10.2.13) and (10.3.5) imply the general expresion 


LEG MV) = LEG WM) = x +4) — Xn). (10.3.6) 


This formula emphasizes the periodic behavior of J’ ar (7, 1’) as well. 
If /’ is an element of L then gy», = rn, hence (10.3.6) gives in this case 


LE (Fl =x +rn) — x(t) =x —Urn) forle LAY. (10.3.7) 


Hence, pee) = xX(rn) — X(Tn) = 0 (a fact compatible with pg((Xa, 0)) = 
0). 

The non-equivariant case looks also interesting. Let Y"°"(7) = 
hen Bee), Then, (10.3.7) for! € LAY gives 


Get (GF, D=n- xD —(, Yo, Th)- (10.3.8) 


a rj, can explicitly be determined. Set dy = gcd{n,n1,,-1}. Then from 6.6.19 
aE* = diy M1,v-12 Ey, "la E*] = ay {m1 .-12} Ey and Mh Th = ae nh Ey. 

The coefficients of the polynomial Y”"°” (.7,1) can be compared with the 
coefficients given by general theory of Ehrhart polynomials applied for P. E.g., 
the leading coefficient shows that the area of P is —n - (1, 1)/2. 
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Knowing that all the P,’s contribute to P, and it depends on s parameters, and 
the intersections of the boundaries of different P,,’s are messy, the simplicity and 
conceptual form of (10.3.8) is rather remarkable. 


10.3.A Reduction of the Variables of Z(t) 


We show that the periodic constant (and certain restrictions of the counting 
function) of Z;, can be recovered from the series obtained from Z)(t) by the 
substitution t, = 1 for every non-node vertex v. We follow [349]. & 


10.3.8 Let ./ denote the set of nodes {vu € VY : ky > 3}, and we assume that 
NW # W. (The analogue statements, valid for .” = 9, are presented in 10.3.7.) Let 
Ap,.v be the positive real cone R>o(E*)ne.y generated by the dual base elements 
indexed by -¥, and let V4, := R(E})ne.y be its supporting linear subspace in 
L®@R. Clearly Ag, y C Ap. Furthermore, consider Ly := Z(En)ney generated 
by the node base elements, and the projectionz_ y : L@®R— Ly ®R on the node 
coordinates. 


10.3.9 We wish to prove that if /' <¢ V%,, then the polytopes { Pe hoe w become 


non-visible in P“) = Uvey ph), hence they can be eliminated. In particular, for 
such an /’, the counting function Q(l') depends only on pr.y(/'). This fact will 
provide a remarkable simplification in the periodic constant computation as well. 


Theorem 10.3.10 


(a) The restriction of Ly(A, 7 ,l') to V*, depends only on those coordinates of I’, 
which are indexed by the nodes. 

(b) The same is true for the counting function Qp associated with Zp(t) as well. In 
other words, if we consider the restriction 


Za(ty) := Zp (O)|r,=1 forall VEN 


then for any I’ € L*,, the counting functions ))yyy 3u[l") of Zn(t) and 
Zn (ty) equal. 

Consider the chamber decomposition of AR, by intersections of type cy := 
cOApr.y, where c denotes a chamber (of Z) such that int(¢eN 7%) 4 Y, and 
the intersection of ¢ with the relative interior of YR,.y is also non-empty. Then 


(c 


—— 


pe®” (Zp(ty)) = pe*(Z;,(t)) = Qp (0). (10.3.9) 
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The theorem applies as follows. Assume that we are interested in the computation 
of pce‘(Z;,(t)) for some chamber c, which intersects the relative interior of both Ap 
and “gy. Then, the restriction to cM -“g,.y of the quasipolynomial associated 
with c has two properties: it still preserves sufficient information to determine 
pce‘ (Z;,(t)) (via the periodic constant of the restriction, see (10.3.9)), but it also has 
the advantage that for these dilatation parameters /’ the union Uycy pe equals the 
union of essentially much less polytopes, namely, it is Une. y pes, For example, 
when we have only one node, one has to handle only one convex simplicial polytope 
instead of a union of |¥| ones. 

Proof (a) We show that for any J’ € V%, one has the inclusions 


pis C U pe. for any v ZN. (10.3.10) 
neEV 


We consider two cases. First we assume that v is on a leg (chain) connecting 
an end e(v) € ¥° with a node n(v) (where e(v) = v is also possible). Then, 
clearly, (10.3.10) follows from 


p< Cc pee for any I’ E Vi. (10.3.11) 


Let E*, = (EX), = —(Ej, E%) be the v-coordinate of E*. Note that E*, = E},,. 


Using the definition of the polytopes, (10.3.11) is equivalent to the implication 
(cf. 10.2.5) 


( > i a Ss tee ne =e ) for any /’ € V*¥), and x, > 0. 
ecve ecve 


(10.3.12) 


Let YW be the set of vertices on this leg (including e(v) but not n(v)). Then, one 
verifies that there exist positive rational numbers @ and {ay} »ew, such that 


BRS a EX y+)” py. (10.3.13) 


wEew 


(See 10.3.16 and 10.3.17 for a similar situation with detailed arguments.) The 
numbers @ and {ay} wey can be determined from the linear system obtained by 
intersecting (10.3.13) with {Ew}w and Eniy). Intersecting (10.3.13) with E> (e € 


V°), we get that EX, = aE nye for any e # e(v), and ee, = a Ey) e(v) + Gey). 
Hence 
SS Ee HO Heh ya Reape: (10.3.14) 


eevee ecve 
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On the other hand, intersecting (10.3.13) with E*, forn € WY, we get EX, = 
OE yn Since /’ is a linear combination of {E7}ne.yv’s, we get (I', > ,cyw AwEw) = 
0 and 


= a = i E*) = a(', Ex) = =Hhipays (10.3.15) 


Since Xe(y)@e(v) = O, (10.3.14) and (10.3.15) imply (10.3.12). This ends this case. 
Next, we assume that v is on a chain connecting two nodes n(v) and m(v). Let 
W ve the set of vertices on this string (not including n(v) and m(v)). Then 


PO ¢ pPOsy POs for any I! € Viz. (10.3.16) 
This follows as above from the existence of positive rational numbers a, 6 and 
{Qwhwew with E¥ =a Ek + B En) + wey AwEw.- 

(b) follows from (a) and from the fact that by, € .A%p,.y for every k. 

(c) If pe‘(Zp(t)) is computed as Q;,(0) for some quasipolynomial Q;), defined 
on LC L, then part (b) shows that pe‘ (Zp(t.y)) can be computed as 
(Qal Ine. )(0), which equals Qy (0). Oo 


Remark 10.3.1] Even after this reduction to V*,, if |.” | > 3 then in general .Yg,_y 
still can be divided into several chambers. For an example see [349, Ex. 5.4.12]. 


Example 10.3.12 (The One-Node Case, the Star-Shaped Plumbing Graphs) 

We fix i € H and a representative /’ with a := —(E5; l') € [0, 1). For notations 
and several formulae see 8.1.B. As it is explained in 8.1.B, a is uniquely defined 
under this assumption, and it is realized e.g. for // = rj;,. Recall that Z;,(t) has the 
form r*- yee 3e t®; here the exponents {a+ £}¢>0 are the possible Ep-coordinates 
of the elements (rp + L)N.4'. Next we compute the counting function for Z,(t) = 
Zn(O|t,=1, v¢.v. We will rely on the computation of P;,(¢) from 8.1.B, since for 
weighted homogeneous singularities Z(t) = P(t). In particular, corresponding to 
the sum-decomposition P, = Pe + P, we have Z;, = o; + Z, as well. 


If S(t) = 0, zt” is a series, we also define Q(S)(r’) = )0_, zr forr’ € Qso. 
The next lemma follows from 8.1.9 (recall that t := x /e, cf.5.1.29). 


Lemma 10.3.13 For any n € Ns one has the following facts. 
(a) Q(Zn)(n) = Q(Zp)(n + a). 


(b) O(Z})(n) is a step function (hence piecewise quasipolynomial) with 


QO(Z;)(n) = pe(Zn) forn > deg(Z;). 
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(c) Q(Z, )() is a quasipolynomial: 


Oz Vm) = (1~ earn =e ED — YT 
— (10.3.17) 
= Bee tay (So) (Ao*} 8) 


In particular, ifm = ma form € Z, andn > deg(Z/'), then the double sum is zero, 
hence 


en 


O(Zn)(n) = —> 


a S (e+ 1 — 2a) + pe(Zp). (10.3.18) 
This is compatible with the expression provided by Theorems 9.6.21 and 10.3.10. 
Indeed, let us fix any chamber ¢ such that int(¢N .%’) # @, and ¢ contains the ray 
& = Rso- ER Since the numerator of f(t) is (1 —ffoy all the by—-vectors belong 
to &. In particular, MN (bg + ©) intersects Z along a semi-line =" = Rsconst - E5 
of &. Since Q;(I') is quasipolynomial on Nx (by + ©), cf.(10.2.12), and a certain 
restriction of it is determined by (9.6.13) whose right hand side is a quasipolynomial 
too, we obtain that the identity (9.6.13) is valid on @=° as well. This reads as 
follows. 

Recall that for any h € H andl’ € L’ we have a unique qj, in the semi-open 
unit cube such that 1! + gin € rn + L. Hence we get 


(K + 2I! + 2qi,n)? +1%| 


7 (Ue B=).  (10.3.19) 


On(U’) = stop K421')(M) — 
The term gq)’, is responsible for the non-polynomial behavior. Nevertheless, if we 
assume that I’ = moE} € #=°N L, m € Z, then qin, = rn, hence by (9.6.14) 


_UU+EK +2) 


On(U') = 5 


+ pe(Zy). (10.3.20) 
By the Reduction theorem 10.3.10 Q;(I') from (10.3.20) depends only on the Eo- 
coefficient of J’ = moE9, which is exactly ma. One can see that in fact (10.3.20) 
agrees with (10.3.18) if we set n = ma. 

The non-equivariant version can be obtained by summation of (10.3.18). For this 


we need )*,, a(rn). Note that a(r;) vanishes exactly d/o times and in all other cases 
a(rn) # 0, and a(rp) + a(r_n) = 1. In particular, 2°, a(rn) = d — d/o. (Here 
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d = |H |.) Therefore, the summation of (10.3.18) provides 


den? 


Qo" (Z")(n) = — 5 


d 1 
sp (+ <) + pe(Z") (forn€aZ). — (10.3.21) 


Next, we will identify the coefficients of (10.3.18) and (10.3.21) with the first 
three coefficients of the Ehrhart quasipolynomial %; (.7) via the identity (10.2.12). 

For simplicity we will assume that o = 1, in particular all the b,—vectors belong 
to L. If l' € &, then by ‘Reduction Theorem’ 10.3.10 the counting function 
L(7,1') of the polytope po) depends only on the Ep-coefficient of /’; let us 
denote this coefficient by /). Hence, this 4 (.7, 1p) is the Ehrhart quasipolynomial 
of the v-dimensional simplicial polytope, being its h—class counting function. 
Via (3.5.2) the definition (10.2.4) of this polytope becomes 


Py = {(x1,.--, xv) € (Reo)” : Bar 21h}: (10.3.22) 
. L 
L 
The representation is x +> [}°,,c.ye XyE¥]. Let 
~ (Ig)! 
LiF, 19) = D> en, 7M) (10.3.23) 
jl 


j=0 


be the coefficients of the equivariant Ehrhart quasipolynomial: each ey, ; (Jj) is a 
periodic function in /j and it is normalized by 1/j! by the convenience of the next 
expressions. Since the numerator of f is (1 — t!/l¢l)*~?, by (10.2.12) for l/ € B 


i ad aK Pe. - BS 
ays ¥ en ld) 5 dd ( ; )(o- a) (10.3.24) 


j=0 


This should equal the expression (10.3.19) above. The non-polynomial behavior of 
this expression indicates that ¢ ; (Jj) is indeed nonconstant periodic. 

Since we are interested primarily in the Seiberg—Witten invariant, namely in 
pc(Z),), we perform this explicit identification only via the expressions (10.3.18) 
and (10.3.20). Hence, similarly as in these cases, we take J! = moE, € B~NL, 
and we identify (10.3.18) with (10.3.24) evaluated for 1’, whose Eo-coefficient is 
I = ma =n. In this case ep, ; (7) is a constant, denoted by ep, ;, and 


en> en $8 : (= pfve2 k yi 
— + S(e+ 1 - 2a) + po N= Deeks DCD c )@-a)- 
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This implies 


thy _ 1 


ler ~~ el 


ee eee (10.3.25) 


lel 1 


Shv—2 = pe(Zp) ae eres i Pet t= 2a). 


je|Y— 


In particular, the e,,,-2 can be identified (up to ‘easy’ extra terms) with pc(Zp) 
(hence with the equivariant Seiberg—Witten invariant of the link). [The interpretation 
of the first two coefficients is the equivariant analogue of 10.1.6, though, in the 
second case, one has to remove the corresponding facets.] In this identification of 
the coefficients the next combinatorial identity is helpful (see [576, p. 7—8]) 


0 ifj <v-2, 


a oe ae fjsv=2, 
=i pu: k *\ki = w=2v=-)/2 epov—'l, 
(v —2)(v — 1) vv —5)/24 if j=v. 


In the non-equivariant case, if ae) ej a is the Ehrhart polynomial of Po, then 


a = =]; Qi 


Sh = TT], ay (-2 +>; +) ja (10.3.26) 
ie = Toa — APMP + 2S + dd). 


Remark 10.3.14 The article [349] contains the comparison of the coefficients of 
the equivariant Ehrhart quasipolynomial and the Seiberg—Witten invariants for any 
(rational homology sphere) plumbing graph (and a detailed analysis of the two-node 
case). 


10.3.B Technical Lemmas Regarding the Intersection Form 


One of the key properties of the periodic constant of the counting function Qy is 
that it equals the correction term of a certain additivity formula. The most general 
additivity formula has the following form: Let us fix a subset 4% C V, % £ G, 
and denote by {7},}, the collection of full connected subgraphs of I” with vertices 
VY \ &. Then one can compare different invariants of ” and U; Ty. In order to 
formulate and prove such surgery formulae we will need several combinatorial 
properties of the intersection form with respect to such decomposition. In this 
section we list several of them. & 
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10.3.15 We assume that I" is as in 10.3.1, and we write Y as a disjoint union  U 
V2. Recall that J denotes the intersection matrix (£,,, Ey)y,y. For the E',-coefficient 
of I’ € L’ the notation /’|,, is also used. Write also Ly, = Z(Ey) yey, i = 1, 2. 


In [354], based on the diagonalization procedure of [178, §21], the next lemma 
was proved for the case when the full subgraph with vertices % is connected. 


Lemma 10.3.16 According to the decomposition V = V, U %2 write the matrix 
—I in the blocks (é *) and its inverse (—1)~! as (6 3): Then one has: 


(a) D' is positive definite with positive definite inverse S, where, in fact, S = D — 
CA7'B. 

(b) For all entries u,v € Vz one has (—S)yy = (—D) yp. 

(c) Let (, )moa be the symmetric negative definite integral bilinear form on Ly 
associated with —S. Then (E*|y, Ev|%)mod = —Suv for any u,v € P. 


In particular, if we embed the dual lattice Ly, = Homz(Ly, Z) into Ly ®Q given 
by (, )moa then the image is Z(EX|%)uevs- 


Proof 


(a) We use Jacobi’s equality between complementary minors. Since —J is defi- 
nite and A is invertible (by Sylvester criterion), (tT) (3 *) = ( 2 :) (3 :) 


cA! rd} \0 S 


a a) follows, where S = D — CA7'B is the ‘Schur complement’ of A. 


0 Id 
Inverting (+) term—by—term gives D’ = S~', hence det(—J) = det(A)/ det(D’) 
and det(D’) > 0. In order to get the positive definiteness of D’ (and to 
apply Sylvester criterion for it) we can repeat the procedure for any block 
corresponding to the upper left minor of D’. 
(b) All entries of B and C are non-positive, while all entries of A~! are positive 
(cf. 2.1.19). Part (c) is the reformulation of D’ = s, 


oO 
Lemma 10.3.17 Let ¥ = %U % as above. Let & be the set of vertices from V2, 
which are adjacent to a vertex from Vj. If vx) € Vj let V%\,y, be the set of vertices of 


the connected component of '(%) (the full graph with vertices V,) which contains 
vy, and let B,, be the set of vertices from 42, which are adjacent to V,_y,. 


(a) Then for any v1 € % there exists a unique collection a,, € Qs indexed by 
v2 € B,, such that the Ey -coordinate of 


for any v5, € By, is zero. 
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(b) For any vy, € % with the coefficients {ay > OneAy, from (a) one has 


Oy» Ey lv 


v2 EByy 


(c) The projection of the Lipman’s cone 1, (.A) is top-dimensional in Ly,®R and 
it equals Rs0(E}, |“~)ner- Moreover, 1,(-7g) = (1% (Ap))° and it equals 
R50( Ey, 4) ners: 

(d) wy (Se) = (le Ly @R: U, Eyly)mod $0 foranyv € V3}. 


Proof Consider the expression V* with some coefficients {a,, },, and the linear sys- 
tem VF ly = 0 for every v5, € A,,. The matrix of the system is (E>, , Ey ur. vyeB , 
which is non-degenerate by 10.3.16. Hence the system has a unique rational 
solution. Next notice that for any u ¢ %,y, one has V*|, = 0. Indeed, write 
V* as V;** + V;, where V;* is supported in %,y, and V> in V \ (Y,v, U Ao,). 
Then (V;, E,) = (V*, Ey) = 0 for anyu ¢ %, U By, hence V;* = 0. This 
shows that V* equals the cycle E‘, ('(%,v,)) (computed in the graph [(%,»,)). 
Furthermore, if for any v2 € By, we set v(v2) € %,y, adjacent to v2, then 
ay, = (V*, Ey) = (Ey, P(“A0)); E,,), which equals the v(v2)-coefficient of 
Ei ('(%,v,)). Since this coefficient is positive, a,, > 0 follows. oO 


10.3.18 Multiplicity Systems Revisited Fix the integral cycle] = )>,, myE, € L, 
which in the dual base is / = }°,, cy E%. For each v € ¥ in X we consider 2-discs 
(cuts) {C ae ,, each of them intersecting EF, transversally in generic points and 
with ei C aX. Then, whenever 7; Cy,i = Cy for every v, C(I) := > Um Ey + 
par Cy,iCy,i) iS a relative cycle in (X, aX) with (C(/), E,,) = 0 for every v (hence 
its class in H>(X, ax, Z) is zero). Each 0Cy jC aX is a link component in aX, 
and their collection endowed with the multiplicities {c, ;}),; forms a multilink with 
‘multiplicity systen’ {my, Cy,i}y,i, Cf£.3.3.6. 


If cy; = 0 and at least one inequality is strict, then each m, > 0 too, cf. 2.2.5(4). 
Moreover, under the same hypothesis, the multilink is fibered. [Indeed, by analytic 
realization 2.5, there exists an analytic structure in which the fibration is realized 
even by an analytic Milnor fibration. ] 

Fix C(/) and a multiplicity system as above. Let I’ be a full connected subgraph 
of I and X(r") a small tubular neighbourhood of Uvevry) Ev in X. Then C(l) 
induces the homologically trivial relative cycle be (myE,yNAXU")+ ; CyiCy iO 
X(I’’)) in X(I”). This gives a multiplicity system of I”’. In a different language, 
the E,, respectively the E*—multiplicities of / after restriction are the following. 
A cut C, is preserved with its multiplicity c, if v ¢ YU), otherwise it becomes 
empty. The restriction of E, becomes empty if Ey M X(I"') = Q; it becomes the 
cut E, A X(I’) of Ey with multiplicity my if E, A E(”) is the point Fy N Ey; 
and it remains F,, with its multiplicity m, if v ¢ W(I’). (Homologically, this is 
the cohomology operator R associated with the inclusion j : L(I’) @ L(I), 
cf. (9.6.8).) 
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10.3.19 Write VY = % Uu % as above, and assume now that I"(%) is connected. 
Let the boundary 4 := {u € % : Jw ¢ % adjacent to u in I’} be defined as 
in 10.3.17. For any fixed u € &, I,, denotes that full connected subgraph of I’, 
which contains u and all the connected components of '(%), which have vertices 
adjacent to u. Write “44 = VY U1,u). 


As above, Z(ty,) is the reduction of Z(t) to the variables indexed by 7%. 
Lemma 10.3.20 


(a) Any element from the support of Z(ty) can be written in a unique way as 
ieee ryE}|y, for certain coefficients ry € Qso. 

(b) Fixu € &. Let ko, be the number of edges from 42 adjacent to u. If K2,.4 > 2 
and es ry E%|y, is in the support of Z(t), then ry: Ex|y < eves (Ky — 
2) Et lu- 


Proof 


(a) follows from 10.3.17(a)-(b). In fact, foru € Aandv € %,y, the cycle] := 
EX. E*|, — Ex. E*\, € L ® Qis supported in %,, \ uw. In particular, 


Evly = Ely: (E}lu/Ezlu)- (10.3.27) 


Next, write Z(t) as Z2(t) - [],<gZiu(t), where Z),,(t) := Then, - 
t£0)"~2 and Z(t) := Tena —t®0)*»-2. Hence, in the support of Z(ty,), 
the term Z2(ty,) chips in with {Et | 4 }ve%\g, while, Z1,,(ty,) with EX|, for 
each u € &. Moreover, {E*|}ye% are linearly independent by 10.3.16. 

(b) We construct the following graph Ty with arrowheads: I, e consists of all 
the vertices and edges of I,,, and we also add k2,, arrowheads attached to 
u (more precisely, we replace the u—adjacent edges from % by arrowheads). 
Each arrowhead represents a cut of E,, in xX (11.1). We regard their collection 
as a multilink, that is, we endow the vertices and arrowheads with a multi- 
plicity system (of I" -) as in 10.3.18. We define the m,—multiplicities as the 
multiplicities of dE; restricted to %,, where d = det(—J). That is, the 
multiplicity of a vertex v is dE*|, = dE*|, = —d(E%, E*) € Zso. Then 
the sum of the multiplicities of the arrowheads (all of them at uw) should be 
Cy =d+d ye, Ex|w, where the sum runs over the adjacent vertices w of u in 
Vo (there are 2, of them). Since each dE*|y > 1, we get cy > d+k2,y, hence 


we redistribute c, into «2,, positive integers, such that one of them is 1. These 
integers will be the multiplicities of the arrowheads (link components) of TY, 


The constructed multiplicity system defines a fibred multilink (cf. 10.3.18). Since 
one of the multiplicities is 1, the corresponding Milnor fiber is connected, cf. 4.1.9. 
Furthermore, by A’Campo’s theorem 4.1.22, the inverse of the monodromy zeta 
function of the Milnor fibration is ¢~!(t) = Tex, (1 — 1¢Fvlu)*»—2_ Hence, 
comparing the definitions of ¢ and Z;,,, and using (10.3.27), we get that the reduced 
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series of Z1,, is obtained by the following substitution: 


Ziwlty) =F OL ety, set (10.3.28) 
troty, 


A(t)/(t — 1), where A(t) is the characteristic polynomial of the monodromy of 
the first homology of the Milnor fiber, cf. 4.1.22. Hence, ¢~! is a polynomial if 
and only if it has no pole at t = 1. But, since %., is a tree, the vanishing order 
ord;1f7'(t) = yey, (kv — 2) = 2+ kay > 0. 

Furthermore, the degree of ¢~! is ve% , (ky—2)d E¥|,,, and the (rational) E**|y, 
degree of Z, ,,(ty,) is deg(¢—!)/(dE*|,). Finally, from (a) and its proof, all the 
contribution into the coefficient of E*|y, in Z(ty,) comes from Z ,, (ty). oO 


We claim that if x2, > 2 then c(t) is a polynomial. Indeed, it has the form 


10.4 The Modified Counting Function 


We fix % C V¥, 4 #4 Wandh e€ H. By the inclusion—exclusion principle, the 
counting function Q),.7 of Z;,(t.z) can be written as Log gcs(-)) Alla, g, 
where the expressions gy, y are the ‘modified counting functions’. 

A modified counting function has several advantages compared with the 
original one, namely: (i) from the point of view of Ehrhart theory it corresponds 
to a convex polytope (unlike P" considered in (10.2.5)), see 10.4.5; (ii) its 
chamber decomposition is compatible with the Lipman’s cone, that is, .“%g is 
not dismembered by the chambers of the new situation (in contrast with the 
chamber decomposition of Qj, cf. 10.3.5), see the next 10.4.12 and 10.4.14 for 
this case; and (iii) it satisfies certain “convexity’ property, which generates a lot 
of combinatorial cancellations, see 10.4.A. Using these properties in 10.4.B we 
establish an additivity formula for qn, 7, which will generate a general additivity 
formula for Q;, and for their periodic constants as well. 

The advantage of the modified counting function, compared with the original 
one, was firstly realized in [354]. Here we follow [356]. & 


10.4.1 In the next discussions the following notation is helpful. 


Definition 10.4.2 We say that a,b € Ra= {dv}v, b = {by}y, satisfy a ~ b if 
ay < by for all the coordinates v. 


10.4.3 We fix % C ¥, 4 £ Wand some h € H. As we will see later, in the stv— 
surgery formula the counting functions of the reduced series Z;,(t,z) plays a role. 
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This can be defined using the coefficients 3(/') of Z;,(t) too. Indeed, set 


Ong {Vel : =h}>Z, Orv V)= » 31"). 


UW gZl |g, WU =h 
This, indeed, equals the counting function of the reduced series Zp, (t.z). 


If in a certain context we wish to emphasize that Qj. is associated with the pair 
(Z, F) provided by the graph J”, then we write OF 4 instead of Qj. 
By inclusion—-exclusion principle, the sum which defines Qj, (/') is 


p> 3(1") _ > 3(1") = ee (-1)|41+1 x 3(1"), 


Wigdl ye qweF: 1! <I, DA ICI Wi gal y 


where everywhere [/”] = [/’] = h. This motivates the following definition. 


Definition 10.4.4 For /’ € L’ with [l'] = h and .% Cc V (% F B), the ‘modified 
counting function’ associated with Z(t) (or, with Z;(t.z)) is 


meCr= + 30". 


gs 
Again, sometimes we might write qh. g (I') instead of gy, (l/) as well. 


10.4.5 Next, we list certain Ehrhart theoretical properties of the modified counting 
function qn,.g. Since they are valid for the modified counting function of the Taylor 
expansion of any rational function, we present the statements in this general setup, 
as a parallel discussion of 10.2. Accordingly, we fix a rational function as in (10.2.1), 
we consider its expansion 7 f(t), its H-decompositions T f,(t) as in (10.2.2), and 
the representation p as in 10.2.5. Then, for any v € Y andl’ € L’ the vectors 
{a;}?_, determine a simplicial polytope (cf. (10.2.4) and (10.2.5)) 


Py = {x € (Rao)” =D xiaiy <I}. (10.4.1) 
i 


In the original situation of 10.2, compatibly with Q(J’), we had to take the non- 
convex polytope P“) := U, P, of (R>o)” for the summation region. In the present 


situation, for any % C V, % # UB, we define ™ py = Nye.g Py. Clearly, ™ p® 
depends only on the projection z.7(L’) = {l/, := l'|y : I! € L’} on the #- 
coordinates. Hence, ” pO are closed dilated convex polytopes indexed (or, dilated) 
by lls = Veg ly Ev € m9 (L'). 

We assume that l'y moves in some connected region of zy (L’) in such a way that 


m po stays combinatorially stable. In such a case we can associate the set (dilated 
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family) of facets FD to the stable combinatorial type of the dilated polytopes. 
Again, as in 10.2.5, we distinguish those facets which sit on coordinate hyperplanes 
U;{x; = O}, and we denote the collection of other facets by .7, Ina simplified 
notation: Zg C Fy. 

Furthermore, we consider the equivariant counting function 


"LT g Ug) = Y. "Li FoUg)- th = Y1-[ 7, xia] € ZL, 
heH 
(10.4.2) 
where the last sum runs over x € ope ue , where mpu MWA se mpl) \UregyF. 


According to the equivariant Bhrhart theory, applied to the dilated polytopes 
mpl ) , for any h € H the counting function ".%,(.Zy, l',) is a quasipolynomial, 


whenever /’ ‘g Moves in some connected region of zr g(L’) in such a way that ” Py @ 
stays combinatorially stable. The inequalities of (10.4.1) can be viewed as a veto 
partition )y7_, x1 - ily + Vyeg uv: Evly = l', with x;, yy = 0. Hence, by 
[354, 674], the stability of the combinatorial type of ” P, ) is determined by the 
following chamber decomposition of 2.7(L’ @ R) = R' gt |: let By be the set of 
all bases b C {aj|.v, Eyl.y : i € {1,...,n},v € 4%} of RI, Then a (big, open) 
chamber copy is a connected component of RI! \ Upes3 , OR>0b, where 0R>0b 
is the boundary of the closed cone Rsob. (See also 10.2.7 for another equivalent 
formulation how we can derive the set of chambers from the terms of the vector 
partition. Observe also the sign difference of E,,’s compared with the non-convex 
polytopes from 10.2.7.) In particular, the chamber decomposition is independent of 
the choices of h € H. 

Hence, if Uy moves in such an open chamber cy,, then the above count- 
ing function of lattice points "%,(Z¢, Up) is a quasipolynomial, denoted by 
ae od Ok l'g). One can extend” Z' (7, l'g) continuously to the closure ¢ of cop 
as a quasipolynomial. All these extensions glue together into a continuous piece- 
wise quasipolynomial of R'”!. This piecewise quasipolynomial is the expression 
™ (75,1 g), 

By the equivariant Ehrhart-Macdonald-Stanley reciprocity law, for any fixed h 
and fixed chamber c one has 


"Li (Teg) = (-1)": "LS, (Fo \ Zo, U's). (10.4.3) 


(We warn again, cf. 10.1.11, that usually the parameter —/’, is included in a different 
chamber than c, thatis, "2°, (Fg \ Fg, lg) # "L_n\F a \ Ze, —l'g).) 
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10.4.6 Next, let us consider the modified counting function associated with 
Tf (t) = 0), z(t! , namely, for any l’ € L’ defined by the identity 


dS 20") WI = Dan OC). 
"gly heH 


Then the general theory above has the following consequences. (These are the 
analogues of Corollary 10.2.9 and Proposition 10.2.14.) 


Corollary 10.4.7 We fix h and ¥. 
(a) qn,.g is a piecewise quasipolynomial, which can be written as 


an9U') = oes "Lr Zoi U yg — dels). (10.4.4) 
k 


(b) For a fixed closed chamber c of RI! define the quasipolynomial 


G90) = Yo "GE yy Foi lg — bila). (10.4.5) 
k 


Then qn,.g is a quasipolynomial on Nx (bx|_g+¢), namely, for lg € Nk(bel|_ gto) 
one has qn, (U') = Gg U). 

For any fixed h € H, the quasipolynomial Th (l') satisfies the following 
property: for any I! € L’ with [I'] = h, and any q from the semi-open unit 
cube one has 


(c 


—— 


Gn,9U' — 4) = Gj, gC). (10.4.6) 
In particular, by taking I! = q = rp: 
Ty,,.¢ 0) = Th,.g (th): (10.4.7) 


(d 


YS 


For any fixed chamber ¢ the modified counting function qn,.g admits a 
quasipolynomial hg in the sense of 10.2.12, which satisfies the identity 
Gn.¢]) = Gg) for! = 1+ rp. Additionally, qn,.g admits a periodic 
constant pe‘ (qn,.7) = hg (0) = Tn,.g Th) associated with the chamber ¢ as 
well. 


10.4.8 The statements of (10.4.5) and (10.4.6), valid for any rational function f, 
will be applied for Z(t) associated with a plumbing graph. That is, the modified 
counting function gj,.g is defined as in (10.4.4) using the coefficients of Zy(t), or, 
equivalently, of Z,(t.). 
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Definition 10.4.9 In this case pe‘ (qp,.7) will be denoted by mpc‘ (Z;(t.z)), and we 
call it the modified periodic constant of Z;(t.v) associated with h, % and c. 


10.4.10 The Chambers of the Modified Counting Function of Z),(t.7) Recall 
from 10.4.5 that the chambers of the modified counting function associated with 
Z(t.z) are determined by the collection ”"B.v of the bases b C {E3|.v, Evly : 
ee V(r), v € FY}, where ¥°(I") denotes the end-vertices of I”. In fact, since 
in the chamber-construction we use the real simplicial cones generated by b’s, any 
of the above vectors {E7|.7}¢ and {Ey|.7}y can be replaced by any of its positive 
multiples. 


These vectors are determined by a vector partition argument; the vectors 
{E%|.7} are read from the denominator of Z(t.z). Indeed, Z(t) has denominator 
Teever rd — th ), hence by a ‘rash argument’, the denominator of Z(t.z) is 


Tleecye yl = i; ). This is true, however, if by simplification we can reduce 
this denominator, then we can reduce the set ""8.y as well, and we get larger 
chambers. In fact, this is exactly the case. Though | | eeve(ryd— t£<) is the minimal 


denominator of Z(t), usually [] ce Ve( ry — i ) is not the minimal denominator 
of Z(t.z). More precisely, in the minimal denominator of Z(t.z) all the vectors 
which might appear have the form {R30(Et|.7)}eeve(r), however some of them do 
not appear. 


Lemma 10.4.11 Fix a tree [’. Let Y be a subset of V such that the full subgraph 
I'(Y) of I with vertices Y is connected. Let k gy be the valency of ve fF 
in (JY). Define also &, as the set of those vertices of Y, which are adjacent to 
some vertex from V \ Y%. Then 


@) {Ro(Epl yey = {Re0(ES| huey: 


Gi) {(Roo(E}| g)evecry = {[Re0(E}|_ g )ueauvecryny): 


Furthermore, forv € BU(V°(L)O Y) the ray Roo(E}|_¢) appears in the 
denominator of Z(t _g) only ifu ¢ ¥°(I'( Y)). 


Proof For (i)-(ii) we apply Lemmas 10.3.17(a) and 10.3.20 (and their proofs) for 
JZ = %2, cf. (10.3.27). For the last sentence use again the proof of 10.3.20: if 2,4 > 
2 then the only term which might produce Ro E*|y, comes from the contribution 
Z\,4(ty,), which is a polynomial. oO 


In order to be able to apply 10.4.11, associated with an arbitrary % Cc Y¥, 
we define .¥ as the smallest subset J of ¥ with % C Y, such that the full 
subgraph ['(_Y) of I with vertices .Y is connected. Then, using the argument 
of 10.4.5 (based on [354, 674]) and the structure of the denominator of Z;(t.z) 
from Lemma 10.4.11(ii) we get that the collection ”8.y of bases can be reduced 
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to the collection 
™ 9’, consisting of bases b C {Ex|., Evly : ee V°(I(Y)), vE F}. 


By Lemma 10.4.11 this is a subset of "8.7. Furthermore, W°(I"(.%)) C ¥ as 
well. 

The point is that the chambers cut out by the collection 8’, are large compared 
with the projection of the real Lipman’s cone. Recall that the projection of the 
Lipman’s cone (for any subset) was characterized in 10.3.17. 


Lemma 10.4.12 ((354]) Let % C VW be an arbitrary subset, 4 #4 %, and let 
I C V be as above. Consider the collection of vectors {E*\v, Ev\g : e € 
V(r (F)), v € F}. Let a) be the collection of bases formed from these 
vectors, and let "C'z be the collection of chambers ¢ defined from "S8', as 
in 10.2.7 or 10.4.5. Then for any 6 € a 4 either 1.¢(-AR)°? A Rsob = @, or 
1.g(-SR)° C Rsob. 

In particular, there exists a top-dimensional open chamber Cop € Oe which 
entirely contains the interior of the projected real Lipman’s cone 1.g¢(.A7R)°. 


Proof Assume that the statement is not true, hence a facet of R>ob intersects 
wt.g(A%R)°. This means that there exists 7’ := {j1,..., ji} C V°U"(4%)) and 
IF" = {iy,..., iz} C Y with +k = |.¥Y| — 1 anda vector of type 


1 k 
V=doau- EX lo +> Bs: Eily, a =0, Bs = 0 


t=1 s=1 


with V € my(A%p)°. Since V°((A)) C F andl +k < |Y| we have 
I'L" G I.Fixi € F\(f'UI"). Next we apply Lemmas 10.3.16 and 10.3.17 
with % = .%. Consider the form (, )moq on L.y ® R. Then (EX |, E;i|.¢)mod = 
0 by 10.3.16(c), and (Ei,|.7, Eily)moa > (Ei,, Ei) = O by 10.3.16(b). In 
particular, (V, Ei|.7)mod = 0. On the other hand, since V € m.7(.%p)°, one has 
(V, Eil.z)moa < 0 by 10.3.17(c)-(d). This leads to a contradiction. oO 


10.4.13 Lemma 10.4.12 provides the h-independent chamber decomposition of 
Zn(t) in R'”!, Along such a chamber the corresponding polytopes have stable 
combinatorial types and the modified counting function /'|.4  qp_¢(l'|.) is a 
quasipolynomial. Here, for any .% the ambient space is R!”!; however, we can lift 
the parameter /’|.7 naturally to /’ € L’ @ R, and consider the modified counting 
function I!  qpv(l'.) = gn (l'|.z) (as in 10.4.3). In this way the chambers of 
l + qn, VU) are the pullbacks Ty (c) by tv : L'@® R — R! of the chambers 


ce ™€', of R!!. They will have a cylinder structure over R!7!. 


Let ”’ be their minimal common refinement (when we take every possible .7). 


Proposition 10.4.14 Consider the chamber decomposition '™€' defined above. 
Then there exists a (closed) chamber c € "€' such that YR = c. 
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Proof The existence of ¢ with -%g C c follows from Lemma 10.4.12. Next we 
prove that in fact the chamber which contains .“%g cannot be larger than .%g. For 
this we need to show that for any V ¢ .g there exist .% C V andb € "B’,, such 
that the cone Rb contains zy (-%g) but does not contain 7.7 (V). 

Since V ¢ Ap, there exists v € VY such that (V, E,) > 0.Set A:={wev: 
(v, w) is an edge}. Set % := {v}UF. Then % = .Y, V°(.Z) D> Band the chamber 
given by 6 = {Ey|.7, {Ey |.7}wea} works. Oo 


Example 10.4.15 Consider the minimal graph of A3. The conical cambers from R* 
are determined by their intersection with the affine plane /; + /2 +13 = 1; this is 
what we will draw below. The first diagram shows the position of the vectors Ey 
and E*. The second one is the chamber decomposition associated with % = V, 
the third one exemplifies .% = {1,3} while the last one .% = {2, 3}. (The reader is 
invited to check the statements of Example 10.3.6 on the picture as well, valid for 
E».) 


hae 2) 
* Ex. : 
“alllin, 
* el, 
mee Bp, 
@2esaee e e ‘ 2 e 
Oo 28S eRe RAE ened OAH eee 3 RS PA Ree eS SaC oe See eee e 


10.4.16 Recall that the counting function Q, of Z(t) is associated with the 
piecewise quasipolynomial -%,(.7,-), which is determined by the denominator of 
Zn, or by the polytope Uyey Py, cf. 10.3.1. Similarly, for any % C ¥Y, one can 
consider the counting function Q;,.g of Z;,(t.z) (defined in 10.4.3). It is associated 
with a piecewise quasipolynomial 4%,(%,,-), determined by the denominator of 
Zn (tz), or by the polytope Uye.z Py (whose detailed definition is left to the reader). 
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Hence, the analogue of the identity 


Ong= >. (“IF gay (10.4.8) 
OA JCI 


(see 10.4.3 and 10.4.4) is 


LiGFsy= Yo ve. "A(TZy,>). (10.4.9) 
IA JCI 


Proposition 10.4.17 Consider the chamber decomposition ™€’ defined in 10.4.13. 
Then L;( Zz, +) is a quasipolynomial on each chamber of ™€'. In particular, via 
Proposition 10.4.14, each Lj, (Zz, -) is a quasipolynomial on Sp. 


10.4.A_ Convexity Property of the Modified Counting Functions 


10.4.18 Let I be as in 10.3, and let us fix a subset .% C VY, .% # U. Recall that F is 
the set of vertices of the connected minimal full subgraph I of FP with 4% Cc V(I»). 
As above, gn..g = qh g Aenotes the modified counting function associated with 
Zn(ty). ) 


Proposition 10.4.19 ([354, 356]) Assume thatl) € D0. (ky — 2)E} +, [lp] = A. 
Then gn,¢ (ly) = In Glo): 


Proof We write 42 := V(I2) = SF, and we adopt the notations of Sect. 10.3.B, 
especially of 10.3.19, associated with %. Let Ip = ie dy EX be the fixed element 
of L’ appearing in the statement. Let // = }°,, byE* denote an element from the 
support Supp(Z;,) of Zp (i.e. 3(/) A 0), such that / := J’ — /p is in L and it satisfies 
l|_g < 0. Note that such elements /’ parametrize the support of the sum in gy_.7 (1p) 
(cf. Definition 10.4.4). Write cy = by — ay andl = aos m,Ey (hence {my, cy}y isa 
multiplicity system in the sense of 10.3.18). Then /|.7 < 0 reads as m, < 0 for all 
ve FJ. 

We wish to compare the sets {// € Supp(Z;) : (I! — g)|¥ ~< 0} and {l’ € 
Supp(Z;) : (l/ — 1)|y < 0} for a fixed J). If they agree then definitely we get 
qh, g (Ip) = In Gly): The point is that these two sets can be different, however, we 
show that the sum of the coefficients over the support—difference is zero. 

To start the proof, let us fix some /’ € Supp(Zp) with (I' — 1p)|_7 < 0. 

First, we check an inequality regarding cy. Let us take v € VY with x, > 1. Then, 
by the assumption of the proposition a, > ky, — 2. But, by the shape of the rational 
function Z(t) (and from k, > 1), one has by < xy — 2. Hence 


Cy < O whenever x, > 1. (10.4.10) 
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The proof in the ‘easy case’. Assume that m, < 0 for every u € &. We claim that 
my, <0 for every v € F, hence Gh. I (1p) -_ An. Fo) by the above discussion. 

Assume that this is not the case, and choose a maximal connected full subgraph 
I’ of I with all my—multiplicities non-negative. 

Let CV) = ¥0,,(my Ey + cyCy) be the homologically trivial relative cycle in xX 
associated with / (with some choices of cuts Cy) as in 10.3.18. Then C() induces 
a relative cycle and a multiplicity system of I’’ via the multiplicity preserving 
intersection C(/) X(I"), as it is explained in 10.3.18. 

By construction Y(I"’) C Y \ Y and for every v € V(I’) one has ky > 1. 
Therefore, those cut—multiplicities which come as restrictions of cuts of C(/) are 
< 0 by (10.4.10). The other cut—multiplicities, which come from the restriction 
of some neighboring £,,’s have multiplicities m, < 0 (by the maximality of I’). 
Therefore, the restriction of C(/) to I’ has all cut—multiplicities < 0, with at least 
one < 0 (at the ‘boundary’ of I”’). On the other hand, all E,—multiplicities > 0. 
These facts contradict the second paragraph of 10.3.18 (with signs reversed). oO 


The proof in the General Case Assume that m, > 0 for at least one u € &. 
Let us define the rational coefficients {c1 y4}uev, as follows: 


veh CyE*\y/Ex\, fue B 


: (10.4.11) 
Cu ifu dg ZB. 


Clut= 
Then, by (10.3.27), for each u € & one has ve% : CvE*|y = c1,uE;|y%, hence 


a C1 yE*|y, = ‘> CyE*|y = Ily, = x my Ey|y. (10.4.12) 


veh, vEeV vEV 


Lemma 10.4.20 Fix 1’ € Supp(Z;,) with (I! —1h)|.v < 0. If there exists u € & with 
m, > 0 then there exists u € B with my = 0, ci. > 0 and k2,y > 2 as well. (For 
the definition of k2,4 see 10.3.20(b).) 


Proof Set sa = {v € % : m, < O} and | a := {v € H : m, = O}. By 
assumptions 4% C 0 and o # Y too. Write /|y, as 1; — ly, 1; supported 


in ve, while /2 supported in : both effective. Consider also the negative 
definite ‘modified’ form (, )moq defined in 10.3.16. If /; # 0 then (l|%, 11) moa < 


(1,11)mod < 0, hence there exists u € ye (in the support of /;) such that 


(|%, Eu)moa < 0. If lt; = 0, since I> is connected, one can find u € a such 
that E,, intersects the support of /|y,, hence (|y%, Eu)moa < O again. But, via 
Lemma 10.3.16 and the identity (10.4.12) (|%, Ev)mod = —C1,u. Hence, there 


exists u € 5 aad such that c;,, > 0. Note also that 


ifu € % = F andeither x, = 1 or kay = 1thenue %C (10.4.13) 
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Therefore, using (10.4.10) and definition (10.4.11) we get that u € & necessarily. 
On the other hand, «2,, > 2 too by (10.4.13). oO 


Now we continue the proof of Proposition 10.4.19 (general case). Let /' as in the 
assumption of 10.4.20, and u as in the conclusion of of 10.4.20. Let us introduce 
the coefficients {bi y}yey% starting from the integers {by},<cy in a similar way 
as (10.4.11) defines {c1,y}ye%. By the assumption regarding a,’s, and c),, > 0, 
we obtain that the E%'|y,-coefficient b,,, of I'| y satisfies 


Du = > by ES \u/En\u > ay EX \u/En\u > diy = pa (ky — 2E*\u/Exlu- 
vEeN au veN yu veN au 


In particular, by Lemma 10.3.20, /|y, is not in the support of Zp (ty,). 
This fact reads as follows. For any element u of A2 := {u € BZ: k2,y > 2} set 


Supp, := {l/ € Supp(Z) : (7 = (lol, Ue «lolz, Diu > di}: 


Then we claim that the sub-summation )~ 3(/') over I! € Uyeg, Supp, is zero. 

Indeed, write Z(ty,) as Zo(ty) - These Ziu(ty), as in the proof of 
Lemma 10.3.20. Then Zj,,(ty,) collects the contribution from I),, (as in the 
proof of 10.3.20). Then, if uw € ZA then the coefficient bj ,, is larger than the E*|y,- 
degree of Z1,,(ty,), and by Lemma 10.3.20(b) l'|y, is not in the support of Zp, (ty). 
This means that the sum over Supp, of the corresponding coefficients is zero. 
Furthermore, in the product Z2(ty) - [],<g Zi,u(t~%), due to Lemma 10.3.20/(a), 
there is no additional cancellation of the monomials of the factors. Hence the 
summation over the whole U,<g, Supp, is zero as well. 

Hence, up to these zero sums in the ‘modified counting function’, we can 
consider only the cycles /’ from {Supp(Z;,) : (l/ — lo)Ly < 0} \ Uvew Supp,. 
But by the above discussion such a cycle satisfies m, < 0 for every u € &, hence 
m, <0 for every u € F (by the ‘easy case’). Hence gn (Io) = In Glo): oO 


10.4.21 For any h € H and ¥ C ¥ let On, g and q,, 7 denote the quasipolyno- 
mials of Q, .v and qgp,.v in the Lipman’s cone .“%g (or, equivalently, the counting 
functions Q;,.¢ and qp,.v restricted on /, + 7’ for a convenient //,). 


Note that “°(I" (F)) Cc Y for any nonempty subset Y C ¥. The subset 
eis called boundary if either |_%| = 1 or Ve (Y)) = JS. Let © be the set 
of boundary subsets. Note that if A «€ © and¥ 4 A Cc F then AH eE O too. 
Furthermore, Vl (Y)) €@Oforany J CV, J FM. 

Next let us fix some h € H and ¥ C ¥, 4 # VW. We also write Oy := {Be 
O: BOF = B. Again, 


ifBe Ov andd¢ ZH C Athen A € O-¢ too. (10.4.14) 


By (10.4.8) we have Ong =D gos, pao (-1'4141.G, g. 
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Next, in this sum we group the subsets Y with the same # = We (Y)) E€@<, 
and then we apply Proposition 10.4.19: 


Yang D44= Vag v4 = Yaw Cv, 


JCI Beo JI Beo JI 
LH BOI f=B BOI G=B 


Note that for #@ € © fixed{¥ : J CI, P= Ba{J: Bo Jf 
I 1B}. Hence YP voy Gg D4"! = 0if  ¢ Oy and = (-1)/4141 
otherwise. Thus . 


On7= >, Tapia. (10.4.15) 
BO g 


This identity applied for some # € O.¢ reads as 


a= > thacYvF = YL java. (10.4.16) 
BeOw OABCB' 


Therefore, by combinatorial inversion, for @’ € © ¢ one also has 


Gn,Z = 2 On.g(-))'4"1, (10.4.17) 
OLBCB 
All these combined give 
Gg= >, Oa Yo eye", (10.4.18) 
BO gy BCBEO yg 


Hence any Q),¢ is a linear combination of the quasipolynomials {On a} Be Og: 


Example 10.4.22 ([354]) If % = V then Oy = {{v}vev, {U, V}w.wee }, and 


OQny = Y°Fa.tv) - >. dh,{u,v} = yoda — ky) + On py + » Dh, tu,v}- 


veV (u,vyE® veV (u,vyE® 


10.4.B  Additivity Formula for the Modified Counting 
Functions 


10.4.23 Let I” be as in 10.3. We consider the ‘additivity setup’ as in 9.3.A. In 
particular, we choose some v € ¥, and write "\v = Ug 1} as the union of connected 
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components. Let R: L'(I7) > L'(I \ v) and Ry : L'(”) > L'(Iy) be the dual 
cohomological restriction operators defined in 9.3.8. 


Since we need to discuss invariants associated with different graphs simultane- 
ously, we use superscripts to identify the corresponding graph. 


Proposition 10.4.24 ((356]) Fix one of the components, say Ty, and let % C 
V(Iy), ¥ # WY. Then for any I) € Yo, (Kw — 2)E% + SY’ with [Ig] = h one 
has 


Ty 
Gh 7 Uo) — Gh sv UO) = aap. (Re UD)- (10.4.19) 


In fact, if we write ZW (tyy) = [yr Zier (ty(r,,)) and we note that Zi" (tg) = 
1 for k” # k’, then the right hand side of (10.4.19) equals Cae g (R(JG)) too. 
OM, 


Proof The proof is divided into three steps. 

Step 1. First we assume that v is an end-vertex of I”, and the adjacent vertex w 
has ky = 2. Partly, we will follow the strategy of the proof of Proposition 9.6.15. 
We will use the notations of the proof of Proposition 10.4.19: 1! = )°,, buE%, 1g = 
uel = -he Ll =) coES = >, my Eu. Define also 


Supp(”) :={l' : I|.v <0, my > 0} Supp(Z’ (t)), 


Supp(I \ v) =": Le < RUG)Le, (1 = LRG) A Supp(Z" (tv). 


In the left (respectively right) hand side of (10.4.19) we summation is over Supp(J") 
(respectively Supp(I" \ v)). It is convenient to make the change of variables x, := 
tu (u € V), hence Z! (t) becomes Z! (x) = TI, - xy) Tn particular, 


Z" (x) = Zo(xo)-(1—xy)7!, and Z!\’(x) = Zo(xo)-(1—xw)7!, — (10.4.20) 


where Zo(Xo) is a series in variable {x,}yvev\{v,w} Only. Therefore, if Mo € 


Mo 


Supp(Zo) appears in the monomial apxy” then for any k > O the monomial 


aoxy xk appears in Z!’, and aoxy xk, appears in Z/’\”. Note that if // € Supp(’) 
then m, > O and b, > O. Moreover, since ky = 2, then by = O whenever 
I’ &€ Supp(Z! (t)). 

If we apply R to the identity /’ — [, = 1 we get 


RW’) — RG) = —my EL + my Ey”. 
ueV\v 


If we write / = I’ + byE* with  := Dudwv OuE% then RU!) = fos 


usin by E, \”*, Moreover, /’ € Supp(Z") if and only if TTecteras x 


10.4 The Modified Counting Function 541 


Supp(Zo), hence R(/’) + mykEt, € Supp(Z! \”). In particular, @ : Supp") > 


Supp( \ v), > RU) + my Ey,’ is well-defined. 
Write also [4 = engi a, E;,. Since my = —(I, E*) one has 


my = —(' — ih, EX) + aw (Ex, E*) — (by — ay) (EX, EX). (10.4.21) 


Hence @ (that is, ’, by) Pe I’, My)) is injective. Furthermore, for any V, My) € 
Supp(/" \ v) the Eq. (10.4.21) provides a unique well-defined candidate for by, such 
that (/’, by) satisfies all the requirements of the elements of Supp(J”) except maybe 
b, = 0 (cf. (10.4.20)). Define Supp” \ v)=° as a subset of Supp(" \ v) consisting 
of those elements V, my) for which b, computed via (10.4.21) is > 0; that is, 
Supp(I" \ v)=° = im(®). Then, using the bijection ® onto its image and (10.4.20) 


> 30) - > 3 ed +m,ET\Y*), 


I’ eSupp(") (,my)eSupp(\v)29 


Set Supp(” \ v)<° := Supp(Z \ v) \ Supp \ v)=°. In order to finish the proof 
of (10.4.19), we need 


3M + my ET \*) = 0. (10.4.22) 
(’,m,)eSupp(\v)<° 


For this we follow a similar argument as in the last part of the proof of Proposi- 
tion 10.4.19. First note that using 10.4.19 we can assume that .% = .¥. Let uo be the 
vertex of .%, which is closest to v, and let [uo, w] be the geodesic string connecting 
ug and w in I”. Then we write % := % Uw C V(I\v). Consider the homological 
trivial cycle C(/) = vey ME, + cyE*) (of I) for some conveniently chosen 
cuts of E,’s. Let C(J)|y%, be its restriction on %. Since % = ¥Y U [uo, wv], 
we can concentrate on the c1,,-coefficients, defined similarly as in the proof of 
Proposition 10.4.19, for any u along the path [uo, w], u # w. Let Supp,, be the 
collection of parameter values (i! ,My) : Ci,u > O} and Supp = U,,Supp,,, where 
the union is over such vertices of [ug, w], u #4 w. Then similarly as in that proof, 
based on Lemma 10.3.20, the summation of coefficients gh ed + my E!\"-*) over 
Supp is zero. 

So, let us take some (/’, my) € Supp(I" \ v)<° \ Supp. Recall that it was obtained 
by a certain restriction of C(/). In fact, it is much more convenient to look at the 
restriction of C(/) to [up v], where Up is adjacent to uo in the path [uo, v]. Indeed, 
C(d)| [u,v] has the following properties: it has a cut at v with multiplicity by — a), no 
cut at w, the other interior cut—multipicities c; ,, are < 0, and the cut—multiplicity at 
Up is Chul, + Muy < 0 (since Cia, S 0 and m,, < O due to the fact that up € -¥). 
On the other hand, the multiplicity m, of Ey is non-negative. This can happen (by 
the second paragraph of 10.3.18) only if b, — a, > O. But by the assumption, 
dy > Ky—2 = —1,hence b, > 0, acontradiction. Hence Supp(I" \v)<°\ Supp = 9. 
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Step 2. Next, we assume that v is an end-vertex of J”, and the adjacent vertex 
w has ky > 3. Then we reduce this case to the previous Step /: we blow up the 
edge connecting v and w, then we apply Step 1. For this we have to verify that the 
modified counting functions are stable with respect to this operation. 

When we blow up the edge (v, w), then we create a new graph, denoted by r 
with a newly created base element Fas Lr ). There is a natural projection 
p: Lr) > L(L), and its dual pL) L’ (P), which satisfy the projection 
formula (p* (/'), D= =, p(l)). In n particular, p*(Ex) = Et (with natural notations). 
Hence if we denote by IC ¥ (I) the same index set as v Cc V(L), then 


3h r P 
an! ry) )= Sipe (P @)) and TF (Io) = Tpry,7P (lo): (10.4.23) 


Next, Pr \ v is the graph obtained from I \ v Hf eres up the vertex w. 
By definition, zi has the shape p *(Z7\"®) - ty / — tEnew), where 
p- *Oozd Nt) = = dozl’)t? “(Note that Ex, = 7 <7 + a hence fitew = 
teu tnew- Therefore, when we restrict it to the ZF variables and we substitute 
tnew = 1, the term (1 — thw) /a- tEnew) becomes 1. Hence, the coefficients of the 
reduced series associated with I” \ v and ‘ \ v can be compared as in the previous 
case (10.4.23). 

Step 3. Now we consider the general situation. We prove (10.4.19) by induction 
over Doe |Y (Ty)|. If this sum is zero, then we apply Step 2. Consider the general 
situation, and let e € Upee ¥ (7) be an end vertex of I”. Then, by Step /—-Step 2 


I, # (Io) — ay [1p], %Ue (1p) = dre, Ff (R(Ip)), 


I'\e 
qt ]..%Uv (Ip) — dy [Ih], ZUvUe (Ip) = TR ()|,. Fv (Ril). 
Since dist [14]. 7Ue (I) = di [U4], ZUvUe (15) by Proposition 10.4.19, and 


I'\e / 
div y), IF (R(Ip)) = dr )1. IZUv (R(Ip)) + qi [Ry (lp y), GF (Rx (Ip)) 


by the inductive step, the identity (10.4.19) follows. oO 


10.5 General Additivity Formulae 


In this section we prove a general additivity formula for quasipolynomials 
associated with Q),.7. At the level of their periodic constants we obtain a general 
additivity formula for the (normalized) Seiberg—Witten invariants as well. In this 
section we follow [356]. & 
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10.5.1 Recall from 10.4.3 that if. 4% C V¥, 7 #Wandh € H one defines 


Ong iel : U=h>Z, OF = = 3(1"). 
Wig#V |g, UW =h 


In fact, Qn,. equals the counting function of the reduced series Zp (tv) too. 


The setup of the additivity formula is the following. We fix h €¢ H, and we choose 
l= yey WE} € L’ with [I'] = h. We also fix 4 C V, 4 # GY, and V \ F is 
the vertex set of Ux 1, of disjoint connected subgraphs J),. The restriction operator 
is denoted by Rx : L'(I”) > L’(Ix). 


Theorem 10.5.2 ((356]) For any I’ with every ay sufficiently large one has 


Olin C) = Ong C+ DS OER any (Re). (10.5.1) 
k 


Proof We prove (10.5.1) by induction on the cardinality of 7. 
Step 1. Assume that .% = {v}. 

We rewrite the identity (10.5.1) in terms of modified counting functions (as 
in (10.4.8)), where we use the notation _Y for the corresponding subsets. For the 
last sum we have to consider nonempty subsets Y C ¥ \ v. Hence, it is natural 
to organize the nonempty subsets of V as {v} U{%, 4 Uv} gov, yuu The 
modified counting function qin) , associated with the left hand side cancels the term 
Qin Fe (I') from the right hand side of (10.5.1). Hence the left hand side of (10.5.1) 
becomes an alternating sum of expressions of type qi g (I!) — qi guru ('). If % 


is not contained totally in only one Y(/j) then v € wz hence this expression is 
zero by Proposition 10.4.19. Therefore, we can assume that there exists k such that 
J C ¥ (Ik). Hence the expression (10.5.1) decomposes as a sum over k according 
to such inclusions. Then the needed identity is the subject of Proposition 10.4.24. 
Step 2. Next, we take % with |.7| > 2, and we assume, by the inductive step, 
that the identity (10.5.1) is true for any graph I’, any h’ € H(I”), and any subset 
F' CV") with |.F"| < |F|. 

Recall that VY \ % = Up¥ (I), and we wish to prove (10.5.1). 

We choose some v € -Y, and we apply the inductive step for  \ v and F \ v. 
Let I’ \ v = UjIy,; be the connected components of I” \ v, and let Ry, ; be the 
corresponding dual operators. Note that if [j is contained in Jy; then Ric ry; ° 
Ry, ; = Rx. In particular, we get the following identity 


Ty j Ty, j Ty 
> QR. , ay Ro. ()) = p> Orr, ayy, a\v Ro, j (')) + a Orr, 1] (Rx (')). 
J j k 


(10.5.2) 
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By induction this identity is valid for any /’ (instead of Rrvcr@) = Oj Rv jU)) 
from the lattice of I” \ v (satisfying the required assumptions that its E*-coefficients 
are sufficiently high). Hence it is true also for // = ©; R,,;(I'), and this identity, 
in this way, will be considered as a quasipolynomial identity in variable l’ € L’ 
(cf. discussion from 10.5.3). The difference between the needed identity (10.5.1) 
and (10.5.2) is 


T Ty j T Iy,j 
Qn UC) — De Mr. ay Roi = Cine OD) Oey ayy..\w Rv iO): 
j j 


This identity (via induction) is equivalent to (10.5.1). But, for its left hand side one 
can apply the statement of Step 1. In particular, (10.5.1) is equivalent to 


Qin, @) - Qin, yl!) = dX Or Ry. 7 ah ay Ro, j (I')). (10.5.3) 


Next, we rewrite the identity (10.5.3) in terms of modified counting functions by 
the same principle as in Step J. For the last sum we have to consider nonempty 
subsets Y C YF \ v, hence, again as above, we organize the nonempty subsets of 
LF as{vyjU{f%, Zu vu} g CI\u, feD- The modified counting function associated 
with {v} cancels the second term of (10.5.3). Hence the left hand side of (10.5.3) 
is again a combination of expressions of type dig (l') - dh, gow (’). If Y is not 
contained totally in only one /(Iy,;) then v € A: hence this expression is zero 
by Proposition 10.4.19. Hence we can assume that there exists j such that Y% C 
V (Ly,;) and the expression (10.5.3) also decomposes as a sum over j according to 
this inclusion, and it becomes the statement of Proposition 10.4.24. oO 


10.5.3. Let us deduce some consequences and corollaries. Write /’ = rj, +1. By 
Corollary 10.3.2, if every a, is large, then Bin (l') equals the quasipolynomial 
oF (7), and the same is true for each term in the last sum (by the same statement 
applied for I). Therefore, the identity (10.5.1) guarantees that for every a, large 
Din. gl) is a quasipolynomial as well. Let us define the quasipolynomial 


(K +21')* + |¥| 


Go) = $Wo(K 421 (M()) — 3 


(Ri(K + 21'))? + a) 


- x (stotrcxr2ry)(M Tid) - 3 
k 


(10.5.4) 


and set also, as usual, the quasipolynomial ar gDi= 0; gl) defined on L. 
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Corollary 10.5.4 Forh € H fixed andl, = rn + 1,1 € L, if all ay are sufficiently 
large, the counting function Oy (l') equals the quasipolynomial OF gO. 


Since Ry(K(I")) = K(x), the above formula in (10.5.4) transforms accord- 
ingly. 

Except for the free term, oF gl) is a multivariable quadratic polynomial. 
However, the free term is a periodic function L > Q. Indeed,/ +> {[Ra(7n + D] hk, 
in general, is not constant. However, if we define i Cc L as the kernel of L > 
@, AU), 1 +> @x[ Re (D)], then the free term of OF ()|;-z 18 constant as well. 


Corollary 10.5.5 For anyh € H fixed, the counting function OF (l') (U € rz +L) 
of Zn (tv) admits a quasipolynomial in the Lipman’s cone AR, namely O20), 
and its periodic constant is 


(K +2rn)? +|V| 
8 


(K De) +2Re (rH)? +IV TD) 
= (Storer emary Md) ae. 
k 


pe® (Z(t e))=OF (0) = Dig (th) = SWorx 427, (MP) — 


10.5.6 Here we considered hin» (l') (and Oh yg (1)) as functions inl’ € r, + L (or 
in/ € L). This is the right point of view: when we take periodic constants of a sum 
of different quasipolynomials, one has to consider this operation in the same lattice. 
In this way the periodic constant will behave as an additive operator. 


However, On. g (l') depends only on the restriction /’|.7, and basically counts 
the coefficients of the reduced series Z;,(t.7), hence it can be considered also as a 
counting function defined on the lattice L|_v, via l’|.v = I|._v + rp|.g. In this way, 
its periodic constant in this lattice should be computed via a substitution of /’|_.7 by 
its representative in the semi-open cube associated with variables .%. But, the point 
is that this is exactly r;|.¢ (since all the entries of r_|.7 are automatically in [0, 1)). 
Hence, the two periodic constants (computed in L or L|.¢) agree. 


Corollary 10.5.7 The series Zp(t.¢) admits a periodic constant in the real cone 
tg(S%g), and, in fact, pe™%’"® (Zp (tv)) = pe”®(Zp(ty)). In particular, the 
formula from Corollary 10.5.5 applies for pe™%“7® (Zp (t.g)) too. 


Example 10.5.8 In the next examples we list some particular cases of Corollar- 
ies 10.5.5—10.5.7. 


(i) If % = V then each I; is empty, and we recover Corollary 10.3.2. 
(ii) If 7 consists of one vertex then we recover Theorem 9.6.5. 


546 


(iii) 


(iv) 
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Assume next that .4 = ./. Then we recover Theorem 10.3.10(c), once we 
verify for each k the vanishing 


(K (Ix) + 2Re (rn)? + 1Y 0) _ 


0. 10.5.5 
3 ( ) 


Sol K (ry) +R, Orp)] (M(Tk)) - 


In this case the graph /; is a string, hence M(J;,) is a lens space. This vanishing 
was already proved for h = 0 (see e.g. (9.7.2)), but it is not so evident for 
arbitrary h. The difficulty is that r;, is a global object induced from J’, and for 
any fixed I; it is not clear what classes of L’ (I) might appear as Rx (rp) for 
certain ‘extension graphs’ I”. However, the vanishing (10.5.5) can be verified 
even directly (see [356, §7]). 
Assume that .7 is an WR-set, that is, all the subgraphs Ij are rational. 

Let sn, € L'(I)N-/ Uy) be the minimal element associated with a certain 
hy € H(UJ,), as usual. Then, by Theorem 7.1.11(a) one has h!(@(—sh,)) = 0. 
Hence, from the SWIC, valid for rational singularities cf. 9.7.15, we obtain 


(K(k) +25)" +1V D0) _ 


0. 10.5.6 
8 ( ) 


Sor Kr) +25p,] (M(UIk))— 
In particular, for hy = Rx(rp), from (10.5.5) and (10.5.6) we obtain 


(K (I) + 2Rk(rn))* + |W) | 
SWorx cr, +R, 0r,) ME) — ———$—< << $$ 


8 
= X(RE(H)) — X (SRE CrH))- 
Hence, Corollary 10.5.5 reads as 
(K +2rn)? +14 
ira ME) —— = 
pe" ®) (Za (t.g)) + ie (x (Reta) = X (SR) )- 


k 


Usually sp, (r,) # Rx (rn), see the example from part (v). 

An alternative formula can be obtained as follows. Consider the identity of 
quasipolynomials from (10.5.4), and substitute 1’ = s, = rp + Ap in it. The 
point is that in the last sum Rg(sn) = Spr, (s,) (see e.g. [354, Lemma 8.4.2]), 


10.5 


(v) 


(vi) 
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hence by the vanishing (10.5.6) applied for s,(s,) the sum }°, is zero, hence 


(K + 2sp)? +|V| 


; =O), (sn) = OF p(An). 


SWorK425,)(MU)) ~ 
Assume that each Ij is rational and h = 0. Then clearly }°, ( xX(REn)) — 
X(SRz(r4))) = 0, hence pe7® (Zo(t)) = pe™** (Zo(t.y)). 

Note that in case (iii) we have this identity for any h. However, in 
general, if h ~ O then even if we assume that .% is an SR-set (in fact, 
even if we assume that the graph I" itself is rational) the correction term 
X(Re(rn)) — X(SR.,)) from (iv) is not necessarily zero. In such cases 
pe’®(Zp(t)) # pe™®) (Zp (tv)). (This fact should be compared with the 
‘Reduction Theorems’ 11.4.3 and 11.4.8.) 

Indeed, consider the next graph and r, € L’ with E-multiplicities on the 
right. 


=, 4 1/2 1/2 


a 2 i172 1/2 


Let -¥ be the union of the four (—2)—vertices, hence I, consists of the (—3)— 
vertex vg. Then hy := Ry(r_) = —2E5 = —2E 0/3. Its representative rp, = 
Sn, 18 Eo/3, hence, Ri (rn) A SR, (7,)- Then, by a computation x (Ri (rp)) = 1 
and x (sp,) = 0. 

The difference between the case (iii), when each I} is a string in J”, and the 
more general cases from (iv)—(v) can be seen in the structure of the exceptional 
curves of ¢~! (X (I%)) induced by the UAC (cf. 8.2.3). (Here X (Ik) is a small 
neighbourhood of U,ey(r,) Ev.) In the case (iii) this exceptional set is a union 
of strings (this is the main point in the proof of (iii) in [356]), while in the cases 
(iv)—(v) it is not necessarily a union of rational configurations. E.g., in the case 
of the example from (v), in the double covering associated with r_, above Eo 
we get an elliptic curve. 


Example 10.5.9 Let us take h = 0. We wish to compare the expressions OF gO)= 


pe” (Zo(t.z)), respectively do: g(9) = mpe” (Zo(t.z)), with the (Euler-type) 
summation of certain weighted cubes in some region R as in Lemma 9.6.9 (d). 

First take Jo € L, lo € Zx +, effective. Then, for any nonempty .% Cc V we 
have an analogous /o|_7 € L((.%)), lo € Ze (I (-Y)) + A ((4)). Then, also 
define 


K? +|V| 


SWo[K|(M(I")) = so[K\(M(")) — 3 
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Then, via the notation R := R(0, /o), Lemma 9.6.9 and Corollary 9.6.20 imply 
pe” (Zo(t)) = 26 yO) = FWo[K(M(L)) = Eu, (R). 
This applied for VY \ -% we get 
SWok|(M(I \ £)) = Euy(RO, lol.) = Euy(Qver (RO {xv = OY). 
Therefore, the surgery formula from Corollary 10.5.5 reads as 
SF — ol = = 
pe” (Zo(t.z)) = 09 (0) = Euy(R) — Euy(Qver (RM {xv = O}). 


Since oF (0) = ae ICI (-1)!4141 09 (0), by inclusion-exclusion principle 


mpc” (Zo(t.)) = af, (0) = Euy(R) — Euy(Uves (RM (xy = 0})). 


10.6 Duality for the Topological Series 


Based on the symmetry l’ t+ Zx —/' of Z(t) and on the equivariant Ehrhart— 
Macdonald-Stanley reciprocity, for any 4 C VY andh € H we show that 
both periodic constants mpce™ 42) (Zp, (t.z)) and pe™# (7) (Zp (t.v)) can be 
represented as a certain finite sum of coefficients of the ‘dual’ counting functions 
QZ,\—h,.¢ and Qj7,)—n,.g- This has two immediate important applications. 

The first one determines explicitly the polynomial part zy g O% Zp (this is 


a multivariable polynomial extension of the Seiberg—Witten invariant ee (1)). 
The second application expresses the Seiberg—Witten invariant of M (I~) in terms 
of ‘inclusion-exclusion lattice point counting’. We follow [355]. & 


10.6.1 Consider the setup of 10.2.1 of a multivariable rational function f(t); let 
TAH) => z(t!” € Z{[t!/4]][t-!/4] be its Laurent expansion at the origin, and 
write }*), T fn (t)[h] its equivariant decomposition. 


We also define the Laurent expansion of f(t) at infinity 
T? FQ => ore € Ae e/4). 


1 


T° f is obtained by the substitution s = 1/t into the Laurent expansion at s = 0 of 
the function f(1/s). Note that Viso r(l) is a finite sum. 


E.g., if f(t) = t?/(1 — 1), then T? f(t) =—t(1 +o! +07 4+---). 
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The series T™ f(t) also has an equivariant decomposition }°, T™ fn(t)[A], 
defined in a very similar way as the decomposition of Tf. In fact, f can be rewritten 
in the form )>), wt” /[]i_, (1 — t?), hence f itself decomposes into )*, fn, 
where zj(t) is the rational function of the form )lyen47 tpt?” /Tyje10 - 441), 
Its expansions at the origin is Tf, and at infinity is T° f;,. (In other words, the 
operation Tf +» T© f, defined via the original f, preserves all the h-components.) 

Recall that for any 4 C V and h we defined in 10.4.5 the modified counting 
function gp,.¢. Its periodic constant associated with a chamber c will be denoted by 
mpc‘ (T fp (t.z)), cf. 10.4.7 and 10.4.9. 


10.6.2 In general, the computation of quasipolynomials of counting functions 
and of their periodic constants (via their original definitions) is hard: the peri- 
odic constant measures the asymptotic behaviour of the coefficients in a certain 
cone. The next result based on the equivariant Ehrhart-Macdonald-Stanley reci- 
procity (10.4.3) shows that (under some conditions) the periodic constant of the 
modified counting function equals a finite sum of certain coefficients of the Laurent 
expansion at infinity. 


Theorem 10.6.3 Fix h and % as above. Write the h-component of the Laurent 
expansion at infinity as (T™ f)j(tv) = Yy,7 Oty. Assume that a (closed) 
chamber c has the property that bx|.g € ¢ for every k. Then 


mpe'(T fn(t.s)) = >) rn. O. (10.6.1) 
i>0 


Proof By Corollary 10.4.7 the function q;,.7 on the set x (bx|.v + ¢) is 


So Gita (Fa Ug — del). 
k 


Hence, by definitions (see again 10.4.7, especially (10.4.7)) mpe‘(Tfn(tz)) = 
pce‘ (qn,.z) exists and equals 


Sia "Ge (TZ, — bel). 
k 


On the other hand, since bx|.¢ € ¢, from reciprocity (10.4.3) one has 
(-1)" "Ly 4 15, F 9 \ Zo, bel) = "Ly, FZe, —bel g). 


The expression "LS Fe \ Ze, by\.) counts solutions of 0; xidi,u < be,v 
for every v € -¥ under the restrictions [by — a xiai] = h and x; > O for every i. 
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On the other hand, in the expansion at infinity, 


(—1)" i TS So Lia 
— {4i . 
[],d t ) xj >0 


Hence 


Soe (HD Lo ast (Fa \ Za, belo) = Yorn O. 


k i>0 
a] 


10.6.4 In the sequel f(t) will be the topological series Z(t) associated with the 
graph J”. Furthermore, thanks to Proposition 10.4.14, .%g is a (closed) chamber 
ce ™@’. It also satisfies the assumption of Theorem 10.6.3, since each EX € Sp. 


10.6.5 Duality for Counting Functions and Periodic Constants Now we prove 
a duality/pairing between special evaluations of the counting functions associated 
with Z(t) and the periodic constants. The duality is the upshot of two ‘symmetries’, 
manifested at two different levels. The first one is the equivariant Ehrhart- 
Macdonald-Stanley reciprocity of the polytopes, while the second is a topological 
imprint of the Gorenstein duality present at the level of the topological Poincaré 
series: a {x <> ZK — x} symmetry. 


Theorem 10.6.6 Fix any 4 CV, ¥ #Wandh € H. Then 


(a) mpce™¥ “®) (Zp (t.v)) = azei—n. 7 (Ze — Tn); 


(b) pe™”7®) (Z),(t.v)) = Orze-h,.7 (ZK — Tn). 


That is, (in principle, the hardly computable) periodic constant of the series Zj(t) 
equals a precise finite sum of coefficients of the ‘dual series’ Z,z,\—n(t). 


Proof By (10.4.8) (6) follows from (a). Next we prove (a). 
The substitution x h Zx — x in Z(t), together with the identities Zn — E = 
vey (Ky — 2) E% from (6.3.1) and —2 = 0 ey (kn — 2) (since I is a tree) gives 


Zits) =F" . zit). (10.6.2) 


This on the Taylor expansion level transforms into the symmetry (T™Z)(t.z) = 


ti 26) = Vey sn The corresponding h-equivariant parts are 


(T° Z)n(ts) = yy ge. (10.6.3) 
VeS [IJ=[ZKI]-h 
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This combined with Theorem 10.6.3 and 10.6.4 give 


mpc"? “®) (Z(t) = > 3('). 
Vg <(Zx—-E)|.¢ WU I=1ZK]-h 


But the right-hand side is exactly the counting function ¢,7,|—n,.g(Zk — rn), Since 
l'|g < (Zx — E)|g is equivalent to l’|. 7 ~ (Zx —rn)|¢ if ] = [Ze] -A. Oo 


Corollary 10.6.7 


(K + 2rp_)* +|V| 


Orzn)-n.v (ZK — Th) = pe?® (Zp(t)) = Soi 42,,)(M) — ; 


In particular, the Seiberg-Witten invariant can be expressed via the counting 
function as a finite sum of Z(t)-coefficients. 


Proof Combine (10.3.1), (10.3.9) and Theorem 10.6.6. oO 


Remark 10.6.8 (Duality/Symmetry of the Quasipolynomials Or, g(l')) Letus anal- 
yse the quasipolynomial On. g(l') = O;. gil’) defined in (10.5.4) from the point 
of view of the symmetry I’ < /' given by I! + /' = —K = Zx. Then stogpx +2) = 
$1 o[—K—21'] = Sy) 47 and (K + 2/’)* = (K + 2/')*, and similar identities hold 
for the R;-restrictions. Therefore, 


Ono U') = Oz, 1-07 VW) = Ozu -n.g (Ze —V’). 


In particular, On. g(Th) = QO Zx\-h,g(ZK — Tn). This together with the definition 
of the periodic constant, namely with pc”” (A B)(Zp(t.v)) = QF gO) = On. gh), 
provide pe™/°7®) (Za(ty)) = Ofz,\-n..g(ZK — rn). Hence, Theorem 10.6.6(b) 
is equivalent to Oz ging (ZK — Tn) = Qzx\—n,g(ZK — rn). This means that 
the value of the counting function at Zx — rp, is computable already from its 
quasipolynomial, that is, Zx — ry, is already so large that it sits in the ‘asymptotic 
region’. 


Example 10.6.9 (Continuation of Example 10.5.9) Consider the situation and nota- 
tions of 10.5.9, and additionally assume that Zx € L. For technical reasons we also 
assume that the graph is minimal good, or at least that Zx is effective (cf. 6.3.4). 
Then Zx is a good candidate for the cycle /g of 10.5.9. In particular, R = R(O, Zx). 
Also, by Theorem 10.6.6 we have (for 7, = 0) mpe” (Zo(t.z)) = q,.7 0) = 


qo.#(Zx) and pe” (Zo(t_z)) = Q4 (0) = Qo,.¥(Zx). Hence, 


Qo,.7(ZK) = Euy(R) — Euy(Mes (RO {xy = 0})), 
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(which for 4% = VY is compatible with (9.6.6), or with Theorem 9.6.12), and 


qo, (ZK) = Euy(R) — Euy(Uyey (RM {xy = 0})). 


These provide identifications between evaluations of the counting and modified 
counting functions at Zx and the Euler summation of certain weighted cubes 
in R(O, Zx). Since R(O, ZK) and x are stable with respect to the symmetry 
1 <= Zr — 1, the right hand sides of the above identities can be rewritten as 
another summations (when we eliminate certain ‘exterior’ facets of the cube of type 
{xy = Zxlv})- 


10.6.4 The ‘Polynomial Part’ of the Series Z(t) 


10.6.10 The ‘Polynomial—-Negative Degree Part’ Decomposition; Motivation 

Consider a one-variable rational function f(t) = B(t)/A(t) with A(t) = 
[Tj —¢) and a; > 0. In 8.7.2 it is observed that any such function has a unique 
decomposition of the form f(t) = f(t) + f~(t), where f*(t) is a polynomial 
(with non-negative exponents) and f~ (t) is a rational function of negative degree. 
Furthermore, f(t) admits a periodic constant (associated with the Taylor expansion 
of f and the cone R59), which equals f* (1). The decomposition can be established 
using the Euclidean division algorithm. f* is called the polynomial part while the 
rational function f~ is the negative degree part of the decomposition. 


The formulation of the multivariable generalization is not immediate; main 
guiding questions/principles are: (a) what are the universal properties of the parts 
f* and f~, which guarantee that a decomposition f = f+ + f7 exists and it 
is unique; and, (b) what algorithm provides this decomposition. Additionally, the 
wished decomposition must satisfy (at least) the next basic property: (c) in the 
geometric/singularity context f(t) = Z(t), pe” (Z(t)) = Z*(1). 

Hence, in this geometric situation, Zt is a polynomial generalization of the 
Seiberg—Witten invariant. 

Below we show that such a decomposition is possible, with all the three 
requirements satisfied. 


10.6.11 The Polynomial Part by Division We consider again the setup of 10.2.1, 
with a pair of free Z-modules L Cc L’, and a general multivariable rational function 


pa 1, tle 


= 
fO= T=) 


where {tx};_, © Z, {behp_y, {ai}¥_) € L’ such that by & 0 for every k and 0 ~ a; 
for every 7. 
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Proposition 10.6.12 ([353, 355]) 


(a) f(t) can be written in the following form by a ‘multivariable Euclidean division 
algorithm’: 


Dae tg, jt?S.j 
J0> 2. Foam (10.6.4) 
SC{l,...,7} Hies( =1%) 


where ts,; € Z, bs,j A 0 for all (S, j), and bs,; ~ aj for all (S, j) and all 
i € S whenever S F . 
(b) f(t) has a decomposition of type f* (t) + f7~ (t) with the next properties: 


(i) f(t) is a finite sum (polynomial) vi njt% with cj A O for all j; 
(ii) f(t) is a rational function with negative degree in all variables ty. 


Furthermore, a decomposition of z(t) with properties (i)-(ii) is unique. 
(c) In fact, the terms ft and f~ of the decomposition from (b) are given 
via (10.6.4) as follows: ft (resp. f—) is the sum of terms from (10.6.4) over 
S=0 (resp. S FG). 


Proof 


(a) Assume that we have an expression g(t) = t?/ Hies( — t%) such that 
b A&A O and there exists some ig such that b A aj. Then we replace g by 
140 / Ties fig) 1 t+ / Tljes(1—t®). Note that b— aj, 4 0, hence 
the new fractions have similar form. Starting from the original expression of f, 
by repeating the above step whenever it is applicable, after finitely many steps 
we obtain (10.6.4). 

(b) Define f* and f~ as indicated in (c). Then properties (i)—(ii) are automati- 
cally satisfied. Next, we prove the uniqueness of the decomposition. We need 
to show that if ft(t) + f~(t) = 0 (4) and if f* and f~ satisfy (é)-(ii), then 
both are zero. But, from (+), both f* and f~ should satisfy the assumptions of 
both (7)—-(ii), a fact which happens only if they are zero. 


oO 

10.6.13 The Polynomial Part of f;,(t.z) by Duality Assume again that we are in 
the situation of a plumbing graph and its rational function f(t) = Z(t). 

We fix h € H. Then, by the proof of Theorem 10.6.6 we have Zp(t.y) = 


ZK-E = ZK-E = : ; 
tk”. Zizgy_nlty) and (T?Z)ilty) = tk" Zzqj-v(t7). Write this 
te Zea) as is wilt, where [l’'] = h automatically 


whenever w(l') £ 0. Define 


Zigts) = >, wits, Zrts= D> wy. (10.6.5) 
Vg A0Ls Vg<0Ly 
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Write also Zi gD) — Zh g bo Vj=1,¥i- 


Theorem 10.6.14 Consider the decomposition Zp(tg) = Zh g (ty) + Z, glts) 
from (10.6.5). 


(a) Zi g(ts) and Z,_g (tv) satisfy the requirements (i)-(ii) from Proposi- 
tion 10.6.12(b). In particular, by the uniqueness of the decomposition, this 
decomposition agrees with the decomposition from 10.6.12(a)-(c) given by 
Euclidean division. 

(b) ZF gQ) = O[zg\-n.7(ZK—rn). In particular, ZF 4) = pe™* ®) (Z; (ty). 


Proof 

(a) By its definition, Zh g(ts) is a finite sum, hence Z, g(t) = Zy(tv) - 
Zi g(ty) is a rational function. Since in its expansion all monomials w(I' Mu; 
satisfy l’|_7 < O|.v, it has negative degree in all the variables. 

(b) By the above transformations w(l') = z(Zx — E —l'), [l’] = h. Hence 
l'|g A Oly transforms into (Zx — E)|g & (Ze — E —I')|y, or (ZK - 
E —l')|v # (Zz —1rn)\|y. This proves the first identity. For the second one 
use Theorem 10.6.6 (b). 


Corollary 10.6.7 and Theorem 10.6.14 combined gives 


Corollary 10.6.15. Zjy(Q) = Zp yD) = stoi4.42,,,(M) — RPE Foy any 
h. 


Example 10.6.16 Let us consider the Brieskorn sphere M = ¥(2,5, 7). 


29. =f. <4. 29 
(H =0) 
= 


Z(t) reduced to the node -Y = {vo} and its ‘polynomial-negative degree part’ 
decomposition (obtained by simple division of polynomials) is 


(=4" wn, bo-tteh +e! 


Z(ty) = Z(t) = G—Ba-1 any tl + Ga Hq— 1: 


The same result follows by duality as well. Indeed, the Taylor expansion is Z(t) = 
tg ag Ss The Ey,-coefficient of Zx is 12, hence t'Z)—1 7 (p71) = 
hae! 447-3 4..-, which gives Z+(t) = t!! +¢ again. 


Example 10.6.17 (The Seiberg—Witten Invariant of Elliptic Singularity Links [454]) 
We fix an elliptic graph I” associated with the minimal resolution, and we assume 
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that this resolution in fact is good. We also assume that the link is a rational 
homology sphere. In particular, results of the Sect.7.2.E and the present section 
can be applied. The reader is invited to review the notations of Sect. 7.2.E. 

As an application of the surgery formula from Corollary 10.5.5 and the duality 
identity 10.6.6(b) (applied for h = 0) we prove the following identity: 


K?+|¥| _ 


SWo[K](M(I")) = st0o(K|(M (I) — 8 


m+ 1. 
(This identity can be proved using the techniques of the lattice cohomology and 
graded roots as well; see 7.3.22(g), 7.2.66 and 11.3.9.) 

In the present proof we will use an inductice procedure based on the structure of 
the elliptic sequence {By} _y. (We also write By+1 := V.) 

Case 1. First assume that Zx € L. Since SWIC is true for minimally elliptic 
singularities (see e.g. 9.7.15) the m = O case follows. (It can also be proved similarly 
as the inductive step below.) Next, we run induction. Assume that the statement 
is already proved for any graph with length m and we fix some elliptic I” with 
length m + 1. We fix % := Bo \ By. Since M(I"(B1)) is elliptic with length m, 
S0o[K](M (UI (B,))) = m from the inductive step. On the other hand, from 10.5.5 
and 10.6.6(b) we have 


SWo[K](M (I (Bo))) = Sto[K] (MU (B1))) + Ofzg),.7 (ZK). 


Hence, we need to show that Q/7,),.7(Zx) = 1. But Zx € L, hence [Zx] =O € 
H, and Qjz,1,.7(ZK) becomes >> 3(/), summed over / € L with /|_v 2 ZK |g. 

Since Z(t) is supported in .Y, any / ¢ 0 in the support of Zo(t) has the property 
that 1 > Zin. On the other hand, along .% = Bo \ By we have Zx|.g = Zmin\.- 
This means that any / # O form the support of Zp satisfies /|.7 > Zx|.v. In 
particular, in the sum only one term is relevant, namely the one corresponding to 
1 = 0 with 3(0) = 1. 

Case 2. Assume that I" is an elliptic graph of length m + 1 with Zx ¢ L. Now 
we set Y% := B_; \ Bo = E \ Bo. Since Bo supports a numerically Gorentein graph, 
from Step | we already know that st09(M (I"(Bo))) = m + 1. We wish to show that 
st0o(K|(M(I'(B_1))) = m+ 1 too. Hence from the surgery formula we need to 
verify that }* 3(/') = 0, where the sum is over {I'|_7 # Zx\|.v, [l'] = [Zx]}. 

Recall that if // ¢ .Y’ and [/’] = [Zx], then’ > siz, 1. But (siz, |v = Zxlz. 
This reads as /'| ¢ > Zx|.¢ for any relevant /’. 


10.6.18 Analogy with Invariants of Plane Curve Singularities Consider a plane 
curve singularity (C, 0), let Y := .%c,o be its semigroup and yp its Milnor number. 
For details see 5.2.2. If ¢(t) is the inverse of the monodromy zeta function, then 
by [94] (see (5.2.2) here) its Taylor expansion at the origin is T¢(t) = Dey’. 
We determine the polynomial part of T¢(t) and we verify the analogue of the 
construction from 10.6.13 and of Theorem 10.6.14. Here the needed Gorenstein 
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duality reads as follows: (+) s ¢ 7 if and only if ~ — 1 —s € .Y. This also shows 
that Z \ .Y is finite with cardinality ;./2, and the largest element of Z \ .Y is uw — 1. 


Since TE(t) = Vioeyt®? = Lysol? — sd ¥,s20 t® we get that ¢7(t) = 
Leet = 10). GS Yse%,s20t*. In particular, pe(¢) = ctd)= 
—/2. On the other hand, by duality (+) we have the identities (T°¢)(t) = 


_ = as = See IK) = 
—th 1S PE(E ') = -th OE es sey “Peat = — Lise P,s20 em —(t T+ 
todos j= er(ip-¢"! ae ee ), whose part with positive exponents is exactly 


or (1). 


Example 10.6.19 For the decompositions of the reduced series P(t) = P+ + P~ 
associated with the central vertex of the resolution of a weighted homogeneous sin- 
gularity, or Z(t) = Z* + Z~ (its topological counterpart), see 8.1.B, 9.7.A, 10.3.12. 


10.6.B  Polytopes, Lattice Points and the Seiberg—Witten 
Invariant 


10.6.20 Before we make our statement regarding the Seiberg—Witten invariant, 
let us comment some parallel results regarding certain analytic invariants. Here we 
also wish to focus on the relationship of the algebraic geometry (singularity theory) 
with the combinatorics of polytopes and enumeration of lattice points in certain 
polytopes. Such connections culminate in toric geometry, however, in singularity 
theory we witness an even more direct bridge in the theory of Newton non- 
degenerate hypersurface singularities (see e.g. Sect.5.5). In this case one defines 
the Newton boundary NTI associated with the defining equation and one proves 
that several invariants of the singularity can be recovered from NI’, see e.g. the 
list from 5.5.4. In the present discussion we wish to highlight only the geometric 
genus correspondence, which in the hypersurface case equals the number of 
lattice points with strictly positive coordinates in NI_, cf. Merle—Teissier formula 
from 5.5.4(c). More generally, consider an isolated complete intersection singularity 
{fi =...= fn—1 = 0}, where the system is non-degenerate with respect to Newton 
boundaries {NJj;}; associated with the equations { f;};, fi : (C”t!,0) > (C, 0). 
Then, by work of Khovanskii and Morales [313, 443], pg can be expressed as an 
alternating sum of lattice points in certain polytopes obtained from the NI;’s. More 
precisely, 


Pg =#(NI 4 +--- + NIh-1,4) 


n—1 n—-1 


—SC#NT 4 te + NT He tN Tate + (CD" #4), 


i=1 i=l 
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where #(NI°,) is the number of lattice points with positive coordinates below or 
on the boundary NI" of NI, and NI, 4 + NI ,+ is the Minkowski sum, and ~ 
means that the corresponding term is omitted. 


Having in mind the Seiberg—Witten Invariant Conjecture, it is natural to ask 
whether there is an analogous interpretation of the Seiberg—Witten invariant in 
terms of an alternating sum of lattice points in certain polytopes associated with the 
topological type (valid for any negative definite rational homology sphere plumbed 
3-manifold). We will call such an expression inclusion-exclusion lattice point 
counting, or IELP counting. In this section we provide a positive answer to this task. 
However, there will be certain differences. The first one is dictated by the geometric 
situation: in the case of pg and Merle—Teissier—-Khovanskii—Morales type formulae 
the polytopes were associated with the equation of the germ, in the next topological 
version they are associated with the resolution graph. Also, in the next topological 
context we have to replace the Minkowski sum by a different construction (for 
Minkowski-sum versions, valid in certain situations, see e.g. [355]). 


10.6.21 Preparation for an IELP Expression We consider the notations and 
constructions from 10.2.5 associated with a plumbing graph I as in Sect. 10.3. 

In particular, PY) = Gye e?. where Pp = {xe ae : a(x)ly < UT}, 
where a: Z!”“! — L’ (or its real extension) is given by a(x) := Pere XyE¥. 

Let us consider for any % C ¥, 4% # VW, the polytope py = Use Pi? 
as well. From the definition it is clear that Pp? depends only on the restriction 


l'|.v. Furthermore, it can happen that in the union the contribution of some Pp is 
superfluous (see e.g 10.3.A). This is what we establish in the next lemma. 

Ifl! =o <7 avE; with every ay 4 0(v € -Y), then we say that the E*-support 
of’ is Y, and we write |I'|* = .f. 


Lemma 10.6.22 ([355]) Assume that I/\* = % 4 9. Then PS & PY? for any 
vey. 


Proof Proceed as in the proof of Theorem 10.3.10. Oo 


The duality from (10.6.2) motivates the introduction of the next special element 


op = Ze-E+ >) Evev’. (10.6.6) 
veVve 
U 
It defines the special polytope py, By (6.3.1) lon = Dove. (kv — 2)E} too, 
u u 
hence |/;,,|* = -” and by Lemma 10.6.22 we obtain py = pyr, We call it 


to, 


the topological polytope associated with the graph I” and we denote it by P ,’. 


I! 
A family of sub-polytopes of pe are defined as follows. Let us write 


the set of nodes as .Y = {v1,..., vs}. Then consider the multiset 4” := 
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Kp 2 ‘ are : 
{v,"" aeegue’ a where in .V™ each node v has multiplicity «, — 2. Since 


ere —2)=|¥*| —2, 4%” contains |¥°| — 2 symbols. Let 4” CW" be 
a non-trivial sub-multiset, .47”" = {v, ° je ees yi }, where {u;,,...,u;,} = %¥ CV 
and 0 < kj; < Ky, — 2 for every j, and 0 < r < s. To such .¥” we define 
: Ky, 

|F"| = Viki, i) — TTj=1 ( . °), the cycle (4) = 0; ki; Ey, vi, with 

E*-su ply) 

pport -%, and the polytope P.gm := Pz ‘ 

m (I 
Note that Pym = pe ae) = py = 4 

Recall that all these polytopes P.gm sit in RY , hence they are | |-dimensional. 
Their number is bounded from above by the cardinality of the index set 7”, namely 
by —1+]], (kv — 1), however some of the polytopes might contain no lattice points. 


Theorem 10.6.23 ([355]) For any concave dilated polytope of type p® we denote 


by #), (PY) the number of integral points in Po Np! ({l']—h) with all coordinates 
strictly positive. Then 


(K + 2rp_)* + |¥| gj jmp (2 
810914 427, M)-——, —— = DMEM, dj talPom). 
OAIMCNM ie 


Proof Let us fix some % C ¥, and compute ZF g(t) via the truncation of the 
series Z(7x|—n(t.), the ‘dual’ polynomial part, 


Zigta= > xt ty (10.6.7) 
Wl=IZK)-h 
VigtZe-Dlg 


using the defining identity (10.6.5) 


-EX 


Zi gts =tf "Zi g(t): (10.6.8) 


Then (10.6.7) gives for the dual polynomial part 
7 phy, ( ~ 2) ver boES+ 
Zig (ts) = Yi(- De ky ; ( ; )e WN L(x) (10.6.9) 


where Ce") = [Lex ( and the sum runs over all 0 < k, 


everyv € Y andx € a Np (Zr - vey kvES] — A) such that o(x)|_7 
(Ze-E—) ev ky E*)|.7. Now apply (10.6.8), (6.3.1) and replace k, by ky—2—ky 
in order to get for the polynomial part 


< Ky — 2 for 


Zi glts) = (-DIM1 (Ener (‘ i ) er bEH-9 496 19) 
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» ky EX 
where the sum runs over all O < ky < ky — 2 and x € pQwer ) N 


pS vey kvES] —b) NZ. 

If we specify 4% = -V, 10.6.22 implies that the sum in (10.6.10) runs over all 
I" CN", I" & G, and lattice points of Pym N p>, k, E*| — h) with all 
coordinates being strictly positive. Now, by Corollary 10.6.15 the formula 10.6.23 
follows. Oo 


Corollary 10.6.24 If for every node v the condition Zx|.y < E*|.y is satisfied 
then 


(K + 2rp)* +|V| 


: = #, (Pym) = #n(P'y?). 


SWorK+42r,)(M) — 
Moreover, the polynomial part is 
ZK-E- 
Zit) = 2s ty ae 


where the sum is over x € p—'([Zx] —h) andx+(1,..., Dé pie \ Ui {xi = O}. 


Proof In 10.6.23 only the submultiset 4” = ./™ has non-trivial contribution. 
Indeed, in the ‘symmetric expression’ (10.6.9) each k, should be zero, since 


a(x). X (Ze —E- Dey bE) ys. Oo 


Example 10.6.25 Let M be a negative definite Seifert fibered rational homology 
sphere, which means that J” is a star-shaped tree. Assume that the central node vp has 
v => 3 legs, each with determinanta; > 2(j = 1,..., v). Let e be the orbifold Euler 
number of M. Then by (3.5.2) and (6.3.1) (Zk — E)|uy = @=2-)); 1/a;)/\e| and 
Ex luo = 1/lel. Also, the polytope of vp is Pyy = {x € Roo: a xy / ee; < I}. 
Hence, the assumption of Corollary 10.6.24 reads as 


a ee aes (10.6.11) 


This inequality cannot hold if v > 6 and it is always satisfied for v = 3. If (10.6.11) 
holds then one needs exactly one polytope in 10.6.23, otherwise one needs more. 
Assume that {aj}; are pairwise relative prime, or, equivalently, that M is an 
integral homology sphere, the link of a Brieskorn complete intersection. Then for 
v = 3 by Corollary 10.6.24 we recover the well-known result that the normalized 
Casson invariant of M(a@ 1, a2, a3) is #(Po9). (Combine 9.2, 6.9.7 and 5.5.4(c).) For 
arbitrary v > 3 the right hand side of the formula from Theorem 10.6.23 is 


> Gn (’ ‘ ’) - #(k Py). 


O0<k<v—2 
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The common Newton polytope of the (v — 2)-Brieskorn equations is Po, hence the 
result fits perfectly with the geometric genus formula of [443], see here in 10.6.20. 


Example 10.6.26 For an explicit computation of the involved polytoles and lattice 
points in the case of a graph with two nodes and H # 0 see [355]. 


Chapter 11 ® 
Lattice Cohomology od 


11.1 The Lattice Cohomology Associated with a System 
of Weights 


We provide two equivalent definitions for the lattice cohomology {H?}g>0 
associated with a free Z-module endowed with a fixed basis and with a set of 
“compatible weight functions’. The first definition is based on the construction 
of a cochain complex. The second one involves the spaces {S,}, introduced in 
7.3.2. In 11.1.A we apply the definition for a negative definite plumbing graph I" 
(where M (J”) is a rational homology sphere). Once I” is fixed, any characteristic 
element k € Char determines a set of weights (via the RR expression x;), hence 
the lattice cohomology Hi* (I, k). It turns out that they depend only on M(J”) and 
[k] € Spin‘(M(I)). In 11.1.B we show that the Euler characteristic of H*(I, k) 
is the normalized Seiberg—Witten invariant of M("). 

The first subsections follow [478, 480]. & 


11.1.1 We consider a free Z-module, with a fixed basis {E,},ev, denoted by Z*. It 
is also convenient to fix a total ordering of the index set Y, which in the sequel will 
be denoted by {1,..., s}. 


Our goal is to define a graded Z[U ]-module associated with the pair (Z*, {Ey}y) 
and a set of weights. First we set some notations regarding Z[U ]-modules. 


11.1.2 Z[U]-Modules Consider the graded Z[U ]-module Z[U, U —1), and (follow- 
ing [547]) denote by a its quotient by the submodule U -Z[U]. This has a grading 
in such a way that deg(U~¢) = 2d (d > 0). Similarly, for any n > 1, the quotient 
of U-—) . Z[U] by U - Z[U] (with the same grading) defines the graded module 
%(n). Hence, .%(n), as a Z-module, is freely generated by 1, U~!,..., U~"—, 
and has finite Z-rank n. 
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More generally, for any graded Z[U]-module P with d-homogeneous elements 
Py, and for any r € Q, we denote by P[r] the same module graded (by Q) in such 
a way that P[r]a+- = Py. Then set %* := aad and %,(n) := %(n)[r]. Hence, 
form €Z, Z,. =Z(U-", U-"—!, ...) as a Z-module. 


2m 


11.1.3 The Cochain Complex The space Z* ® R has a natural decomposition 
into cubes (see also 7.3.1). The set of zero-dimensional cubes consists of the 
lattice points Z*. Any / € Z* and subset J C Y of cardinality q defines a q- 
dimensional cube, which has its vertices in the lattice points (J + Oye, Ev)ici- 
On each such cube we fix an orientation. This can be determined, e.g., by the order 
(Bajsccss Ey,), where vj < --: < Ug, of the involved base elements {Ey}ver. 
The set of oriented q-dimensional cubes defined in this way is denoted by 2, 
(<q <s). 


Let @ be the free Z-module generated by oriented cubes Og € Qy. Clearly, for 
each Li, € Q, the oriented boundary dH, (of ‘classical’ cubical homology) has 
the form ay Ek a for some ex € {—1, +1}. These are the faces of Lg. 

It is clear that 0 o 0 = O. But, obviously, the homology of the chain complex 
(Gx, 0) (or, of the dual cochain complex (Homz(@;, Z), 5)) is not very interesting: 
it is the (co)homology of R*. A more interesting (co)homology can be constructed 
as follows. For this, we consider a set of compatible weight functions {wWg}q. 


Definition 11.1.4 (Compare with 7.3.6) A set of functions wy : 2g ~ Z(0 < 
q <.s) is called a set of compatible weight functions if the following hold: 


(a) For any integer k € Z, the set wo! ((—oo, k] ) is finite; 
(b) wg (Cg) = we—1(Cg-1) for any Oy € Qy and any of its faces Og-) € Qg-1. 


In the sequel sometimes we will omit the index q of wy. 


11.1.5 In the presence of any fixed set of compatible weight functions {w,}q we 
define #7 as the set of morphisms Homz(@;j, a.) with finite support on Q,. 


Notice that #% is a Z[U]-module by (p * )(Og) := p(@(Gq)) (p € Z[U)). 
Moreover, #7 has a Z-grading: 6 € #4 is homogeneous of degree deg() = d € Z 
if for each O, € Qy with 6(,) ¢ 0, d(Oq) is a homogeneous element of go, of 
degree d —2-w(U,). (In fact, the grading is 2Z-valued; hence, the reader interested 
only in the present construction may divide all the degrees by two. Nevertheless, we 
prefer to keep the present form in our presentation because of its resonance with the 
Heegaard Floer era of the link.) 

Next, we define 5,, : #7 — .¥4*!, For this, fix @ € F4 and we indicate how 

dw@ acts on a cube L1g41 € Qy4 +1. First write dLg+41 = > Ek ‘ then set 


(8w) (Cg) = D> ee UY O-HED 9 OL), 
k 


Lemma 11.1.6 6, 0d, = 0, ie. (F*, by) is a cochain complex. 
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Proof With the obvious notations, (52) ( ’ 42) equals 


; ry = ik “ok = u “oy a 1 e 
Feu Tr MY st ply = ye "D (Pele) oh. 
k qT 1 k 


But, for any j and/, )>, el ek = O since 07 = 0. Oo 


11.1.7 In fact, (#*,6,) has a natural augmentation. Indeed, set my := 
minjezs wo(l) and choose 1, € Z* such that wo(ly) = my. Then define the Z[U]- 
linear map 


—> F° 


éw Tr 


2mMy 


such that €,,(U~"~%)(J) is the class of UT” t0O-S in me for any / € L and 
s>0. 


Lemma 11.1.8 €,, is injective, and by 0 €y = 0. 


Proof Since €y(U~""~*) (ly) = U~, the injectivity follows. Take 0 € 2; with 
d0 = a—b. Then (6y€y)(t)(C) = UY OO-* Me, (1) (a) — VUXO-"M €,, (6) = 
ue); —yrO: = 0. Oo 


We invite the reader to verify that €, and 5, are morphisms of Z[U]-modules, 
and are homogeneous of degree zero. 


Definition 11.1.9 The homology of the cochain complex (.#*, 65) is called the 
lattice cohomology of the pair (R°, w), and it is denoted by H*(R*, w). The 
homology of the augmented cochain complex 


+ _. g 0 
0— Tym > F 


is called the reduced lattice cohomology of the pair (R°, w), and it is denoted by 
Ht, ,(R’, w). 


If the pair (R*, w) is clear from the context, we omit it from the notation. 

For any g > 0 fixed, the Z-grading of 4% induces a Z-grading on H? and Ht, a 
the homogeneous part of degree d is denoted by H4, or Ht ed.a- Moreover, both 
Hi? and Ht, 4 admit an induced graded Z[U]-module structure and H? = Ht, d 
q> 0. 

It is easy to see that HI*(IR*, w) depends essentially on the choice of w. 


for 


Lemma 11.1.10 One has a graded Z[U]-module isomorphism H° ~ ate oH, ,- 


Proof Consider the isomorphism U7" : Ze > aoe Then define ry, : H® > 
Tym y by rw(¢) := U-™» d(ly). Since ry o €y = 1, the exact sequence 0 > 


gt £m, 770 > H°,, > 0 splits. ‘ 


2mMwy 
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11.1.11 Next, we present another realization of the module H*. In 7.3.2 for each 
n € Zwe defined S, = S,(w) C R’ as the union of all the cubes Oy (of any 
dimension) with w(U1,) < n. Clearly, S, = @, whenever n < m,. For any q = 0, 
set 


Sf (R’, w) i= Bn>=my H4 (Sn, Z). 


Then S? is Z (in fact, 2Z)-graded, the d = 2n-homogeneous elements si consist 
of H7(S,, Z). Also, S? is a Z[U]-module; the U-action is given by the restriction 
map rn41 : H2(Sy41,Z) > H4(S,, Z). Moreover, for g = 0, the fixed base-point 
ly € Sy provides an augmentation (splitting) H %S,,Z) =ZO H %s,,, Z), hence 
an augmentation of the graded Z[U ]-modules 


go _ Gt 


2my 


® oy = (®n>m,Z) @ (Sn>my H (Sn, Z)). 


Theorem 11.1.12 


(a) There exists a graded Z[U |-module isomorphism, compatible with the augmen- 
tations: 


H*(R‘, w) = S*(R*, w). 
(b) For any degree d, there exists an integer N(d) > 0, such that 


(c) For any n one has Gre = 0. If there exists N such that Sp is 
contractible for any n > N, then UN Me = 0. 


Proof (a) Let ¥. : be the set of d = 2n-homogeneous elements @ € #7. Since 
dw is homogeneous of degree zero, (.F7, 5) is a complex. Let (@*(S,), 5) be the 
usual cochain complex of S,. Then the two complexes can be naturally identified. 
Indeed, take @ € FA Then, for any Ug, 6(L,) has the form ag( pu mel 
Hence ag (Uz) € Z is well-defined for any g-cube U1, of S,, and the correspondence 
g +> ag realizes the bijection. 77 > @* (Sn). 

Since A, (R’, Z) = 0, for any n there exists N such that Hy (Sn) > Ay (Sntn) 
is trivial. [Indeed, take a finite set of generators {cy}q of Hg(Sn) and choose cycles 
{data with d(dy) = Cy in R*. Then the restriction of wz on Ugda is bounded.] Part 
(b) is the dual statement of this fact. (c) follows from (a)-(b). oO 


Remark 11.1.13 The definition S*(R°, w) := @n>m,, H*(Sn,Z), based on the 
tower of space {Sy}n>m,, Suggests the possibility to introduce several other invari- 
ants of (R*, w); e.g., H* can be replaces by other generalized (extraordinary) 
cohomology groups, or by the homotpy groups, or, one can also consider different 
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cohomology operations as additional structures. Such potential possibilities are not 
exploited in this book, but definitely should be considered in the future. 


Remark 11.1.14 Though H*, ,(R*, w) has finite Z-rank in any fixed homogeneous 
degree, in general, it is not finitely generated over Z, in fact, not even over Z[U]. 
E.g., set s = 1, and define wo by wo(—n) = wo(n) = [n/2] + 4{n/2} for anyn € 
Z>o, where [] and {} are the integral, respectively the fractional parts; and let w 
on the segment [”,n + 1] take the value max{wo(n), wo(m + 1)}. Then He = 


Or>1 ACA)?. 


11.1.15 Restrictions Assume that T C R* is a subspace of R* consisting of a union 
of some cubes (from 2,). Let G(T) be the free Z-module generated by q-cubes 
of T, #4(T) be the restriction of #4 to G(T). Then (¥*(T), dy) is a complex, 
whose homology will be denoted by H*(7, w). It has a natural graded Z[U ]-module 
structure. Again, H°(7, w) ~ Tyrrintw\p\Purea(T w). The restriction map induces 
a natural graded Z[U ]-module homogeneous homomorphism (of degree zero) 


r* : H*(R’, w) > H*(T, wv). 


Definition 11.1.16 Fix T C R°* as above, and assume that H*, (7, w) has finite 
Z-—rank. Then we define the Euler characteristic of H*(T, w) as 


eu(H*(T, w)) := — min{wo|7} + xXeroy rankz, Ht A(T, w). 
q 


For motivation of the —min{wo|r} term see 11.2.10 and the computations 
from 11.1.32. 


11.1.4 The Lattice Cohomology Associated with a Plumbing 
Graph 


11.1.17 We consider a connected negative definite plumbing graph I" and we 
assume that J” is a tree and g, = 0 for every v (that is, M(J”) is a rational homology 
sphere). We also fix a characteristic element k € Char. We also write s := |V|. 


Note that /” automatically and naturally provides a free Z-module L = Z* witha 
fixed bases {Ey}y, cf. 2.1.15 and 7.3.1. Using I” and k, we define a set of compatible 
weight functions w as in 7.3.1: wx(Ug) = max{xx(v) : v is a vertex of Hg}. 


Definition 11.1.18 The Z[U]-modules H*(R°, w) and H*,,(R°, w) obtained by 
these weight functions are called the lattice cohomologies associated with the pair 
(I, k) and are denoted by H*(I’, k), respectively H*, I’, k). 

(Recall that we also have the notation mz := my = minjey xx (1), cf. 7.3.2). 
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Proposition 11.1.19 


(a) H*, (0, &) is finitely generated over Z. 
(b) Haat, K) = 0 for the canonical characteristic element K andd > 0. 


Proof (a) Use either 7.3.9 or 7.3.10. (b) Use 7.3.13. oO 


Remark 11.1.20 There is a symmetry present in the picture. Indeed, the involution 
xt» —x (x € L’) induces identities y_¢(—1) = xx (J), hence isomorphisms 


H* (I, k) = H*(r,—k) and Ht, (0,k) = Ht, —k). 


The involution [k] +» [—k] corresponds to the natural involution of Spin‘(M), 
cf. 6.10.19. 


11.1.21 Assume that [k] = [k’], hence k’ = k+2/ for some! € L. Then xx (x—l) = 
Xx (x) — xx (1) for any x € L. Therefore, the transformation x +> x’ := x —/ realizes 
the following identification: 


Lemma 11.1.22 Jf k’ = k + 21 for some 1 € L, then: H*(I,k’) 
H*(P, k)[—2x.()]. 


11.1.23 In fact, there is an easy way to choose one module from the multitude 
(H*(P, k)}cetxy. Indeed, set my = minjez xx (1) as above. Since (k + 21)? = k*? — 
8xx(/), we get 


8mx = HP — max (RY <0. (11.1.1) 


Set Mix := {k € [k] : mp = O}. Hence, if kg and ko + 21 € Mig, then — xx, (1) = 0. 
In particular, for any fixed orbit [k], any choice of ko € My provides the same 
module Hi*(I’, ko), in the sequel denoted by H* I’, [k]). Hence, for any k € [k] 


H*(P, k) = H*(P, [k])) [2m]. abel es 


Proposition 11.1.24 For each fixed [k] € Spin®(M(I)), H*(L, [k]) depends only 
on M(I’) and is independent of the choice of the graph I’, which provides M(I°). 


Proof Use Proposition 7.3.5. Oo 


Remark 11.1.25 


(a) The well-defined homotopy type of the tower {Sp}n>m,, 18S a much stronger 
invariant than the lattice cohomology, we can call it the lattice homotopy type 
(following the model of ‘Khovanov homotopy type’ of [391]). Usually to find 
the ‘homotopy type’ of a cohomology theory (or to realize it as the singular 
homology of some natural spectrum) is not automatical at all. However, in our 
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lattice cohomology case we have such a realization from one of the definitions 
and from 7.3.5, which guarantees that it is well-defined up to homotopy. See 
also 11.1.13. 

(b) The author knows no example when the Z—module H*(I", k) has a non-zero 
Z-torsion. It is a challenge to prove that this cannot occur indeed. 


Consider the distinguished characteristic element k,, cf. 7.3.11. The following 
statement follows from 7.3.12. 


Proposition 11.1.26 The restriction H* (I, k,) > H*((Rs0)*, k-) induced by the 
inclusion (R>0)* <> R* is an isomorphism of graded Z[U | modules. 


Remark 11.1.27 Assume that I’ is either rational or elliptic, in particular, min(y) = 
0. Then by 7.3.12 min(xz,) => 0. Hence, by (11.1.1), in fact, min(x;,.) = 0. 


Example 11.1.28 (Rational Graphs) Theorem 7.3.14 transforms into the following 
statement. The following facts are equivalent: (a) I” is rational; (b) HH edit K) = 


0; (b’) He, K) =0; (c) Ht, U, k) = 0 for every k € Char. 
Additionally, by Remark 11.1.27, if I” is rational then Hr ky) = a for any k;. 


Example 11.1.29 (Elliptic Graphs) Theorem 7.3.15 and Remark 1 1.1.27 transform 
into the following statement. The following facts are equivalent: 


(a) I is elliptic; 
(b) HW, K) = % @ He, (LP, K) with HO, (7, K) £0. 


red 


Furthermore, if I is elliptic then Sa K) = &JH(1)* (that is, it is Z of 
homogeneous degree 0), where € = fseq > 0 is the length of the elliptic sequence. 


Example 11.1.30 (Minimally Elliptic Graphs) Assume that I” is minimally elliptic 
and the minimal resolution is good. Then by 7.3.18 and 11.1.27 H*(’,k,) = be 
for any [k-] 4 [K]. (By 11.1.29 H*(, K) = ae ® A(1).) 


Example 11.1.31 (Almost Rational Graphs) By 7.3.35 H4(I’,k) = Oforanyg > 1 
and k € Char. (For H°(I, k) see 11.3.) 


11.1.B The Lattice Cohomology and the Seiberg—Witten 
Invariant 


Fix I” and k as in Sect. 11.1.A. Our goal is to identify the “Euler characteristic’ of 
the lattice cohomology HI*(I’, k). Recall that by 11.1.19 rankz(HI*, (I, k)) < 00. 
Then, cf. 11.1.16, the Euler characteristic of H*(I’, k) is defined as 


eu(H* (IP, k)) = —my + Y\(-1)4rank z(t, (, k)). (11.1.3) 
q 
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11.1.32 Fix /_ and /+ and the rectangle R = R(—/_, /,) as in 7.3.9. We set 


Euy,(R):= Y> (-1)%t" wey) and EuP!q):= > (-1)%q"*O € Ziq, q7'I.- 
g@CR @cR 


In particular, if we write Eub'(q)/( —q) as Deh anq” then 


an = » (1/7 = Xtop (Sn OR), 


aR, wy (Cg) <n 


where Xzop is the topological Euler characteristic. But, by 7.3.9, S$, R= S, isa 
homotopy equivalence, hence a, = Xtop(Sn). This by 11.1.12 reads as 


pol _ ain 
an a i _ » (Gn — 1)q” = > (5 (-Dfrankz hog on k)))q". 


1- 
q n>mk n>mp g>0 
q= 


In particular, this expression is independent of the choice of R. 


Since all the sums are finite one might take the limit limg—1: 


Euy,(R) + mg =) \(-1)%rankz (HI, (PF, k))), 
qz0 


or, cf. [482, Theorem 2.3.7], 
Euy,(R) = eu(H* (I, k)). (11.1.4) 


The above identity is a generalization to the level of weighted cubes of the classical 
fact that the Euler characteristic computed at the level of cubes (a la Euler) equals 
the homological Euler characteristic (a la Poincaré or Betti). 


11.1.33 Recall that if k’ = k + 21,1 € L, then H*(,k’) = H*(7, k/)[-2xe 2], 
cf.11.1.A. Hence, the lattice cohomologies associated with different k’s 
with the same class [kK] are equal up to a shift. This has no effect on 
Da (—1)?rank z (HI, ,(, k)), however it has on m,;. This can be remedied either 
by choosing k from Mj,y (cf. 11.1.23), or by taking k, (cf. 11.1.21). Here is another 
way to eliminate this shift. 


Let us replace the weight function wx(U,) := {xx(v) : v is a vertex of LI} by 


= Pal), F741 k—K 
Wk(Lg) = we(Og) + 0x, where 0% := SN ST a>. 
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and denote the corresponding lattice cohomologies by H (1, k). Then 


Lemma 11.1.34 Hr, k) = H*(I, k)[0«] is independent of the choice of k from 
[k]. 


Remark 11.1.35 In the spirit of 9.6.7, and with the notation k = K + 2U Hr, k) 
is the lattice cohomology of the cubes of J, + L, where the weight function is 
generated by the restriction of x on this shifted lattice J, + L. (Indeed, for/ € L, 


X41) = xe(D) + 4.) Hence, eu A", k)) = eu (Hl (7, k) + 0k. 
On the other hand, from (9.6.6) Euz,(R) = $n, and by 9.6.20 


$x +421 \(M(P)) = 5a + (K* + |V|)/8. 


All these combined together with (11.1.4) give 
Theorem 11.1.36 ([482]) 


P+ |¥| 
eu (Hl (LP, K)) = sto9ixy(M(P)) — 
11.1.37 The SWIC Revisited For any h € H assume that the representative /), is 
either ry, or s,. Then via the first extension 9.7.7 of the SWIC combined with 11.1.36 
from above, the SWIC(h) is equivalent to 


(SWIC(h)) A(X, O(-I/,)) = eu(H*(, K +21). (11.1.5) 


We wish to emphasize that to some extent this conjectured identity (SWIC) (and 
the efforts to prove it for different cases) lead to the definition of graded roots 
and lattice cohomology (at least, of H°), cf. [478]. Indeed, for several singularities 
with AR graphs (e.g. for the weighted homogeneous germs) the left hand side was 
computed by a concatenated Laufer computations sequence, and its x -fluctuation 
was reformulated as the key topological object at the right hand side (cf.7.3.D 
and 11.3). 


Example 11.1.38 (Verification of SWIC for Rational Singularities) We wish to 
verify that nlx, O(—sp)) = eu(H*(, K + 2s,)) for any h. But, in fact, both 
sides vanish; the left hand side by 7.1.11, the right hand side by 11.1.28. In 
particular, by 11.1.36, stwopiq(M@()) = (k2 + |V|)/8 for any rational singularity 
and [k] = [k;]. 


Example 11.1.39 (Verification of SWIC for Minimally Elliptic Singularities) Again 
we wish to verify (11.1.5) for Li = Sn. If [k-] 4 [K] then again both sides vanish, 
the left hand side by 7.2.31(c), the right hand side by 11.1.30. Otherwise, the left 
hand side is pg = 1, while the right hand side is 1 by the same 11.1.30. 
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Example 11.1.40 (Discussion of SWIC for Elliptic Singularities, k = K) In this 
case the left hand side of (11.1.5) (with li, = 0) is pg, while the right hand side is the 
length of the elliptic sequence fe, cf. 11.1.29. In general, for an arbitrary analytic 
structure Pg < seq, however, for (Xo, 09) Gorenstein, they equal, cf. 7.2.65. 


11.2 Graded Roots and Their Cohomologies 


We introduce the abstract graded root (R, x) and we define its cohomology 
Z([U |-module H(R, x). We provide several constructions, which provide graded 
roots. One of them associates a graded root (Ry, xw) with a system of weights 
{Wg }q- In particular, any resolution graph I” and characteristic element k provides 
a graded root. If {wg}q is given by wo via max-principle, then H(Ry, xw) = 
H°(R’, w). In particular, (Ry, x) is an enhancement of H®. & 


11.2.1 In this subsection we give the definition and the first properties of abstract 
graded roots. We follow [478, 479]. Section 11.2.A contains the construction of the 
graded roots Rx from the plumbing graphs J”. [Although both graphs, namely I’, 
the plumbing graph, and the constructed graded root Rx are ‘connected graphs’, they 
serve rather different roles, and emphasize rather different topological aspects. ] 


Definition 11.2.2 


(1) Let R be an infinite tree with vertices Y and edges &. We denote by [u, v] the 
edge with end-vertices u and v. We say that R is a graded root with grading 
x:V > Zit 


(a) x(u) — x(v) = #1 for any [u, v] € @; 

(b) x(u) > min{x(v), x(w)} for any [u, v], [u, w]e ou Aw; 

(c) x is bounded below, x—!(k) is finite for any k € Z, and lx!()| = lif 
k> 0. 


(2) v € V isa local minimum point of the graded root (R, x) if x(v) < x (w) for 
any edge [v, w]. Their set is denoted by Yn. 

(3) A geodesic path connecting two vertices is monotone if x restricted to the set 
of vertices on the path is strictly monotone. If a vertex v can be connected by 
another vertex w by a monotone geodesic and x(v) > x(w), then we write 
uv > w. > is an ordering of VY. 

(4) If (R, x) is a graded root, andr € Z, then (R, x)[r] denotes the same R with 
the new grading x[r](v) := x(v) +r. 

(5) There is a natural definition of isomorphism of graded roots: it is a graph 
isomorphism, which preserves the gradings. 


One verifies the following facts as well: 


(6) By Part (1)(b), Vim coincides with the set of vertices with adjacent degree one. 
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(7) For any pair v,w € ¥ there is a unique >-minimal vertex sup(v, w), which 
dominates both (that is, sup(v, w) > v and sup(v, w) > w). 


Example 11.2.3 


(1) For any integer n € Z, let Ri») be the tree with Y = {io esx and €& = 
{[v¥, u+"}}ps. The grading is x (v*) = k. 

(2) Let I be a finite index set. For each i € J fix an integer n; € Z; and for each 
pairi, j € 7 fixnj; =nj; € Z with the next properties: 


(i) ni = N33 
(ii) njj = max{n;,n;}; and 


(iii) njx < max{n;;, nix} for any i, j,k € I. 


For any i € J consider R; := Rn;) with vertices {uk} and edges {[r, oy, 


(k > n;). In the disjoint union Lj; R;, for any pair (i, j), identify i and vi, 
resp. [vf, or] and [vi ed whenever k > nj;. Write uk for the class of 
oe Then Lj; R;/~ is a graded root with x (0) = k. It will be denoted by R = 
R({nj}, {nij})- 


Clearly %m(R) is a subset of fo." }icz, and this last set can be identified with J. 
Vin(R) = I if in (ii) all the inequalities are strict. Otherwise all the indices J \ 
Vin (R) are superfluous, i.e. the corresponding R;’s produce no additional vertices. 

Any graded root (R’, x’) is isomorphic with some R({n;}, {nij}). Indeed, set 
T= Vin (R’), ny = x'(v) and nyy := x’/(sup(u, v)) for u,v € I. 


(3) Any map t : {0,1,..., 79} — Z produces a starting data for construction (2). 
Indeed, set J = {0,..., To}, nj = ti) Gi € J), and njj := max{ng : i <k < 
J} fori < 7. Then Lj; R; /~ constructed in (2) using this data will be denoted by 
(Rr > Xr). 


For example, for To = 4, take for the values of t: —3,—1,—2,0 and —2 
(respectively —3, 0, —2, —1 and —2). Then the two graded roots are: 


Rs 
-x=0 x =0 


This construction can be extended to the case of a map t : N > Z, whenever 
t has the property that there exists kg > O such that r(k + 1) > t(k) for any 
k > ko. In this case one can take any To > ko and construct the root associated with 
the restriction of t to {0,..., Zo}. It is independent of the choice of To (since all 
contributions for k > ko are superfluous). By definition, this is the root associated 
with tT. 
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Definition 11.2.4 (The (Cohomology) Z[U ]-Modules Associated with a Graded 
Root) For any graded root (R, x), let H(R, x) (briefly H(R)) be the set of 
functions ¢ : V¥ > a with the following property: whenever [v,u] € & with 
x(v) < xu), then U - d(v) = $(u). Or, equivalently, one requires 


UXM-X) . Oy) = P(u) for any w > v. (11.2.1) 


Clearly H(R) is a Z[U]-module via (U@)(v) = U - }(v). Moreover, H(R) has a 
Z-grading: the element ¢ € H(R) is homogeneous of degree d € Z if for each 
v € V with d(v) 4 0, d(v) € ay is homogeneous of degree d — 2x (v). Since 
2x (v) + deg d(v) = 2x (u) + deg d(u) in (11.2.1), d is well-defined. 

Note also that any @ as above is automatically finitely supported. 


Remark 11.2.5 By the definitions H((R, x)[r]) = H(R, x)[2r] for any r € Z. 


Proposition 11.2.6 Let (R, x) be a graded root. We order Vim as follows. The first 
element v, is an arbitrary vertex with x (vj) = miny x(v). If v1, ..., ve is already 
determined, and Jx := {v1,..., vk} & Vim, then let vg41 be an arbitrary vertex in 
Vim \ Je with x (ve41) = MiINye H,,\ J, X (V). We continue this procedure till we order 
all the elements of Vim. Finally, for any k > 2, let we € V be the unique >-minimal 
vertex of R which dominates vx and at least one vertex from Jy—. Then one has the 
following isomorphism of Z[U]-modules 


HR, x) = Frey) © Otxe2 ay oy (x (we) — x (ve). 


In particular, with the notations m := miny x (v) and 
Hyea(R, X) = Bre2 Ay we (xX (we) — x (ve)), 
one has a (non-canonical) direct sum decomposition of graded Z[U |-modules: 
H(R, x) = Zp, © Hrea(R, x), 


such that the Z[U |-module H,eq(R) has finite Z-rank. 


Proof We use induction over the cardinality of Yj». If |%n| = 1 then (R, x) = Rn 
for a certain n, and the verification is elementary. Assume that we already know 
the validity of the statement for |%,| = r — 1. Take any (R, x) with Y%y = 
{v1,..., U,}, where this set is ordered as in the statement of the proposition. Set 
Vi, = {V1,..-, Vr—1}, and define R’ by {w : w > vu; forsome v; € ¥/,}. Then 
the restriction x’ of x defines a root (R’, x") with Yim(R’, x') = %,,. Consider 
the natural restriction map p : H(R, x) — H(R’, x’). We show that p is onto 
and admits a splitting. For this, we fix 6’ € H(R’, x’) and we will extend it to 
o:V(R)> oars Take any vertex w such that w, > w > v,. We already know 
¢'(w,;), but we need to define each ¢(w) for the sequence of vertices w, > w > vu; 
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such that d(w,) = /(w,) and (11.2.1) is satisfied too. First we choose some 
vj; € ¥}, such that w, > v;. Next, for any w as above we define w’ as the unique 
vertex w’ with w, > w’ > vj; and x(w) = x(w’). (Here we use the fact that 
x(v;) < x(v;).). Then we define ¢ as an extension of $’ by ¢(w) := ¢/(u’). 

On the other hand, if @ € ker(p), then with the notation 6 := x(w,) — x(v;), 
one has U*d(u;) = 0(¢)(w,) = 0, hence @(v;) = is ngU—* (and all the other 
values @(w) are determined from this by (11.2.1)). oO 


Example 11.2.7 


(a) (Rn) = J, 

(b) The graded roots R ' and R? constructed in 11.2.3(3) are not isomorphic but 
their Z[U]-modules are isomorphic: H(R!) = H(R?) = ae ® F401) @ 
F_4(2). Hence, in general, a graded root carries more information than its 
Z[U |-module. 


Definition 11.2.8 We define the Euler characteristic of a graded root (R, x) as 


eu(R, x) := —min x + rankz Hyeg(R, x). 


Proposition 11.2.9 Fix some n such that |y~!(n’)| = 1 for any n! > n. Let Ven := 
{ve V : x(v) <n} and ey := {[v,u] € € : v,u € Ven}. Then 


eu(R,x)=— D> xv) + Do max{x(v), x(w)}. 


vEeVen [v,ulee<n 
Proof Use 11.2.6 (or repeat the proof from 11.1.32). Oo 


Corollary 11.2.10 Let (R,, xz) be a graded root associated with a function T : 
N > Z, cf. 11.2.3(3). Then 


rank 7H yed(Rr, Xr) = —T(O) + mint) + > max{t(i) — TG + 1), O}. 
i i>0 


The summand J," 


om Of HICRz, Xr) has index m = minj>o Ti) = miny Xz (v). 


Proof Use 11.2.9 (or induction over To, where t : {0,..., Zp} > Z). oO 


Corollary 11.2.11 Assume that (R,, x1) @ (Ro, x2) is a sub—graded root (graded 
injection). Then eu(R, x1) < eu(Ro, x2). 


11.2.12 The Graded Root Associated with a System of Weigh Functions Fix a 
free Z-module and a system of weights {wg}, of cubes of R®, cf. 11.1.4. Consider 
the sequence of topological spaces (finite cubical complexes) {Sn}n>m,, with Sy C 
Sn41- Let 20(Sp) = {E!, ..., G2") be the set of connected components of S). 
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Then we define the graded graph (Ry, Xw) as follows. The vertex set V (Ry) is 
Unezo(Sn). The grading xy : V (Ry) > Zis xw(G!) = n, that is, Xwlo(S,) = N2- 
Furthermore, if Gi Cc 6! 41 for some n, i and j, then we introduce an edge 


[ei : Gi 


n+ J. All the edges of R,, are obtained in this way. 


Lemma 11.2.13 (Ry, Xw) satisfies all the required properties of the definition of a 
graded root, except maybe the last one: |x,, '(n)| = 1 whenever n > 0. 


Proof Part 11.1.4(a) implies that wo is bounded below. If x, y € Z are lattice 
points representing the connected components a and 3 respectively, then there is 
a finite path (for definition see 6.8.B) in Z* connecting x and y in Z’, which is totally 
included in some S; for some k >> 0. Hence Ry is connected. Finally, 11.2.2(b) 
must be also satisfied, otherwise there would exist certain connected components 


i ol k J k j J k Sa 
Cy» 6,4, and Cr 1, ©, A G1, such that €, CG, Gi, ,. But this is not 


n? “n n+1? 
possible. Oo 
The property |x;,!(n)| = 1 (i.e. S, connected) for n >> 0 is not satisfied for any 
{wq}q- This is e.g. the case for {wg}, induced by wo from 11.1.14. 


11.2.14 Next, assume that the system {w,}q is determined by wo by the ‘max— 
principle’: wg(O,) = max{wo(v) : v isa vertex ofLlz}. Then the definition 
from 11.2.4 is compatible with the definition of H°(R°, w) from 11.1.9. Indeed, 
let@: Lo ae be a function which satisfies the analogue of (11.2.1): for any 
1 = [v, uv] € Q| with wo(v) < wo(u) we have UM -“0™) . d(v) = o(u). But 
this means 5, (@)[v, u] = 0, hence @ € ker (Sw : Fo > F") = H°(R®, w). 


Theorem 11.2.15 Let {wg}, be a system of weights of cubes in R* as in 11.2.14. Let 
(Rw, Xw) be the graded root associated with {wq}q. Then H(Rw, Xw) = H°(R’, w). 


Proof Fix d = 2n. The homogeneous elements of H°(R°, w) are identified with 
H°(S,, Z), cf.11.1.12. They associate an integer at € Z to each connected 
component @! of S,. We construct a 2n-homogeneous element ¢ = Pai), OF 


H(Rw, Xw) bY Pgiy, (Cin) = 0 form > n and Piyiy, (Gp) = aU" for m <n, 
qe? je 


where ig is determined uniquely by @,° > Gj). Then ¢ satisfies Definition 11.2.4, 
and it is homogeneous of degree 2n. This provides a Z-linear morphism @ : 
H°(RS, w)2n > H(Rw, Xw)2n- Clearly, it is injective. To see the surjectivity, notice 
that for any @ € H(Rw, xw)2n, b(G') necessarily has the form aj, € Z-1 (by 
homogeneity), hence @ = ((a');). 

Finally, this identification is compatible with the U-action. Oo 


In the above discussions R* can be replaced by some T C R* and its cubes. 
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11.2.A The Graded Root Associated with a Plumbing Graph 


11.2.16 Fix a graph I’ and k € Char, their compatible weight functions and the 
graded cubes as in |1.1.17. The graded root associated with this system of weight 
functions (cf. 11.2.12 and 11.2.13) is denoted by (Rx, xx). 


For the system of weight functions induced by xx the sequence of spaces {Sn}n 
have a finiteness property: only finitely many S, is not contractible, cf. 7.3.10. 


Corollary 11.2.17 (Rx, xx) is a graded root. (In particular, H( Rx, xx) is a finitely 
generated Z[U|-module, and Hyeq(Rx, Xx) is a finitely generated Z-module.) 


Remark 11.2.18 There are several natural symmetries in the picture. 


(a) The Spin‘-involution. The involution /’ +> —l’ (/' € L’) induces the identity 
x—-K(-l1) = xx), hence an isomorphism of the graded roots (Rx, xn) = 
(R_x, X—k). ([k] # [—&] is the natural involution of Spin‘ (M (I’)), cf. 6.10.19.) 

(b) The Gorenstein symmetry. If J” is numerically Gorenstein then xx is stable 
with respect to the transformation L — L,x t Zx — x. This shows that 
(Rx, XK) has a Zp-symmetry. 


More generally, if k € L (that is, k is spin) then x +» —k — x induces a Zp- 
symmetry of (Rx, xx). 


Example 11.2.19 Consider the example from 7.3.3. Those computations show that 
the graded root (Rx, xx) is 


0 
—1 

Then using 11.2.6 we get Hr, K) = Zi, ® £201) 6 AC) ® A(I). The 
computation from 7.3.3 also shows that H! (I, K) = -%(1) and H4 (I, K) = 0 for 
q = 2. 

Let us check the SWIC for singularities with this resolution graph for k = K.On 
one side eu(H* (I, K)) = 1 +3 — 1 = 3. On the other hand, we know from 6.8.44 
that pg < 3 for any analytic structure supported on J”. Equality holds if (X, 0) is 
Kulikov or Gorenstein, cf. 6.8.44 or [495]. 

Here one can notice that the very same graded root (Rx, xx) is realized by the 
star-shaped graph, say I"g,, of the Brieskorn singularity x7 + y> + z’ = 0 too. 
However, since in this realization I’g, is AR, H?(I'g,, K) = Oforg > 1 by 11.1.31. 
(For more on the general case of AR graph see 11.3.) Thus eu(H*(I°, K)) = 1+3 = 
4. Note that this Brieskorn singularity has pg = 4, and pg < 4 for any analytic 
structure supported on Ip. 
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11.2.20 Next, with the notations from 1 1.1.21, by the very same argument as in that 
paragraph, we have the analogues of 11.1.22, (11.1.2), 11.1.24: 


Proposition 11.2.21 


(a) Ifk’ =k +2l for some 1 € L, then: (Ry, xx) = (Re, XK) [—2xe (). 

(b) (Re, Xe) = (Reaq XV 2m] 

(c) The set (Rik, x[k\), indexed by [k] € Spin°(M(I°)), depends only on M = 
M(I°) and is independent of the choice of the plumbing graph T" which 
provides M. 


These identities induce similar identities at the level of their H-homologies, 
compatible with the identities from Sect. 11.1.A via Theorem 11.2.15. 


Example 11.2.22 (Rational Graphs) The following facts are equivalent: (a) I" 
is rational; (b) Rx = Rw; (c) Re = Rim) for some m € Z; (d) For all 
characteristic elements k € Char, Ry = Rim,) for some my € Z. 

Recall from 11.1.27 that min x,;, = 0 for rational I’. 


Example 11.2.23 (Elliptic Graphs) The following facts are equivalent: 


(a) I” is elliptic; 
(b) (Rx, xK) = R({ni}, {nij}) for some index set J, |J| = €+ 1 = 2, such that 
nj = O for anyi € J andn;; = 1 for any pairi ¥ j; 


Above £ can be identified with the length of the elliptic sequence (cf. 7.2.C). 


Example 11,.2.24 If I is minimally elliptic, and I" is the graph of the minimal 
resolution which is good (cf. 7.3.18), then (Rx,, Xx.) = R@) for any [k,] 4 [K]. 


11.2.25 The ‘age’ of a Graded Root 


A possible way to measure the complexity of a graded root is by its ‘age’, defined 
as follows. By definition, a root of type Ri) has age AGE(R(n)) = 0. Next, assume 
that R is not of type Ri). Then for each v € Ym let v’ be the >-minimal vertex so 
that there exists w € Yin, w 4 v, with v’ = supp(v, w) (ie. v’ is the closest ‘node’ 
above v). Let R°@ be the root (with induced x), obtained from R by deleting the 
strings of type [v, v’) = {v} U{w: v > w > v’} (and the corresponding edges) for 
allv € Vim. 

Then one sets inductively AGE(R) := AGE(R®¢) + 1. 

E.g., elliptic roots (Rx, xx), or those from 11.2.3(3), or 11.2.19 have 
AGE = 1. Below is a root with AGE = 2. It is the root of the star-shaped 
graph with g = 0, bob = 2, v = 6, and Seifert invariants (aj,@j) € 
{(2, 1), 2, D), G, 1), G, 1), 7, D, 7, D}- 
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It would be nice to understand the meaning of AGE(R) associated with the root of 
(I, K) in terms of the topology of M(I°). 


11.2.26 Continuation of the Artin—Laufer Program In a simplified sense, by the 
‘Artin-Laufer program’ we understand results in the spirit of sections 7.1 and 7.2. 
They provide different analytic invariants (e.g. the Hilbert—Samuel function and 
the geometric genus) for a topologically identified family (maybe under certain 
additional analytic assumptions). 


Recall that the family of rational and elliptic singularities were identified by 
min x. However, in the continuation, using only minx (or merely numerical 
invariants), the program cannot be continued. Indeed, the class of singularities fixed 
in this way is too large to be uniform. In order to continue the program, we need to 
identify subfamilies for which one can show that they share ‘common properties’. 

One possibility is to identify these subfamilies by graded roots: For each fixed 
possible graded root, we consider all the singularities which have their canonical 
graded root (Rx, xx) identical with the fixed one. 

Let us be more precise regarding the first new steps. Let us say that a singularity is 
of ‘general type’ if it is not rational or elliptic. This happens if and only if min x < 
0. Now, let us define the family of ‘minimally general type’ singularities, by the 
property that their canonical graded root (Rx, Xx) is the root Rmin—gen from the 
left: 


: : sym 
Rinin—gen min—gen 
pay | fle egiay Soa a a | 


The minimal vertex should be realized by the component of the minimal cycle, 
hence in this case miny = x(Zmin) = —1. Furthermore, the root has no Z- 
Gorenstein symmetry, hence all the resolution graphs having Rmin—gen as the 
canonical root, will be non-numerically Gorenstein. 


578 11 Lattice Cohomology 


This root can indeed be realized, e.g. all the graphs below with n > 15 work: 


These graphs admit even splice quotient analytic realizations, cf.5.4. Forn = 


15 one has [Zx| = Zin, moreover, |Zx| is decreasing as n increases, and 
limy—+oolZx] = C, the characteristic cycle, the unique minimal cycle Z with 
x(Z) = —-1, cf. 6.6.11-6.6.12. Note also that for all singularities having this 


canonical root one has pg = h'(@c) = h'(G@z,,,,) = 2 necessarily. 

On the other hand, if we wish to consider the family of topological ‘minimally 
numerically Gorenstein general type’ singularities then we have to fix the root 
Lae from the right hand side. In this case minx = x(Zmin) = —1. At 
zero level the local minimums are symmetrical, they correspond to the connected 
components of the cycles 0 and Zx. Cycles at level —1 form a connected 
component, the maximal element (which necessarily stays in .) is Zmin, while the 
minimal element is the characteristic cycle C. In fact, ZK = Zmin-+C. Furthermore, 
for this class 2 < pg < 3, and p, = 3 if and only if the singularity is Gorenstein 
(use Proposition 6.4.20). (In this case the identity ZK = Zmin + C is the analogue 
of the package of combinatorial identities realized by the elliptic sequence in the 
case of elliptic graphs.) 

This root is realized e.g. by /’(14). On the other hand, J"(14) is realized by the 
hypersurface w? = (ue+v*)(u4 + v2) with mult(X, 0) = —Z2.. = 2. 7(14) hasa 


min 
Kulikov singularity realization as well, cf. 6.7.A. Another realization of R65 is 


by the Brieskorn singularity x°-+ y>+z? with Pe = 3and mult(X, 0) = -Z? =3, 
(This shows that the possible analytic structures still have some variations.) 

We expect that the family of singularities with root Rimin—gen (or, similarly, germs 
with root Re. Z en) can be organised and studied via a common skeleton. (See the 
article of Tomaru [694] for singularities with the property Zx = Zmin + C, and 
articles of Konno with similar combinatorial restrictions [337—339].) 

There is a second (stronger, but technically harder) possibility to identify 
topological families with common behaviours when we fix the lattice cohomology 
(or both the graded root and the lattice cohomology). 


11.2.27 The following tasks appear very naturally. 


Problem Determine all the possible canonical (Rx, xx) (and non-canonical 
(Rx, Xk) ) graded roots. 


The possible resolution graphs are characterized by Grauert Theorem, namely 
they are connected and negative definite. For each negative definite graph (tree) we 
construct a canonical graded root in a direct combinatorial way. The problem is to 
find a combinatorial characterization of all of them. 


Problem Determine all the possible graded Z[U]-modules, which might appear as 
H*(I’, k) for some pair (I, k). 
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11.3. Graded Roots of Almost Rational Graphs 


For almost rational graphs the lattice cohomology computation reduces basically 
to a 1-dimensional lattice. In particular, H>°(I, k) = 0, and H°(I, k,) and the 
graded roots are determined by a t-function associated with the concatenated 
computation sequence connecting the universal cycles {x(€)}¢. Hence, in princi- 
ple, all the graded roots, {HO (L, k)}x, and all the Seiberg—Witten invariants are 
computable algorithmically. 

First, in 11.3.A we perform this computation for star-shaped graphs, and 
we compare the output with the Reidemeister—Turaev torsion expressions (or 
with the Dolgachev—Pinkham—Demazure expression of the geometric genus of 
weighted homogeneous singularities). 

The second application in 11.3.B targets the surgery manifold S* q(K) with 
arbitrary d > 0. In this case we determine the t-function in terms of d and 
the Alexander polynomial (or, equivalently, the semigroup) of the knot K. 
This in 11.3.C applies for superisolated singularities associated with rational 
unicuspidal curves. Reinterpretation of the formulae shows that the SWIC for 
such germs is equivalent with the (valid) Semigroup Distribution Property, 
and also with the coincidence of the canonical lattice cohomologies (or of the 
canonical graded roots) of the 3-manifolds s3 q(K) and X'(d,d,d + 1). & 


11.3.1 Let us fix R* and a set of weight functions as in 11.1. If T is a subspace of R° 
consisting of a union of certain cubes (as in 11.1.15) then we can define the graded 
root (Ry(T), Xw), similarly as we defined H*(T, w) in 11.1.15. Whilst the vertices 
of (Rw, Xw) at level n correspond to the connected components of S, = Uy) <nU, 
the vertices at level n of (R(T), xw) correspond to the connected components of 
Sn AT, and the edges are defined by the similar principle as the edges of (Rw, xw). 


More generally, in the definition of the graded root associated with the cubical 
decomposition of R* (endowed compatibly with weights) we can replace R* with 
any cubical CW complex X = U;Lj; (or even with a simplicial one), endowed with 
a set of compatible weights. Then the spaces S,,, the lattice cohomology and the 
graded root are naturally well-defined. 

Several examples appear naturally. E.g., T as in the first paragraph works. 
Another example is the topological realization of a given graded root (R, x). If 
we regard R as a union of 0 and | dimensional cells, and we take wo(v) := x(v) 
while w;([v, w]) = max{x(v), x(w)}, then (R, x) might serve as a weighted 1- 
dimensional CW complex. It is an instructive exercise to check that the graded root 
associated with this weighted CW complex is the original graded root itself. For this, 
let us fix n € Z, and x(n) = {v1,..., Uc, }. Then it turns out that S, = S,(R, x) 
(that is, the topological realization of the full subgraph identified by x < 7) has cy 
connected components and each of them contains exactly one vertex of type vj. 

In fact, in several situations it is more convenient to think about a graded root as 
a weighted 1-dimensional CW complex. 
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11.3.2 Let us assume that X is a 1-dimensional CW complex consisting of 0-cells 
{u;}ixo and 1-cells {[v;, vi+1]}ix0 (hence it is homeomorphic to [0, 00)). We endow 
X with a set of compatible weight functions, namely, we define wo(v;) € Z and 
w1([uj, vi41]) € Zin such a way that w)([v;, vi41]) = max{wo(v;), wo(vi+1)}. Let 
(Rw(X), Xw) be the graded root associated with this setup. The verification of the 
next combinatorial/topological statement is left to the reader. 


Lemma 11.3.3 If we define t as wo, and (Rr, Xr) is associated with t as 
in 11.2.3(3) then (Rw(X), Xw) = (Rr; Xr): 


11.3.4 In the sequel we assume that I" is an AR graph, with SR-set consisting the 
vertex {vo}. We fix a distinguished characteristic element k, = K + 2s,. The reader 
is invited to review the definitions and the statements from 7.3.D. In particular, 
we consider the universal cycles {x;5,(€)}e>0 associated with J”, k,), and their t- 
function t : Z>9 — Z defined as t(€) := xx, (Xs, (£)). Associated with this 
t-function we consider its graded root (R_,, x7) as well, cf. 11.2.3(3). 


Theorem 11.3.5 [478] Assume that I” is AR, and set k, = K+2sy forsomeh € H. 
Then 


(a) Hf? (I, ky) =O forg = 1; 
(b) HOW, ky) = H(Rz,. xXx, )s 


(c) (Rk, Xk) = (R;, Xr); 
(d) xs,(0) = 0, 7(0) = 0, t(1) = 1 — (sn, Exo) = 1, mg, = mingso{t(£)} and 


eu(HI*(P, ky) = —min{r(O)} + rankz (HP. 4(L kr) 


y > max{ t(€) — r(é + 1), 0}. 


l=0 


(e) tl) — t+ 1) =—-14 Os, (© + Sn, Erg). 
(f) Ifh = 0 then Path' < eu(HI*(I, K)). 


Proof The main technical statement behind the theorem is Theorem 7.3.37. Part (a) 
was already mentioned in 11.1.31. Part (b) was proved in 11.2.15. We prove (c) in 
two steps. First, from Theorem 7.3.37 we obtain that H*(I, k,) is isomorphic with 
the lattice cohomology H*(C,, xx,) associated with the embedded concatenated 
path C,, constructed in 7.3.D, and the same fact is true for the corresponding graded 
roots. On the other hand, by Lemma 11.3.3, the graded root associated with (Cy, k;) 
and (R;, xr) coincide. The first part of (d) follows from Lemma 7.3.33 and the last 
identity from 11.2.10. Part (e) follows from 7.3.36(e). 

Finally we prove (f). Consider the path yar, the concatenated computation 
sequence constructed in 7.3.D. Then comparing the definition of S(yar) 
from 6.8.37 with the formula from part (d) (and Lemma 7.3.36) we get that 
eu(H* (I, K)) = S(yar) (this realizability of eu(HI*(I", K)) as S(v) for some y is 
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exactly the main point of 6.8.37 and part (d) above). Then Path’ = min,< gi S(y) < 
S(yvArR)- Oo 


Remark 11.3.6 


(a) The above theorem shows that for almost rational graphs, any graded tree 
(Rx, xk) is completely determined by the values of x, along a very natural, 
universal, infinite (increasing) computation sequence (depending on k), which 
contains the elements {x(¢€)}e>o0. (For the construction of the sequence see 
7.3.D.) In particular, all the important vertices of Rx can be represented by some 
special cycles in L, which can be arranged in an increasing linear order (with 
respect to <). [This property was extremely useful in the study of the elliptic 
singularities, where this role was played by the elliptic sequence, but here we 
realize that it is a more general phenomenon. Compare with 7.3.38(b).] 

The set {x(€)}¢ usually is not very economical: only some of the x(€)’s 
carry substantial information, which will survive in (R,, xr). The others are 
intermediate steps in some monotone paths. E.g., for rational singularities, 
x(x(€+ 1)) = x(x(8)), hence only the information x (x(0)) = 0 is preserved 
in R;. 


(b 


wm 


11.3.7 Next we connect the topological invariant eu(H*(I,k-)) = Yeo max 
{t(€) — t(€+ 1), 0} with analytic invariants. 


Proposition 11.3.8 ((478]) Consider a normal surface singularity (X,0) with a 
fixed resolution X. Assume that the resolution graph is AR. Next, consider any 
holomorphic line bundle @ € Pic(X) with c\(L) = —sp. Then 


h'(X, LZ) < eu(H* (I, k;)). (11.3.1) 
This combined with Theorem 11.1.36 gives 


e+ |¥| 


h\(X, LZ) < st0of4,)(M(P)) — : 


(11.3.2) 


Furthermore, if h = 0 and ky = K then pg < Pathi < eu(H* (I, K)). 


Proof Use the infinite sequence y = {/;}+0 from 7.3.D and the cohomology long 
exact sequences associated withO > 2 ® @£,,.(—li) > Yi, > Ll, > 0 
similarly as in 6.8.36. For the h = 0 case use 6.8.B and 11.3.5(f). oO 


Corollary 11.3.9 [f an AR topological type supports an analytic structure, which 
satisfies the SWIC (i.e. pg = eu(H* (I, K))) then Path’ = eu(H* (I, K)). 


582 11 Lattice Cohomology 


Definition 11.3.10 In order to comment the above inequalities and for applications 
in the next subsections it is helpful to introduce 


eu(H°(r, k)) := —m, + rank 7H, (IP, k)) 


for any (not necessarily AR) pair (I, k). 


Though it is not really an ‘Euler characteristic’ —since, in general, H=! might 
be non-zero—, its applicability emphasizes that certain geometrical properties are 
guided only by H® instead of H*. In the AR case eu(H° (I, k)) = eu(H* (I, k)). 


Remark 11.3.11 Historically (in the process in which the author tried to understand 
the analytic/topological connections, like the SWIC) the inequality (11.3.2) was a 
crucial momentum, but at some point it became a misleading factor as well. 

At the early stage, in the effort to bound/recover h!(Z) from topology, for 
several examples (e.g. for rational, elliptic, or weighted homogeneous germs) we 
realized (11.3.2), even with equality for ‘nice’ analytic structures. By semicontinu- 
ity, via deformation of these ‘nice’ analytic structures, h!(Z) usually drops. 

Based on these facts it was natural to formulate the conjecture that (11.3.2) is 
valid for any singularity with equality for ‘nice’ (specific) analytic structures (see 
e.g.[489]). Well, later it turned out that this is not the case: The prediction works for 
AR graphs, but not in general. The point is that basically in the proof of (11.3.2) 
h'(L) < eu (HOF , k,)) 18 proved via computation sequences. Furthermore, at 
that moment, it was not clear that the Seiberg—Witten invariant from the right 
hand side of (11.3.2) has a cohomological categorification, namely the lattice 
cohomology (and in the inequality only the term H® appears naturally). So, the 
correct generalization for arbitrary germs is hi (LZ) < eu(H(L, k,)) (see 11.6), 
while hi(L) < eu(H*(I,k,)) (which is equivalent to (11.3.2)) for non-AR 
graphs might not hold . E.g., when hA!(Y) = eu(H°(r,k,)) but H! ¥ 0 (and 
H=* = 0) then h!(Y) > eu(H* (I, k,)). (That is, for some analytic structures, the 
inequality (11.3.2) even turned into the unexpected direction, a fact which before the 
construction of the lattice cohomology was hard to explain.) For such a key example 
see 9.7.32. In that case H°(P, K) = 7796 .7-10(3)@ A)”, hence eu(H°) = 10, 
but H! = 74(1)* and H?? = 0, hence eu(H*) = 8. The superisolated analytic 
realization has pg = 10 while the splice quotient realization has pg = 8, cf. 9.7.32. 

Now, the phenomenon is rather complex, even for pg (when the analytic variation 
along Pic? is not even considered). Indeed, eu(H°) stays as a topological upper 
bound, which even is improved by a ‘path lattice cohomology bound’ in 11.6 
(equivalent with the bound Path’ from 6.8.B). For several graphs this bound Path! 
is even realized by very concrete ‘nice’ analytic structures (e.g. this happens 
for certain surgery 3-manifolds, where this topological bound is realized by the 
superisolated singularities, see 6.8.43, 11.6.8 and 11.6.11). It turns out that some 
analytic structures ‘choose’ eu(H®) for their Pg (in such cases pg = Path! too, 
cf. 11.6.8), and also, some other ones choose Path’ (with Path’ < eu(H®), see 
e.g. 1 1.4.11) and 11.6.10. [However, for some graphs, the optimal topological bound 
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is neither eu(H®), nor Path’; see e.g 11.6.10 and the comments form 6.8.44.] On the 
other hand, some other analytic structures prefer eu(H*) for their pg (e.g. the splice 
quotients). 

Here is a wonderful project: list all the possible topological candidates from 
which the analytic types might choose for their pg. Are they all related with 
(parts/versions of) the lattice cohomology? 


Example 11.3.12 In general, Path! and eu(H*(I", K)) cannot be compared. 

For the (non AR) graph from 9.7.32 eu(H*(, K)) = 8 < 10 = Path’ = 
eu(H°(Lr, K)) (cf. 11.4.12, see also 11.3.11). On the other hand, for the surgery 
3—manifold S3 ,(To,3#T2,3#T3,5) is proved in 11.5.38 that eu(H*(I,K)) > 
eu(H°(I, K)); and from 11.6.7 follows that (in any case) eu(H°(I’, K)) > Path’. 


11.3.A Example. Star-Shaped Graphs 


Assume that I” is star-shaped with v legs. In the sequel we will use the notations 
from 5.1. We also fix J, = aoE9 + Vj=1 yj aj, E;,. The coefficients of Jj, also 
determine the integers ajx := as" i415 Ait for 1 < k < s;. We also write 
aj = Gj, (compare with the formulae (6.6.6), (6.6.7), (6.6.16), and (SJ) in 6.6.20) 
when J), = sp). 

I’ is AR, where its SR-set consists of the central vertex, cf.7.3.22(f). Hence, for 
any 1 = £Ep (and for the fixed L andk := K +21) we have a cycle x(D), which will 
be denoted simply by x(£) (€ € Z). For details see 7.3.D. In the sequel we describe 
the cycles x(£) in terms of the Seifert invariants and the coefficients of Li. 


Proposition 11.3.13 ([478, Proposition 11.11]) 
(1) Define the integers {vjx} A < j < v, 1 <k < 8;) inductively by 


j oe : J a 
lw; — aj fny,, — ajl VIR LLs; — Gik 
vy = | ———_] = | — J]; vj = | ——— | CU < k S55). 


a; i j 
J 1s; Nks 


Set z(l) := €Eg + it v jE jx. Then (2(€) +1, Ejx) < 0 for any j and k. 
(2) Assume that an effective integral cycle z(€) := €Eo + hk Vj E jx satisfies 
(z(0) +1, Ejx) < 0 for any j and k. Then 


= j = 
Low; — a; e Ujk-IN gy 5, — Aik 
| and jx = | —* — ] a < ks 5)). 


vjl= | 
Ns; 


aj 


(3) With the notations of (1){2) one has v jx = vjx for every j,k. 
(4) In particular, z(£) defined in (1) equals xy (€). 


584 11 Lattice Cohomology 


Proof 


hog j j e . : 
(1) By the definition of vj, one gets Nie, Vik = Ujk-IMg 41 5, — jks which (via 


identities (2.2.4)) is equivalent to 
b jxv jk — Vj + jk = (VjRM E26, — ik+1)/ Mert.) (11.3.3) 


(Here, if k = 1 then v;j,~_1 := ¢.) Now, using the definition of v;,x+1 (compared 
with the right hand side of (11.3.3), and the fact that the left hand side of (11.3.3) 
is an integer) one gets bjxujx — Vj,k-1 + 4jk = Vj,n41 Which shows (z(¢) + 
Sh, Ejx) < 0. 

(z(€) + I,, Ejs;) < 0 is equivalent to the wanted inequality for k = sj. In 
general, for arbitrary k, the inequality follows from (z(€) + ly, ye) < 0, where 


Yk = dork Mi41,5 Fit: 
(3) Follows from (1)-(2) and increasing induction on k. 


(2 


er 


ia 
Example 11.3.14 Assume that g = 0 and li, = Sp, and set tT(L) = xx, (Xs, (€)) 


(€ > 0). If £ = 0 then x;, (0) = 0, hence t(0) = 0 too. For ¢ > 0, from 7.3.29 one 
gets 


lw; —ai 
t+ 1) — r(6) = 1 — (s,(€) + 5h, Eo) = 1+ a9 + tbo — > | 2 |. 


aj 
(11.3.4) 
In particular, t(1) = 1 + ap > 1, and in general, 
= ko; —a; 
t(@) = (1 +40 + kbo - >>| —+—*“]). (11.3.5) 
a: 
k=0 j J 


This expression, obtained here combinatorially via the cycles {x(€)}¢, appears as 
the output of other type of computations in several different places: (i) in the 
Dolgachev—Pinkham—Demazure theory, cf.5.1.26; (ii) in the expressions of sy, 
cf. 6.6.20; (iii) in the cohomological computations from 6.6.20 and 6.8.19; (iv) in 
the Poincaré series of a weighted homogeneous singularity, cf.8.1.B; (v) in the 
expression of the topological series Z, cf. 8.6.13; (vi) or in the Reidemeister—Turaev 
torsion computations, see 9.7.A. 

These coincidences have the following consequence for the weighted homoge- 
neous analytic structure. 

Ifh =0,k, = K, then t(€+ 1) — t(€) = 1+ N(2€). Then Lemma 7.3.36 and 
the above computation for the concatenated path of the subsection 7.3.D show that 
(via (5.1.5), (5.1.8) and 11.3.5) 


Path’ < )° max{0, r(é) — t(€+ 1)} = )| max{0,-1—N(€}= pg. (11.3.6) 
£>0 £>0 
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Since pg < Path! (cf. (6.8.14)) we get that necessarily Pg = Path’, and the pure 
topological equality Path’ = )°,.) max{0, r(¢) — t(€ + 1} also holds. That is, 
Path’ is realized by the universal concatenated computation sequence constructed 
in 7.3.D. 

Note that the right hand side of (11.3.6), via 11.3.5 and 11.1.36, reproves the 


SWIC for weighted homogeneous singularities. (For the first proof see 9.7.A.) 


11.3.B Example. The Surgery Manifold Ss? re.@) 


11.3.15 The Surgery Manifold M(I") = So (K) Fix d € Zs and an irreducible 
plane curve singularity (C,0) with local algebraic knot (K; C_ S*). Several 
invariants of (C, 0) are listed in 5.2.2. For the shape and structure of the surgery 
3-manifold S? q(K1) see 3.5.12. If it appears as the link of a superisolated surface 
singularity associated with a rational unicuspidal curve of degree d (cf. 5.2.3) then 
necessarily (d — 1)(d — 2) = w(C, 0). However, in the next discussion below we 
will not assume this additional restriction (in particular, d can be any d € Zs). We 
use the following schematic diagram (cf.3.5.C and 9.1.17): 


ee —d—m 
T: Ti __2 
V1 Vy 


The basis elements in L = L(JI”) corresponding to v; and v+ are denoted by Fy 
and E_. The lattice associated with I is £1, its dual is Lis The elements {Ey }u4v, 
of L are identified with the basis elements of L1. 

Recall that [ is an AR graph with Y = {vj}, cf.7.3.22(h). In the next 
presentation we follow [477, 479, 497]. 

Assume that (C, 0) is determined by the function f; denote its compact divisor 
by Z e€ Ly; and the £j-multiplicity of Z by m. Then, Z = Ej(J\), hence 
—(Z,Z),_, = m. This fact together with 2.2.5(5), and 2.2.5(6) (applied for the 
edge (v1, v+) as G), gives that det(”) = d. Since det(/) = 1 (by Cramer’s rule) 
the coefficient of E; in E{ is 1/d. Hence [E% ] has order d in H, and H = Zg. 

We abridge SalE*] by sg fora = 0,1,...,d—1. 


Lemma 11.3.16 sq = aE}. foranya =0,1,...,d—1. 


Proof By the minimality of s, one has aE} — sq =1 € Lo. We have to show that 
1 = 0. Let l, be the coefficient of FE; in /; hence /_, > 0. Since the coefficient of 
Ex in dE? is 1,1 can be written as 1,dE% + 1; for some /; € Lj. But (/, Ey) = 
(—Sa, Ey) => 0 for v ¥ v,, hence (lj, Ey) > 0, which shows that /; < 0 by 2.1.19. 
Next, 0 < (—Sqg, E+) = —la4d+a+(h, E+) < —l4d +a. Since l, > 0 and 
a < d this shows that /, = 0. But then /; = /, and since! > 0 and/; < 0 we get 
1=0. oO 
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11.3.17 Our goal is to determine {x ,,(€)}¢>0 for and for any spin® structure. If 
ky =K+ 2aE* for a certain a then we abridge x;, (¢) as xq(¢), where 0 < a < d. 


Let us write xg(€) as ya(l) + ng@E+, where ng € Zso and ya(l) € Li. The 
inequality (xg(€) + aE%, Ex) < 0 reads as ng(m +d) > €—a. Hence ng = 
[7d —a)/(m+d)]. 

On the other hand, for all other vertices v € V \ {v4, v1} we have (xg(€) + 
aE*, Ey) = (va), Ev), hence yq(€) is independent of a; let us denote it by y(£). 
It satisfies the universal property (a)-(b)-(c) from 7.3.24 for the graph I), vertex v1 
and Ly = 0. Namely, y(¢) is minimal with (a) my, (y(€)) = ¢ and (b) (y(€), Ey) < 0 
for any v ¥ v,. For example, y(0) = 0. 


Proposition 11.3.18 Let Z = divg(n)(f) = Ej} (4) be the cycle as above. Then 


(a) if€ =tm+ lo witht > 0 and0 < 0 < m, then y(l) = tZ + y(£o); 
(b) for any € < mone has 


1 if €¢ Sco; 


(y(), £1) = to if €6Sco. 


Proof For (a) use 7.3.25. Part (b) follows from the next sequence of Claims. 


Claim1 (y(€), £1) < | forany £> 0. 
Indeed, since J) is rational, 2 +» yx(y(£)) is non-decreasing, cf.7.3.38. 
Furthermore, by 7.3.29 x(y(€+ 1)) = x(v(€)) + 1— (y(), F1). 


Claim2 Fix £ > 0. Then (y(£), Ei) < Oifand only if € € -%co. 

‘> If O(), £1) < 0 then y(¢) € Y(1}). Since I is the dual graph of a 
modification of (C7, 0), the cycle y(£) is the divisorial part Z, = dive(r)(g) of a 
holomorphic germ g € @(c2 9). Since the intersection multiplicity io(f, g) of the 
germs f and g at 0 € C? is the multiplicity of Z g along the exceptional divisor 
supporting the arrow of f, one gets io(f, g) = (Ef (1), y(€)) = ¢. Thus, from the 
definition, io(f, g) € co. 

‘= If € € co, then there exists g € O(c) with io(f,g) = ¢; that is, 
My, (Ze) = € and Z, € (1)). Then the minimality of y(¢) implies y(¢€) < Zg. 
Since E; ¢ |Z, — y(€)| one gets (£1, y(€)) < (£1, Zz) < 0. 


Claim3 Assume that £ < m. Then (y(€), E1) = Oifand only if € € -%co. 
Via Claim 2, we need to show that (y(€), £1) < 0 cannot hold for £ < m. Indeed, 
otherwise, y(€)—Z € (I), hence y(€)— Z > 0, and €—m = my, (y(€)—Z) = 0. 


oO 
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Corollary 11.3.19 Fix 0 <a < dand write € = tm + £0 for some t > 0 and 
0 < lo < m. Then 


l-a 


m+d 


xa(€) = 1+ Z+ yo) + | | Ee 


In particular, 


(xa(0), E1) =-t + — | + (Go), Bn). 


m+d 


Furthermore, xx, (Xa(0)) = 0 and for any € = 0 one has 


l 
Xk, (Kall +1)) — x%,(%a(2)) =t+1— | 


— 1 if £6¢ Sco 
m+d 


0 ff £€ Sco. 
(11.3.7) 


11.3.20 The t-Function t, Corresponding to the main strategy from 7.3.D we 
write Ti (€) := Xx, (%a(€)). Then in (11.3.7) one has 


meer 2% 
m+d~— , 
hence tg (£ + 1) — ta(€) => —1 for any £2, and = —1 only in very special situations, 
namely if 
tm+ly-—a 
—— >t and lo ¢%o. (11.3.8) 
m+d 


In order to analyze the cases when this holds, we will consider sequences Seq (t) := 
{tm + £0 : 0 < £0 < m} for fixed t > 0. In such a sequence, notice that the very 
last element of N \ .%c,o, namely w — 1 = 26 — 1, is strictly smaller than m — 1 
(a fact, which can be proved by induction over the number of Newton pairs), hence 
the complete set N \ .%c.o sits in {0,...,m — 1}. Therefore, in Seq (rt) there exists 
an £9 satisfying (11.3.8) if and only if 


tm+26—l-—a 
m+d 


>t. 


This is equivalent to t < tg, for tg := |(26 —2—a)/d].In other words, if € > To := 
(tg + 1)m, then Tg (€ + 1) > Ta(€), hence those values of ty provide no contribution 
in the graded root. Moreover, for t € {0,..., ta}, in Seq (t) one has: 


0 iffo <td+a, andlo ¢ -%co; 
+1 if 9 <td+a, and ly € -%co; 
—1 iff9 > td+a, and lo ¢-%c 0; 

0 iff9 > td+a, and ly € ~C,0- 


A(lo) := Ta(tm + £9 + 1) — ta(tm + £9) = 
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In particular, A(€9) > O for any €9 with O < £9 < td +a, and A(£0) > 0 takes the 
value +1 exactly 


A; :=#{s € Soo :5 <td+a} 


times, otherwise it is zero. Furthermore, A(€9) < 0 for any 09 > td +a and it takes 
value —1 exactly 


B, := #{s 2. Soo:8 >td+a} 


times, otherwise it is zero. Recall that in 5.2.2 we rewrote the characteristic 


polynomial (Alexander polynomial) as A(t) = 1+ 6(t — 1) + (t — 1)? Q(t), where 
O(t) = er a;t'. The above B; compared with (5.2.3) reads as By = ord+a. 


Notice that both A; and B; are strictly positive (since 0 € .“c.9, respectively 
25 — 1 ¢ .%c. and 26 — 1 > td +a). This shows that 


M; := max Tg(tm-+ £0) = Ta(tm) + At = Ta((t + 1)m) + B; (11.3.9) 


0<lo<m 
and 
M, > max{ Ta(tm), Ta(tm + m) }. 


Therefore, the graded root associated with the values {ta(€) }o<¢e<(1,+1)m 18 the same 
as the graded root associated with the values 


Ta (0), Mo, Ta(m), M, Ta(2m), M), eee Ta (tam), Mi, Ta (tam + m). 


Finally, since #{s ¢ -%c.o} = 6, one has 6 — By = #{s ¢ -%c.o : 8 < td + a}, hence 
6 — By, + A; =td+a+1. Thus, by (11.3.9), 


ta((t + 1m) — t4(tm) = td tat1—6. 


Since Tt, (0) = 0, this gives Tt, (tm) inductively. 

Clearly, the graded root associated with Tt, is the same as the graded root 
associated with tT, : {0,1,2,...,2t, + 2} — Z, where T(2t) := tg(tm) and 
Tqa(2t + 1) := M;. 

The above discussion gives the following statement. 


Theorem 11.3.21 For each fixed a = 0,1,...,d — 1,—corresponding to the d 
different spin‘ -structures of M—one defines the following objects : 


* t= | r=#|, (tq = —1 automatically); 
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* a function Tg : {0,1,...,2tg +2} > Z by 
ee) _ : 
Tq(2t) =d-—5— —t(6—-1—a), (=0,...,t44+ 1); 


tq(2t +1) = t4(2t+2)+ Orda, (t =0,...,t2). 


¢ and the graded root (Rz,, Xz1,) associated with Tq. 


Then (Ry, X1,) is the graded root of M associated with (I, k;). 
Note also that min tq = Ta(2[ta/2] ). 


Remark 11.3.22 


(a) Since for any ¢t € {0,..., ta}, Ta(2t + 1) > max{t, (21), ta(2t + 2)}, the above 
representation of the graded root is the most ‘economical’: all the values are 
essential. This also shows that (R;,, Xz,) has exactly fg + 2 local minimum 
points, and they correspond to the values t,(2t), t=0,1,...,t¢ +1. 

(b) The values t,(2t), t = 0,1,...,% + 1 depend only on ¢, d and 4, that is, for 
these values no other information is needed from the semigroup .“¢c o. 


Lemma 11.3.23 The Value of k? + |V| For any0 < a < d, ky := K +2sy = 
K + 2aE* satisfies k? + |V| =1—(d +25 —2-2a)?/d. 


Proof K*+\|V| is independent of the resolution, hence we can consider the minimal 
resolution: it has only one exceptional curve, say F*, with self-intersection —d and 
a singularity with delta-invariant 6. Hence —K = ((d + 25 — 2)/d)F* and K 24 
|Y| = 1— (d+ 26 — 2)*/d. Now, we consider the minimal good resolution, where 
K+ |V| = K*+|V|+4a(K, E*) + 4a?(E*)*, where (K, Et) = (d+ 25 —2)/d 
and (ery =-—I/d. Oo 


Corollary 11.3.24 


(a) eu(H* (LP, kr)) = Dio rata 
2 
(b) stork,\(M(P)) = Vig rata + gL — Go), 


Proof Use 11.2.10 for (a) and 11.1.36 for (b). oO 


Example 11.3.25 Without proof we provide the graded root and the Seiberg—Witten 
invariant of the (rational) surgery 3-manifold M = 33 pie (K) too (p/q € Qso). For 
details and more information see [479]. For I” see 3.5.13. 

In this case H := H\(M, Z) = Zp. There is a natural identification of the spin‘- 
structures of M with the classes of Zp—or, with the integers a = 0,1,..., p — 1, 
a = O corresponding to the canonical spin°-structure. The symbol s(q, p) denotes 
the Dedekind sum (see 2.2.A). The integer q’ is uniquely determined by 1 < q’ < p 
and qq’ = 1 (mod p). 
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For each fixed a = 0,1,..., p — 1,—corresponding to the p different spin‘- 
structures of M—one defines the following objects : 
‘p= | weet : 


Pp ’ 
¢ afunction ty : {0,1,...,2t7 +2}— Zby 


0) =10-h4>3) | 2], G= 0... ei: 


Tqa(2t + 1) = Tg(2t + 2) + 1 (tp+a)/q]> (t=0,...,¢). 


Then (R;,,Xz,) is the graded root of (/’,k;). Furthermore mint, = 
Ta(2[ta/2] ). 
Furthermore, —(k? + |V|)/4 equals 


a Aw 2 

1+ 2a -—1 +1 6 26a 

3s(q, p) +2 {24} — CPO TD 4 (1-248), a Be 
j=l P 2p P P Pp 


For example, when p = l,i. M = Siig (K), then g’ = | and there is only one 
spin‘-structure corresponding to a = 0. In this case —(K? + |V|)/4 = qd(5 — 1). 
In particular, 


eu(H* (I, k,)) = >> aep+a/ql- (11.3.10) 


t>0 


Example 11.3.26 Ifa > (26 —1)q, then tg = —1, hence R;, = Rw) (cf. 11.2.3(1)). 
In particular, for such a, He, (Rr) = 0. For all the other a’s, HH? (Re) is not 
trivial. E.g., for the canonical spin‘-structure corresponding to a = 0, H?, (Rr) is 


never trivial. In particular, I” is never rational. 


Example 11.3.27 Assume p = q = 1. Then M is an integral homology sphere; 
a = Oand t) = 26 — 2 = w — 2. Moreover, —(K* + |V|)/4 = 6(6 — 1) and 
To(2t) = t(t — 25 + 1)/2. The reader is invited to draw the graded root and verify 
that 


5-1 
HP, K) =(FHo Se Aas-1)® P| H+ a-145)™ )-86 = VI. 


i=1 
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Example 11.3.28 More generally, assume only that p = 1. Similarly as in the above 
case, only a = 0 is possible, and in this case miny = (K? + |V|)/4 as well. 
Moreover, H°(I", K) equals 


(6-1)q 
(Ai ® F(as-1)™ © QB Tiger ti/qya+ (8-14 41/q1 )* )[—G6(6 — 1]. 


i=l 


From this expression (since it involves only the coefficients a; fori > 5 — 1), 
seemingly H°(I”, K) contains less information than the polynomial Q(t). However, 
this is not the case. Indeed, the symmetry of A(t) implies that a,,-2-; — aj is a A- 
independent universal number (see e.g. (11.5.32)). In particular, Q can be recovered 
from {oc}¢>5—1. In fact, from H°(I", K) both the integer g and the isotopy type of 
K CS} can be recovered. 


Remark 11.3.29 Inthe above example the graded root and H°(I’, K) havea striking 
Z2-symmetry. We explain this for a = 0. The point is that if the graph is numerically 
Gorenstein, then the whole theory associated with the integral cycles has a duality. 
This happens for example if p = 1; or if g = 1 and 26 — 2 is divisible by p. In 
our case, in these situations, the function to is stable with respect to the Z2 action 
it > 2t9 +2 —i, i.e. to) = t0(2t0 + 2 — i). This induces a symmetry of the root 
and of the lattice cohomology. 

But, for general p/q, the graphs are not numerically Gorenstein. In fact, even if 
they are numerically Gorenstein, for general a, the symmetry may fail. 

For more examples see e.g. [479, 5.6.5]. 


Remark 11.3.30 In 11.3.8 we proved that for any analytic structure supported on an 
AR topological type we have 


Pe < eu(H* (IP, K)) = — min(yx) + rankz H°(L, K). 


In the case of M = Sy (K) this via (11.3.10) reads as pg < ist Ottp/q]- 

When p/g = d satisfies (d — 1)(d — 2) = w(K) then in the next subsection 
we will see (cf. 11.6.11 and 11.6.12) that this inequality is optimal, and equality is 
realized by the superisolated singularities: in fact, the equality is equivalent to the 
validity of the SWIC. However, for other surgery coefficients it is hard to find/guess 
the right analytic structures, which might have pe = )°,~¢ @[tp/q]. Nevertheless, 
the graph s ate (K) is Kulikov (cf. 6.7.29), hence it admits a Kulikov analytic 
structure (and in several examples the Kulikov analytic type maximizes pg, see 
e.g. 6.8.44). 


11.3.31 Question 


(a) Is it true that pg = er Qttp/q\ for a Kulikov singularity with link og (K)? 
(b) Does a Gorenstein Kulikov analytic structure with link ane (K) exist? 
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Note that the two-cuspidal graph from 6.8.44 is also of type S* ,(Ki#K2), it is 
Kulikov, but it does not support a Gorenstein Kulikov analytic type. 


11.3.C Superisolated Singularities with One Cusp 


11.3.32 In the sequel we will consider a superisolated singularity as in 5.2.3. For 
different invariants see 5.2, whose notations we will adopt. We will assume that C 
is an irreducible rational unicuspidal curve. 


We invite the reader to review the ‘Semigroup Distribution Inequality’ from 
5.2.9(IID) and the “‘Semigroup Distribution Property’ from 5.2.9(IV)). The rein- 
terpretations in terms of reduced Poincaré series can be found in 8.6.B, and the 
connection with the Seiberg—Witten Invariant Conjecture (as the basic motivation 
and source of the Semigroup Distribution Property) is presented in 9.7.B. Here we 
present further connections with the graded roots. We will follow [199]. 


11.3.33 In this part we will compare the invariants of the link M = S* q(X) of the 
superisolated singularity with the corresponding invariants of the Seifert 3-manifold 
(d, d, d+1), the link of the hypersurface Brieskorn singularity x4+y¢+z¢+! = 0, 
cf.5.1.17. Before we state the next theorem, we recall that the plumbing graph 
of (or the 3-manifold itself) S q(K) contains complete information about the 
embedded link K C S*. Moreover, by the statements of 11.3.21, the graded root 
or lattice cohomology still preserves essential data about the Alexander polynomial. 
However, the Seifert 3-manifold X'(d,d,d + 1) has information only about the 
degree yz of A via (d — 1)(d —2) = pw. The point is that the algebraic realizability of 
C (that is, the existence of an analytic superisolated singularity with link se q(K)) 
imposes the following very surprising necessary topological obstructions. 


Theorem 11.3.34 ([199]) | The following facts are equivalent: 


(a) The Seiberg—Witten Invariant Conjecture is true for the superisolated germ. 
(b) The Semigroup Distribution Property is true. 

(c) The canonical graded roots of S3(K) and 3i(d,d, d + 1) are the same. 

(d) The canonical lattice homologies of S3 (K) and 3/(d,d, d + 1) are the same. 
(e) 


aa 
K a) | 


K? +#Y 


Sto M)—- )| ; 
( o[K](M) 8 M=S(d,d,d+1) 


= (sto M)- 
M=s? (K) ( o[K](M) 


Recall that, in fact, the Semigroup Distribution Property is true by [68] 
(cf. 5.2.9(II-IV)), hence all the statements of 11.3.34 are true as well. However, we 
formulated above a weaker statement, only the equivalence of the above statements, 
whose proof is independent of the Heegaard Floer theory based proof of [68]. 
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The proof of 11.3.34 is given in several steps. The starting point is that both 
3-manifolds S$? q(K) and X'(d, d,d + 1) are almost rational. In particular, in both 
cases, the canonical graded root can be determined via the t-function, cf. 11.3. In 
the first case this is done explicitly in 1 1.3.21, while for the second case see 11.3.A. 

In this second case the minimal good resolution graph of »’(d, d, d + 1) is star- 
shaped with a (—1) central vertex, and it has d identical legs, each consisting of one 
vertex with self-intersection number —(d + 1). The algorithm from 11.3.A gives a 
‘non-economical’ t—function, below we replace this one by the most economical 
one. 


Fact 1 Let us rewrite 11.3.21 for S? q(X) and for the canonical spin® structure 
a = 0. Set c; := aq—3-1a and define t : {0,1,...,2d — 4} > Z by 


t(2l) = 


Then (Rean, Xcan) = (Rr, Xr). 
Fact 2 Consider next the Seifert manifold X’(d,d,d + 1). Its canonical graded 


root is the following. For any 0 < / < d — 3 write c/ := (1+ I) + 2)/2, and 
26 := (d — 1)(d — 2). Then define t” : {0,1,...,2d —4} > Z by 


r"(21) = 


id@=1 
c 4-18 — 1), PQ )aeQ4+D4 44. 013.12) 


Then (Rean, Xcan) = (Rr, Xr“). 

Notice the shocking similarities of (11.3.11) and (11.3.12): the graded roots 
associated with S$? q(K) and X(d,d,d + 1) coincide exactly when c; = c/' for 
every /. However, by the Semigroup Distribution Inequality (a consequence of the 
Bézout’s Theorem, cf. 5.2.9(IID)) c; > ci for every /. Hence c; = c} for every / if 
and only if }°) c; = >°, cj’. But this is exactly the vanishing of N(1), cf. 8.6.21(b), 
hence 9.7.30 applies. 


Example 11.3.35 Assume that d = 5 and C is unicuspidal and its singular point 
has only one Puiseux pair (a,b) with a < b. Then by the genus formula the 
possible values of (a, b) are (4,5), (3, 7) and (2, 13). It turns out that the first and 
the third cases can be realized, while the second case not (see e.g. 5.2.8). This fact 
is compatible with the above Theorem | 1.3.34. Indeed, the corresponding canonical 
graded roots (together with the root of (5, 5, 6)) are shown in the next picture. 
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S? (113); 82 <(%s) 8° g(Th7) 
£(5,5,5) 


In the case of (3, 7) the semigroup distribution in the intervals ((/ — 1)d, ld] (l => 
0) is 1,1,4,4,5,... instead of 1,2,3,4,5,... required by (SDP). That is, a semigroup 
element ‘moves wrongly to the right’. 

Wrong move to the left is also possible: Consider d = 6 and the semi- 
group (2,21) (Le., S3 6(T2,21)), then the distribution is 1,3,3,3,5,6,... instead 
of 1,2,3,4,5,6,.... The fact that this data is not realized algebraically can be 
verified by the Matsuoka—Sakai inequality too (cf. 5.2.9.1), see also the classification 
from 5.2.8.1. 


Remark 11.3.36 As we already mentioned in 5.2.9(III)—-(IV), the Semigroup Distri- 
bution Property (in the unicuspidal case) was partially verified in [198] and proved 
in [68]. The first approach is based on a case-by-case verification of the families of 
cuspidal rational projective curves which appear in the classification theorems. The 
second approach is based on the Heegaard Floer theory. The discussion from 1 1.3.38 
traces a possible third approach, which would lead to a different proof, and would 
open a new chapter in the deformation theory of surface singularities. 


Corollary 11.3.37 The Seiberg—Witten Invariant Conjecture is true for superiso- 
lated germs associated with rational unicuspidal curves. 


11.3.38 Why © (d,d,d+ 1)? At the first glance the pairing of X'\(d, d, d+ 1) with 
se q(X) in Theorem 11.3.34 looks very unmotivated, even incidental or accidental. 
In the next paragraphs we wish to convince the reader that this is not the case, and 
conjecturally a very deep structure might exist behind the scene. 


Assume that the rational unicuspidal curve is given by fy(x, y,z) = 0 in P? 
(for notations see 5.2.3). We can fix the homogeneous coordinates in P? in such 
a way that z = 0 intersects C generically. A possible choice for the superisolated 
singularity f : (C?,0) > (C, 0) is f= fa +z4+! Write fa as ae Sa—i(X, y)zi. 
Then gq is a product of d linear factors corresponding to the points C N {z = 0}, 
hence the germ gg : (C, 0) — (C, 0) is equisingular with (x, y) BH x? 4 y4. 

Next, consider the following deformation f, : (C*,0) — (C,0) of 
isolated hypersurface germs, given by f;(x,y,z) = fa(x,y,tz) + 2ft! = 
Y; Bai, y)zit! + c4+!. For t £ 0 the deformation is jz-constant, the embedded 
topological type stays also constant, and it is equivalent (up to such equivalences) 
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to the type of f. However, for t = 0 it is equivalent (in similar sense) to the germ 
xd p yd 4 dtl, 

Along this deformation not only the embedded topological type jumps (e.g. the 
Milnor number), but even the (non-embedded abstract) link as well: for t ~ 0 it 
is S> q(XK), while for t = 0 itis X'(d,d,d + 1). Their graphs are rather different 
(cf. 11.3.15 and the proof of 11.3.34). Their first homology groups also differ: it is 
Za fort ~£ 0 and he for t = 0. (However, both graphs are AR.) 

The point is that several key invariants still stay stable. For example, using the 
corresponding sections above we obtain that in both cases pg = d(d — 1)(d — 2)/6. 
If in both cases we compute the (resolution independent) invariant K? + |V| we 
realizes that they are different. However, if we denote by K fe in the self-intersection 
of K in the minimal resolution, then it turns out that in both cases it is —d(d — 2)”. 
Hence we are dealing with a Gorenstein Ke jn constant deformation. By a result of 
Laufer [365] such deformations admit a very weak simultaneous resolution (possible 
after a finite base change). This give possibility to compare the lattices associated 
with their minimal resolutions. Indeed, S? q(K) and X(d,d,d + 1) admit certain 
non-minimal resolution graphs with lattices L;~9 and L;—o and a homological map 
t: Ly40 — Lr=0, which preserves the intersection matrices, the canonical classes, 
the x-expression. [This created the possibility to prove the validity of the statements 
of Theorem 11.3.34—not just their equivalences —, but the plan was obstructed by 
the stability of the crucial relations (11.2.1), at least in the author’s try. ] 

We formulate the next conjecture, whose positive answer would produce an 
extremely strong test for the existence of certain analytic deformations. 


Conjecture 11.3.39 Along a flat K?, constant deformation {X;}; of Gorenstein 
surface singularities, such that the links of X;-9 and X;40 are both rational 
homology spheres, the graded roots of the links of X;—9 and X;z0 associated with 


X = xXx are the same. 


Note that along a deformation as in 11.3.39 in general we cannot expect 
the stability of the whole module {H? }q- Indeed, for the deformation described 
in 11.3.38 valid for superisolated germs, for f = O we have an AR case with 
H=! = 0. However, for t 4 0, for certain superisolated germs with v > 2 we might 
have H=! + 0, see e.g. 1 1.4.12. In fact, for any superisolated germ which produced a 
counterexample for the SWIC, along the above deformation the canonical Seiberg— 
Witten invariant is non-constant too (cf. 11.3.34). 


11.4 The Reduction Theorem 


E LY) in TBC we defined the universal cycle xs, @ Ee L. Furthermore, 
> xk, (Xs,(1)) generates a system of weights w of the cubes of (Rso)’, 
:= |V|. Then the Reduction Theorem states that H* (I, k,.) & H*((R0)*, 0). 


Fix I” and kk = K + 2s, (h € A). If YW is an SR-set of ¥, then for each 
1 
1 


al 
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Furthermore, if 7 denotes the projection L@Q > L (V)@Q, then pe” (Zn (t)) = 
pe” (A(Z ny (ty)). Hence we obtain a reduction to an 5-dimensional cubical 
decomposition. & 


11.4.1 We consider a graph I as in 11.1.A. We also fix a distinguished class 
k, © Char and the corresponding lattice cohomology H* (I, k,). Recall that there 
is an isomorphism of graded Z[U]-modules H* (I, k-) ~ H*((Rso0)*, k,), where 
the second module is generated by weighted cubes in (R>o)*, cf. 11.1.26. Here 
s:=|V|. 


This Z[U]-module was drastically simplified in the case of AR graphs, basically 
the cubes from (IR>9)* were replaced by 0 and | dimensional cubes along an infinite 
increasing path (starting with 0 € L), cf. Theorem 11.3.5. Here the AR-assumption 
is really necessary: such a reduction to a 1-dimensional path cannot be done for 
any graph (e.g. when H! ¥ 0). In this subsection we discuss the analogue of this 
statement for an arbitrary graph. 

The reader is invited to review the definition of an SR-set of vertices from 7.3.B. 
Recall that this definition does not involve any k € Char, hence such a set can be 
uniformly used for any k,. In this section we fix such an SR-set VY C Y as in 7.3.21, 
and any k,; € Char. Then, for each l= Lae Ly Ey € L(Y), with every fy > 0, 
we define the universal cycle xs, (1) associated with / and sp, (where k, = K + 2sy) 
as in 7.3.24. For several properties of the cycles x(1) and of the values xx, (x (1) 
see 7.3.C. Let 5 be the cardinality of Y. In the next paragraphs we follow [348, 350]. 


11.4.2 Preparation for the Lattice Reduction Our goal is to replace the cubes of 
the lattice R* (or from (IR>0)*) with cubes from (IR;0)*. In order to run the theory 
we need to define the new weights. Define the function Wo : (Z>0)* > Z as 


Doll) = XK, (Xs, ). (11.4.1) 


Then Wo defines a set {Wq}5_o of compatible weight functions as in 11.1.17, 
Wa (LU) = max{Wo(v) : v isa vertex of LI}. This system is denoted by w[k;]. 


Here some comments are appropriate. We wish to emphasize that in the definition 
of the lattice cohomology the J/attice (that is, the linear) structure in not used, it 
is unessential. The important structure consists of the weight-levels of the lattice 
points in some regions (e.g. in some quadrants, rectangles) and their neighboring 
properties. Note that in the new situation we do not use the linear structure of 
Z* either, and we do not even define the weights of the lattice points outside the 
first quadrant. Furthermore, = Xk, (Xsp CO )) is a complicated arithmetical function 
(usually not polynomial). However, it is a quasipolynomial, at least for points in 
the real cone generated by the projection of vectors of type {E>},,-7- [Indeed, 
let 0, be the order of [E*] in H, and let us consider z(n) := vey Nv0v EF for 
ny € Z>o. Then, via 7.3.25(b), x(/ + z(n)) = x(I) + z(n), hence Wo(l + Z()) = 
xi, (x + 2(n)).] : 

Let us denote the associated lattice cohomology by H*((R>0)*, W[k,]). 
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Theorem 11.4.3 (Reduction Theorem [348, 350]) Assume that V is an SR-set. 
Then, with the above notations, there exists a graded Z[U |-module isomorphism 


H*((R>0)*, kr) = H*((Rz0)*, WIkr]). (11.4.2) 


The original proof is long and technical, and since the author knows no other/shorter 
proof, it will not be reproduced here: we send the reader to the original source [350]. 


Corollary 11.4.4 Fix an arbitrary graph I. If it admits an SR-set of cardinality s 
then H4(I", k) = 0 for any q > s andk € Char. 


Proof An isomorphism H*(I,k) = @nH*(Sn,Z) follows from 11.4.3 
and 11.1.12. But S,, is a compact cubical subcomplex of R*, hence the vanishing 
follows. oO 


This vanishing can be proved by surgery exact sequences of lattice cohomology as 
well, see [483]. 


11.4.5 The Reduction Theorem has its effect on the relation of the lattice coho- 
mology with the counting function of the coefficients of topological Poincaré series 
Z(t) as well. Let us rewrite (use e.g. 9.6.7) the statements of Theorems 8.4.13, 9.6.21 
and 11.1.36 in a form, which will resonate better with their reduced versions. 


Theorem 11.4.6 Fixh, sj; andk, = K+2sp as above. Let w = w[k;] be the system 
of weights associated with k,. Then the following facts hold. 


(1) 


Zn(t) = >~ ( Sob! wd, »)) tits 


leL [CV 


(2) Fix somel € L with 1+ sn € —K +". Then, for Zy() = Dynan sat 


Y > ae + sn) = xt, + eu (L, k)). 
xeEL, x#l 


11.4.7 The Reduced Series Let us return to the SR-set V, write V a Vuv*, 
and let z : L' > L(V) ® Q be the projection to the ¥ -coordinates. As usual, we 
also write ty = {tulyeV for the variables of L(Y), and tC = [Lex tf for] = 
ey fvEv € L(V) @Q. For anyh € H set Z, (ty) = Zn(OI;,=1 for all vey* It 
is supported on the projection of .7’ MN (sy, + L). Write 


7 I+n(s 
Zr) = Di 30+ n(n) ty". 
leL(V) 
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Theorem 11.4.8 ((348, 350]) With the above notations (and w = w{k;]) 
(1) 
Zot) = (Len wa). 
leLV) TCV 
(2) There exists ly € 2(-A) such that for any Lely +n(Z) 


Y> E+ 2(5n)) = BO + eu(H* ((Ro0)*, Wk, ])). 
EPI, XELV) 


Note that 


S25 + (n)) = D> D> 30 +50) = OF p Ct sn). 
xZl EPI Y=* 


The quasipolynomial of this counting function is oF g (i + An), cf. 10.5.4. There- 
fore, as a corollary, we have the quasipolynomial equality as well: 


OF gl + An) = WD + eu(H* ((Rso)', Wk) Ce LY). (11.4.3) 


For another expression of ar g (J) see 10.5.3 (that formula depends only on / as it 
is mentioned in 10.5.6). 


Example 11.4.9 In the AR case we recover 11.3.5. For star-shaped graph the 
statements (applied for Y as the central node) are compatible with 11.3.A. More 
generally, for any graph, the results 11.4.3 and 11.4.8 can be applied for VY = ./. 
See 10.5.8(v) for a discussion regarding the periodic constants pe” R (Z),(t)) and 
pe” (AR) (Z nv (ty)), and 10.5.9 for another expression which involves are go (0). 


Example 11.4.10 Let us collect (and show compatibility of) some formulae valid in 
the AR case. Set {v} for the SR—set. By 11.4.8(/) 


Znwy(t) = > (max{w(e), DE + 1} — Wie) A”, (11.4.4) 
leZ 


This by 7.3.36 reads as 


Zn (t) = > max{0, 1 — (%5,(€) + 5p, Ey) } tO ™. (11.4.5) 
leZ 
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Recall the notation Ay := sy, — rp, and Ay.y = 1(Ap) € Zso. In general, Ay, can 
be positive (hence |£ + 2(sy,)| = €+ Any > & in the exponent of t). However, 
we claim that (x5,(€) + sn, Ey) = 1 for any € < 0. (This fact and the next proof 
is compatible with the proof of the (SJ) property from 6.6.20 valid for star-shaped 
graphs.) 

Indeed, if € < 0 then (CE, + sp, Ey) < 0 for any u ¥ v, hence by the universal 
property of x5, we obtain xs, < €E,, hence xs, (¢) < 0. On the other hand, (x5, (€)+ 
Sp, Ey) < 0 for any u ¥ v, hence (xs, (€) + sn, Ey) < 0 cannot happen since in that 
case Xs, (£) + s, would contradict the universal property of sy. 

Hence, in (11.4.5) the summation is for € > 0 (hence the ‘gap’ [0, A;,,) in the 
exponent of f survives). 

Since x5, (€) + sp = Xr, (€ + Any) + 1h (cf. 7.3.25(a)) 


Zn,vy(t) =) max{O, 1 — (xy, (£) + rn, Ey) t™™. (11.4.6) 
£>0 


Though the sum for Ay, > € > 0 has zero entries we prefer the above summation 
£ > 0 (because of the split below). The advantage of this second sum is that zr (rj;,) € 
[0, 1) essential from the point of view of the periodic constant. The point is that if 
we use max{0, x} = x + max{0, —x} and 


Z, wO= >, U- Ga O+m.£) Ore, (11.4.7) 
€=0 
Zh wy) =D, max{O, —1+ Gp, (2) +n, Ey}, (11.4.8) 
£>0 


then Za, (t) = Zz gy (0) + Zia Os Zi is a finite sum and Z;, ,,,(t) has 
negative degree as a rational function. In this last statement it is important to make 
the summation from 0 and that z(r;,) € [0, 1). [The proof runs over the following 
steps. Choose o such that oE* e€ L, and let m, be its E,—coefficient. Then x(@ + 
pmy) = x(€) + poy EX, cf.7.3.25(b). Then replace £ by £9 + pmy with p > 0 and 
0 < £0 < m, and compute the sum. See also 8.1.9.] 

In particular, 


pe Zn, u(t) = Zp (1) = D> max{0, —1+ Gr,(0) + ra, Ev)} 
£>0 


= 2 max{0, —1 + (45, (€) + sn, Ev)}. 
l>—Any 


(11.4.9) 
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eulH*(P, ky) = D> max{0, —1+ (%s,(€) + 51, Ev)} 
£>0 


= > max{0, —1 + (x,,(€) + 1p, Ev)}. 
l= Any 


(11.4.10) 


Recall also that —xK+425,(« — An) + XK+2r,(*) = XK+2r,(An) = x (Sn) — x(n), 
thus 


euH* (I, K + 2rp_) — pe Zn{vy(t) = 


— >> max{0, -14 Cr, + rn, Ev} + xn) — x(n). NAT 
Ah y>l=0 
But, from 10.5.8 and 11.1.36 we also have 
eu H*(I, K + 2rn) — pe Zn, (t) = x(R(rn)) — X (SRO); (11.4.12) 


where R is the restriction operator to the lattice of V \ {v}. 

The equality of the right hand sides of (11.4.11) and (11.4.12) follows from the 
steps of the Laufer algorithm connecting rz, with s; (cf. 6.6.3). Note also that the 
right hand side of (11.4.12) equals also x (rn) — x (x, (0) + rn) (proved in 8.7.27) 
used in analytic expressions in 8.7.12 and 8.7.27. These analytic expressions can be 
compared with the above ‘parallel’ topological expressions (in the spirit of SWIC). 

For more about x (rn) — x (xr, (0) + rn) see 8.7.13 and 8.7.28. 


Example 11.4.1] [350] Consider the following graph I” 
2 1 7 3 3 7 1 2. 


tg 2-5-8 


It is the minimal good resolution graph of the Newton non-degenerate hypersur- 
face singularity x!3 + y!? + x?y? + z3 = 0. In particular, Zx is integral, and the 
weight function x (1) = —(/,/ — Zx)/2 is fixed by the symmetry / +> Zx —1. 

In the sequel we exemplify the reduction theorem and we describe the lattice 
cohomology of M(J") associated with k,; = K. We choose the two nodes as an 
SR-set. Then Reduction Theorem 11.4.3 implies that H*(I", K) = H*((R0)’, 0), 
where w(i, j) := x(x(, /)) for any (i, j) € (Z>0)*. 

Since w(Zx) = (14,14), the projection of the rectangle R(0, Zx) 
is m(R(O,ZxK)) = R((O,0), (14, 14)). Hence by 7.3.12(b) the rectangle 
R((O, 0), (14, 14)) = {(i, j) € (Reo)? : G, 7) < (14, 14)} contains all the lattice 
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cohomological information. The values w(i, j}) are given in the next diagram. ((0, 0) 
is at the lower left corner.) 


SleoocoorocoocoooFe 
Brocco oorecoooooreH 
a le ee oe ed 
Sor RR eS HolRp Ee RH HIoo 


0 
0 
1 
1 
1 
1 
1 
0 
1 
i 
1 
1 
1 
0 
0 


oof rrr Role rere rlooe 
CoP rP RP RP RoOfRP eRe Rloo 
1 
Sof rrr RlolRp RP re Rios 
ne ed (—) eed) 
Kae and ed (—) ee 


0 
0 
1 
1 
1 
1 
1 
0 
1 
1 
1 
1 
1 
0 
0 


COOP RP RP BIOlfRP PRP Re RIO SO 
RPreooocoorcooocorr 
RPreooococoorcoocnoor|> 


Using the S*-description from 11.1.11, one can read off the lattice cohomology: 
the large frames illustrate the generators of H %S_1, Z), the small ones the 
generators of H (So, Z) and the circle shows the generator of H '(So, Z). Hence, 


Hr, K)=745073,0)0 AW and Hr, K) = Al). 


(Then, eu(H*(I°, K)) = 5, which equals the geometric genus of x!3 + y!3 + x?y?+ 
z> = 0, hence the SWIC holds for this Newton non-degenerate hypersurface.) 


Example 11.4.12 Consider the numerically Gorenstein graph from 9.7.32, and 
chose k = K and VY = .W (the set of nodes). Then 2(R(0,Zx)) = 
R((O, 0), (30, 34)), and the lattice cohomology computation is reduced to this 
2-dimensional rectangle. For the complete list of weights see [348, page 179]. The 
symmetric local minima (0, 0) and (30, 34) have similar neighborhoods as in the 
previous example. They will generate a summand .%(1)* in H°(, K). The other 
generators (and relations) can be read from the rectangle R((12, 14), (18, 20)): 


2 —2 —3 —4 —4 -4 -5 
2 —1 —2 —3 —3 —3 —4 
3 —2 —2 —3 —3 —3 —4 
3:=2 =2=2=2.—2' 3 
4 —3 —3 —3 —2 —2 -3 
4 —3 —3 -—3 —2 -1 -2 
5 —4 —4 —4 -3 -2 -2 


Hence H°(P, K) = 71) ® Z-10(3) ® A(1)? and H! = F_p(1)?. 


Example 11.4.13 For several concrete formulae and other explicit examples when 
I has two nodes, and VY = -V, see [348]. 
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11.5 Application. H* of the Surgery Manifold s d (#; K;) 


We consider the surgery 3-manifold MV = s d (#?_y K;), where K; are algebraic 
knots in S* andd > 0. It turns out that H = Zy and it is generated by Bis Using 
the Reduction Theorem and several deformation retractions of the spaces {Sy }n, 
we compute H*(M, k,) (ky = K + 2aE}., 0 <a < d) forevery d > 0, every 
spin® structure o[k,] of M and {K; C S>};. The lattice cohomology H*(M, k,) 
can be expressed in terms of d, a and the semigroups {.%}; of the local plane 
curve singularities. Then, in 11.5.A, for HI° we rewrite the semigroup information 
in terms of the Hilbert functions {H;}; of the local singularities. It turns out that 
H° depends only on d, a and the ‘minimum convolution’ H = H; ¢---¢ A, of 
the functions {H;};. Surprisingly, this minimum convolution H depend only on 
the multiset of the collection of multiplicity sequences associated with the local 
topological types. 

In 11.5.B we apply these results to superisolated singularities with arbitrary num- 
ber of cusps. We reinterpret Conjectures 8.6.23 and 8.6.25 and the Semigroup 
Distribution Property in terms of lattice cohomology. & 


11.5.1 Consider the notations of 3.5.12, or of 9.3.12 with d > O (compare also 
with 11.3.B when #; K; = K,). Here we do not assume that yw = (d — 1)(d — 2) (as 
in the superisolated link case 5.2 or 8.6.B). In this section we follow [497]. 


11.5.2 Invariants of M(I") = S* qi ki) for All Spin® Structures By 3.5.12 


r=I(d): re 


—d—Yim; 


Gj 


Similarly as in 11.3.B, H = Za, it is generated by the class of the dual of E+ := 
E,,. Furthermore, as in Lemma 11.3.16 (with the same proof) one has sjq FE] = 
aE* for any a = 0,1,...,d — 1. We will use the notations h := [aE* | € H and 
ky = K + 2aE% € Char. With .% = {v4} one has (cf. 8.4.2 and 9.7.B) 


AG@/4 We 
: a and Ing = 5 ye ao 3) 
gd=l 


Zg(t)= 
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Using A(t) = 14+ (¢-—1)6+(t- 12 Q(t) and Q(t) = Som 0 a,t”, by acomputation 


Zn, 7 (t) = 


CE @t Dat a sas) ba So ant", 
(t — 1)? t-—1 
n=a (mod d) 
(115.2) 


Since the polynomial part De AG) of this expression is }°,_, mod a) ant”/4, we 


get 


pe(Zn,.(t)) = pe(Zn, (4) = Yn. (11.5.3) 
n=a (mod d) 


Next we apply the surgery formula from Theorem 9.6.5 for v = v4 andl! = aE}. 
Then Ue: = a/d € [0, 1). Furthermore, R; (aE*) = 0, hence all the contributions 


So[K,](MU4)) — ee + |¥%|)/8 vanish by 11.1.38. Therefore, from 9.6.5, 


e+ |¥| 
stofk(M(P))-~>S— = YP ain. (11.5.4) 
n=a (mod d) 


This combined with Theorem 1 1.1.36 give 


eu(H* (IP, ky)) = yy On: (11.5.5) 


n=a (mod a) 


It is instructive to recover this formula via an explicit expression of the torsion 
To[k,]C1) as well. First, by 9.5.9 


1 
Jolk,}C) = be (Zn, (t) — 5 Zs (0). (11.5.6) 


This via (11.5.1) gives 


_ — -a A) 
Totks\(1) = lim = i a - So et. 
gai ze as Hy “a seis EY 


(11.5.7) 
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Now, a computation based either on (11.5.2), or on (11.5.7) together with (9.5.11) 
and (9.5.12) gives: 


_ (d-1)@-5) a*+2a-ad ,d-1-2a QAI) 
tology ge eg 
j=a (mod d) 
Note that 2Q(1) = A”(1). Also, by similar formulae and proof as in 11.3.23 
+ |¥|=1—-(w—24+d —2a)*/d. (11.5.8) 


Then the definition stwo(x,](M@(")) = Torx.) — A/d, the A-formula from 9.3.12 
and the formula (11.5.8) reprove (11.5.4). 


11.5.3 The Lattice Reduction The set V7 := {v1,..., Up} of the (—1)-vertices 
form an SR-set, cf. 7.3.22(i). Set E,,..., E, for the corresponding elements of L. 
Next we apply the Reduction Theorem from 11.4, whose notations we will adopt. 


Write / = wie GE € L(V) = T, and let Xk, (1) be the universal cycle 
associated with k, and I as in 7.3.24 and 11.4. Set wl) = Xk, (x(1)) as in 
(11.4.1). Then, by the Reduction Theorem 11.4.3 one has a graded Z[U]-module 
isomorphism: 


H* (I, ky) & H*((Rs0)”, W). (11.5.9) 


Based on the arguments and formulae from 11.3.B we deduce the following facts. 
For each £; > O consider the cycle y;(¢;) determined in the graph Jj as in 11.3.17 
and 11.3.18. Set Ym := 0, mj and LL := Y°, é; (and, in general, Xx := YO; x; 
for x € R”). Then the E,-coefficient of xz, (J) is m4 (J) = [(2 — a)/(2m + d)] 
and 


Dl—a 


xx, () = > yilti) + | Sra 


L 


] ee (11.5.10) 


Write £; = tjm; + £;,9 with t; € Zoo andO < £;9 < mj. Let Z; be the cycle 
diveny(fi) = E;U}). Then y;(¢;) = t;Z; + yi (lio) (cf. 11.3.18). Furthermore, 
if for any i = 1,...,v we takes 1; = (0,...,0,1,0,...,0) (1 at entry 7) then 
w(0) = 0 (cf. 7.3.33), and 


w+ 1) -3O =n+1-{ 


Ses if fj 
r af if lio ¢ A (11.5.11) 


mm +d 0 if £0 €.%. 


Here .7; is the abbreviation for the semigroup -YC, p;. 
Next, we reduce (Rs 9)” to a finite multi-rectangle. We write m for the vector 
(m,...,m,), and R(h, In) denotes the rectangle {x € R” : h<x< b}, as usual. 
Set min := min; {m; — y;} and to := [(2'm — min—a — v)/d]. 
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Lemma 11.5.4 


(a) Take any integer t > to andi € R(tm, (t+ 1) m). Then w+ 1;) => wil) for 
anyi € {1,..., v}. 
(b) 


H*((R>0)’, ©) = H*(R(, tom), W). 


Proof 


(a) Assume that X'€ < (t+ 1)X’m — min —v (7). Since t > to we get dt > Lm — 
min —a — v. This together with (+) implies (X'€ — a)/(Xm +d) < t, hence 
(a) follows from (11.5.11). Similarly, if 2& > (t+ 1)X’m — min —v, that is, 
if 7, £i9 > Lm — min—v, then necessarily ¢;9 € -% for all i (since £;.9 < 
m; — 1 for alli, then necessarily 2;9 > yw; for all i, but pz; is the conductor 
of .Y,). Hence, the last contribution in (11.5.11) is zero. On the other hand, 
Ye < (t+ 1) Ym (from the choice of /), hence (Yl — a)/(2m+d)<tt+l. 


(b) We show that if 7 € R(tm, (t+ 1) m) as in (a) then for any i we have: 


SS 


H*(R(0, 1), 0) = H*(R(O,/ + 1;), 0). 


For this we use deformation retractions as in the proof of 7.3.9(I7). Fix i and 
any 7° € R(0,/) ML with the same i-entry: cE = 1;. Then from 7.3.29 one 
has wi + 1;) — WW) = 1 — (xx,() + aE%, E;) and the same identity for 
I°. Hence w(l® + 1;) — wd) = WE t+ 1) — WO) + Orr, D — xK, 0°), Ei). 
Now xz, (J) — xx, (°) 1s effective and its support does not contain £;. Therefore 
(xz, D—xx, 0°), Ei) = Oand WU+1;) = WW) by (a). Hence Wl? +1;) = Wl?) 
for such cycles and the contraction holds. 

Since this step can be applied for any of the situations/ € R ((to+n) m, (to+ 
n+ 1) m) and for any n € Zo, by induction part (b) follows as well. Oo 


The rectangle R(O,t)m) can be divided further into smaller parts: ‘small 
rectangles’ and ‘stripes’. A “small rectangle’ has the form 


Rut) = {x ER” : tim; < xj; < (t; + 1)m; for anyi he 


For simplicity, we also write Ry := R¢,....4 = R(tm, (€+ 1) m). 

Clearly, R(O, tom) = U R¢,,....4,, where the union is over 0 < t; < to for every 
i. 

On the other hand, we also consider the following subsets, indexed by t € Zso: 


yx — 
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Lx—a 


Ti = € (Rs9)” : —— = t}, 

i {% (Reo) Sm+d 
“x—-a-—1 

T, := Rso)” : =t-—1}. 

f [x€¢ 20) Sm+d 


Obviously, 7, U ia C By are the two limiting planes of the ‘latticial’ t-stripe BE NL 
(with 7) = 9). For any 1 € BL OL the coefficient my CG ) takes the constant value t. 
The lattice points tm depend only on the local data {.%;};, but the width of each 
B, depends on d as well: it increases when d increases. 
A direct computation shows that for any t > 0 one has: 


(a) tm € Uyet By; 
(b) if (t+ lym € Upc By, then t > to; (11.5.12) 
(c) iftme 7, thent > to. 
In particular, if 0 < t < to, then tm € By \ T, ; and tm ¢€ ic if and only if 
a = t=O. Moreover, for 0 < t, t’ < to one has ‘ig Ry #4 Gif and only ift=t’. 


Lemma 11.5.5_ Consider a small rectangle R = Ru... such that t := max;{t;} < 
to. Jf Le ROL thenl < (t+ 1)m, hence ROL C Upety1 By. Furthermore, 

(i) if ROBuULNL FG, thenROL C BeU Buy; 

(ii) if RA Burl =Q, then ROL C UyetBy. 


Proof Use (11.5.12) and note that the difference between the two €-values of the 
two opposite corners of R is X'’m, which is less than X'm + d, showing (i). Oo 


The next lemma shows that in the right hand side of 11.5.4(b) all the small 
rectangles can be omitted except those of type Rx. 


Lemma 11.5.6 H*(R(0, tom), 0) = H*( Uo<tety Rt. W). 


Proof We proceed by induction. Assume that we already reduced the rectangle 
R(O, tom) by suitable deformation retractions to R(O, (t+ 1)m) U (Useycty Rv). 
Next, we wish to eliminate all the small rectangles not contained in R(0, tm), 
and not equal to Ry. Consider such a small rectangle R. Then max;{t;} = t, and 
min; {t;} < t. We consider the two cases of 11.5.5. 

In the case of (i), [(2*€—a)/(2m+d)] = t for all i € R,hence for any 1eé ROL 
and any index j with t; < t one has Dl +1j)< wd ). Hence R can be contracted 
in the increasing direction of the j-coordinate similarly as in the proof of 11.5.4(b). 

In the case of (ii), [(2°€ — a)/(2“m+d)| < t for all i € R, hence for any 
ie RAL and any index j with t; = t one has wi + 1;)= DD). Hence R can be 
contracted in the decreasing direction of the j-coordinate similarly as above. 

The order how we eliminate the small rectangles is the following. In the first 
series we eliminate those which satisfy (ii) (ie. RO Buz. L = 6) in the following 
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order: first those with t; = t (in decreasing direction of the first coordinate), then 
those from the remaining ones with t2 = t, and continuing in this way, finally all 
those remaining rectangles satisfying RN By; OL =O with t, = t. 

After this series of contractions, all rectangles which still have to be contracted 
satisfy (i), hence any coordinate j witht; < tis a good candidate for a contraction in 
increasing direction. Then we contract in increasing direction of 1, all the rectangles 
with t; < t, then all the remaining ones with tz < tin direction 12, and we continue 
in this way, at the end we contract all those remaining with t, < tin direction 1). 

oO 


11.5.7 The Lattice Cohomology of a qi Ki) via the Semigroups {.7;}; 


Next we determine the weights of lattice points sitting in Ug<t<t) Rt in terms of the 
semigroups {.7;};. As a consequence, we get a description of the lattice cohomology 
of s3 q#i Ki) in terms of these semigroups. 


Lemma 11.5.8 w(tm) = t(1 +a — 6) + dt(t— 1)/2 for any 0 < t < to. Hence, 
these values memorize only the integer 6 from the collection of semigroups {.F;};. 


Proof Since y;(tjmj) = t;Z; (cf. 11.5.3), (11.5.10) gives tm = te Zi +myEx. 
By (11.5.12) m4 = t. Then use x(Z;) = mj; — 4; (cf.6.3.9) and Zz = —mMj. oO 


(11.5.12), Lemma 11.5.5 and the identity (11.5.11) give the following. 
Lemma 11.5.9 Fix 0 < t < to. 
(a) Assume thatl € REN BLL. Then for every i one has 


0 if Ling F 


mi+iwy—wg={0 ieee 


Therefore, for any 1 € REN L&= tm; + €;,0, with VL < t((XLm+d)+a+1 
(in particular, for any 1 € Tey ORO L too), one has: 


wi) —w(tm) =) Hs ©. gs <£lj;9—-1}. (11.5.13) 
i 
(b) Assume thatl € Re Best OL. Then for every i with i+ 1; € By one has 


l if Cio ES 


mds iy—m=—| 5 7 ieee 


Therefore, for anyl € RO L, G = tmj + £i.0, with LE > t((XLm+d)+at+l 
(in particular, for any 1 € Ty, 0 Re L too), one has: 


wl) — w((t+ 1)m) = 3 #{s ZF, is > bo}. (11.5.14) 


i 
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All the above statements summarized provide the following facts. In this final 
version, we decrease even the bound to (notice that Xm — min—v > yw — 1). 


Theorem 11.5.10 (Final Reduction Theorem) Set fo <= [(u—a-—1)/d], and 
for any 0 < t < to introduce minT,, , = min{ wi) :1eE TT, OREN L}. Then 
the following facts hold: 


(a) w(tm) < min Tap w((t+ 1)m) < min Tea: 


(b) mx, := min xz, = ming <t<7,{ W(tm) }. 
(c) Let tmin be the smallest integer satisfying W(tminm) = m,,. Then 


Hak) = GQ Awum(minT, , — w(tm)) 


O<t<tmin 


® QB Fyx(t+1)m)(min Ti, — B((t+ 1) m)). 


tmin<t<ty 


(d) rank zH°® (1, k-) equals 


red 
Y> (minTZ, -—wtm)+ YS) (min7Z, —w((t+1)m), 
O<t<tmin tmin<t<to 
or 


—my, + rankzH),4(, ky) = Y\ (minT, — w((t+ 1) m)). 
0<t<to 


(e) For any q > 0 one has 


HI kr) = ED H4(R,W). 
0<t<to 


Proof First we prove all the statements for to instead of fo. Parts (a)-(b) follow 
from 11.5.9, (c) from 11.2.6, (d) is based on (c), while (e) from a version of 11.1.12 
applied for the union of cubes and a Mayer-—Vietoris argument. 

Next, we prove that all the small rectangles R, for t > fo can also be eliminated. 
We prove this by increasing induction: we verify that for any t, > fo one has 


QB HI (Rt, W) = QB HI (Rt, W). (11.5.15) 


O<t<ty O<t<ty-1 
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that is, the last small rectangle can be contracted into (t) — 1)m compatibly with 
the weights. The first step is the verification of the following equivalences: t > to 
if and only if ; lio => pm for all Le Tey 1 Re OL, if and only if there is an 
le Te ORNL with €; 9 > mj for alli. Since the largest element of Z\.Y is w;—1, 
the last statement (via (11.5.14)) is equivalent to min 7, , t+ = w((t+ 1)m). Hence, 
in (c), proved for the bound to, all the contributions in H? ed il kr) corresponding 
to t > to are zero. 

For q > 0 we need a better argument, a sequence of contraction (which reproves 
the g = 0 case too). For any 0 < €;,9 < mj; set the rectangle 


Re(E10,---, £v,.0) = {x € R” : tm; < x; < tm; + £;,0 for alli }. 
Fix some /° € T, 


ee Re i L with €?9 2 Hi for all i. Then we show that 
Rt contracts onto Ri(C4 9, ---, &)9)- Rese that Ry is already contracted onto 
Ry(L1.0, ee £y,0) with Lio > &, for all i and Lio > £0 for some j. Fix such an 
index j. We claim that for any le Rx(L1.0, bs €y,0)\Re(L1.0, 233 £j0- Ts. .£y.0) 
the inequality W(/) > w(/ — 1;) holds. [Indeed, if ¢ > t(2m +d) +a + | then 
wl) = = wil —1; j) from 11. 5, O(b). If VE < t(Xm+d)+a-+4 1 then wl) = = 
wd —-1; pl ‘a LTS: 9(a). ] This defines a \ contraction from RE, Oped £y,0) to 
Rios fj0—1,...2y,0). 

Finally Ry(€4 9, - +; 4) contracts onto the point tm using the same type of 
contraction (but now in an arbitrary order of the coordinates) via 11.5.9(a) (repeating 
the case Xf < t(’m +d) +a-+ 1 and the proof of Lemma 11.5.4(b).) oO 


Remark 11.5.11 The bound t) in Theorem 11.5.10 is optimal. This can be seen 
already at the H®-level (see the proof of the ‘final reduction’ for g = 0). 


11.5.12 The Structure of H=!(R;, w) The cohomology H=!(R, W) depends only 
on the w-values on tm, on (t+ 1) m and along T et 


Indeed, for any n € Z consider S, as in 7.3.2. Then forn < min T,,, the 
space S, M R~ has the same homotopy type as S, M {tm, (t is 1) m}; while for 
n> min T;, , it has the homotopy type of the suspension of S, 1 T,, ,. In particular, 
all the nontrivial homogeneous elements of H7!(R_, W) have degree > min Tey 

In fact, one can define on each T,; a ‘generalized lattice structure’ and the 
corresponding lattice cohomology. This can be done in two different ways. 

The first one is via the S*-representation: one defines 

E(t, w) = ®n>minT- 1" (Sn OT, ,Z). (11.5.16) 
Equivalently, a lattice decomposition of 7,” (or, just of 7, 1 Rt_1) can be defined as 
follows: the ‘generalized q-cubes’ of T, are the intersections of the usual L-latticial 
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(q + 1)-cubes with T,”. Lemma 11.5.9 shows that if 0,41 1 T, 4 @, then 


max{w(v) : vertex v of Ug+1} = max{w(v) : vertex v of Og41 NT; }. 


Therefore, the right hand side of this identity defines an intrinsic set of weight 
functions on the generalized cubes of T,;', hence a cochain complex determining 
the corresponding lattice cohomology as well. 

With this ‘generalized lattice structure’ of T, , one has the graded Z[U ]-module 
isomorphism 


Hi? (Ry, ) = HY (T,, A Re, W) forg > 0. (11.5.17) 


11.5.13 The Structure of H*(T 1 M Rt, w). The Modules H*(T;, W) In most 


of the notations above, we have omitted the symbol a codifying the characteristic 


element k,. In fact, for any t > 0 anda € {0,...,d — 1}, Peay M Reis 


tea {Ls &; = tm; + £;0; > Go = td+a+ lh. 
i 
Note that when t runs over Z>9 anda € {0,...,d— 1}, the integern = td +a runs 


over Z>9. This motivates to consider for any n € Zs0 


Tr := {(€1,0,---, €v,0) € [0, mi] x---x[0,m,] : Sei =n+lI}.  (11.5.18) 
i 


Then, for d and a fixed, Paiva = Tid+q ttm. If t < to then td-+a < 4 —2, hence 
the relevant index set of the T,,’s is 0 < n < yu — 2 (this can be compared with the 
index set {ain }=6 of the coefficients of Q(t)). The expression Tig+q + tm shows 
also how they intersect the small rectangles: when we run a, an element of the set 
{Tn + Ln/d|m}o<n<y—2 intersects R_ if and only if [n/d| = t. 

Up to the shift w(tm) (cf. 11.5.8), which is constant on each T,,, but otherwise 
depends on t = [n/d], the weights on T, M Z” are given by the right hand side 
of (11.5.13). Or, up to a shift W((t + 1)m), the weights are given by (11.5.14). 
Following this second version we set the following weights for any T,,: 


W(1.0,---+600)) =). Hs AH + 8 > Lio}. (11.5.19) 


i 


That is, Wit, (i — tm) = w(/) — W((t + 1) m), where t = [n/d]. 

The weight function W restricted on all the level sets {Tr}n>o0 of (Z>0)” mea- 
sures the very subtle distribution properties of the semigroups {.%};. Furthermore, 
up to a well-identified shift in degrees, the collection (T,,, W) provides all the lattice 
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cohomologies H*(I"(d), k,) for all the possible values d and a. Here, and in the next 
discussion, we denote the dependence of I” ond by I'(d). 
More precisely, for any d anda € {0,...,d — 1} andg > 0 one has: 


HY (Pd), K + 2aE}) = QD Hye) (Tn, W)l5na], (1.5.20) 
n=a (mod d), 0<n<p—2 

where s,,,q is the value of the shift 2w((t+ 1) m) = 2(¢+ 1 +a—4)+d(t+ Dt 

with t = |n/d]. Moreover, the values {min W|T,,}, and sy,q determine all the 


cohomology groups H°(r(d), k,) too, cf. 11.5.10(c). 
The second identity of 11.5.10(d) together with (11.5.14) reads as: 


— mx, + rank H?, (1 (d), K + 2aE*) = Ss min{W]r, }. 


n=a (mod d), 0<n<p—2 
(11.5.21) 


In particular, for any fixed d > O anda € {0,...,d — 1} one has: 


eu(H°(I'(d), K + 2aE*)) = > min{W|7,}, 
n=a (mod d), 0<n<p—2 


eu(H*(I'(d), K + 2aE*)) = > —eu(H*(T,, W)). 


n=a (mod d), 0<n<p—2 
(1.5.22) 


Example 11.5.14 For any d > Oandq > 0 the summation of (1 1.5.20) over a gives 


d-1 
H4(r(d)) = Dutra), K + 2aE%) = QB Ht; (Th, W)Lsn.a)- 
a=0 O0<n<p-—2 


(11.5.23) 
On the right hand side of (11.5.23) the numbers s,,¢ depend on d, but the rank of 
the right hand side is independent of d. In particular, up to shifts of different direct 
sum blocks, ®g>oH4 (I (d)) is independent of the choice of the integer d. (This can 
also be deduced from the surgery exact sequences from [483].) 


Example 11.5.15 


(a) Assume that for a certain d and a one gets fo = 0. Then ISI @ aA k,) = 0, and 
lg a) re 
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(b) Assume that for a certain d and a one gets f = 1. Then H*(L,k,) = 
HI*(Ro, W), hence everything is determined by T,,- Indeed, from 11.5.8 
and 11.5.9, 


min T,, =min{ ) > #{s €.4 : s < ¢;—1}, where }°¢; =a+1} 
=min{ )#{s ¢.% : 5 > ei}, where )e; =at+1}+1+a—5, 
myx, = min{0O, 1+ a — 4}, HOW, k,) is generated by one element of degree 
2 max{0, 1+a—6}, rank HW, k-) = min T; ,—max{0, 1+a—65}, and finally 
—| _ nets —1 — 
for q > 0 one has H4 (I, k,) = Hi, (1, ,,W) = HY, (Ta, W201 +a — 8)], 
(Ty, = Ta +m). 
(c) Ifd > w—1 then t) = 1 fora < w—1,andt) =O fora > p—1. 


Remark 11.5.16 Assume that we know all the cohomology groups {H*("(d), k,)}x, 
for some specific d with d > mw — 1. Then using them, and also the values 
w(tm) = t(1 +a — 6) + dt(t — 1)/2 for all t,a and d, we can recover all the 
lattice cohomologies {H*(I"(d), k-)}x, for any d > 0. [Use 11.5.13 and 11.5.15.] 


Corollary 11.5.17 For any n > 0 the coefficients of Q(t) = Y°,, Qnt” satisfy 
On = —eu (H*(T,, W)). (11.5.24) 


Proof Use the identities (11.5.5) and (11.5.22) for d >> 0, cf. 11.5.16. oO 


This identity here is proved via properties of the Seiberg—Witten invariants of 
the plumbed 3-manifold. However, both sides of the identity depend only on the 
semigroups {.%};, and there is a direct combinatorial way to prove the identity, cf. 
[497, §7]. In that version even the semigroup properties are dropped: each .% is 
merely a subset in Zo with a finite complement. 


Corollary 11.5.18 The following objects are independent of the choice of d > 0: 


(a) Vig eu (Hd), kr)) = Vaso &ns 

(b) 1, eu (HP(P@), k)), 

(c) Yq mx, = —8(5 — 1)/2, 

(d) par rank (Ht, (0 (a), k,)) for any fixed q = 0, 

(e) Ba Ht, (d), k,) for any fixed q = 0, up to different shifts of different graded 
Z[U |-module summands. 
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Proof (a) follows from (11.5.5) and (11.5.22), cf. 11.5.17. Part (b) follows from (a) 
and (11.5.20). Part (c) can be proved as follows. We have to verify that 


> min {r(1 +a — 8) + de(t — 1)/2} = —8(6 — 1)/2. 
i teZ>0 


First we verify that for each a the minimum is realized for tg = [(6—a—1)/d], then 
the summation is elementary. (d) and (e) for g > 0 follows from (11.5.20). (d) for 
q = 0 follows from (b) and (c). Finally, (e) can be proved by a direct combinatorial 
argument using the description from Theorem 11.5.10. oO 


The statements of the above Corollary 11.5.18, except for part (c), can be 
reproved and reinterpreted by the surgery exact sequence [231, 483] as well. 


Example 11.5.19 Assume that v = 2 and both cusps are (2, 3)-cusps, hence m; = 6 
and 4; = 2. Then T, = {(i, j) € R((O, 0), (6, 6)) :i+j7 =n4+h},0<n<p-2= 
2, and the W-weights on the lattice points are 2,2 for To, 1,2,1 for T; and 1,1,1,1 
for To. In particular —eu(H* (Ty, W)) equals 2,0,1 form = 0, 1, 2, a fact which is 
compatible via (11.5.24) with the coefficients of Q(t) = 2+ t?. 

The lattice cohomology of I"(d) for different d and a values are 


T. [d=1 |a=2 |d>3 
a=0 |H | ZoeF7.VeHAa’ | 7oeRAdy’ | 750A) 
| t Fl) (0 7 0. 
a=1 |H? Ker | R'eAd) 
[Ht [AM [| AM 
a=2 |H Fy ® All) 
[Ht [jo 
a>3 | Ht | EA 


The reader is invited to verify the statements of Corollary 11.5.18 on this example. 


Example 11.5.20 Assume that v = 3 and the cusps are (2, 3)-cusps. The next 
picture shows the weights of T,, for0 <n < 4. 
2 
22 
2 22. 21 
2 2.2 121 1111 
3 3 3 2 3.2 2222 22122 
33 232 2222 22122 221122 


Again, one can compare —eu(H*(T,,, W)) with the coefficients of Q(t) = 3 + 
3r? — 1? + t*. Here we provide the lattice cohomology of I'(d) for d = 1: H® = 
ae ® F-6(2)® F740)? © AC)’, H! = F.(1)*, H? = Fy(1). The reader is 
invited to determine the corresponding modules for any other d and a. 
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One can verify that for d = 3 and a = | the space Sj is not connected (recall 
that S; is connected for for h = 0, cf.7.3.13). Note also that the graph I(d) is 
numerically Gorenstein if and only if d € {1,2,4}. Ford = 3 even fora = 0 we 
get an interesting non-symmetric graded root. 

In both examples 1 1.5.19 and 11.5.20 one can see that Hl’! + 0 (for any d and 
for some a). This happens in general, see the next statement. 


Proposition 11.5.21 Consider the lattice cohomology of ae (#?_, Kj) of an arbi- 


vl & 0 for a certain 


trary surgery manifold. Then H=" = 0 for any a, and HI”, 


a. 
Hence, the lattice cohomology of SS By Kj) memorizes the number v. 


Proof If v = 1 then use Theorem 11.3.21, or the fact that due to the —1 vertex I” 
cannot be rational, hence 11.1.28 applies. 

Next assume that v > 1. In each .Y the Frobenius number max{y : y ¢ .%} is 
j4i — 1. Note also that using the Gorenstein (or ‘gap’) symmetry, cf. 5.2.2, one has 
i — 2 € SF (+). Consider now the lattice point j= (uw; —1,...,uy—1) € Ty, 
where n + 1 = 0;(u1 — 1) = w—v. Then wi = v. But, via (+), the values of W 
on all the neighbor lattice points of / (in T,,) are v — 1. Hence / is a local maximum 
and Hy (T,, W) # 0. The relevant spin‘ structure isa = ~—v—1(modd). a 


Remark 11.5.22 In the above discussion (e.g. in 11.5.12—11.5.13), the space T,,— 
intersection of a simplex with a rectangle—can be replaced by the supporting 
simplex. Indeed, set 


Zn = (C10. --- 6,0) € Reo)” + Sig = a+ Lp. (11.5.25) 
I 


The simplex X;, has a natural ‘generalized cube-decomposition’ similarly as Ty, 
cf. 11.5.12, where the 0-cubes are the lattice points ©’, 0 Z”. Moreover, we take the 
same weight function on XN Z” as for T, NZ” given in (11.5.19). 

First assume thatn+1 < 'm,1.e.T, = 2,0, m,]x---x[0, m,] is non-empty. 
(In fact, if t < fy as in the relevant cases above, thenn = td +a < p—1 < Ym.) 
We claim that the inclusion (T,, W) <> (2, W) induces an isomorphism of the 
corresponding lattice cohomologies H*(,,, W) > H*(T,,, W). 

This can be verified as follows. First we define a map yg: 2,1 Z” > YNZ". 
If lo = (€1,0,---,£,0) € Tn NZ” then g(ip) = Ip. Otherwise, let i be the smallest 
index for which £;9 > mj;, and j the largest index for which €;,9 < m j-_Then 
glo) = (1,0,---,fi0—1,...,€;0+1,..., €v,0). One can check that W(y(/o)) < 
W (J), repeated application of g maps X, 1 Z” into T,, NZ”, g extends to the level 
of arbitrary dimensional cubes, hence induces the desired isomorphism at the level 
of lattice cohomology. 

Ifn+1 > yp, then for a certain Io with every €;9 > 4; one has Win) = 0, 
hence minW = 0. Moreover, by similar retraction as above one can show that 
Ht g(2n, W) = Ht, (Ta, W) = 0. 


11.5 Application. H* of the Surgery Manifold So Gi Kj) 615 


In particular, in all the discussions above, H* (Tn, W) can be replaced by 
HY (2n; W) for every n > O. Furthermore, if n > jw — 2 then H* (Tn, W) = 
0 automatically, hence in several formulae above (e.g. in the summations from 
(11.5.20) and (11.5.23)) the restrictions n < jz — 2 can be safely neglected. 


11.5.4 H® (s? ati Ki)) and the Multiplicity Sequences 


11.5.23 In this section we present a ‘stability’ statement regarding H°(S? ai ki)), 
where the setting is as in Sect. 11.5, i.e. {Kj}; are algebraic knots, and d is an 
arbitrary positive integer. We prefer to fix d (and the corresponding spin® structure 
a € {0,...,d — 1}), and also 6 = dy; 6;. However, we will vary the set {K;}; 
under certain restriction, and we show that H°(s3 q@ik;i)) stays stable. Recall 
that we already conjectured a stability property under certain analytic deformations 
in 11.3.39. The present case is very different, it is purely combinatorial. 


In the previous subsection we reduced several computations to the weight 
function W|7,. It was connected with the weight function provided by the reduc- 
tion formula via Wir, ( —tm) = wi) — w(t + 1)m), where t = [n/d]. 
Since each w(tm) is computable from d, a, 5, cf. 11.5.8, the lattice cohomology 
H°(S3 ,(#:Ki)) is computable from d, a, 5 and {min W|r,}n, cf.11.5.10 (c). 
Moreover, by (11.5.19) 


W(lio,--- v0) = >. Hs A + 8 > Lio} 


=) (6 — Hs: ¢.A : 8: < L,0}) = ) Gi — 440) + Hs € A: 5; < Lio}. 


u 


Hence 


min{W|r,}=5—-n—-1+_ min #7 Ass; < Goh. (11.5.26) 
Y; i0=n+1 


This motivates the replacement of the semigroup .%; with an equivalent object of it, 
with its ‘counting function’ j + H;(j), 


Hi(j) :=#{s € Yess < jh. (11.5.27) 
From analytic point of view, H;(/) is the coefficient of t/ in the Hilbert function of 


the local singularity (C, p;), associated with the filtration given by its normalization 
(for more see 8.1.26, especially (8.1.18)). 
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The above min-expression can be reformulated formally as follows. Consider 
any two functions Hj and H defined on integers and bounded from below. Then 
we define their ‘minimum convolution’ (cf. [68, 5.3]), denoted by H; © H2 as 


(A) © Ho)(j) = min {Ay (j1) + A2(j2)}. 
Atp=J 


Then from the counting functions {Hj}? , associated with (Ai}F 4 we consider 


H:=H,¢oHoo-:-oMy. (11.5.28) 


Since the operator © is associative and commutative, the function H is well-defined. 
From the above discussion H°($? qi K;)) is computable from d, a, 6 and H. 
Next, we wish to modify the input data {Hj}?_, combinatorially under some 

restrictions (so that 6 and Hj © --- © Ay, stay stable). This will be done by a 

modification of the multiplicity sequences of the local singularities. Recall that the 

multiplicity sequence is a complete topological invariant of the local singularity type 

of the irreducible plane curve (similarly as Kj; C S3, or YG, or Hj), cf. 5.2.2. 

Let [m\, sate mi?) eels [m™, ee m”} be the multiplicity sequences of the 

local singularities (with the convention m) > 1, cf. 5.2.2). Recall also, cf. (5.2.1), 


thatd = >>), ‘= m? (m . — 1)/2. Hence under modification we wish to 
preserve this sum (at least). 

We will show that the minimum convolution H = H) ©---oH, depends only on 
the multiset of multiplicities {{m(?,...,m{),...,m'”, ...m{?}}. By a multiset 
we mean a set, where the same element might be repeated and we keep track of the 


number of appearances (hence a multiset with integer entries is an element of Z[Z]). 


Theorem 11.5.24 [63] Take two collections of plane curve singularity types with 
their multiplicity sequences: 


1 —(1 —(1 — 
(ey ese coe lltty aan gO) aid” RE? 5 005 te Veesen ER oe nd my Ih 


Denote the counting functions of their semigroups by H,,..., Hy and Ai,..., Hy, 
respectively. If 


1 1 —(1 —(1 HV. —(V) 
CR cient oni HO ies PS cee sane, yom 


as multisets, then 


Corollary 11.5.25 Consider two collections of algebraic knots {K,,..., Ky} and 
{K,,..., Kz}. If the collections of numbers coming from multiplicity sequences cor- 
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responding to {K,,..., Ky} and (Ki, Ray , Ky} respectively are equal as multisets, 
then 


H°(S3 (4; Ki), a) = H°(S3 , (4: Ki), a) 


for any d > Oand any spin® structure a € {0,...,d — 1}. 
The same is true for eu(H°) as well. These facts are true independently of the 
algebraic realizability of the combinatorial data. 


Example 11.5.26 There exist cuspidal curves of degree 5 with the following 
multiplicity sequences: (A) [3], [23] (v = 2), (B) [3,2], [22] (v = 2), (C) 
[3], [22], [2] (v = 3). Note that the multisets of the multiplicities are the same hence 
their H°(S = qi Ki )) coincide too. On the other hand, one can consider the following 
candidate cusps as well: (D) [3, 2], [2], [2] (v = 3), (E) [3], [2], [2], [2] (v = 4). 
Their multiplicity multisets are the same as those from (A)-(C), though curves of 
degree 5 with these local cusp data do not exist. Nevertheless, their H°(S? qh ki)) 
is still the same. 


11.5.27 Theorem 11.5.24 is the consequence of the following facts. 

Let H be the counting function of the semigroup of a local irreducible singularity 
with multiplicity sequence [m1,m2,...,m,]. For any m > 2, denote by Hm) the 
counting function of the semigroup (m,m + 1) associated with a singularity type 
with multiplicity sequence [m]. Then we claim that 


HA = Him) ° Am °-+: © Atm,)- (11.5.29) 


For this it is enough to prove that Htm,.my,....m,] = Htmy] © Ajmp,...,m,]. In order to 
prove this we analyse the behaviour of the counting function under the blow up. 


Let .Y be the semigroup of an irreducible plane curve singularity, and let ’ be 
the semigroup of the singularity obtained from the previous one by a single blow 
up. Denote by m the multiplicity of the original singularity, i.e.m = min{s € 7 : 
0 < sy}. 

The Apéry set of a numerical semigroup with respect to one of its elements is a 
standard invariant commonly used in semigroup theory. It consists of the smallest 
elements of the semigroup from each (nonempty) residue class of the given element. 
Let the Apéry set of .Y with respect to m be Ap(m, 7%) = {bo, b1,...,bm—1}, 
where 0 = bo < bj <---+ < by_. It is a complete residual system modulo m, and 
by the definition, for each i (0 < i < m—1) we have bj € Y but bj —m ¢ 7. The 
definition guarantees that .% = Ap(m, .“%)+m-Zso. 

Note that m € .’ as well. Indeed, the strict transform of the singular curve after 
the blow up and the reduced exceptional divisor have intersection multiplicity m. 
Let Ap(m, -7’) = {ao, a1, ..., dm—1} be the Apéry set of .7’ associated with m. 
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Proposition 11.5.28 [18, 137] The Apéry sets of S and S' (with respect to the 
multiplicity m of 1) are related by 


aj+tjm=b; (j=0,...,m—1). 


In [63] this was transformed into the following property. 


Proposition 11.5.29 Jf H and H’ are the corresponding counting functions then 
H=Hno H'. 


For the proof see [63]. Note that 11.5.29 implies (11.5.29), hence 11.5.24 too. 
Indeed, if H = Afmy.mz,...:m,] then m = m, and A’ = Htmy,....m,]- 


Remark 11.5.30 We wish to compare the above stability property with the Semi- 
group Distribution Property (SDP) 5.2.9.IV proved by Borodzik and Livingston 
in [68]. This says, via this new language, that for any rational cuspidal curve of 
degree d, the local singularity types and the degree d should satisfy H(ld + 1) = 
(+ 1)@ 4+ 2)/2 for any / =0,1,...d —3. 


(a) Theorem 11.5.24 enlarges the applicability of SDP drastically: if we reorganize 
the multiplicity numbers of a rational cuspidal curve (by keeping the multiset), 
then the new combinatorial candidate satisfies the output of the SDP again 
regardless of its algebraic realizability. This shows that although in the proof 
of SDP the algebraic realizability is used, presumably some weaker assumption 
would suffice (e.g., only the smooth/symplectic realizability of the curve in P?). 

(b) Since there exist rational cuspidal curves with arbitrarily long multiplicity 

sequences (see e.g.5.2.8), the above corollary also shows that the SDP merely 

(or any invariant computable from #7) cannot provide any restriction on the 

number of cusps of rational cuspidal curves. (This fact should be compared 

with the statement of 11.5.21, which recovers the number of cusps from 

H*(S? , (#¥_, Ki)).) 

The analogue statement of Corollary 11.5.25 is not true for H? (q > 1), not 

even for the numerical value eu(H*), see 11.5.46. 


(c 


wm 


11.5.B  Superisolated Singularities with More Cusps 


In this subsection we consider a superisolated singularity associated with an 
irreducible rational cuspidal curve. For different notations and statements regarding 
the analytic and topological type see subsections 5.2, 8.6.B, 9.7.B, 11.3.B, 11.5. 

Our goal is to discuss Conjectures 8.6.23 and 8.6.25 from the point of view of 
lattice cohomology. Let us recall the two statements. Set (cf. 8.6.21(b)) 


d—3 


1+ 1)¢+2 
vO=>, (aa-3-na = oe) er (1.5.30) 
1=0 
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11.5.31 Conjecture 8.6.23: all the coefficients of N(t) are non-positive. We will 
refer to this as ‘Conjecture C’ (‘Conjecture regarding the coefficients of N(t)’). 


11.5.32 Conjecture 8.6.25: N(1) is non-positive. We will refer to this as the 
‘Conjecture I’ (we regard N (1) as an ‘index type invariant’). 


Clearly Conjecture C implies Conjecture I. 

We will compare these statements with the Semigroup Distribution Property 
based on the properties of counting functions H; of the semigroups and also on 
a subtle connection with lattice cohomology. In this subsection we follow [63]. 

We invite the reader to review the definition of the counting functions H; of the 
semigroups .Y; from (11.5.27). Let us define H as the minimum convolution of 
the functions {Hj}; as in (11.5.28). Recall also (cf. 11.5.30 and 5.2.9.IV) that the 
Semigroup Distribution Property (SDP) reads as H(/d + 1) = (7+ 1) + 2)/2 for 
any/=0,1,...d —3. 


Example 11.5.33 [The Case v = 1] In this casea; = #H{s ¢ 4%: 5s > j}, ef. 
(8.6.12). From the symmetry of the semigroup a@23-2-; = A\(j + 1) for j = 
0,..., 25 — 2. Hence, the a-coefficient needed in (11.5.30) is a¢_-3_na = #H{s € 
YX : § <Ild} = H,(ld + 1), cf. (8.6.13). Recall that 5.2.9.1] (Bézout’s Theorem) 
implies a(qg—3-)aq = Hi(ld +1) > (+ 1) + 2)/2. This inequality and (11.5.30) 
show that for v = 1 Conjecture C is equivalent to V(t) = 0. But, they are also 
equivalent to Conjecture I, since if N(1) < 0 then necessarily N(t) = 0. Finally, 
the validity of all these statements follows from SDP. 


However, for v > 2 the relationships (and statement validities) are more subtle. 
In the next parts we will prove the following. 


Theorem 11.5.34 ([63]) With the above notations one has: 


1. Ifv = 2, then a23-2-; < H(j + 1) for any j = 0,1,...26 — 2. Therefore, for 
bicuspidal curves the SDP implies Conjecture C (hence Conjecture I too). 

2. If v = 3, then the inequality o23-2—; < H(j + 1) does not hold in general, not 
even for j =Id (1 =0,1,...,d — 3), needed for Conjectures C and I. 

Moreover, Conjecture C (that is, @23—2~1¢ < H (ld + 1) under the assumption 

of an analytic realization) is not true in general, and Conjecture I behaves 
independently from SDP. (Conjecture I remains as a conjecture, though its 
validity was verified directly for all ‘known’ curves.) 


For the proof of part 1 see 11.5.45. For examples supporting part 2 see 11.5.37 
and 1 1.5.38. For the verification of Conjecture I for the known curves see [63]. 


11.5.35 Combinatorial Reformulation [63] This subsection aims to make aware 
of the similarities and differences between the polynomial Q and the function H. 


Let us start with v semigroups {.%};_, associated with local irreducible plane 
curve singularities. We wish to emphasize that in the next discussion/construction 
we will not require their realizability as singularities of a projective rational curve. 


However, regarding the realizability, we use the following terminology. If the sum 6 
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of delta-invariants of the local singularity types is of form 25 = (d — 1)(d — 2) for 
some integer d, then we say that these v local topological types are combinatorial 
candidates for the v singularities of a rational cuspidal plane curve of degree d. If 
such a curve really exists then (SDP) is valid for the corresponding local data and d. 

The semigroups determine their counting (or Hilbert) functions H; by (11.5.27) 
and the minimal convolution H of the functions { H;}; by (11.5.28). For convenience, 
define also the sequences (A 12g by i := Hi(j + 1) (notice the shift by one). 

For any sequence a = ia fee —0 denvis by da its difference sequence, i.e. 
(da); = aj — aj-1 with the conivention a_,; = 0. isu we will denote by 
Xa the sequence of partial sums, i.e. (Xa); = ag + +--+ a;. Of course, Lda = a 
and 0 Xa = a for any sequence a. 

By (11.5.27) and Aj(t) = (1 —f)- sey t® (cf. (5.2.2)) the coefficient c\ ) of r/ 


in A; (tf) can be written as c = (0 an), j- The coefficient sequence of a ssi aonitl 


product is the usual convolution of coefficient sequences of the factors. Hence, the 
. <4 : Oo) 

coefficient c; of t/ in A(t) =|]; Ai(t) is cj = Dit spies ici Ci, . Denoting 

the convolution of two sequences a = {a BR 2 and b = {bj ye By a * b, i.e. 


(ax b)j = Ys axbj—k, we getcj = (aan ek aah) ;. Let us define: 
F(j) := (ZX (Gdh™ «--- * AA) ;. (11.5.31) 


Before we identify F, let us recall some symmetry properties. From the symmetry 
of A=14+ (t— 15+ (t— 1)? Q(t) (and from 6 = aD) 


s2-; =a; +j+1—s for O< j < 25-2. (11.5.32) 


This (or the symmetry of each semigroup) implies also H;(j;) = Hj(26; — j;) + 
Ji — 6;, from which one also obtains 


HQ6-2-j+1=A(j+1)—j-—1+6 forevery j € Z. (11.5.33) 


Next, if A(t) = DoF aj ‘t/ and B(t) = 2 bj tJ satisfy A(t) = AC) + (t — 1)B(n), 
then (Xa); = AQ) _ a This applied Race for A gives (Xdic); = j+1—d+4a;. 
Hence, the definition of Q and (11.5.32) provide 


a52-; = (LU(GdK *---* 9dA™)); = F(j) for O< j < 26-2. 
(11.5.34) 
In other words, the H-values are obtained from {h}; by minimal convolution 
(shifted by one), while the F-coefficients (or a-coefficient in opposite order) are 
obtained by the composition of 00, the usual convolution, and the 2d’ operator. 
Then one has the following reinterpretations in terms of F and H. 
Let C C CP? be a rational cuspidal curve of degree d with v cusps of given 
eee types (in a age d(d — 3) = 26 — 2. Set F(j) := (xU(adA x 
1k aah™));, where i = Hj(j + 1), and Hj; is the semigroup counting function 
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(or the Hilbert function) of the i-th singularity. Set H := H, >---© Hy. Then 


(ConjectureC) F(id) < 


1+1d+2 
coe forall/ =0,1,...,d—3. | (11.5.35) 


d-3 


d-3 
141042) d(d—1)\(d-2 
(Conjecture I) yrds x ) = Men a 
- - (1.5.36) 
(SDP) Hd +1) =S*0E*® forall! =0,1,...,d—3. (1.5.37) 


Let us summarize the combinatorial situation. Starting from the semigroups of v 
local singularities we define H and F. 

If v = | (since YLId(h) = h) then F(j) = A(j + 1) for each j € Zso 
(independently of realizability, hence not just for j € d- Zo). 

On the other hand, for v > 1 the values F(j) and H(j + 1) become different. 
Nevertheless, cf. Theorem 11.5.34.1 and paragraph 11.5.45, F(j) < HU +1) 
remains true for v = 2 and every integer j > 0, again by combinatorial (lattice 
cohomology) argument (independently of realizability and d). 

With these facts in mind, it is tempting to conjecture that maybe the inequality 
F(j) < H(j +1) is always true — as a property of local singularity types —, which 
would make Conjecture C a combinatorial corollary of SDP. But, for v > 3 there is 
no such relation between the local functions F and H, as we will show next. 


Example 11.5.36 Take v = 3, and assume that all local singularities are (2,3)-cusps 
(with semigroup (2, 3)). Then the relevant terms forO < j < 28—2 = 4of F(/) are 
1, —1, 3, 0, 3, while for and H(j + 1) are 1, 1,2, 2,3. Hence for j = 2 the desired 
inequality F(j) < H(j +1) fails. Hence the inequality F(j) < H(j +1) cannot be 
true for any integer j. (In fact, this collection of local cusp types can be realized on 
a rational tricuspidal curve of degree four, cf. 8.6.22. Note that the inequality holds 
for 7 = 4 =d, hence one could still hope that F(j) < H(j + 1) hold in the case of 
existing curves and for j € d - Z, where d is the degree of the curve.) 


Example 11.5.37 (Counterexample to Conjecture C) Consider the curve Cg4 = 
Cg.2 from 5.2.8.V. It has degree d = 8 and three cusps with multiplicity sequences 
[6], [24] and [22]. In this case 25 — 2 = 40, and we will test F(j) and H(j + 1) 
only for multiples of d. The next table shows these values: 


j O |... | 8 |... 16 |... 24 |... 132 |... | 40 
H(j +1) dec | Se eee, Ve Ve 1 Iie, 1S Neve 
F(j) 1 4 | 5 9 | 16 21 
H(j+l)— Fj) |0 -1 1 1 -1 0 
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For / = | and/ = 4 the inequality F(id) < 7+ 1) 4+ 2)/2 = Hild + 1) 
fails, hence for v = 3 we cannot expect F(j) < H(j + 1) for any multiples of d 
neither. In particular, Conjecture C fails too. This also shows that the inequalities of 
Conjecture C are not combinatorial consequences of the equalities of SDP. 

On the other hand, note that Conjecture I is not violated: the summation of the 
last row is zero. 


Example 11.5.38 The following example shows that Conjecture I is not a combi- 
natorial consequence of the equalities of SDP either. For this we will consider a 
combinatorial candidate, which admits a candidate d, which satisfies the SDP, but 
the inequality of Conjecture I fails. In particular, SDP does not obstruct the algebraic 
realization of the curve C, nevertheless, such a realization does not exist. 

Consider three semigroups (3,5), (2,3), (2,3). They are candidates for the 
singularity of a curve of degree d = 5. Since the complex projective quintics 
are classified (see e.g. [459] or 8.6.22 here), we know that such a curve does not 
exist. However, the SDP does not exclude the existence of such a curve, as the 
values H(j + 1) 7 = 0,5, 10 are the right values 1,3,6. On the other hand, 
by a computation, the values H(j + 1) — F(j) for 7 = 0,5, 10 are 0, —1, 0, 
hence Conjecture I fails. In this case the root of S3 5(To,3#T2,3#T3,5) (associated 
with k, = K) coincides with the root of 5(5,5,6) (see 11.3.35), H'! = 0 and 
H? = 74(1). 

In particular, if Conjecture I would be proved—independently of the classifi- 
cation of projective curves—, it would provide an independent tool for checking 
whether a given collection of local topological singularity types can be realized as 
the collection of cusp types of a rational cuspidal projective plane curve. 


11.5.39 Lattice Cohomological Reinterpretation Consider the combinatorial 
situation from 11.5.35. The semigroups .% determine links K; C S° of the 
corresponding (topological types) of plane curve singularities. Consider an arbitrary 
d > O and the surgery 3-manifold Che (#; K;) as in Sect. 11.5. 


Though the above examples suggest that in general the function F and H behave 
rather differently and independently (for a large v), the next statements show their 
remarkable common feature. 


Theorem 11.5.40 ([63]) For anyd > Oand0 <a < d the following facts hold: 


eu (H°(S3 (Hi Ki), K +2aE%)) Y> (AGH) +8-1-)), 


j=a(mod d) 
0<j<2s—2 
Y> HQ6-2-j+1); 


j=a(mod d) 
O< j<25—2 


(11.5.38) 
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eu (HY (S8 yh Ki), en 2aE%)) = (Fj) +8-1-)) 
j=a(mod da) 
0<j<25—2 
= = FOS =2=); 


j=a(mod d) 
O< j<25-2 


(11.5.39) 


Proof We will use the identities from (11.5.22). In the first one, note that by 
(11.5.19), (11.5.18) and (11.5.26) min(W|r,) isd — j—1+HA(j+ 1) and (11.5.38) 
follows (for its second identity use (11.5.33)). 

For the second identity, note that —eu(H*(T;, W) equals aj by (1.5.24), which 
is F(26 — 2 — j) by (11.5.34). Then use again the symmetry (11.5.32). oO 


Remark 11.5.41 In fact, by Theorem 11.5.10, the integer d, the sum of delta- 
invariants 6 and the function H completely determine the whole H° as a graded 
ZU |-module (and not just its Euler characteristic). 


Corollary 11.5.42 Assume that d(d — 3) = 26 — 2 (that is, d and {.Y;}; constitute 
a package of combinatorial candidates for algebraic realizability). Then 


eu (H°(S3@iKi), K +2aE3))= YY HU +0), 


j=—a(mod da) 
0< j<26-2 


eu (Ht(S3 4 Ki), K + 2aE* ) = YY Fi). 
j=—a(mod da) 
0< j<26—2 


This for a = 0, for the canonical spin® structure, reads as 


eu (H°(S? yi Ki), K)) = Y. Alld+1), 
0<Il<d—3 


eu (HY (S38 (Ki), K)) = > Fild). 


O<l<d—3 


Since by 5.2.91 Hdd +1) > @ + 1)@ + 2)/2 for any / = 0,...,d — 3, 

(p H(ld +1) = D4 + DU + 2)/2 is equivalent to SDP for every / (cf. 
(11.5.37)). In particular, in the presence of the algebraic realization, the valid SDP 
reads as: 


(SDP) eu (H(S8 4K), k)) = d(d — 1)(d —2)/6. (1.5.40) 
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Furthermore, under the same realizability assumption, Conjecture I reads as: 

eu (Ht (S394 Ki), K)) < d(d — 1)(d — 2)/6. (11.5.41) 
They combined: 


(Conjecture 1) ew (H*($3,(4/Ki), k)) <eu (HS? Gt Kj), k)) 
(1.5.42) 


Remark 11.5.43 The algebraic realizability in (11.5.40) is essential. Indeed, 
cf. 11.3.35, eu(H°(S3 5(73,7), K)) = 9 < 10, and ew(H°(S3(7p,21), K)) = 
22 > 20. Hence the equality (11.5.40) valid in the algebraic cases might fail in both 
direction for non-realized combinatorial/topological situations. 


11.5.44 Proof of Conjecture I for v = 2 (via SDP) First we recall from 11.5.21 
that H9(S3 (4; Ki), kr) = 0 for any g > v and any k;. Then, for v = 2, one 
has eu (H*(S? ,(#;K;), K)) = eu (H°(S3 ,(#;K;), K)) —rankzH'(S? ,(#;K;), K), 
hence (11.5.42) follows. 


For v > 3 the similar argument does not work. From this point of view, it is even 
more surprising that in all the known cases Conjecture I still holds, cf. 11.5.34. 


11.5.45 Proof of Conjecture C and Part 1 of Theorem 11.5.34 for v = 2 We 
will show, essentially by the same argument as in 11.5.44, that in case of v = 2 
the inequality F(j) < H(j + 1) holds for any 0 < j < 26 — 2. This inequality 
is purely combinatorial, completely independent of the parameter d, and it is also 
independent of the realizability of cusp types on an existing rational projective curve 
(and also on the validity of SDP). 


Indeed, set D > 26 —2. Then, we use 11.5.42 and eu (H*(S3 pi K;), ky (j))) = 
eu (H(S? p(#; Ki), kr(j))) — rankzHI' (S? p (#; Ki), kr(j)), where ky(j) = K + 
2jEt. 

For a different, direct elementary proof, see [461]. 
Example 11.5.46 Finally, let us give an example promised in Remark 11.5.30(c), 
a pair of existing cuspidal curves, both of degree d = 5, with the same multiset 


of multiplicities but different F functions. The first curve C; has cusp types 
[22], [22], [22], while the second one, C2, has cusp types [23], [2], [2], [2]. 
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The numerical values of functions F and H are as follows: 


k | 0 1] 2] 3] 4] 5] 6] 77 8] 9 fio 
H(k+1)forC, andC, | 1 i(-2| @] 3] @) 4 47 sis ile 
F (k) for C i|=i| 3[=3/ 6/=3/ 7l=1/ 673 [é 
F (k) for C> tL) or Sle ele elel ele ls 
Hk+1l)—F(®forc; | 0 | 2/-1/ 5/-3] 6 [-3] 5[-1][ 2 [ 0 
Hk+l)—F(®forc | 0 /[ 3/-3/ 7/-5] s]—5] 7/-3]3 [0 


Hence eu(H®,,,) — eu(H%,,) for C; is 0+6+0 = 6 while for C2 itisO+8+0=8. 


Remark 11.5.47 Above (see e.g. (11.5.37)) the SDP is formulated only for integers 
j — 1, which are multiples of d, that is, only for the canonical spin‘ structure, 
however several other invariants/statements/questions run for any integer j (any 
spin® structures) as well. Next we try to explain some reasons for the lack of 
such extension. In the first approach SDP was motivated/found via the difference 
Zo,{v,}(t) — Po,tv,;() (cf. 8.6.B), corresponding to h = 0. Though its equivariant 
extension Zry,}(t) — Pty,;(t) is clearly present, we have very little knowledge 
(at least by the author) about Pry,}(t) (contrary to Po,tv,}(t), which is extremely 
simple). In general, the computation and identification of the analytic invariants 
of the universal abelian covering of a superisolated singularity is hard (for some 
details and examples see e.g. [665]). The second approach is the one used by 
Borodzik and Livingston in [68]. In this case the proof essentially uses the fact that 
P? \ C is a rational homology ball (hence its boundary has a vanishing Heegaard 
Floer d-invariant). However, the natural Zy-covering of P? \ C is the Milnor fiber 
{f = 1} Cc © of the homogeneous hypersurface singularity f, where f = 0 is the 
projective equation of C, and F is a rational homology ball only when C is a line, 
cf. [502, 24.3.3]. 


11.6 Path Lattice Cohomology 


We reconsider the topological invariant Path’ = Path introduced in 6.8.B (as 
a natural topological upper bound of p,) in terms of lattice cohomology. In 
this new aspect, Path appears as the the minimal Euler characteristic of the 
lattice cohomologies associated with different (not necessarily increasing) paths. 
It turns out that pp < Path’ = Path = minyey eu(H(y, (Rzo)*, K)) < 
eu(H°(I, K)). Both inequalities are equalities for superisolated germs. & 


11.6.1 Fix Z* as in 11.1 and fix also a compatible weight functions {wg}, as 
in 11.1.4. Consider also a sequence y := {i} so that /o = 0,1; A 1; fori ¥ j, 
and Jj4; = 1; + Ejq) forO <i < t. We write T for the union of 0-cubes marked 
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by the lattice points {/;}; and of the segments (1—-cubes) of type [J;, /j41]. Then, 
by 11.1.15 we get a graded Z[U ]-module H*(T, w), which will be called the path 
lattice cohomology associated with the ‘path’ y and weights {wg }q=0,1. Itis denoted 


by H*(y, w). It has an augmentation with a where m, := min;{wo(/;)}, and 


My? 
one also obtains the reduced path lattice cohomology H? ed (Y> W) with 


H(y, w) = Fp 


2my 


® HOY, w). 
Similarly as in (11.1.3) we consider its ‘Euler characteristic’ 


eu(H°(y, w)) = —m, + rank z (A?) (y, w)). (11.6.1) 


Lemma 11.6.2 H4%(y, w) = Oforg > 1, and 


1 
eu(H(y, w)) = —wo(0) + > (wi (Ui, li+1]) — wolli+1)). 
i=0 


Proof Use induction comparing the paths (Cre, and {/j}"_) (0<n <1). Oo 


Tf wi (i, Zi41]) = max{wo(/;), wo(di+1)} then 


f=1 


eu(H®(y, w)) = —wo(0) + > max(0, wollh) — wollisi)}. (11.6.2) 
i=0 


11.6.3 In the previous paragraphs of this section it was not necessary to assume that 
the terms of the path are effective (compare with the definition from 6.8.35, where 
this property was required). However, starting from the next paragraphs and in all 
the applications below we will need this property (note that in the proof of 6.8.38 it 
was crucial). For any such y we will compare H°((R0)°, w) with H°(y, w). 


11.6.4 Weights Given By I" In this section I’ denotes a connected negative 
definite graph such that M(I”) is a QH'S?. Then, similarly as in 11.1.A, in the 
presence of the I” and a distinguished representative k, © Char we consider 
the induced weight functions, see also 11.1.17. From 11.1.26 we know that the 
restriction H*(I, k-) = H*(R*,k,) — H*((Rs0)*, &,) induced by the inclusion 
(R>0)° <— R* is an isomorphism of graded Z[U] modules. Accordingly, even 
for path lattice cohomology we will consider the starting pair ((R>0)*, w), where 
the system w is associated with k,, and all the terms of the path are effective. In 
such case the path lattice cohomology is denoted by H°(y, (R>0)*, k,). (Recall that 
k, = K + 2sp.) 
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Fork = K andy € A(Z) (for acertain Z > 0) eu(H(y, (Rs0)*, K)) equals 
S(y) from 6.8.37 (compare (6.8.15) with (11.6.2)), hence 


min eu(H°(y, (Rso)*, K)) = Path. (11.6.3) 
yeh ~ 


See also 6.8.B for the definition of Path’ and 6.8.38 for the identity Path’ = Path. 
Recall that in 11.3.10 we defined ew (H°(I’, k,)) := —mg, +rank z(H,,,(P, ky)). 
Then mz, < m, = min{xz, (x;)}. In the sequel we adopt the notations of 6.8.B too. 
From analytic point of view we have the following inequality, the analogue 
of 11.3.8 (with similar proof). 


Proposition 11.6.5 Consider a normal surface singularity (X, 0) with a resolution 
X and QHS? link. Fix also an increasing path y € F(Z) connecting 0 with Z. 
Then for any line bundle @ € Pic(X) with c,(L) = —sp one has 


Al(Z, Z\z) < eu(H(y, (Reo), ky)). (11.6.4) 


11.6.6 Restriction map. Example The restriction map r° : H°((Rs9)°, w) > 
Hy, (Rso0)’, w) (v € A(Z)), in general, is not onto. In order to see such an 
example, let us take w as in 11.6.4, k = K, and we will study different paths 
connecting /g = 0 with /; = Zmin. For simplicity we assume that x (Zmin) < 0. 


There is an ‘optimal’ way to find Zinin, given by Laufer’s algorithm 6.6.7. If we 
take any path y°? connecting 0 and Z;, provided by this algorithm (with /; = £1), 
then x (Jo) = 0, x(41) = x (£1) = 1, and after that x is monotone non-increasing, 
so it will decrease to x (Zin). Hence H°(y??, (R>o)’, K) = TS Brin) ®@ ZA(I). 

Assume next that the multiplicity of FE, in Zin is > 2. Then one may take 
the ‘non-optimal’ increasing path y”°? connecting 0 to Zmin, by taking Jo = 0, 
l, = Ej, ly = 2E}, and after that we proceed according to the generalized Laufer’s 
algorithm 6.6.3. Then the maximum x-value reached is x(2E,) =2—E ; > 3 and 
My", Rz0)', K) = Ayrz,,.,) ® W(2 — E}). 

One sees that for y?? the restriction r° is onto, while in the second case it 
is not. For the second statement it is enough to compare the 1-degree terms: 
by 7.3.13 rankz(H°((Rs0)’, K)); = 1, while rankz(H°(y”°?, (Rso)°, K))1 = 2. 
E.g., if I” is minimally elliptic, then one even has eu(H°(y”??, (R>0)*, K)) > 
eu(H°((R=0)°, K)). 


Lemma 11.6.7 Fix Z € Lso and consider all the paths P(Z) as in 11.6.1 with 
lo =O andl, = Z and 1; = 0. Then the following facts hold. 


(a) There exists y € P(Z) such that r® : H°((Rs0)°, w) > Hy, w) is onto. 
(b) If for some y € PZ) the restriction homomorphism r° is onto then the 
inequality eu(H(y, w)) < eu(H°((R%,,, w)) holds. In particular, 


>0° 


min eu(H°(y, w)) < eu(H°((Rs0)*, w)). 


yeh 
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Proof 


(a) Take any y from A(Z). If n > O then S, M y contains all the vertices 
and segments of y, hence it is contractible, H CS, Ny,Z) = Z and the 
restriction aM : H°(S,,Z) > H(S, 9 y,Z) is onto. If r° is not onto, then 
let n be the largest integer for which ye is not onto. This means that there 
exists a connected component S,q of S, such that Sy.qM y has at least two 
connected components. In particular, when we travel along y from Jo = 0 
to 1, = Z, there exists a certain term J; of y, with J; € Sp.q, such that 
lizt,.--,lj-1 € Snow, but l; € Snq again. It is possible that the intermediate 
path /j41,...,/j—1 intersects some other components Sy, of S,. On the other 
hand, since S;, 4 is connected, /; and/; can be connected by an injective path in 
Sn.a,» Say lj = lo, hh, ad i = 1;. Then in y we replace the intermediate path 
lislizi,..-,lj byl) =lo,h,...,1, =1j. Let this be 7. In this way the number 
of components of Sy,¢ M y is strictly smaller than the number of components 
Of Sn Oy. Ifli41,...,/;—-1 intersects some other component S;,,g then those 
components of S, M y will disappear. Next we have to observe, that y can be 
a non-injective path (in S;,~). Then we can eliminate from this (oriented) y all 
its loops (oriented Euler cycles) similarly as in the proof of 6.8.38. The output 
is an injective path y’ € A(Z), which has strictly less connected components 
than y in Sq, and in any other component S,_g this number is not increasing. 
One also sees, that this modification step does not destroy the surjectivity of iy 
forn’ >n. 

Repeating this procedure after finitely many steps we get the wished path. 

(b) To the weight w and path y one can associate in a natural way a graded root 
Rw,y as well. Since Ho(Sn Ny, Z) > Ho(Sn, Z) is injective for any n, we get 
a natural graded root embedding Ry, <> Ry. Then use 11.2.11. 


oO 
Corollary 11.6.8 
Pg < Path' = Path = min eu(H°(y, I’, K)) < eu(H°(r, K)). 
ved 
Proof Combine (6.8.14), Lemma 6.8.38, (11.6.3) and Lemma 11.6.7 (b). oO 


Example 11.6.9 As we have already pointed out, the inequality pg < Path’ can 
be strict for certain analytic structures. E.g., in the elliptic case when the minimal 
resolution is good then Path’ = m + 1 (cf.7.2.66) and for the generic analytic 
structure pg = | (cf. 7.2.98). Or, consider the discussion from Example 9.7.32. 


Example 11.6.10 The inequality minyey eu(H°(y, Pr, K)) < eu(H°(r, K)) for 
some graphs is an equality, but for certain graphs it can also be strict. 

For example, in the situations of 11.6.11 below it is equality. Or, for 
a concrete example, take the graph from 9.7.32 where eu(H°(r, K)) = 
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Minye# eu(H°(y, Fr, K)) = 10 and eu(H* (I, K)) = 8 (see 9.7.32 and 11.4.12 or 
[348]). 

On the other hand, if I” is the graph from 11.4.11, then eu(H(r, K)) = 6 while 
eu(H* (I, K)) = minyeg eu(H°(y, Pr, K)) = 5 (see e.g. [350]). It is instructive to 
chase the diagram from 11.4.11 to check minyeg eu(H(y, I, K))=5. 


Corollary 11.6.11 The identities 


Pg = Path' = min eu(H°(y, Pr, K)) = eu(H°(r, K)) 
yEeg 


hold in the following cases: 


(a) for superisolated singularities (with rational homology sphere link), 

(b) if (X, 0) satisfies SWIC for the canonical spin® structure and H2! (I, K) = 0. 
(Compare with 11.3.9.) This includes e.g. the weighted homogeneous germs and 
elliptic germs, cf. 10.6.17. 


Proof Use 11.6.8 combined with (11.5.40) (and the fact that pg = d(d — 1)(d — 
2)/6) in the first case, and combined with 11.1.36 in the second case. oO 


Remark 11.6.12 The identities from 1 1.6.11 for case (a) show that for any superiso- 
lated singularity Conjecture I (equivalently, eu(H*(I, K)) < eu(H°(Ir, K)), ef. 
11.5.42) is equivalent with eu(H*(I, K)) < Path’. 


11.6.A Lattice Cohomology of Newton Non-degenerate Germs 


For a Newton non-degenerate hypersurface singularity with rational homol- 
ogy sphere link both identities pp = minyegy eu(H°(y, I’, K)) and pg = 
eu(H*(I’, K) are valid. In fact, the first identity can be generalized to the Q- 
Gorenstein—pointed Weil divisors. The path which realizes the identity is a 
special ‘diagonal’ computation sequence, an interplay between the combinatorial 
properties of I and NI’. We follow [498, 499, 641]. & 


11.6.13 Let (X,0) be a normal Newton non-degenerate Weil divisor given by 
a function f, with a rational homology sphere link. Moreover, assume that the 
polyhedron NI°_(f) is Q-Gorenstein—pointed as in 5.5.16. Hence (X,0) is Q- 
Gorenstein, cf. 6.3.32. 


In particular, for an isolated Newton non-degenerate hypersurface germs all these 
properties are satisfied. For a list of several numerical invariants and formulae for 
this classical case see 5.5.A. 

In this section we discuss the following two topological characterizations of the 
geometric genus Pg. 
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Theorem 11.6.14 


(a) If (X, o) normal Newton non-degenerate Weil divisor as in 11.6.13 then pg = 
Path’ = min, <i eu(H®(y, I’, K)). 

(b) If (X, 0) is an isolated Newton non-degenerate hypersurface germs in (C?, 0) 
then pg = eu(H* (I, K)), i.e. the Seiberg—Witten Invariant Conjecture holds 
for such germs and for the canonical Spin® structure. 


For hypersurfaces the proofs can be found in Sigurdsson’s Thesis [641], part (a) 
was published in [498], for the more general toric case of (a) see [499]. The proofs 
of both parts (a) and (b) are technical. Here we will sketch the proof of (a). 

We fix the resolution given by Oka’s algorithm 5.5.23 (what we will modify 
slightly, see below). At the beginning of the discussion we will also consider the 
following additional assumption: 


the E,,—coefficient of Zx for any noden € VW is > 1. (11.6.5) 


This implies |Zx | > 0, too. The assumption will be justified in 11.6.21. 

We have to find a path y € '(Z) (for some Z > |Zx J, cf. 6.8.40) such that 
Pg = min, giczy S(y). (For notations see 6.8.B.) 

The construction of such a path is based on a remarkable combination of the 
combinatorics of the resolution graph I” and of the toric pair NI'(f) C XY. 

The geometric genus equals the cardinality of (NI,.(f, X)° \ NI:(f)° NM, 
cf.5.5.21. Since the link is a rational homology sphere, in fact, we have pg = 
#(NIYL(f, X)° \ NILCf)) OM, cf.5.5.24. All these lattice points belong to 
C(NT) \ NI'(f), where 


C(NT) is the convex closure of NI"(f) and p, (11.6.6) 


the cone over NI-(f) with vertex p. Here the point p is that point where the 
polyhedron NI°,.(f) is Q—Gorenstein—pointed, cf. 5.5.16. 

We wish to filter this cone by a family of moving diagrams indexed by certain 
cycles /’ € L’ of I’. They are defined as follows. If /’ = cyl, Ey € L’, and 
n is a node of I’, then we set the half—spaces H,,>(l!) := {q € Man XY 
€n(q — p) = 1}. Here £, are the dual primitive vectors associated with the compact 
2-faces {Fn}ney. We set NIC’) = One An,>(U'). Note that if 1) > 1, then 
NI(,) C NI(G). Furthermore, by Zx — E = wt(f) — wt(p) (cf. (6.3.10)), 
NI.(ZxK — E) is exactly NI;(f). 

This suggests that we should consider cycles l’ € L’ with [/'] = [Zx]. 

The idea is to consider a computation sequence {Z;}; connecting Zx — |Zx] 
with Zx — E and at any step compare x (Zj+1) — x(Zi) = 1 — (Z;, Evi) with the 
number of lattice points NI, (Z;)\ NI: (Zi41). Note that if p € M, i.e. if (X, 0) is 
Gorenstein, then Zx — |Zx| = 0, and p € NI, (0) contributes to pg. In this case 
the computation sequence consists of integral cycles. 
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11.6.15 In the proof written in [499], motivated by some technical reasons, the 
resolution given by Oka’s algorithm is modified as follows. Assume that the vertices 
ne and n of [&! are associated with a non-compact 2-face F,,ex and with a 
compact 2—face F;, respectively. Assume that they are adjacent, and the determinant 
of the dual primitive vectors is one. In such a case in Oka’s algorithm of "®’ we 
insert an edge (n°*’, n) (and then, in order to get I”, we delete n®*’ and this edge). 
In the modified version let us blow up this I” at any such n, and this modified graph 
will be our ‘new’ J”. In this way we create some non-intersecting (—1)—vertices. 
Let their collection be Y. 


11.6.16 We will need the following version of the operator / ++ x(/) with respect 
to the nodes VY C Y, discussed in 7.3.23. 


We claim that for any l’ € L’, there is a smallest cycle x(/') € l' + L satisfying 

the E,— coefficients of x(/’) and /’ agree for anyn € WV, 

; (11.6.7) 
(x(l'), Ey) < Oforanyue V\%. 


The existence and uniqueness follows in a similar way as in 7.3.24. Note that x(/') 
only depends on the E,—coefficients of /' forn € -¥V and on the class [/’] € H = 
L'/L. 

The following properties hold for the operator x: 


(a) Monotonicity: If I, <1; andl, — 1, € L then x(/}) < x(U). 

(b) Idempotency: We have x(x (I')) = x() for any I’ € L’. 

(c) Generalized Laufer sequence: Assume that I' < x(l'). Then there exists a 
generalized Laufer sequence which connects /' with x(/') (as in 7.3.26). 

(d) x(ZK —|Zx]) > Zkx-(|ZxJ, and x(ZK) = Zxe+ yey Ex = ZK + Ey. 


(For the definition of Y see 11.6.15.) 


11.6.17 Next, we construct in two steps a computation sequence {Z;};. 
First, a coarse ‘diagonal’ sequence {Zi ae is defined as follows. Start with Zo = 
Zx—|Zx|, and define Zo = x(ZxK—|Zx]). Assuming Z; (i > O) has been defined, 


and that Z; Lv < Zx\|_y, choose a v(i) € VY minimizing the ratio 


E,—multiplicity of Z; 
i acai Ace new. (11.6.8) 


th Epy—multiplicity of Zx — E’ 


Then set Ziv1 — x(Z; + Ej5q)). If Zily = (Zx — E)|_y, then we record k' =i. If 
Zilv = Zx|_y, then we stop, and set k = i. 


We refine the above choice as follows. Choose some node ng € -¥ and define 
a partial order < on the set .%: forn,n'’ € .V, define n < n’ if n lies on the 
geodesic joining n’ and ng (here we make use of the assumption that the link is a 
rational homology sphere, in particular, I” is a tree). When choosing v(i), if several 
nodes minimizing {r(7)}, can be chosen, and min, {r(n)} < 1, then we choose v(i) 
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minimal of those with respect to (1, <). If min, {r(n)} = 1, let W’ C VW be the 
set of nodes n for which r(n) = 1. If ’ has one element we have to chose that 
one. Otherwise, let I’ be the minimal connected subgraph of I" containing -/’, and 
we choose v(i) as an end—vertex of I’. 

Next, we fill in this course sequence. Since Zp = Zx—|ZxK| < x(Zx—-|ZxK]) = 
Zo by 11.6.7(d), there exists a Laufer computation sequence connecting Zo with Zo. 
Furthermore, using the idempotency and monotonicity of the operator, we find 


Zi + Ew) = x(Zi) + Ex) < x(Zi + Ey) = Zit. 


Thus, we can join Z; + Ex) and Zit by a Laufer computation sequence. Hence, 
we obtain a computation sequence {Z;};, connecting Zx — |Zx]| with x(Zx) = 
Zer+Ey. 


11.6.18 In this part we relate the computation sequence to pg. Note that the terms 
Zi, in general, are not integral effective cycles, in particular, the statements of 
subsection 6.8.B cannot be applied directly. Here we present the dual situation. In 
this part X will denote the resolution of any normal surface singularity with rational 
homology sphere link and with Zx > 0. We will consider an arbitrary computation 
sequence y = 123, Zi+1 = Zi + Ey(i), such that Zp = ZK —|ZxK| and Z;— ZK 
is the union of some reduced and non-intersecting (—1)-curves. For such y we set 
S?(y) = 5 max{0, 1 — (Z;, Eyiy)}, and Path® = min, S*(y). 


This can be compared with pg as follows. From (6.8.3) we have 
Pe = dime H°(X, Ox (Kx + [ZK ]))/H(X, O%(Ky)). (11.6.9) 


Furthermore, by (6.8.2) H(X, OZ (Kz + ZK — Zk)) > H(X, O%(Kx)) is an 
isomorphism. Therefore, if we define 2%; := Ox%(Kz + Zx — Z;), then (similarly 
as in 6.8.B) 


k-1 
Pe =) dim H(X, Z)/H(X, Gai) < S*(y), (11.6.10) 
i=0 


with equality if and only if all the cohomological long exact sequences associated 
with 0 > JY > Yin, > G41 /GZ; > O split. 


11.6.19 In [499] the following result is proved: 


Theorem 11.6.20 p, = min, S“%(y) and the identity is realized for the computa- 
tion sequence {Z;}; constructed in 11.6.17. 


To sketch the proof, let us start with the following remarks. _ _ 
There are two types of steps in the computation sequence CAM Zi~w> Zit 
Ei), and those provided by the generalized Laufer algorithm connecting Z; + E5(i) 
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with x(Z; + Ej(i)). Along the steps of the second type, (Z;, Ey (i)) > 0, hence we 
have no contribution in the sum of S% (vy). 

Hence, we need to focus only on the steps of the first type. Well, one verifies 
that if k’ <i <k, then (Zi, E5(i)) > 0 as well. As a result, they also have zero 
contribution in the sum. Next, let us analyse the other steps 0 < i < k’. 

For any n € -V, corresponding to the face F, C I'(f), denote by C, the convex 
closure of the union of F,, and {p}. Set also 


C=C. | cy, 
n’>n 
where we use the partial ordering < on -¥Y defined in 11.6.17.Fori = 0,..., ‘= 1, 
let H; be the hyperplane in Mp defined as the set of points g € Mp satisfying 
Li(q-—p) = my(i)(Zi)- Setalso F,” = Coy Ai. The sets C, form a partition of the 
lattice points C(NI’) \ NI’(f). These are the points ‘under the Newton diagram’, 
hence by 5.5.21 their number is pg. It follows from the construction that the family 


(F, 1M ar forms a partition of these points. In particular, 


ki] 


Pe = > #(F, NM). (1.6.11) 
i=0 


The key ingredient of the proof is the following geometric fact, which creates the 
bridge between I" and NI: for any 0 <i < k’ the following identity holds: 


#(F, MM) = max{0, 1 — (Zj, Exq)}. 


This means that along the computation sequence, the expressions max{0, | — 
(Z;, E5())} computed in I” detect the lattice points under the Newton diagram 
partitioned by the sequence of moving diagrams NI, (Z;). The computation 
sequence is guided by the above ‘ratio test’: this guarantees that all the diagrams 
NI,(Z;) are as close to the homotheties of NI(f) as possible. This is the reason 
why we called the sequence ‘diagonal’. The amazing output of the construction is 
that this sequence of diagrams of XY, together with the number of lattice points 
newly appearing at every step, are determined purely from the combinatorics of the 
resolution graph. 


11.6.21 Finally, let us prove that Path® = Path’. Consider a path ame as 
in 11.6.18. We transform it into the integral increasing path ae via Jj) := 
ZK — Zx_i. Note that x (i) — x (i441) = X (Ze_i) — x (Ze-i-1), hence (for notation 
see 6.8.B) 


k-1 k-1 


S(li}i) = D> max{0, xi) —x G40} = D> max{0, 1— (Eni), Zi)} = 8% Zi}i). 
i=0 i=0 
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Since {Z;}; connects Zk — |Zx]| with Zx + Ey, the path {/;}; connects —Ey 
with |Zx]. Let Path; _ 1) be min,{S(yv)}, where y runs over increasing paths 
connecting a collection of non—intersection (—1)—curves with | Zx |. Then by the 
above correspondence Pathy_ ,= Path”. Next, using certain increasing and non— 
increasing paths we get Path* < Path{_,) < Path’, hence by 6.8.38, Pathi_ 


Path’. 


ho 


In particular, for any Newton non-degenerate (X,0) (under the assump- 
tion (11.6.5)) we obtain pg = Path’, part (a) of 11.6.14. 


11.6.22 Next, we discuss the assumption (11.6.5). First note that germs which do 
not satisfy this assumption really exist. Indeed, take e.g. the hypersurface singularity 
in (C3, 0) with equation x* + xy? + 2° + y!z. It has two faces, let n be the node 
corresponding to the face with normal vector (19, 2,5). Then the E,—multiplicity 
of Zx is zero. 


The point is that this face is ‘removable’ (in the sense of [499]). For any Newton 
non-degenerate Weil divisor (X, 0) in (Y, 0) (as in 5.5.B), which does not satisfy 
the assumption (11.6.5), in [499] another pair (X,0) Cc (Y,0) is constructed in a 
canonical way, which satisfies the assumption. Additionally, the following facts also 
hold: 


° (x , 0) is Newton non-degenerate. 

¢ The singularities (X, 0) and es , 0) have diffeomorphic links. 

¢ The singularities (X, 0) and (X , 0) have the same geometric genera. 

¢ If (X, 0) is normal, then (x , 0) is normal. If (X, 0) is Gorenstein, then (ee , 0) is 
Gorenstein. In fact, if f is pointed at p € Mg, then so is a: 


In particular, since pg = Path’ holds for (X , 0) it must hold for (X, 0) as well. 


Remark 11.6.23 One of the consequences of Theorem 11.6.14 is that for isolated 
hupersurface Newton non-degenerate singularities 


min, eu(H(y, I’, K)) = eu(H*(I, K)). (11.6.12) 


This is a purely topological identity satisfied by the link of a Newton non-degenerate 
germ, basically provided by the Newton diagram via Oka’s algorithm. 

It is even more remarkable that the above identity is not a consequence of certain 
vanishing statements of parts of the lattice cohomology. It holds despite of the fact 
that in general min, eu(H(y, I, K)) # eu(H°(r, K)) and H2!(r, K) # 0, see 
e.g. the Newton non-degenerate hypersurface germ 11.4.11. 

On the other hand, the identity (11.6.12) does not hold for all topological types. 
For example, for the graph from 7.3.3 we have Path’ = min, eu(H(y, I, K))=4 
and eu(H* (I, K)) = 3, cf. 11.2.19 and 6.8.44. 

Similarly, one can consider any superisolated singularity (with rational 
homology sphere link). Then, by 11.6.12 we know that min, eu (Hy, TI, K)) = 
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eu(H°(r, K). In particular, if v = 2 and H'(7,K) +  O then 
min, eu(H°(y, Pr, K)) 4 eu(H*(, K). 


11.7 Lattice Cohomology and Heegaard Floer Homology 


The Seiberg—Witten invariant is the (normalized) Euler-characteristic of the 
Seiberg—Witten monopole Floer homology of Kronheimer—Mrowka, or equiv- 
alently, of the Heegaard Floer homology of Ozsvath and Szab6. These theories 
had an extreme influence on the modern mathematics, solving (or disproving) 
a long list of old conjectures (e.g. Thom Conjecture, or conjectures regarding 
classification of 4-manifolds, or famous old problems in knot theory); see the 
long list of distinguished articles of Kronheimer—Mrowka or Ozsvath—Szab6. See 
also a historical review in the prologue of Chapter 9 in the Introduction. 

In [547] Ozsvath and Szab6 provided a computation of the Heegaard Floer 
homology for some special plumbed 3-manifolds. This computation resonated 
incredibly with the theory of computation sequences used in Artin—Laufer 
program (see e.g. [363, 469, 476]). These two facts influenced considerably the 
definition of the lattice cohomology. & 


11.7.1 Short Review of Heegaard Floer Homology H F*(M) We assume that 
M is an oriented rational homology 3-sphere, and we restrict ourselves to the 
+-theory of Ozsvéth and Szab6. The Heegaard Floer homology HF*(M) is a 
Z{U |—module with a Q—grading compatible with the Z[U ]—action, where deg(U) = 
—2. Additionally, HF +(M) has another Zo—-grading; H F +(M)even, respectively 
H F* (M)oaa denote the graded parts. Moreover, H F*(M) has a natural direct sum 
decomposition of Z[U]—modules (compatible with all the gradings): HF*+(M) = 
®o H F* (M, oc) indexed by the spin‘ structures o of M. For any o € Spin®(M) one 
has 


HF*(M,o) = Fiiy 5) @ HFA{(M, ©), 


é 


a graded Z[U |—module isomorphism, and H Ft 4(M, o) has finite Z-rank and an 
induced Z2—grading. One also considers 


x(H F*(M,o)) := rankz HFS (M, o) — rankz AF oa oaa™, o). 


red,even e 
By changing the orientation we have y(HF*(M,o)) = —x(HFt(-—M,o)) 
and d(M,a) = —d(—M, co). By our convention of the Seiberg—Witten invariant 


(defined as in 9.6.1) it turns out that the Seiberg—Witten invariant sto(— M, 0) equals 
x (HFT (M,o)) —d(M,o)/2. 
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11.7.2 Relation Between the Lattice Cohomology and Heegaard Floer Theory 
In [480] the author formulated the following 


Conjecture 11.7.3 For any plumbed rational homology sphere associated with a 
connected negative definite graph J”, and for any k € Char, one has 


KYHY) P+ 


d(M, [k]) = max —————._ = ———— _—2-minxg. 
k/e[k] 4 4 
Furthermore, 

AE eas k) = <P Hp gL [—d], and 

p even 

(11.7.1) 

Lg 09 oda\—M, [k)) = ap) Hy ea", [k])[—d]. 

p odd 


Both parts of the Conjecture were verified for almost rational graphs in [480], for 
two bad vertices in [551], see [480, 8.4] too. 


A positive answer to this conjecture also shows that H* has a richer structure: its 
q-filtration H* = @, H4 collapses at the level of H Ft to a Zz odd/even filtration. 

The fact that both theories have the same Euler characteristic support the above 
conjecture as well. Another supporting evidence is the following fact. 


11.7.4 Coincidence of the Vanishing of the Reduced Parts By 11.1.28 the graph 
I’ is rational if and only if H[*, ,(”) = 0. On the other hand, following Ozsvath and 
Szab6, by definition, M is an L—space if and only if HF ag 4 = 0. Their equivalence 
is predicted by Conjecture 11.7.3. This ‘tip of the iceberg’ statement was proved in 
[485]: 


Theorem 11.7.5 The following facts are equivalent for a connected negative 
definite graph T’: 


(i) I’ is a rational graph, 
(ii) M = M(I) is an L-space. 


(i) = (ii) follows from lattice cohomology theory [478, 480], while Gi) > (i) 
uses partly the following equivalence (ii) <> (iii), where (iii) means that 2 (M) 
is not a left-orderable group. The equivalence (ii) <> (iii) was proved in [255] for 
any graph—manifolds. For arbitrary 3—manifolds was conjectured by Boyer, Gordon 
and Watson [74], for different developments and other references see [255, 485]. 

A non trivial group G is said to be left-orderable if there exist a total order < on 
G such that if a < b then ga < gb for every g € G. 


11.7.6 Having this characterization of rational graphs in terms of 771 (M) it is natural 
to formulate the following: 
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Problem 11.7.7 Characterize elliptic singularities (or other non-rational families of 
singularities) by a certain property of the fundamental group of the link. 


11.7.8 During the preparation of the last version of the present book a preprint of 
I. Zemke appeared [785], which claims the proof of the isomorphism of the lattice 
homology and H F~ as Z2[[U]]—modules compatibly with the decomposition over 
Spin’ (M) and relative grading. 


11.7.9 For some more connection (e.g. applications of the graded roots in topology) 
see [132, 280, 296, 297]. 


11.8 Combinatorial Lattice Cohomology with Special Weight 
Functions 


In this section we prove several combinatorial statements regarding the lattice 
cohomology associated with a weight function with certain combinatorial prop- 
erties: the Stability Property and the Combinatorial Duality Property. The first 
one usually follows from the matroid rank inequality of certain filtrations, the 
second one usually is provided by geometric dualities. If they are satisfied then 
by a combinatorial argument a very mysterious fact happens: the coincidence of 
eu(H*(R, w)) and eu(H*(y, w)) for any increasing path y. 

In this section we follow [8]. & 


11.8.1 The Combinatorial Setup Fix Z* with a fixed basis {FEy}yey, |V| = s. 
Fix also an element c € Z*, c > 0. Consider the real rectangles R = R(O,c) := 
{1 € R® : 0 <1 < c}. Here we can consider the case c = 00 too, in such a case 
R = (Rso)*. Furthermore, assume that to each / € RN Z* we assign 


(i) an integer h(/) such that h(O) = Oandh(/+ E,) => Ad) forany v,1,1+E,y € R, 
(ii) an integer h°(/) such that h°(/ + Ey) < h° (1) for any v and/,/+ E, € R. 


Once fh and c < oo are fixed with (i), a possible choice for h° is h*””, where 
hd) := h(c — 1). Clearly h° = h*”” defined in this way depends on c. 
We consider the set of cubes {2,}g>0 of R as in 11.1.3 and the weight function 


wo: JPo—> Z by wo!) := hd) + ho) — h°(O). 


Clearly wo(0) = 0. Moreover, similarly as in 11.1.17, we define wy : 2, > Z 
by wqg(Ug) = max{wo(/) : / isa vertex of Llg}. We will use the symbol w for 
the system {w,} 7. The compatible weight functions define the lattice cohomology 
H*(R, w). Furthermore, for any increasing path y connecting 0 and c we also have a 
path lattice cohomology H°(y, w) as in 11.6.1. Accordingly, we have the numerical 
Euler characteristics eu(H*(R, w)), eu(H°(y, w)) and min, eu(H°(y, w)) too. 
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Lemma 11.8.2 We have 0 < eu(H®(y, w)) < h°(0) — h°(c) for any increasing 
path y connecting 0 to c. The equality eu(H(y, w)) = h°(0) — h°(c) holds if and 
only if for any i the differences h(xj+1)—h(x;) and h°(xj)—h° (xj41) simultaneously 
are not nonzero. 


Proof (a) Since wo(0) = 0O we have eu(H°(y,w)) = —minwo + 
rankH?, (7, w) > 0. Next, by 11.6.2 we have eu (H°(y, w)) = aa max{0, w(x;)— 
w(xi+1)}. On the other hand, w(c) + 0; max{0, w(x) — w(vi41)} = 
— ¥3; min{0, w(x) — w(xi+1)}, hence w(c) + 2- eu(H°(y, w)) = »; lw@i) - 
w(xigil = 20; AG) + h° Qi) — AGi41) — AP Ci+D| S Oj; AGi41) — AGG) + 
de (h? Ga) — A°(xi41)) = h(c) + h° (0) — h°(c). o 


Remark 11.8.3 The inequality 0 < eu(H*(R, w)) is not true in general. Take e.g. 
the following table (s = 2, c = (2, 2)) with h° = h’*”: 


0 1 i 0 0 0 minwop = 0 
h: 0 1 1 wo: 0 1 0 H?,, =0,H! =Z 
0 0 1 0 0 0 eu=—1 


The inequality eu(HI*(R, w)) < h°(0) — h°(c) (or eu(HI°(R, w)) < h°(0) — h°(c)) 
is not true either, see e.g. 


0 1 2 —2 -1 0 
h 0 1 1 wo: -1 0 -l (with h° = h*”””") 
0 0 0 0 -l —2 


Then eu(H°(y, w)) = 2, while eu(H°(R, w)) = eu(H*(R, w)) = 4. 
11.8.4 We will focus on pairs (h, h°) which satisfy certain additional properties. 
Definition 11.8.5 We say that h satisfies the ‘matroid rank inequality’ if 
hh) + h(l2) => ACmin{l, /2}) + hamax{h, 2}), hi,lo eR. (11.8.1) 
Note that the ‘matroid rank inequality’ implies the ‘stability property’ 
hd) =hI+Ey) > hd+D=AC4+/+E£,). (11.8.2) 
valid for any / and/ such that / > 0 and |/| 9 Ey. 


Example 11.8.6 


(1) Fix Z* and c as in 11.8.1. Let M be a finite dimensional vector space with a 
Z>-grading {Ma}a such that Mz = O whenever either a # 0 ora > c. Let 
h be the Hilbert function h(/) = Day ; dim Mg, and let h be its restriction to 
R(O, c) NZ. Then h(0) = 0, h(c) = dim M, and h satisfies the matroid rank 
inequality. 
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(2) Assume that M is a finite dimensional vector space endowed with a decreasing 
ZS -filtration such that F(O) = M and F(c) = O and define h(J) = 
dim(M/F(/)) for any 1 > 0. Again, define fA as the restriction of h to 
R(O, c) NZ. Then usually the matroid rank inequality is not satisfied (see e.g. 
below in (3)). 

Let {.F (a)}a be a Z*—filtration of a local ring Oyo (cf. 8.1.22). If the filtration 
is provided by a collection of order functions (cf.8.1.21) then {¥(a)}q is 
a Z*—filtration of ideals and F(a) N #(b) = ¥(max{a, b}). In particular, 
h(a) = dim Gy o/F (a) satisfies the matroid rank inequality. However, for 
more general filtrations the matroid rank inequality does not necessarily hold. 
E.g., for #?" considered at the end of 8.1.22, p((4,4)) = —1, hence in the 
(4, 4)—based 2-cube the matroid rank inequality fails. 

(4) Let (X, o) be a normal surface singularity and X a fixed resolution. Then / € 

Ls0,1 bh —h!(GO)) satisfies the matroid rank inequality (cf. 6.4.21(b)). 


(3 


wm 


Definition 11.8.7 We say that the pair and h° satisfies the ‘Combinatorial Duality 
Property’ (CDP) if h(@ + Ey) —h(@) and h°(l+ Ey) — h° (2) simultaneously cannot 
be nonzero for /, 1 ++ E, € RN Z*. Furthermore, we say that h satisfies the CDP if 
the pair (h, h*»””) satisfies it. 


Example 11.8.8 


(1) Let (X,0) be a normal surface singularity and let @ be a good resolution. 
Assume that g, = 0 for every v € ¥. Let] + h(l),1 € Lso be the Hilbert 
function associated with the divisorial filtration and h°(/) = pg — h'(@)). Then 
the pair (h, h°) satisfies the CDP, cf. 11.9.15. 

(2) The equivariant version is the following. Let (X, 0) be as in (1) and assume that 

Ay (Ly, Q) = 0. Let Zeon, be the cohomological cycle of O¥(—rp), cf. 6.4.24. 

Fix any c > Zeon and define AV) := HU + rp) and h°() := 

h!(X, Oz(—rn)) — h'(O,(—rp)). Then (h, h°) satisfies the CDP. For the proof 

(based on Laufer duality) and details regarding this cohomology theory see [9]. 

Let (X, 0) be a normal surface singularity, @ a good resolution, and c = Zx, 

where Zx € Lso. Assume that g, = 0 for every v € ¥. Let h be as in part (1) 

and h°(1) = h*"" (1) = h(Zx — 1). Then A satisfies the CDP. Indeed, otherwise 

there exist 5’, s” € .%, such that dive (s’) > 1, si, = ly, dive(s”) => Zxe-I-Ey, 

s” = (ZK —1)y. Hence, divg(s's”) > ZK — Ey with equality at E,—coordinate. 

But this contradicts H°(@z,(—Zx + Ey)) ~ H'(@z,)* =0. 

Let h be the Hilbert function associated with a Gorenstein curve singularity 

(C, 0) (via valuations given by the normalization). Let c be the conductor and 

define h*”” with respect to c. Then h(J + Ey) — hA(D) € {0, 1}. Furthermore, 

Ad + E,) —hA@® = 1if and only if h°""() — AS" (1 + Ey) = 0. This follows 

from the identity h(c — 1) — h(1) = 6(C) — 0, ly, ef. [101]. Hence h satisfies 

the CDP. 


(3 


wm 


(4 


wm 
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For the general case of an isolated reduced curve singularity set ) as before 
and h°(/) := h(l) — 0, ly. Then (h, h°) satisfies the CDP. For more on the 
cohomologies associated with (h, h°) see [11]. 

(5) For the combinatorial case associated with a Newton diagram, see 11.8.13. 


Definition 11.8.9 We say that the pair (h, h°) satisfies the 


(a) ‘path eu-coincidence’ if eu (H°(y, w)) = h°(O) —h°(c) for any increasing path 
y. 
(b) ‘eu-coincidence’ if eu(H*(R, w)) = h°(0) — h°(c). 


Remark 11.8.10 In 11.4.1] and 11.8.15 we present a wo-—table in the rectangle R = 
R((O, 0), (14, 14)), which is associated with a certain h and h° = h‘*” (provided 
by a graded vector space). This diagram satisfies both the ‘path eu-coincidence’ and 
“eu-coincidence’ properties, and it shows the following two facts. 

Even if h satisfies the path eu-coincidence (and h° = h**”), in general it is 
not true that H°(y, w) is independent of the choice of the increasing path. (This 
statement remains valid even if we consider only the symmetric increasing paths, 
where a path y = {xi }}% is symmetric if x;_; = c — x; for any I.) 

Even if h satisfies both the path eu-coincidence and the eu-coincidence, in 
general it is not true that HI*(R, w) equals any of the path lattice cohomologies 
H°(y, w) associated with a certain increasing path. Indeed, in the case of 11.8.15 
we have H!(R, w) # 0, a fact which does not hold for any path lattice cohomology. 
However, all the Euler characteristics agree. 


Remark 11.8.11 In the next discussion assume that h° = h*””. 


(a) The CDP of h implies the ‘path eu-coincidence’ of h, see 11.8.2. However, the 
CDP of h does not imply the ‘eu-coincidence’ of h. As an example consider the 
second case from 11.8.3. Note that in this case the matroid rank inequalities, or 
the stabilization properties, are not satisfied by h. 

(b) On the other hand, an eu-coincidence type property cannot be hoped without 
(some type of) CDP. Indeed, consider the following case: s = 2, c = (2, 2), and 
h is associated with a graded vector space of dimension 2 supported in (0, 1) 
and (1, 2), cf. 11.8.6(1). In this case h(c) = 2, eu(H°(R, w)) = 0 and for any 
symmetric increasing path eu(H°(y, w)) = 0 too, and for any non-symmetric 
paths eu(H°(y, w)) = 1. 


Theorem 11.8.12 


(a) Assume that h satisfies the stability property, and the pair (h, h°) satisfies the 
Combinatorial Duality Property. Then (h, h°) satisfies both the path eu- and 
the eu-coincidence properties. That is, for any increasing y we have 


eu(H*(y, w)) = eu(H*(R, w)) = h° (0) — h°(c). 
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(b) Take c = ©, that is, R = (Rso)*. Then 


pa a (Dw, D)t! = » Yep the +E,)t. (11.8.3) 


1>0 I 1>0 I 


Proof 


(a) The identity eu(H*(y, w)) = h°(O) —hA°(c) follows from 11.8.2. Next we focus 
on the second identity. We claim that for any 7 C V we have 


wd, 1)) — wl) = hl + Ey) — hil). (11.8.4) 


We use induction over the cardinality |/| of 7. If 7 = {v}, then w((, 1)) — 
w(l) = max{0, w+ Ey) — w()}. Butifh(@ + E,) > hd) then h° (+ E,) = 
h°(l) hence w(/+ Ey) —w(l) = hU+ E,) —h(). Otherwise w+ Ey) < wd) 
and w((/, 7)) = w(l). 


Next, assume that |7J| > 1 and h(i + Ey) = h() for every v € VY. Then by 
iterated use of the stability property of h, h(/+ FE) = h(/) for any J C I. Moreover, 
w((l, 1)) — wl) =0 = hl + E7) — hid). 

Finally, assume that |J| > 1 and h(/ + E,) > hA(l) for a certain v € ¥. This 
means that w(/ + Ey) > w(l), hence w((/, J)) > w(/) (+). Assume that w((J, J)) 
is realized for a certain J C J. Let J be minimal by this property. By (+) we know 
that J # @. 

By minimality of J, wd + Ey) < w+ Ej) for any u € J. By CDP h(i + 
Ej\u) < h(l + E7) too, hence by the stability of h we also have h(/) < h(l + E,). 

In particular we found u € J such that h(J) < h(l+ E,) (hence h°(/) = h° (+ 
E,,)) and w((, 1)) = w(( + Ey, 1*)), where [* := I \ u. Now, we use induction 
applied for the cube (J+ E,,, /*). In particular, w((/, J)) -—w() = w+ Ey, 1*))-— 
wl) = w+ Ey) +h + £7) — hd + Ey) — w) = hd + E71) — hd). 

This ends the proof of the claim. 

Let us denote by 2 the set of cubes of R. For eu(H*(R, w)) we use the following 
formula (with identical proof as in (11.1.4)) 


eu(H*(R,w)) = SY > (-1lIFlw((l, D). 
(De® 


We will subdivide the lattice points of R into the following disjoint subsets. For 
any 0 < ¢t < s we denote by R; the set of those points / € RM Z* for which the 
cardinality of {vu € V : ly = cy} ist. Ifl € R; set (7) := {v : ly < cy}. In 
particular, the set 2 is also a disjoint union of the sets {(/, 7) : 1 € R;, IC I()}y. 
Then 


euH*(R,w)) =>) > SY) (Dw, D). 


t eR, ICI(1) 
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If0 < t < sand/ € R; then /(/) JQ. In this case for any /-independent (but 
maybe /-dependent) ‘constant’ a(/) we have ren (—)'*"a® = 0. Therefore, 
by (11.8.4), for any such /, 


Yo pl tw D) = YS Dad + Ep. (11.8.5) 


Tcl) Ici) 


On the other hand, if tf = s, then R; = {c}, I(c) = @, hence Dice (-Ii 
((w(c, 1)) = —w(c). Hence, corresponding to t = s (11.8.5) fails, i.e. it must be 
corrected by —w(c) + h(c) = h°(0) — h°(c). Therefore, 


eu(H*(R, w)) = h°(0) — h°(c) + > (—1)44 pd + E7). (11.8.6) 
(Ud 1IeQ 


For any fixed le R, consider the following summation over {(/, J) : 1+ E7; = Th: 
sO = ED AG t Ep) = hel, 


Then, whenever the cardinality of {7,/) : 1+ Ey = im is > 1, the above sum 
YD = 0. Thus, S(@) = 0 except when / = 0. But, for / = 0, S(O) = 
—h(0) = 0 too. Thus ew(H*(R, w)) = h°(0) — h°(c) + o7 S() = h° (0) — h°(e). 


(b) Use (11.8.4). 


Oo 


Example 11.8.13 (The Combinatorial Lattice Cohomology Associated with a New- 


ton Diagram) Assume that NI’ is a convenient Newton diagram in Rei (see 5.5.A 


or [498]). Let A® denote the n-dimensional faces of NI’, and for each ao € A) 
let £, be the normal primitive integral vector of the corresponding face Fy (with 
all entries positive). Then F, is on the affine n-plane (€,, p) = m,. Let M be the 
C-vector space generated by lattice points p € Vihar , which sit either on or below 
NI. This means that p € ie should satisfy (€¢, p) < mg for at least one o. 
Then M + Oif and only if 1 = (1,..., 1) is such a point; in the sequel we will 
assume this fact. 
We order A“) as {o1,..., 05}. We introduce a ZS -grading of M by 


deg(p) = ((lc,, p—1),..., (lo,, p-1) EZ. 


Define c = (c1,...,€s) by cj := mg, +1 — (€5,, 1). 

Since p > 1 for any point (generator of M), we also have deg(p) € Z&o. 
Moreover, for any p there exists o; with (€5,, p) < mo;, hence (€5,;, p — 1) < ci. 
Therefore, deg(p) # c. In particular, M is a Z*°—graded vector space such that the 


conditions from 11.8.6(1) are satisfied. 
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For any lattice point from R(0, c) set h(/) = axl dim Mg, as in 11.8.6(1), hence 
it satisfies the stability property. Consider also h° = h**” associated with the above 
Cc 

We claim that if there is no face F, whose relative interior contains a lattice 
point p then the pair (h, h°”") satisfies the CDP. Indeed, assume that this is not the 
case. Then there exists / and 1 < v < s such thath(/) A h(/+ E,) andh(c—1l) 4 
h(c —1— E,). By the first fact there exists p € ‘Hehe such that (f,,, p— 1) > ly 
for every u and (£,,, p — 1) = Jy, and by the second one there exists q € hae such 
that (€5,,q —1) > c, — 1, for every u ¥ v and (f,,,g —1) = cy —1—l. In 
particular, (€,, p+ q-—1) > maz, for every u ¥ v and (€,,, p+ gq —1) = mg,. 
But then p + g — 1 is a relative interior lattice point of F,,, a fact which contradicts 
the assumption. 

Let us call the lattice cohomology associated with the weight function /] te» 
wo(l) = h(l) +h") — h’*™ (0) the combinatorial lattice cohomology associated 
with the Newton diagram NI’. It will be denoted by Hi}, -(R, w). Similarly, for any 
increasing path y connecting O and c we consider the combinatorial path lattice 
cohomology associated with the Newton diagram NI, denoted by Hy, -(y, w). 

Then, by the above discussion and by Theorem 1 1.8.12, if in the relative interior 
of the faces F, there are no lattice points, we have 


eu(Ht, -(y, w)) = ew(Hy -(R, w)) = dim M =#NT_O Zl, (11.8.7) 


Example 11.8.14 Consider the situation of 11.8.13 with n = 1| and assume that 
there is no 1-face of NI" whose relative interior contains a lattice point. Assume that 
NT is the Newton boundary of an isolated singularity f which has a non-degenerate 
Newton principal part. Then the number of irreducible components s is exactly the 
number of 1—-faces. Moreover, dim M equals the delta invariant of f. (This follows 
from the Milnor number formula from 5.5.4(a), Pick formula for the lattice poins 
and the delta invariant formula 4 = 25 — s + 1 from 5.2.2.) Furthermore, c defined 
in 11.8.13 is the conductor of f (use (8.1.20)). In particular, the combinatorial Hy r 
is a categorification of the delta invariant. 

For example, let NI” be generated by the lattice points (0, 7), (2, 2), (7, 0). This 
is the Newton diagram of the Newton non-degenerate plane curve singularity f = 
(x?-+ y?) (y? +x>). The normal vectors (2, 5) and (5, 2) of the two faces provide the 
degrees. The next diagram shows the points p, which generate M as base elements, 
and their degrees. 
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The conductor c is (8, 8), anddim M = 6(f) = 8. The next tables show the function 
h and the weight function wo on R. 


8| 6 6 6 6 6 77 8 8 1-42 2 0h a Oo 2fo 
TSS SS SG ee FR 3 2 1 0-10-10 71 
6} 4 4 4 4 4 5 5 6 7 2 1 0 —1[—2]-1[-2]-1 0 
S32 3 3:4 45 2 '6 4 1 0-1 0 -1@-—-10 1 
A 2 2 2° 3.3 42 AS 6 (12) 1/9) 1/3 1 
3)2 22 3 3 4 4 5 6 1 0 -1@=-1 0-10 1 
241 ft 22S 45 0 =1[-3)-1[-3)-1 6 1 2 
en on eae me ae ee 1 0-10-10 1 2 3 
a oe ce ee ae o]/1 0 1 0 1 2 3 4 
0 ft 23 45 6 7 8 


The circled points show the generators of H'(R, w), while the boxes the local 
minima of wo. Hence H!(R, w) = %2(1)* and H°(R, w) = 74, @ Z4()° OS 
(1). The graded root is 


min wo = —2, rank(H?,,(R, w)) = 8, rank(H'(R, w)) = 2, and eu(H*(R, w)) = 
8. 

From analytic point of view, one can show that the above function agrees with 
the Hilbert function associated with the filtration of valuations associated with the 
normalization. This can be verified e.g. by using the formula of the analytic Hilbert 
function via the multivariable Alexander polynomials, see 8.1.26 or [217]. 

(Nevertheless, we warn the reader that for a more general NI’, several 
filtrations—projected, order, valuative—might all be different.) 


Example 11.8.15 Consider the situation of 11.8.13 with n = 2 and assume that NI" 
is the Newton boundary of an isolated singularity f which has a non-degenerate 
Newton principal part. Then c is exactly the restriction of Zx to the coordinates of 
the nodes (use 6.3.5). Moreover, dim M is the geometric genus of f, cf.5.5.4(c). In 
particular, if the link is a QH'S°, the combinatorial Hy p is a categorification of pg. 

E.g., consider the hypersurface x !3 + y!3+x?y?+2z? with Newton nondegenerate 
principal part. For the resolution graph see 11.4.11. 

Let NI’ be its Newton diagram. It has two faces with normal vectors (6, 33, 26) 
and (33, 6, 26). The number of lattice point under the diagram is pg = 5, they are 
(dd, 1,1), 2,1, 1), G, 1, 1, d, 2, 1), d, 3, 1). Furthermore, R = R(O, ZK |ncas) = 
R((O, 0), (14, 14)). Then a computation shows that the combinatorial weight func- 
tion w : R — Z associated with (M, deg) from 11.8.13 is exactly the table 
obtained by the procedure of the (topological) Reduction Theorem applied for the 
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topological weight function x, cf. 11.4.11. Hence we have the coincidence of the 


corresponding lattice cohomologies as well: Hy r(R, w) = Hip ,K). 


11.9 Analytic Lattice Cohomology of Normal Surface 
Singularities 


In this section we construct the analytic lattice cohomology H%,,(X,0) of 
a normal surface singularity (X,0). We provide a detailed construction of 
Wn. o(X , 0), the module associated with the canonical spin‘—structure of the 
link (or, with the structure sheaf @y,). It is a graded Z[U] module. For the 
equivariant case see 11.9.19. 

Then we prove that the pair (h, h°) satisfies the ‘Combinatorial Duality Property’ 
and in the Gorenstein case with the choice c = Zx (under the assumption 
ZK > 0) we have h° = 6°". Moreover, we prove that the Euler characteristic 
of Han,o(X, 0) equals the geometric genus. We follow [8]. & 


11.9.1 Let (X, 0) be a normal surface singularity, and we fix a good resolution ¢. 

For any c € L,c > Zcon, we consider the rectangle R(O,c). Here we 
might consider the c = oo case too, in this case R(0,c) = (Rso)*. Then we 
consider the multivariable Hilbert function h : R(O,c)N Z —> Z, hd) = 
dim H(z) /H( 6x (—1)) associated with the divisorial filtration of Cx,. and the 
resolution @, cf.8.2.6. Clearly is increasing (that is, h(/1) > 6(/2) whenever 
1, > 2) and h(O) = 0. 


Next, set h°(/) = pe — h'(@) too (where, by definition, h!(@j-9) = 0). Then 
° is decreasing, h°(0) = pg and H°(c) = 0, cf. 6.4.7 and 6.4.A. 
Finally we define the weight function 


wo: 2+ Z, woll) = 60) + 6°) — 6°(0) = b@) —h'(G). (11.9.1) 


Clearly, wo(0) = 0. This weight function has several useful properties. 

First of all, note that 0 < §°(/) < pg for every /, hence when c = oo then § and 
wo have comparable asymptotic behaviour for / >> 0. For any/ € L let s(/) € L be 
the smallest element with s(/) > / and s(l) € Y. Then (J) = h(s(J)), cf. (8.2.8). 
Using this fact, the monotonicity of h, and (6.4.2) a computation shows that wo 
satisfies the requirement 11.1.4(a), namely, wo : ((c0, n]) is finite for any n € Z. 

Since f is induced by a filtration given by valuations, it satisfies the matroid rank 
inequality. On the other hand, h! satisfies the ‘opposite’ matroid rank inequality, see 
6.4.21. Therefore, wo itself satisfies the matroid rank inequality. (Note that x, the 
topological weight function, satisfies the matroid rank inequality too.) 
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We consider next the natural cube—decomposition of R(O,c) as in 11.1.3, and, 
similarly as in 11.1.17, we define wy : 2g > Z by wg(Ug) = max{wo(l) : 1 
is any vertex of Ll,}. In the sequel we write w for the system {wg}, if there is 
no confusion. This system defines the lattice cohomology H*(R(O, c), w) and the 
graded root R(R(O, c), Xan), with grading xqgn, associated with R(O, c) and w. 


Lemma 11.9.2 H*(R(O, c), w) and R(R(O, c), Xan) are independent of the choice 
of c = Zeon. 


Proof Fix somec > Zeon and choose Ey C |c—Zcon|. Then for any / € R(O, c)NZ* 
with J, = cy we have min{/, Zeon} = min{l — Ey, Zeon}. Therefore, by 6.4.21, 
h'(O,_¢,) = h'(@), thus wo(l — Ey) < wo(l). Then for any n € Z, a strong 
deformation retraction in the direction FE, realizes a homotopy equivalence between 
the spaces S, 1 R(O,c) and S, MN R(O,c — Ey). A retraction r : S, M R(O,c) > 
SpnNR(0O, c—E,) can be defined as follows. If = (/, J) belongs to $8, R(O, c— Ey) 
then r on LU is defined as the identity. If (7, 7) R(O,c — E,) = @, thenl, = cy, 


and we set r(x) = x — E,. Else, 1 = (J, J) satisfies v € J andl, = cy — 1. Then 
we retract (/, 7) to (J, J \ v) in the v—direction. The strong deformation retraction is 
defined similarly. oO 


Corollary 11.9.3 Assume that c > Zeon or Cc = © as above. Then 


(a) the graded root R(R(O,c), Xan) Satisfies hers (n)| = | for anyn > 0; 
(b) H*, (RO, c), w) is a finitely generated Z-module (for any finite or infinite c > 
Zeoh). 


Proof For any n > 0 we have R(0, c) = Sy, hence S, is contractible. oO 


Notation 11.9.4 We abridge H*(R(0,c), w) as H%,,(@) and R(R(0,c), Xan) as 
Ran(¢). 


Theorem 11.9.5 (Independence of ¢) Assume that the resolution graph is a tree (a 
property independent of the resolution). Then H*,,(@) and Ran(@) are independent 
of the choice of the resolution @. 


Proof Let us fix a resolution ¢, and denote the blow up of a point of Ey) \Uwsu) E 
by z, and set ¢’ := dom. Let I and I’ be the corresponding graphs, L(I”), L(I”’) 
the lattices and (, ), (, )’ the intersection forms. 

We denote the new (—1)-vertex of I’ by Enew. We use the same notation for 
E, € L and for its strict transform in L’. We have the natural morphisms: z.,. : 
L(I") > L(L) defined by 714.09¢ xy Evt+Xnew Enew) = D> xXyEy, anda* : L() > 
L(I") defined by 1* (> xy Ey) = Yo xy Ey +X) Enew. Then (2*x, x’)! = (x, 14x"). 
Thus (2*x, w*y)’ = (x, y) and (1*x, Enew)’ = 0 for any x, y € L(I’). Associated 
with @¢, let h be the Hilbert function, wo the analytic weight and S,(¢) = Uf 
w(L) < n}. We use similar notations h’, wo and S,,(¢’) for ¢’. 

Note that for any x € R(0,c) NZ, H°(X’, Oe (—1*x)) = H(X, Ox (—x)). 
Even more, for a < O and x as above, H°(X’, O%(—m*x — aEnew)) = 
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H 0X ', Oe (—1*x)). Indeed, take the exact sequence of sheaves 


0 Oy (—1*x) > Oy (—1*x — aEnew) > C—akney (—1*X — AEnew) > 0 


and use that h°(@)(1) @L) = 0 for any/ > Oand line bundle Y with (cj_Z, Ey) = 
0 for any E, € |l|, cf. 6.4.2. Therefore, 


= h(x) foranya <0 


11.9.2 
is increasing for a > 0. ( ) 


b! (* x + aEnew) 


Using the exact sequence 0 > OyE,,,(—™*xX) > On*xtaEnw 2 Onrx > 0 
and Lipman’s vanishing hh! (GaE jew (—z*x)) = O from 6.4.10, we get that 
h! (On+x4aEnew) = h'(G,*,) for any a > 0. Furthermore, from 0 —> 
O know (—*X + Enew) > Ontx > On*x—Enoy, —> 0 we get that h! (Oq*x—Enew) — 
h!(@*,) too. On the other hand (by Leray spectral sequence), hh (Xx! ,On*) = 
Al(x, O,,). Therefore, 


is increasing fora < —1, 


11.9.3 
=h'(@,) foranya > —1. ( ) 


h! (On*x+aEnew ) 


These combined provide 


is decreasing fora < —1, 
at> wo(a*x +aEnew) 1 = wo(x) fora =—1 anda =0, (11.9.4) 
is increasing for a > 0. 


Recall that we can compute H*,,(¢) using the cube R(0,c) with c > Zeon(), 
cf.11.9.2. But then m*c > Zeon($’) (use 6.4.22(c)). Hence H*,(d’) can be 
computed in R(0, z*c), and z™* sends the lattice points of R(O, c) into R(O, 2*c). 
Furthermore, if Wo (a*x + adEnew) <n, then wo(x) < n too. In particular, the 
projection zp in the direction of Enew induces a well-defined map zp : Sn(¢’) > 
Sn(@). We claim that (whenever S,(@) is non-empty) zp is a homotopy equivalence 


(with all fibers non-empty and contractible). 


11.9.6 We proceed in two steps. First we prove that mp : Sn(b’) > Sn() is onto. 
(Below we write Ey := yes Ey for any subset J C Y, as usual.) 


Consider a zero dimensional cube (i.e. lattice point) x € S,(@). Then wo(x) <n. 
But then wo(a*x) = wo(x) <n too, hence 1*(x) € Sn(¢’) and x = mp(a*x) € 
im(zR). 

Next take a cube (x, J) C S,(@) UC V). This means that wo(x + Ey’) < n for 
any J’ Cc J. But then 


m*(x+ Ep) = a*x+ Ey +€- Enew, (11.9.5) 
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where € = Oif vp ¢ I’ ande = 1 otherwise. Hence 


wh (ee Ep) = wht" @+Ep)—€Enew) 2” woeLEn) <n. (11.9.6) 


Therefore (*x, I) € S,(@’) and zp projects (7*x, I) isomorphically onto (x, J). 

Next, we show that zp is in fact a homotopy equivalence. In order to prove this 
fact it is enough to verify that if LU € S;,(¢) and L1° denotes its relative interior, then 
Top a! °)N Sp(¢’) is contractible. Using the above facts, this follows similarly as in 
the proof of the parallel topological version 7.3.5. 


11.9.7 The case when we blow up an intersection point E,, 1 Ey, starts very 
similarly, however at some point there is a major difference, hence we need an 
additional argument. 


With very similar notations, in this case we define ry, XyEy) = ye XyEy + 
(Xv9 + Xv, )Enew. Then all the statements till 11.9.6 remain valid (including the key 
(11.9.4)). However, the first part of 11.9.6 should be modified. The first difference 
is in (11.9.5). Indeed, in this case 


n*(x + Ep) = mtx + Ey +€+ Enew: (11.9.7) 


where ¢ is the cardinality of 7’ MN {vo, v1}. This can be 0, 1 or 2. Therefore, if 
{vo, vi} Z J, thene € {0, 1} for any J’, hence for such cubes (x, /) all the arguments 
of 11.9.6 work. 

Assume in the sequel that {vo, vj} C 7. Write J = J \ {vo, v1}. 

There are two cube candidates of R(O, z*c) which might cover the cube (x, I) € 
Sn(@). One of them is (7*x, 1) (as above). However, by (11.9.4) the lattice points 
mw*(x + Ey) = w*x + Ey +2Eney and m*(x + Ey) — Enew = 1*x + Et + Enew 
are in S,,(@’), but the vertex 7*(x) + E, of (2*x, J) might not be in S,(@’). 

Another candidate is (7*x + Enew, 7), but here again 2*x and 2*x — Enew are in 
Sn(¢’) but the vertex 7*x + Enew of (*x + Enew, 1) might be not. So both cubes 
a priori are obstructed if we apply (11.9.4) only. 

Next we analyze these obstructions in more detail and we show that one of the 
candidate cubes works. 


11.9.8 Case 1 Assume that wo(a*x) = wo(a*x + Enew). Then by (11.9.2) and 
(11.9.3) we obtain that bh’ (2*x) = h!(a*x + Enew). By the matroid inequality of h’ 
we get that h’(7*x + Ey) = bh! (a*x + Ey + Enew) for any J’ C J. This again 
via (11.9.2) and (11.9.3) shows that wo (a*x + Ey’) = wo(a*x + Ey + Enew). In 
particular, 


wo(a*x+ Ey t+ Enew) = wola*x+ Ey) = wo(a* (e+ Ey)) = wet Ey) <n. 
That is, the vertices of type m*x + Ey + Eney of (2*x + Enew, 1) are in 


Sn(¢’). For all other vertices we already know this fact (use (11.9.4)). Hence 
(1*x+Enew, 1) isin S,(¢’) and it projects via zp bijectively to (x, J). Furthermore, 
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Tp ! (x, 1)° N S,(¢’) admits a strong deformation retraction to (7*x + Enew, 1)°, 
hence it is contractible. 


11.9.9 Case 2 Assume that wo (7*x+ E7) = wo(a*x+ E7 + Enew), or wo(a* (x + 
E7)—2Enew) = Wo (1* (x + E7) — Enew). Then by (11.9.2) and (11.9.3) we obtain 
that h! (Oq*:4E;) =/h! (Ox*x+E)+Eney )» By the opposite matroid inequality of h} 
and (11.9.2) and (11.9.3) again we obtain that wo(a*x + E; — Eyr) = wo(a*x + 
E; — Ey + Enew). In particular, 


wo(1*x +E,-Ey)= Wo(a*x + Ey — Ey + Enew) 


= Wo (* (x + Ey — Ey) — Enew) = wo(x + Ey — Ey) <n. 


That is, the vertices of type w*x + Ey — Ey of (2*x, I) are in S,(@’). For all other 
vertices we already know this fact (use (11.9.4)). Hence (2*x, I) is in S,(o’) and 
it projects via 7p bijectively to (x, 7). Furthermore, 7, : (x, 1)° MN Sp (d’) admits a 
deformation retraction to (*x, 1)°, hence it is contractible. 


11.9.10 Case 3 Assume that the assumptions from Case 1 and Case 2 do not hold. 
This means that 


| bh! (*x) = bh! (*x + Enew), and 
A! (On*x4E)) < h! (On*x+E;+Enew)« 


This reads as follows, cf. (6.8.2), 


(a) H°(O%,(—m*x — Enew) © H°(Oz(—n*x)), and 

(b) HO(X', 23,(0*x + Ep) & HX", 23, (a*x + Er + Enew))- 
Part (a) means the following: there exists a function f ¢ H 0(X" , OF) such that 
dive (f) => m*x, and in this inequality the E,.,~—coordinate entries are equal. By 
part (b), there exists a global 2-form w such that dive (wm) > —m*x — Ez — Enew 
and the E’,.—coordinate entries are equal. 


Therefore, the form fw € H°(X’ \ E’, 2%,) has the property that dive) (fw) > 
—E] — Enew with equality at the Eney coordinate. In particular, again by duality 
(6.8.2), we obtain that in X’ the following strict inequality holds: 


A\ (OE AE) > h'(Ge,) VY =V U{new}, ICY). (11.9.8) 


But if the graph is a tree then this strict inequality cannot happen. 


11.9.11 In particular, for any 7 C VY either {vo, vi} ¢ J, or in the opposite 
case either Case 1 or Case 2 applies. Hence, in any case, 7, lay, T° 9 Sn(¢’) 
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is contractible. Therefore, S,(¢) and S,,(@’) have the same homotopy type by the 
argument from the end of 11.9.6. 


oO 


Definition 11.9.12 Assume that I" is a tree. Then H%,,(@) and Ran(@) are inde- 
pendent of ¢. In the sequel we will use the notations Hr .o(X ,o) and Ran,o(X, 0) 
for them. (The index ‘zero’ means ‘canonical spin‘—structure.) They are called 
the analytic lattice cohomology of (X,o) and the analytic graded root of (X, 0) 


(associated with the canonical spin°—structure). 


They are analytic invariants of the germ (X, 0). By Corollary 11.9.3 Hn. red,0\X; 9) 
has finite Z—rank, hence the Euler characteristic eu(Hs, o(X , 0)) is well-defined. 
We wish to emphasize that (similarly to the topological case, cf. 11.1.24), the 
above proof implies that the homotopy type of the tower {S,}, is a resolution 
independent invariant of the analytic germ (X, 0). It is a stronger invariant than 
the analytic lattice cohomology. We might call it the analytic lattice homotopy type. 
In order to eliminate any misunderstanding between the two lattice cohomolo- 
gies, the lattice cohomology associated in 11.1.A with the plumbing graph, RR 
weight function x and the canonical spin‘ structure will be denoted by Hr op,0(M ). 


11.9.13 Next we list several properties of H*, ,(X, 0). 


an,0 


The following reinterpretation of h° : R(O, c)N ZS > Z will be helpful. 


By (6.8.2) dim H°(Ox (Ky + Z))/H°(Oz(Kz)) = h'(G@z) for any Z > 0. 
On the other hand, by the opposite matroid rank inequality 6.4.21 we also have 
h'(@z) = h' (Omin(z,|ZxJ4})- Hence, 6°) = pe — h'(G1) = h'(G) — h' (Gj) 
appears as 


wy OK OR KE +O) _ gi HOCK, OR (Ky + LZ 14) 
A(X, OZ(Kx +1) H(X, Ox(Kx + min{l, |Zx }+}) 
11.9.9) 
(In (11.9.9) |[Zx |+ can be replaced by Zeon as well.) 


Example 11.9.14 (Gorenstein Germs) Assume that (X,o0) is Gorenstein. Then 
Zx € L, and let us assume (for simplicity) that Zx > O (this happens e.g. in 
the good minimal resolution, cf. 6.3.4). Then for any/ € R(O, ZK) NZ, by (11.9.9) 
we have h°(/) = dim H°(@xz)/H°(6x(—Zx + 1)) = b(Zx — 1). Therefore, 
wo(l) = h(V) + 6(ZK — 1) — pg is obtained as the symmetrization of h. In particular 
wo(l) = wo(Zx — 1). Note that this is true for the topological weight function too: 
x) = x(Zx — 1). However, in the analytic case, the symmetry might fail for non- 
Gorenstein germs (even if we consider a numerically Gorenstein topological type). 


The following property will be crucial in the Euler characteristic computation. 
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Lemma 11.9.15 (CDP) Assume that g, = 0 for any v € ¥. Then there exists no 
1 € Lsoandv € ¥ such that the differences h(l+ Ey) —6() and 6° (1) —° (+ Ev) 
are simultaneously strictly positive. 


Proof If }(/ + Ey) > 6(@ then there exists a global function f € H O( Ge) with 
dive f > 1, where the E,-coordinate is (dive f)y = ly. Similarly, via (11.9.9), if 
h°(l) > b° (+ E,) then there exists a global 2-form @ with possible poles along E, 
with divew > —l — Ey (1.e., the pole order is < / + E,), and (divew)y = —l, — 1. 
In particular, the form fa satisfies dive fw > —E, and (dive fw)y = —1. This 
implies H°(Q5(Ey)) /H°(2%) # 0, or, by (6.8.2), h!(Gz,) £0. Oo 


11.9.16 Lemma 11.9.15 will allow us to determine the Euler characteristic of 
the analytic lattice cohomology Hin,o(X , 0). Surprisingly, this Euler characteristic 
automatically equals the Euler characteristic of path cohomologies associated with 
any increasing path (this equality definitely does not hold in the topological version). 


Theorem 11.9.17 (The Euler Characteristic eu (Hz, (X, 0))) Assume that the link 
is a QHS?. Then eu(H, o(X, 0)) = Pg(X, 0). Furthermore, for any increasing 
path y connecting 0 and c (where c = Zeon) we also have eu(Hy,(y, w)) = Peg. 


This in particular means that HZ, )(X, 0) is a categorification of the geometric 
genus, that is, it is a graded cohomology module whose Euler characteristic is pg. 


Remark 11.9.18 The right hand side of (11.8.3) in the present case is the 0- 
component Po(t) of the multivariable Poincaré series, cf. (8.2.9). Hence, the identity 
(11.8.3) recovers Po(t) in terms of the analytic weighted cubes. This formula can be 
compared with its topological analogue (8.4.14), where Zo(t) is expressed in terms 
of topological weighted cubes by a similar expression. 


11.9.19 The above facts can be extended to any spin‘°—structure of the link 
whenever the link is a rational homology sphere. The pair (h, h°) in this equivalent 
case is given in 11.8.8(2). For details see [9]. 


11.9.4 Analytic Reduction Theorem 


In this section we prove the analytic analogue of the topological Reduction 
Theorem 11.4.3. By this result the rectangle R = R(0,c) can be replaced by 
another rectangle sitting in a lattice of smaller rank. 

Then, we compare the topological lattice cohomology HH? op,0(M ) = H*(, K) of 
the link (introduced in 11.1.A) with the analytic lattice cohomology in. o(X , 0). 
Under some conditions they are isomorphic. In this way, we can compute the 
analytic lattice cohomology for certain analytic types, see 11.9.28, including e.g. 
rational, Gorenstein elliptic, weighted homogeneous singularities, or superiso- 
lated singularities associated with rational unicuspidal curves. We also formulate 
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certain conjectures and problems regarding the structure of the canonical mor- 
phism Hrop,0(M) > Hin.o(X: o) of graded Z[U] modules which connects them. 
& 


11.9.20 Let us fix a resolution X with irreducible exceptional components 
{Ev}ycy. In this section we assume that the link is a rational homology sphere. 


In Reduction Theorems we decompose Y as a disjoint union Y U Y*, where the 
vertices VY are the ‘essential’ ones, the ones which dominate the others, and the 
vertices Y* are those which ‘can be eliminated’. In the topological context the 
possible choice of Y was dictated by combinatorial properties of x with a special 
focus on the topological characterization of rational germs. In the present context 
we start with certain analytic properties of 2-forms (which reflects the dominance 
of V over V*). (Recall that py = 0 if and only if H°(X \ E, 22) = H°(X, 22).) 


Definition 11.9.21 We say that W is an SRan-set if it satisfies the following 
property: if some differential form w € H°(X\E, 2%) satisfies (divew)|7 = —Ey 
then necessarily w € H veg 2%). By (6.8.2) this is equivalent with the vanishing 
h'(@z) = 0 for any Z = Ey + *, where /* > 0 and it is supported on ¥*. 


In the next proposition we prove that the SRan—property is in fact topological. 


Proposition 11.9.22 V is a SRan—set if and only if it is a SR—set. (For the definition 
of SR-sets see 7.3.21.) 


Proof (SR=SRan) Let I be the original graph, and let I”’ be that rational graph 
which is obtained from I” be decreasing the numbers 8 ot cy: Let (, )’ be its 
intersection form and x’ the corresponding RR expression. Fix a cycle of type 
Z = EZ +/* with |I*| c ¥*, 1* = 0. Then, regarding I’, we claim the following: 
there exists a sequence {Gh 6 such that 


x0 = 0, x1 = Z, x41 =Xi + Evy, (i, Evy)’ < latevery stepi. (11.9.10) 


We construct each x; by decreasing order. Assume that x; is already constructed. 
Then there exists at least one E,, C |x;| such that x’(x; - E,) < x'(x;), equivalently 
(x; — Ey, Ey)! < 1. (Cf. the proof of 7.3.14(a) > (c).) Then set xj-1 := xj — Ey. 

Now, since Ez is reduced, and the self-intersections from the support of /* 
are not modified, along this sequence (x;, Ey)’ = (xi, Eyci)). In particular, this 
sequence has the very same properties (11.9.10) in I” too. 

Then, using the exact sequences 0 > @z,,,. (—xi) > Ori > O;, — 0 we get 
that h!(@,,,,) = h'(@,,). Since h!(@x,) = 0 by induction h'(@,,) = 0 too. 

(SRan =SR) Consider the fixed resolution X. For each v € V we blow up X in 
ny different points of Ey \ Uy+v Ey. The obtained new resolution is denoted by X”. x 
Let us denote the strict transform of any Ey (v € V) by Ej, and let X’ be a small 
tubular neighbourhood of Uye y El, in a, Using 6.3.1 and 2.2.5.5 one verifies that 
for any v € Y, if ny is sufficiently large, then the E},-coefficient of Zx (x is < 2. 
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In particular, for any collection of {n,} with this property we have |Zx (X’ Mel < 
Ez. In particular, by 6.4.A, (i) Zeon (x’ \y < Ez. Similarly, one verifies that for 
{ny} sufficiently large, (ii) Zmin (Xi = Ez. Let us fix X’ (associated with a fixed 
collection {n,}), which satisfies both these properties. Note that if (4) and (11) are 
true for some collection {7,} then they are true for larger numbers too. 

In particular, by Laufer Rationality Criterion 7.1.2, X’ is rational if and only if 
the analogue of X’ obtained by any larger collection of blow ups is rational. 

Now, assume that VY is not SR. Then (by the previous paragraph) X’ is not 
rational. Then via (i) there exists a form w € H OX" : 2%,(Z)) with pole Z € 
L(X’) 50 such that Lig = Ex. 

Now consider the restriction map 


H(X?, 22, (Z)/H9(X?, Q%,,) —> H(X', Q2,(Z)/H(X’, Q2,). 


It is injective, and both sides have dimension h!(@z) (cf. (6.8.2)), hence this map 
is a bijection. In particular, there exists a form w € H 0X 2%,(Z)) with pole 


ZeE L(Xxe )>o such that Z|7 < Ex. But then the same property is true for the 
original X as well, a fact which ae the SRan property of VY. Oo 


Example 11.9.23 By the above lemma, the set W = WN of nodes is a SRan-set. 
Moreover, if {v} is an SR—-set of an AR graph, then it is an SRan—set as well. 


11.9.24 Associated with a disjoint decomposition V = Vuv*, we write any! € L 
as/+/*, or (7, /*), where / and /* are supported on ¥ and ¥* respectively. We also 
write R for the rectangle R(0, ¢), the Y-projection of R(O, c) with c = Zeon. 


For any / € R define the weight function 


Wo) = 60 + °C + c*) — py =O — h'(Or, -«). 


Consider all the cubes of R and the weight function Wy: By (R) > Zby Wa (Ug) = 


max{wo(1) : 1 is any vertex of Lig}. 


Theorem 11.9.25 (Reduction Theorem for the Analytic Lattice Cohomology) 
If V is an SRan-set then 


H*,(R, w) = He, (R, w). 
Proof For any ¥% C ¥ write cv for the %-projection of c = Zeon. We proceed by 


induction, the proof will be given in |¥*| steps. For any V C 4% C V we create 
the inductive setup. We write .%* = VY \ -Y, and according to the disjoint union 
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JF \1%* = V we consider the coordinate decomposition / = (lv, l.v*). We also set 
Ry = R(O, cz) and the weight function 


wo(Lv) = bls) + (Ly + cv*) — Dg. 


Then for¥ C ¥C SY CV, J = FU {vo} (vo ¢ 4%), we wish to prove that 
HRs, wv) = Hy,(Ry, wy). For this consider the projection mp : Ry > 
Rg. 

For any fixed y € Rg N Z|" consider the fiber {y+ t Ey }0<t<evy, 1eZ- 

Note that t > 6(y + t£y) is increasing. Let fo = to(v) be the smallest value ¢ 
for which h(y +tEy)) < by + (t+ 1) Ey). Ift H h(y +tEy,) is constant then we 
take tg = Cup. If tg < Cup, then the definition of fo implies the existence of a function 


f € H°(6xz) with divef)|y >y, (dive fu = to. (11.9.11) 


Symmetrically, f +> b°(y + c_y* + tEy,) is decreasing. Let 4 = f9(y) be the 
smallest value t for which h°(y + ¢ g* + t' Ey) = b°(y + Cg + (t/ + 1)E,,) for 
t’ > t. From the definition of fo we obtain the existence of a form 


w € H°(X \ E, 23) with (diveo)|y >—y, (diveo)yy = 1. (1.9.12) 


This shows that there exist a form fw € H°(X\ E, 2%) such that (dive fa)|_¢ > 0 
and (divg fw)yy) = to—t9. Since % D WY, by the SRan property we necessarily must 
have fo — tj => 0. Therefore, the weight t t> wg (yt+tE yy) = by t+tEw)+o°O+ 
tEy +c J”) — Pg is decreasing for f < £9, is increasing for t > to. Moreover, for 
19 <t < « it takes the constant value h(y) + §°(y+ cup Evy +¢ y*) — Pg = ws (y). 

Next we fix y € Rg Z'7| and some I Cc Y (hence a cube (y, J) in Rv). 
We wish to compare the intervals [to (y + Ey’), to(y + E7’)] for all subsets iar & 
We claim that they have at least one common element; in fact, it turns out that fo(y) 
works. 

Note that h(y + tEy,) = bly + (@¢ + LE) implies hy + tEy + Ev) = 
h(y+(t+1) Ey, + Er) for any I’, hence to(y) < to(y + Ey’). In particular, we need 
to prove that fo(y) = t9(y + Ey’). Similarly as above, the definition of to (y + Ey) 
implies the existence of a form 


oy € H°(X\ E, 2%) with Givgoy)|y = —y— Ey, Give@y)y = —1§() + Er). 


Hence the from fay € H°(X \ E, 2) satisfies dive fo |.g > —Ey and 
(dive f@)yy = to(y) — toy + £7’). By the SRan property we must have fo(y) — 
13(y + Ev) = 0. 
Set Son and S.v_, for the lattice spaces defined by wy andw.y.Ify+tEy € 
Soin then wg (y + tEy,) <n, hence by the above discussion w.y(y) < n too. In 
particular, the projection 7p : R g > Ry inducesa map S vn > S.v.n. We claim 
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that it is a homotopy equivalence. The argument is similar to the proof from 11.9.5 
via the above preparations. oO 


Corollary 1 11.9.26 If (X, 0) admits a resolution $ with a SRan—set of cardinality 
S, then H= 7 0X: o) = 0. In particular, if I is almost rational (AR) then 


Hz) 9(X,0) = 0. 


Remark 11.9.27 Let V be an SR (or, equivalently an SR,,,) set. Then in the 
topological Reduction Theorem 11.4.3 (for the canonical spin® structure) we used 
for the new weight function the expression Wop OM =x) = Wrop (x (1)), where 
x(1) is the universal cycle defined in 7.3.24. On the other hand, in the analytic 
Reduction Theorem we consider Wyn (1) = h() _ Gi 4 ~«). One might wonder 
regarding the apparent formal differences between them. The point is that they are 
not different at all: we claim that for any c > Zeon, 


OD) —h! (Or, 2) = Wan(x). 


Indeed, let s(/) be the smallest cycle in .Y with 7 < s(/) (cf.6.6.3). Then by the 
universal properties / < x(J) < s(1). Since H°(6x(-D) = H°(6xz(—-s()), we 
also have h(/) = h(x). Next, for any /* € Lso with |/*| € Y* consider the exact 
sequence 0 > O)(—x(1)) > @ x+l* > Exq — 9. By the Lipman’s vanishing 


6.4.10 we have h! (G;«(—x(1)) = 0, hence 


Whe C.O+) = =h' (6, @): (11.9.13) 


On the other hand, using the opposite matroid rank anequalty from 6.4.21 
and (11.9.13) applied for /* sufficiently large, we obtain h!(@ Ot) = 


h' Oninte@4iec) = h'(Gizcx)- Thus Dan@) = 6D — hl (Giz) = HO) - 
i (C. = = Wan(x(1)). 


Proposition 11.9.28 Assume that for (X,0) and for its resolution with 
graph I" the following facts hold: (i) I” is almost a and (ii) pg = 
min, eu(Hy,,(y, I, K)). Then Hit, 9(X,0) = Hi, 9(M) and pg = 
eu, ol K)). 


(Obviously, we have H=! (X, 0) = H= 


rp o(M) = 0, of 11.4.4 and 11.9.26.) 


‘an,0 


Proof We can assume that @ is minimal good. Then Zx > 0, cf.6.3.4. Write VY 
as {vo} U ¥*, where {vo} is an SR-set. By 11.9.22 it is an SRan set as well. In 
particular, Hi? 9(X, 0) = Hj a(R, WwW), where w(l) = H(CEy,) — h! (Gee, +1Zx |* x), 
0<¢ < [ZK Jy. But, by 11. ‘9. 27, W(L) = Wan(x(£)) too. 

On the other hand, consider the exact sequence 0 > O%(—x(l)) > OZ > 
Ox (¢) — 0 and the morphism r(¢) : H® (6x) > H° (6,0). Then h(x(€)) + 
dim coker (r(£)) = h°(6x@), hence w(€) = x (x(€)) — dim coker (r(@)). 
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The point in this identity is that in fact r(€) is onto for all €. Indeed, this follows 
from assumption (ii) and from the fact that min, eu(Hp,y (Y I, K)) is realized by 
the concatenated computation sequence y = {ti} 6 having as intermediate terms 
the universal cycles x(€) (defined in 7.3.D). This can be deduced from the proof 
of 11.3.5(f) and 11.3.9. In this case H°(6,,,;) => H°(6y;) is necessarily onto, 
by the splitting of the cohomological exact sequence associated with consecutive 
members of the optimal path, see e.g. the proof of 11.3.8. Since h!(@,,) = Pe = 
h! (63), we also conclude that H°(6%) > H°(@,;) is also surjective for all x;, in 
particular for the intermediate terms x(£) as well. 

In conclusion, w(f) = x(x(€)). Then use the topological reduction theo- 
rem 11.4.3 for AR graphs. Thus HZ, 9(X,0) = Hrop,0(M). Then apply the Euler 
characteristic formulae. oO 


Example 11.9.29 The two assumptions of Proposition 11.9.28 are satisfied in the 
following cases, cf.6.8.43 and 11.6.11 (recall that we assume that the link is a 
rational homology sphere): 


¢ rational singularities, 

¢ Gorenstein elliptic singularities, and, more generally, (non-necessarily numeri- 
cally Gorenstein) elliptic germs with pg = length of the elliptic sequence, 

e AR singularities for which the SWIC for the canonical spin structure holds, 
(in particular, weighted homogeneous germs and superisolated germs associated 
with rational unicuspidal curves, or splice quotient singularities associated with 
an AR graph I”). 


Hence, for all these cases, Hin o(X> o) =H (M). 


* 
top,0 


11.9.30 Comparison of H*,, ,(X, 0) with H*,,(7, K) (Any (X, 0) with QHS 


top 


Link) The modules Hz, )(X )) with Hip , K) can be compared in any case, 


even without the assumptions of Proposition 11.9.28. 


From the exact sequence 0 > @x(—l) — O% — O; — 0 we obtain: 


Lemma 11.9.31 If wan denotes the analytic weight function, then Wan (1) = x (1) — 
dim coker (r(1)) = wyop(1) — dim coker (r(J)), where r(1) : H°(6z) — HG) is 
the natural morphism (and Wop = x). 


11.9.32 Discussion Lemma 1 1.9.31 has several consequences. 


(1) Wan < Wop, hence min Wan < Min Wrop = min x. 

(2) Set Senn = U{O : wan(C) < n} and Sropn = U{O : wrop(O) < n}. Then 
Stop,n © San,n for any n € Z. 

(3) For any gq > 0 there exists a graded Z[U |—module morphism 


1 : HY, o(X,0) > Hyp o(l)- 


This is an isomorphism in the cases when Proposition 11.9.28 holds. 
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Similarly, the inclusion of the connected components induce a graded 
morphism of graded roots 


Rtop,ot’) —> Rano(X, 0). 


(4) The following (new) characterization of rational germs holds: (X, 0) is rational 
if and only if Wan|z.) > 0. Indeed, if (X, 0) is rational then wan(J) = b() > 0 
for] > 0. Conversely use xy > Wg, and Artin’s criterion 7.1.2. 

(5) Ifmin wg, = 0, and (X, 0) is not rational, then (X, 0) is elliptic (use x > Wan). 
Conversely, if (X, 0) is Gorenstein elliptic then min wg, = 0 (use 11.9.29). 
Moreover, min wan = 0 holds for any elliptic singularity with generic analytic 
structure as well (see 11.9.37). However, in general min wgy = 0 does not hold 
for any elliptic germ, see 11.9.45. 

(6) In the next discussions it is convenient to assume that c is conveniently large 
or c = o. Let C be a component of Sgn, such that for any 1 € San,n we 
have Wgn(J) = n (that is, the class of C represents a local minimum of the 
analytic weight in the analytic graded root). Assume that for some s € C we 
have Wan(s + Ey) > Wan(s) for every v € V (that is, s is a maximal element of 
C). Then s € .%qn. (indeed, wan(s + Ey) > Wan(s) implies h(s + Ey) > H(s), 
cf. 11.9.15.) In fact, using the matroid rank inequality of wan one can show that 
C has a unique maximal element. This shows that the ‘ends’ of the analytic 
graded root Ray represent elements of the analytic semigroup -Yan. 

(7) Assume thatm € Lo satisfies Wan(m—Ey) > Wan(m) for any E, C |m|. (E.g., 
it is a minimal element of a component C as in (6).) By 11.9.15 h! (On-E,) < 
h' (G6). This can happen only if h!(@g, (—m+ Ey)) = h°(Ge,(m—Zx)) £0, 
which implies (Zx — m, E,) < 0 for every Ey C |m|. In particular, x (m) < 0. 

(8) Assume that n > 0. We claim that any connected component of Sgn,» contains 
at least one element of S;op,n. Indeed, assume the opposite, and let C, be a 
component of Sgny., such that x(/) > n for any 1 € Cy. Take a local Wan- 
minimum in C, with value k < n, consider the component C of San, which 
contains it, and let m be a minimal element of C. Then, by (7), x(m) < 0. But 
this is a contradiction since m € C,, hence x(m) > n > 0. 

(9) Recall that Sj), is connected for any n > 1, see Proposition 11.1.19(b). 
Therefore, part (8) applied for n > 1 shows that Sgy., is connected too. 
Furthermore, for n = 0 it implies that at the O-graded level nie 
HY, o(X , O)deg=—0 > Hop ot )deg—0 is injective, or, at the level of degree zero 
vertices of roots, the map Rrop,o0(")deg=0 > Ran,o(X, O)deg=0 is surjective. 


Problem 11.9.33 


(a) For a fixed topological type find all the possible graded Z[U ]—modules 
(Hn olan> associated with all the possible analytic structures supported 
on that topological type. (For such a concrete classification see Exam- 
ples 11.9.39, 11.9.40 and 11.9.45.) 
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(b) For a fixed topological type (hence for a fixed H? op ot )) and analytic type 
(X, 0) supported on it find special properties of H* n,oX, 0) (and of the mor- 
phism HH? n,olX»0) > Hr op,o(l )), which might characterize the classification 
from part (a). 

Several examples support the following conjecture (see e.g. 1 1.9.40), which makes 

Problem 1 1.9.33 more precise. 


Conjecture 11.9.34 Fix a topological type. Then for any analytic type supported on 
it Hin.o(X ,0)—> Hop, ol ) is injective. At the graded roots level, the graded graph- 
morphism R;op,0(") > Ran,o(X, 0) is surjective (at the level of graded vertices and 
edges). In particular, Problem 11.9.33 reads as follows: characterize those graded 
Z(U |-submodules of HF, )(/") which appear as Hin o(X, 0). 


top, 


Note that once the link is fixed, there are only finitely many graded Z[U ]-modules 
Hr .o(X , 0) and graded roots Ran,o(X, 0) which satisfy this Conjecture. 


11.9.B Examples 


Example 11.9.35 We assume that the link is a rational homology sphere. We claim 
that the following facts are equivalent: (i) (X, 0) is rational, (ii) Ran,o(X, 0) = Rw), 
(ii) Ht, 9(X, 0) = J", Gv) Hy, 9(X,0) = TZ,* for some m, (Vv) San,o is nonempty 
and contractible. 

Indeed, if (X, 0) is rational then h'(G)) = 0 for] > 0, hence wa» is increasing. 
In particular, any nonempty Sgn,» can be contracted to the origin, and the analytic 
root is Wo), and Hen.0 = ie (ii) => (iti) => (iv)=>(v) are clear. Assume that (v) 
holds. Since Wan(Ey) = b(Ey) -— h'(@p,) = I, the connectivity of Sgn,9 implies 
that Wan|r..) > 0. Hence x|z,,, > 0 too, and (X, 0) is rational by Artin’s criterion. 

The above criterions are equivalent with the vanishing of the reduced cohomol- 
ogy Hi, red.o(X+ 0) = 0 too. 


Example 11.9.36 Consider H* of the hypersurface singularity with nondegenerate 
principal part from Example 11.8.15, computed in R = R(O, ZK Jace) using the 
weights from 11.8.13, which correspond to the filtration #?". Since NI" is bi- 
stellar FP" = ¥° (cf. [384]). Furthermore, since f is a suspension Newton 
non-degenerate germ, these filtrations agree with the divisorial filtration associated 
with the nodes, cf. [643], see also 8.6.18. Hence, in this case, the symmetrized 
weight functions associated with the projected, order and divisorial filtrations agree. 
Furthermore, for this diagram, these weight functions agree with the topological 
weight function too restricted to R, which is given in 11.4.11. 

In particular, for this germ, Hi n.o(X, o)= Hop, M)- 

This case shows that H*°,(X, 0) 4 0 can happen in the analytic case as well. 
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Example 11.9.37 (He ,.0 for the Generic Analytic Structure) Let us fix a non— 
rational resolution graph I" with M(I") a QH 53. Assume that X is a resolution 
space of a singularity (X, 0) with dual graph I” and it has generic analytic structure 
in the sense of [360, 453]. In [453] the following facts are proved: (i) pg(X, 0) = 1— 
min x, (ii) Zmax = max{l : x(/) = min x}, (iii) Zeon = min{l : x(J) = min x}. 
In particular, Zeon < Zmax- 


Since H7,, 9 can be computed in R = R(O, Zeon) (cf. 11.9.2), and (0) = 0 and 
h(@) = 1 forO <1 < Zeon, Wan ()) = 1 - h'(@;) for any !/ € R \ {0}. Note also 
that h!(@z,.,) = Pg = 1—min x. Therefore, Wan(Zcon) = 1 — Pg = min x, and 
He, o(X, 0) x J ® %(1) and He (X: o) = 0. The analytic graded root is: 


2 min x 


0 -- 6% @- +--+ (Rgen(m), Xan), Where m = min Wan = minx 


Note that in general (for any analytic structure) eu(H, 9) > 1 — min wan (use 
(11.6.1)). However, in the present case of the generic analytic structure we have the 
sharp equality: eu(H, 9) = Pg = 1 —min Wan = 1 — min y = 1 — min Xan. 


Definition 11.9.38 A graded root (R, Xan) of the shape as in Example 11.9.37 is 
denoted by Rgen(m), where m = min Xan. 


Example 11.9.39 Assume that I” is star-shaped with central vertex —2, with five 
legs, each of them having one vertex with Euler number —4. Then the algorithm 
from 11.3.A (applied for the canonical spin°—structure) shows that the topological 
graded root is Rgen(—1) with min wo = —1 (cf. Definition 11.9.38). 

In fact, that algorithm also shows that that for any analytic structure Zeon, = 
x(2) < x(3) = Zmin, hence, the analytic graded root is Rgen(—1) independently of 
the analytic structure. 

Note that Hn o(X, 0) = Hr op,0(M) can be obtained from 11.9.29 too. In 


particular, for this graph, HI? n0 = Hrop,0 for any analytic structure supported on 
rT. 


Example 11.9.40 Consider the topological type fixed by the graph I” considered 
in 7.3.3 and 11.2.19. The link is an integral homology sphere and Hy op.0 #0. 

The list of possible analytic structures supported on I” is the following (see 
also 6.8.44): 


(i) non-Gorenstein Kulikov analytic type with pg = 3 and Zinax = Zmin, 
(i) Gorenstein splice (quotient) with pg = 3 and Zmax = 2Zmin, 
(ii) non-Gorenstein analytic structures with pg = 2 and Zeon < Zmin < Zmax- 
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In all these cases H=! = 0, however the modules H? no are all different. Below 


we give the graded roots (and also the topological root, for comparison). The needed 
information regarding h and h° can be deduced e.g. from [495]. 


-1 


topological root Gorenstein type Kulikov type Pg=2 


The local minima of the topological graded root reflect elements of the topolog- 
ical semigroup .”. Indeed, the corresponding connected component C of S;op,n has 
a unique maximal element/,/ € .Y, and CO R(O, Zx) # @. Similarly, for any fixed 
analytic type supported on I”, the local minima of the analytic graded root reflect 
elements of the analytic semigroup .%,: the corresponding connected component 
C of San.n has a unique maximal element /,/ € %gn, and CM RO, Zeon) # GO 
(cf. 11.9.32(6)). The above pictures indicate very intuitively which elements of 
-Y representing local minima of the topological root are not realized as divisors 
of functions (with the properties above) in different analytic structures: in the 
Goresntein case Z,,;n, in the non—Goresntein cases s(Z x) = 3Zmmin. 


Remark 11.9.4] When we fix a topological type and we compare the possible 
analytic graded roots (and analytic lattice cohomologies) associated with different 
analytic structures then we realize that the ‘simplest’ object is provided by the 
generic analytic structure. However, it is very hard to identify those analytic 
structures which provide the ‘most complicated’ modules/roots. Of course, the 
candidate for the most complicated module/root is provided by Hroy,o(M ) and 
Rtop,o(M) respectively, cf. Conjecture 11.9.34. However, they are not always 
realized by a certain analytic structure, see Example 11.9.40. 

Problem 11.9.42 Which Hy y,0(M ) and Ryop,o(M) is realized by a certain analytic 
structure as Hn o(M ) and Ran,o(M)? In the case of realization, for which (very 
special) analytic structure are they realized? Can this family be identified universally 
by certain analytic properties? 


Remark 11.9.43 The Gorenstein case from Example 11.9.40 shows that even for 
splice quotient analytic types HI! oH Yop 9 might happen. (In 11.9.40 they differ 


an 


for both g = 0, 1.) However, the validity of SWIC guarantees that eu (Hi, = 
eu (Hi »,0) for any splice quotient. 


Problem 11.9.44 Consider the equisingular family of splice quotient singularities 
associated with a (convenient) graph I’, cf.5.4. Is it true that Hino is constant 
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along this equisingular family? If yes (hence H* an.o 18 determined by J”) describe 
it combinatorially from J”. (Note that usually it is not Hrop,o(M()), cf. 11.9.43.) 


Example 11.9.45 Assume that (X, 0) is a numerically Gorenstein elliptic singu- 
larity with rational homology sphere link (cf. 7.2.D). 
= the Gorenstein case we already know (see 11.9.29) that Hn .o(X> 0) = 
Hoop, o(M). 

Next, consider a graph with m = 2. In the Gorenstein case pg = 3, and sy 0 
is determined above. Next, assume that pg = 2, cf. 7.2.H. Using the notations from 
7.2.H we have Wy = & = {1,2}. Moreover, since (X1, 01) is Gorenstein and 
h} (6c) = = 2, we have Ze < C; = C+Zp,. On the other hand, H°(6x(— C1) = 
H(Ox(- Zmin)), hence Zmax = Ci = Zmin + Zp,. Therefore, Zeon < Zmax, and 
Wan(Zeon) = 1 — Pg = =i 

Since eu = pg = 2, this shows that the analytic graded root is necessarily 

Rgen(—1). The cohomology groups are H=! 9 = Oand aa = a ® A(i). 

Surprisingly, even if I” is elliptic with min x = 0, for this analytic structure 

MiN Wan = MIN Xan < O. 


Question 11.9.46 Let us fix a non-rational topological type with M(I”) aQHS?. 
What are the possible values of min wg, when we consider all the analytic types 
supported on J”? (Note that 1 — pg < min wan < min x.) 


11.9.C H* » and pg—Constant Deformations 


an, 
11.9.47 First we formulate the following conjecture. 


Conjecture 11.9.48 H*, ¢ is constant along flat pg—constant deformations of nor- 
mal surface singularities (with QHS 3 links). 


Example 11.9.49 Consider the superisolated singularity (X, 0) associated with a 
rational projective plane curve C degree 5 with two cusps, both with one Puiseux 
pair, namely (3,4) and (2,7) respectively (the multiplicity sequences are [3] and [23], 
cf. 8.6.22). Denote the two singular points of C by p and q respectively. The curve 
C is projective equivalent with y?z* + x4z + x3yz — x?y?z/2 — x°/4 + x4y/16 
[770]. 

resolution graph of (X, 0) is given in 9.7.32, roy, g is determined in 11.4.12: 

App, oM) = F719 ® F-10(3) ® Al) and Hi, 9(M) = F-2(1)*. Rrop,o agrees 

with the graded root of 27(5, 5, 6) pieunen in 11.3.35. 

The point is that there exists a K2- n7 and pg—constant deformation from (X, 0) 
to a singularity (X5,.5.6, 0) (equisingular to the Brieskorn hypersurface x> + y>+z°), 
whose link is 2'(5, 5, 6), cf. 11.3.38. 
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Since (X5,5,6, 0) is AR and for it the SWIC holds, by 11.9.29 H* )(X5.5,.6,0) = 


an,0 
Hip, 0% OG; 5, 6)). That is, He) 9(X5,5,6, o) = 0 and the analytic graded root of 
(X5,5,.6,0) agrees with the topological graded root of 2 (5,5,6). On the other 
hand, the topological graded roots of 2'(5, 5,6) and of M(I) agree (see above). 
Hence, the conjecture predicts that the same facts are valid for (X, 0) too, just 
like for (X5.5.6, 0). This, in particular means that HO, o(X, 0) = HPop,o(M) and 
Hin o(X , 0) = 0. This is what we will verify next. 

By the analytic Reduction Theorem 11.9.25 (applied for the two nodes) we 
have to complete the wg,—table on R((0, 0), (30, 34)). Since (X, 0) is Gorenstein, 
ho) = (ZK — J), cf. 11.9.14, hence we can concentrate only on h. Note also 
that Zinax = Zmin, and the generic line has multiplicities (12, 14) along the nodes. 
Therefore, h(/) = 1 for any 0 </ < (12, 14). Furthermore (by Laufer’s algorithm 
[359]) (Oz) = 6. Hence, basically it is enough to analyse the symmetric 
rectangle R((12, 14), (18, 20)), as in the topological case 11.4.12. The values of 
fh can be computed using computation sequences via the following principles: (a) if 
En is anode, x(€) € %gn and (x(€), En) = 0 then (7) h(x(€) + Ey) = b(x(O) +1; 
(b) § is constant along a computation sequence which connects x(€) + E, with 
s(x(€) + E,,). In this rectangle we have the following elements of “jy, all with 
the above properties: x(12, 14) being the divisor of the generic line, x(15, 14) of 
the generic line which contains p, x(16, 14) of the tangent line at p, x(12, 16) 
of the generic line which contains g, x(15, 16) of the line which contains both p 
and q, and finally, x(12, 18) of the tangent line at g. (Note also that ((18, 20)) = 
(ZK — Zmin) = 5°(Zmin) = Pg — h! (OZnin) = 4, hence no other semigroup 
element can contribute and in (+) we always have equality.) These semigroup places 
are underlined in the next diagram from left, which shows the h values in the 
rectangle R((12, 14), (18, 20)): 


4444444 a eo ae ee 
4444444 a a 
3444444 422 2-39 +9 9 4 
3444444 3 =) 2 22-2 SS 
2333444 4-9 =9 —3 2 493 
2333444 a or ee 
i222344 a oe oo ey 


The wan-table is given on the right diagram. Hence the wished statement can be read 
from it. It is instructive to compare the above analytic wgy,—table with the wyop = x- 
table from 1 1.4.12 (the two (—1)—weights decrease). 


Example 11.9.50 Let us consider the deformation of hypersurface singularities 
zy? +x + z!! + tx?y? = 0, where the deformation parameter ¢ is small. Along 
the deformation the following objects stay constant: the (non-degenerate) Newton 
diagram, the Milnor number, the geometric genus, the link (and even the embedded 
topological type). The stable resolution graph is 
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Since the graph is AR, and pg = min, eu (Hp, I, K)), cf. [498], by 11.9.29, 


a Hr op,0 for any ¢. Since Ar op.0 1S t-stable, we obtain that Ain,0 must stay 
t-stable as well. In this example the point is that the deformation is not z*—stable 
je = 11 while ra = 10) (that is, the deformation does not admit a strong 


simultaneous resolution). However, HH 20 is still constant. 


Example 11.9.5] Consider the deformation of hypersurface singularities (X;, 0) = 
{x7 + p+ 24+ txty? = 0}, rt € (C,0). If t = 0 then (X;<0, 0) is weighted 
homogeneous with the following minimal resolution graph, where the unmarked 
vertices have (—2) decorations. 


For t ~ 0 the germ (X;, 0) has nondegenerate Newton principal part, its graph is 


eee 


Note that the deformation modifies the Newton diagram, and also the topological 
type. However, along the deformation both K g and pg remain constant: K $ =—12 
and pg = 4. (Le., the deformation does not admit a weak simultaneous resolution, 
but it admits a very weak simultaneous resolution, cf. [365].) Note also that both 
graphs are AR. Since both analytic types are Newton nondegenerate, for both 
of them pg = min, eu(Hpay (7, I’, K)), cf. 11.6.14. Hence, for any fixed t, by 
Proposition 11.9.28 the analytic and topological lattice cohomologies agree. In 
fact, by AR property He 4 = 0 in all cases. Note also that by [641] pg = 


an, 
eur oD K)) too, hence pg = min, eu(Hpy (7, I, K)) = eur» oF K)) 
as well. 

On the other hand, for both t = 0 and t ¥ 0, the topological graded roots can be 
computed by the AR—algorithm and it turns out that they agree. Hence H? no and the 
analytic graded root is independent of t as well. The (common) graded root agrees 
with the topological graded root from the Example 11.9.40. 

In particular, since H7,, 9 is independent, the example supports the Conjecture, 
and it is also compatible with Conjecture 11.3.51, which predicts that along such 
deformations the topological graded root stays constant. 


Problem 11.9.52 Consider the equisingular family of hypersurface singularities 
with Newton nondegenerate principal part associated with a Newton diagram NI". 
Is it true that HI* no 1S constant along this family? If yes (hence H* no 18 determined 
by NI’) describe it combinatorially from the Newton diagram NI’. 
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Example 11.9.53 Let us consider the following Newton nondegenerate germs: 
{x3 4 yl3 4 x3y2 4 x2y3 + 23 = O}, or (x4 + yl 4 x2y2 4 3 = O}, oF 
{x13 + y9z + x2y? + 23 = 0}. All of them are Pe-constant deformations of the 
germ {x!3 + y!? + x?y? + 23 = 0} considered in 11.8.15. Then for any of them, 
the corresponding wo-table (determined by the Newton filtration) in the rectangle 
given by Zx reduced to the nodes agree with the corresponding x-table (though, the 
resolution graphs are rather different, and the size of R(O, ZK |noues) 18 also changing). 
Furthermore, in all these cases, the identity Hin.o(X ,o)= Hop, 0) holds, and 


this module stays stable under the corresponding deformations. (Compare with 
8.6.18.) 


Chapter 12 ® 
Appendix. Complex Analytic Spaces od 


12.1 Analytic Algebras 


In Sects. 12.1 and 12.2 we follow the monographs [226—228, 230]. 


12.1.1 The Ring 07 Let z1,...,Zn denote the complex coordinates in C”. We 
denote by 05 = C{z1,..., Zn} the C-algebra of convergent power series around 
0 € C”. Its elements are called germs of holomorphic functions at 0. The ring 09 
is Noetherian, factorial, and a local C-algebra with maximal ideal m generated by 
Z1avexs Sas 


12.1.2 Analytic Algebras A local C-algebra is called a local analytic algebra if 
it is isomorphic to a residue class algebra 07 /a, where a is an ideal in Oj and 
aA Oj. If my is its maximal ideal then A/m, ~ C. Every analytic algebra A is 
Noetherian, Henselian and 9 j> ym, = {0}. 

An analytic algebra is called regular if it is isomorphic to G4 for some d € Zs0; 
it is called reduced (respectively irreducible) if it contains no non-zero nilpotent 
element (it is an integral domain, respectively). A is Artinian if it is a finite 
dimensional C-vector space, or, equivalently, if m = 0 for acertaink > 1. In 
such a case my is the only prime ideal of A. 

C-algebra homomorphisms between analytic algebras are called analytic; they 
are automatically local. Analytic algebras together with analytic homomorphisms 
form a category. An analytic homomorphism g : A — B of analytic algebras is 
called finite if the A-module B (via ¢) is finite. 

Noether’s Finiteness Lemma says that for every analytic algebra A there exists a 
finite analytic monomorphism ¢ : oe — A. The integer d appearing in Noether’s 
Lemma is independent of the choice of ¢, it is called the dimension dim(A) of 
A. The geometric meaning of the lemma is that locally every complex space of 
dimension d is a ramified analytic covering of C4 (cf. 12.3.2). The integer dim(A) 
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also agrees with the algebraic (Krull) dimension of A, which, by definition, is the 
largest integer d for which a sequence po & pi & --- & pg of prime ideals of A 
exists. 


12.1.3 Finite Extensions of Analytic Algebras. Normalization Finite C-algebra 
extensions of analytic algebras are not necessarily analytic algebras. Nevertheless, 
if A — B is a finite C-algebra homomorphism of an analytic algebra A into a 
C-algebra B, then B is a unique finite sum ©; A; of analytic algebras. In particular, 
if B is an integral domain then B is automatically an analytic algebra. 

The normalization is such an extension. Consider a reduced analytic algebra A 
and its quotient ring Q(A). The integral closure A of A consists of all elements 
of Q(A), which are integral over A, that is, they annihilate a monic polynomial 
with coefficients from A. The set A is a C-algebra extension of A, it is called the 
normalization of A. It is the maximal ring extension of A in Q(A) which is a finite 
A-module. If A = A then we say that A is normal. Factorial algebras are normal. 

If the analytic algebra A is an integral domain then A is an analytic algebra. In 
general, let p;, ..., p; be the minimal prime ideals of A. Since A is reduced, one has 
jp; = Oand the residue maps A — Aj; := A/p; extend uniquely to epimorphisms 
Q(A) > O(Aj) of the quotient rings inducing isomorphisms Q(A) > 6; Q(Aj;) 
and A > @;Aj;. 


12.2 Complex Spaces 


12.2.1 C-Ringed Spaces A topological space |X| together with a sheaf x of rings 
on |X| is called a ringed space. We write (X, x), or X, and call .y the structure 
sheaf of X (hence |X| denotes the underlying topological space). We write Cx, Qx, 
respectively Zx, for the constant sheaf of fields C, Q, respectively rings Z, on |X|. 

If <y is a C-module, then we call “yx a sheaf of C-algebras. If every stalk 4. 
is a local ring with maximal ideal m(.24,) satisfying %/m(%,) ~ C, then we call 
ax a sheaf of local C-algebras. A ringed space X with a structure sheaf of local 
C-algebras is called a C-ringed space. 

A morphism (f, f) : (X,&x) > (Y, Hy) of C-ringed spaces consists of a 
continuous map f : |X| — |Y| together with a C-algebra lifting homomorphism 
f : by > f(x). We write f : X > Y for such morphism. 

Every morphism (f, f) induces stalk maps a : By y — fx(Wx)y for every 
y € |Y|. This composed with the natural restrictions f(x) f(x) > Wx,x provides 
local C-algebra homomorphism de : AY tx) > Mx, for every x € |X|. The 
collection { fc} xe|x| determines re completely. 

C-ringed spaces form a category. (f, f) is an isomorphism in this category if f 
is a homeomorphism and f a sheaf isomorphism. 
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12.2.2. Complex Model Spaces Let D be a domain of C” and let @p be its structure 
sheaf of holomorphic functions. Fix some holomorphic functions h1,...,hm 
defined on D, and consider the ideal sheaf .4 C @p generated by them. They 
define a C-ringed space (V(.Y), Oy.z)), where |V(-Y)| = {x € D : hi(x) = 
+++ = hy (x) = O}, and Gy.) is the quotient sheaf Op/.-% with stalks the analytic 
algebras Op , /-4%,. 

The C-ringed space (V(.%), Oy:.g)) is called the complex model space defined 
by F in D. 

All analytic algebras appear as stalks of certain model spaces. 


12.2.3 Complex Spaces A C-ringed space (X, @x) is called complex space, if |X| 
is Hausdorff space and if every point of |X| has an open neighborhood U such 
that the open C-ringed subspace (U, Gy) of (X, Gx) is isomorphic to a complex 
model space. Complex spaces form a full subcategory of the category of C-ringed 
spaces. Morphisms (isomorphisms) are called holomorphic (biholomorphic) maps, 
and @x-modules are called analytic sheaves on X. 

Fix x € |X|. We denote by (X, x) the germ of X at x, that is the space (U, Gy), 
where U is an arbitrarily small neighborhood of x. If (X, x) and (Y, y) are two 
germs of complex spaces, then f : (X,x) — (Y, y) denotes a holomorphic map 
defined on an arbitrary small neighborhood of x which satisfies f(x) = y. 

A point x € X is called smooth, if @, is regular. A space with only smooth points 
is a complex manifold. A point x € X is called reduced if ©), is reduced, irreducible 
if Cy is an integral domain, normal if @, is normal. Normal points are irreducible, 
irreducible points are reduced. A space with reduced (irreducible, normal) points 
only is called reduced (locally irreducible, normal) space. 

Non-regular points are called singular, non-irreducible points are called 
reducible. The locus of singular (or non-normal, or non-reduced) points is analytic 
in X (see 12.2.5 for the definition of analytic sets). 

An ideal subsheaf % Cc Cx is finite if every point of X has a neighborhood 
U with holomorphic functions 11, ...,4m € @x(U) generating %y. Such a finite 
ideal subsheaf .% C @ determines a closed complex subspace (V(.L), Cy .g)) of 
(X, Ox). Here VY) = {x € |X| : A # Ox} and Oy.y) = (Cx/F)|V(F). 

A holomorphic map f : X — Y is called a (closed) embedding if f admits 
a factorization f = lo g through a closed complex subspace 1 : Z ~— Y such 
that g : X — Z is biholomorphic. Fix 0 € X. A holomorphic map f : X > Y 
is called an embedding at o into Y if there are neighborhoods U and V of o and 
f(o) with f(U) C V such that the restriction f : U — V is an embedding. 
For such local embedding we use the notation f : (X,0) — (Y, f(o)). One has 
the following equivalent characterization: f is an embedding at o if and only if 
fi OY, ¢(o) > @x,o is surjective. 

Certainly, any (X, 0) admits embedding into (C”, 0) for some n. The smallest 
such n is the embedding dimension emb(@yx 0) of X ato. 


12.2.4 Jacobi Criterion Fix a complex model space X = V(.%) in D C C", where 
HF = (h1,...+5 hm); cf. 1222. 
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Then, for x € V(.%), emb(@y,,) = n if and only if 4. C iin 


More generally, if rank ,(h1,..., 4m) denotes the rank of the Jacobian matrix of 
hy,..., hm at x, then for all x € X one has 
emb(@x x) + rank, (A1,...,4m) =n. (12.2.1) 
Moreover, 
dim(@x,,) =n— max ranky(h},..., Am). (12.2.2) 
ye(X,x) 


Therefore, emb(@x,,) > dim(@x,,), with equality if and only if x is a smooth point. 
X is called equidimensional if all the smooth points have the same dimension. 
Furthermore, emb(@x,,) is upper semi-continuous: for any integer k the set 
X(k) := {x € X : emb(@x,x) > k} is analytic in X. If X is equidimensional of 
dimension d then X (d) = X, and the set of singular locus 3'(X) equals X (d + 1). 
(X, 0) is called a complete intersection if in (12.2.2) m = n — dim(@x,o). A 
complete intersection (X, 0) is called hypersurface singularity if m = 1. 


12.2.5 Analytic Sets Fix a C-ringed space (X, Cx). 

A subset A C |X| is called analytic at x € |X| if there exists a neighborhood 
U of x in X, and a finite ideal % C Gy such that AN U is |V(.%)|. For every 
analytic set A in X the family .%4 := {f ¢€ GWU) : {f = 0} D ANUV}y is 
an ideal subsheaf of Gy, called the ideal of A. Its stalks are reduced. Moreover, 
|V(.%4)| = A and %4 = rad(.%) (where % C @ is any ideal with zero set A, as in 
the definition of A). Recall that rad(.%) of an ideal -7 is the ideal sheaf with stalks 
rad(¥,) ={f € GO. : f'™ € 4% for large integer m}. 

Hence analytic sets can be identified with reduced complex spaces. 

This fact is even more transparent if we consider the sheaf of continuous 
functions @y on |X|, where X is a complex space. Every section s € @(U) 
determines a C-valued function [s](x) = [s(x)] € C = @,/m(O,). Then [s] 
is continuous, and the map Gx(U) > @x(U), s > [s], defines a C-algebra 
homomorphism Gy — Gy. Then, by Riickert Nullstellensatz, the nilradical Nty 
of Gx is the kernel of Gy > Gy. 

If X is any complex space, |X| with structure sheaf Gy/Sty (the reduced 
structure of X) is denoted by X;yeq. 

An analytic set A is called irreducible ata € A if A as reduced complex space 
is irreducible at a; otherwise A is called reducible at a. 

The analytic set A has an irredundant decomposition into irreducible components 
at every point a € A. This means that for every a € A there exists a neighborhood 
U and a decomposition AM U = U;Aj;, where each A; is analytic set in U and 
irreducible at a such that A; 1 V Z Ax V for all j # k and all neighborhoods 
V CU ofa. The decomposition (up to a reordering) is unique. 

The irredundant decomposition is provided by the Lasker—Noether Theorem, 
which guarantees that every reduced ideal a in a Noetherian ring has a unique 
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decomposition into a = jp ;, where p;’s are prime and p; ¢ px for j # k. The 
decomposition of A at a € A is provided by the Lasker—Noether decomposition 
F4 a = NjPj via SF j,a = pj. 


12.2.6 Normal Reduced Complex Spaces Fix a reduced complex space X. Recall 
that X is normal at x € X if Gx, is a normal ring. X is normal if it is normal at 
every point. This algebraic criterion is complemented by the following ‘analytic’ 
ones. 

The following statements are equivalent: 


1. X is normal. 

2. The singular locus »'(X) has codimension > 2 and for any open set U C X the 
restriction O(U) > O(U \ (X)) is surjective. 

3. For any open set U C X, every bounded holomorphic function in U \ 3'(X) 
extends uniquely to a holomorphic function on U. 


The above properties can be compared with the Riemann Extension Theorem, which 
says that if X is a (connected) manifold, A is an analytic subspace of X, a € A, and 
f aholomorphic function on X \ A, then f has a unique holomorphic extension at a 
provided that either f is bounded near a, or the codimension of A in X ata is > 2. 

In particular, every connected normal space is equidimensional, locally irre- 
ducible, and the singular locus has codimension > 2. Furthermore, if A C X 
of dimension < dim(X), then X \ A is connected too. Therefore, X \ X(X) is 
connected. 

Correspondingly, the (algebraic) normalization procedure has the following 
function theoretical reinterpretation. Fix a connected reduced complex space X. 

By definition, a weakly holomorphic function on an open set U C X isa 
holomorphic function on U \ X(X) which is bounded near ©(X). The set G’(U) 
of all weakly holomorphic functions is an @(U)-algebra, defining a sheaf 0" of 
@-algebras, and G Cc GO” . Then the sheaf @ and the normalization @ of @ agree. 

The inclusion @ C @ induces the normalization n : X¥ > X. Itis finite, 
surjective, and isomorphism over X \ %(X). The normalization n dominates 
all holomorphic maps X — X with these three properties. Furthermore, every 
surjective holomorphic map Y — X with Y normal has a unique factorization 
through n. 

If X is locally irreducible then n is a homeomorphism. More generally, the 
cardinality of n! (0) is the number of local irreducible components of (X, 0). If 
(X, o) is irreducible at o then 4'(X) is nowhere dense around o0, and U \ »'(X) is 
connected for any small neighborhood U of o. 

Usually, the fact that '(X) C X has codimension > 2 does not guarantee that X 
is normal. Nevertheless, if additional each Gx, is Cohen—Macaulay (what happens 
e.g. in the case of complete intersections), the normality follows. 
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In this section all the complex spaces are reduced. We relied on [103, 226-228, 230, 
659]. 


12.3.1 Finite Maps Assume that X and Y are reduced complex spaces. A 
holomorphic map f : X — Y is called finite if it is proper and has finite fibers. This 
happens if and only if f is closed and has finite fibers. Moreover, for a holomorphic 
map f : X —> Y the following statements are equivalent: 


1. x € X is an isolated point of the fiber fACGOy (that is, O r-10F(x)),x is 

Artinian); 

2: te : OY, f(x) => Ox x is finite. 

Composition of two finite maps is finite again. 

If X is closed subspace of Y then the inclusion X — Y is finite. In particular, 
finite maps, in general, are neither open, nor surjective. 

Clearly, if f : X — Y is holomorphic, and A is an analytic subset of Y, then its 
inverse image f~!(A) is analytic in X. The converse is not true: images of analytic 
sets are not analytic in general. However, if f is finite, and A is analytic subset of 
X, then f(A) is analytic in Y. 


12.3.2 Coverings A finite surjective holomorphic map p : X — Y between 
reduced complex spaces is called an analytic covering (of Y), if there exists a 
nowhere dense analytic subset A of Y with the following properties: 


1. the set p \(A) is nowhere dense in X; 
2. the induced map X \ p~!(A) > Y \ Ais locally biholomorphic. 


The set of points x © X where p is not locally biholomorphic is called the 
ramification locus of p. Its image in Y is the branch locus of p, it is the minimal set 
A in Y for which the above definition holds. Usually it is denoted by B. 

If p: X — Y andz : Y > Z are analytic coverings, then the composed map 
zt o p is an analytic covering. This has a partial converse: If p : X — Y is a finite 
holomorphic surjection and z : Y ~ Zandzop: X — Z are analytic coverings, 
then p also is an analytic covering. 

In general, analytic coverings are not open. (For example, project two disjoint 
lines onto two lines with one intersection point.) Nevertheless, if Y is locally pure 
dimensional then X is also locally pure dimensional. In addition, if Y is locally 
irreducible, then p is open. Furthermore, if b(y) denotes the cardinality of p~!(y) 
(y € Y), then b(y) is locally constant in Y \ B. In particular, if Y \ B is connected 
(e.g., whenever Y is normal and connected), b(y) is constant on Y \ B. 

Whenever b(y) on Y \ B is constant with value b, we say that p is a b-sheeted 
analytic covering. The integer b sometimes is also called the degree of the covering. 
For example, the normalization is a 1-sheeted covering, where B is the set of non- 
normal points of Y. 
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By the Covering Theorem, every open and finite holomorphic surjection is an 
analytic covering. If X and Y are irreducible then any finite surjective map p : 
X — Y isan analytic covering [228, p. 179]. 

The Existence Theorem for open analytic coverings says that if (X, x) is pure 
d-dimensional reduced complex space then there exist an open analytic covering 
(X, x) > (C4, 0) (compare with Noether’s Finiteness Lemma). 


12.3.3 Stein’s Theorem [659] Next, we assume that X and Y are normal spaces. 
In this situation, if p : X — Y is an analytic covering, then above the smooth part 
of Y both loci, the ramification locus and the branch locus, are divisors. 

In the next discussion we assume the local situation, namely the case of a germ of 
an analytic covering p : (X, x) — (Y, y), where both (X, x) and (Y, y) are normal. 
Recall, that in this case the degree of p is well-defined. 

We say that two coverings p : (X,x) > (Y, y) and p’ : (X’,x') > (Y, y) 
are equivalent, if there exists an analytic isomorphism : (X,x) > (X’, x’) with 
pol=p. 

Let us fix a possible branch locus (B, y) C (Y, y). By the duality between 
unramified coverings of Y \ B and subgroups of the fundamental group 71; (Y\ B), see 
e.g. [645], and the analytic realization provided by theorem of Stein, cf. [226, 659], 
there is a bijection between the following sets: 


1. analytic coverings p : (X,x) — (Y, y) ramified over B, modulo equivalence, 
2. subgroups K in 7 (Y \ B) of finite index, modulo conjugation. 


Under this correspondence, the index [71 (Y \ B) : K] of K equals the degree of 
p. The correspondence is functorial: an inclusion of subgroups K; C K2 induces a 
covering t : (XK,,X1) > (Xx, x2) such that px, ol = px,, and conversely. 

The above correspondence is valid even if B is not a divisor (that is, it is a smaller 
dimensional set). For example, if (Y, y) is a fixed normal surface singularity, then 
taking B = {y}, we have the bijection between the following sets: 


1. analytic coverings p : (X,x) — (Y, y), with (X, x) normal and restriction p : 
X \ {x} = Y \ {y} o-ramified (i.e. locally biholomorphic), modulo equivalence, 
2. subgroups K in 77 (Y \ {y}) of finite index, modulo conjugation. 


For example, if H;(Y \{y}, Z) is finite, then the commutator subgroup of 71 (Y \ {y}) 
is such a subgroup (in fact, it is even normal, being the kernel of the abelianization 
mi(Y \ {y}) > Ai (Y \ {y}, Z)). The corresponding covering is called the universal 
abelian covering of (Y, y). 


12.3.4 Galois Coverings An automorphism of the covering p : (X,x) > (Y, y) 
is an analytic fiber-preserving isomorphism of (X, x) onto itself. The set of all 
automorphism form a group G(p). The covering p is called Galois, if any of the 
following equivalent conditions below is satisfied: 


(a) m(X \ p'(B)) is anormal subgroup in 77 (Y \ B), 
(b) G(p) ~ mi(Y \ B)/m1(X \ p7'(B)), 
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(c) |G(p)| = deg(p), 
(d) G(p) acts transitively on any fixed fiber p~!(y’), y’ @ B. 


In fact, if p is Galois, then by continuity, G(p) acts transitively on any fiber p~!(y’). 
Hence, Galois coverings correspond to epimorphisms p : 7\(Y \ B) > G to 
finite groups G, which became the automorphism group of the covering. 
For example, the universal abelian covering of (Y, y) is a Galois covering with 
G(p) = HA, (Y \ {y}, Z) (provided that H,(Y \ {y}, Z) is finite). It dominates all 
Galois coverings with G(p) abelian. 


12.3.5 Cartan’s Theorem [103] Starting from the pair (B, y) C (Y, y) and an 
epimorphism p : 7\(Y \ B) —> G to a finite group G, one constructs a Galois 
covering (X, x) with automorphism group G. In this way (Y, y) becomes an analytic 
realization of the topological quotient, or orbit space X/G. Conversely, one can also 
start with some X and the group G. 

Indeed, fix a reduced complex space X and a subgroup G of the group of biholo- 
morphic automorphisms of X. We assume that G acts properly discontinuously on 
X, that is, for all compact sets « C X the cardinality of {g € G : g(k) Mk} is 
finite. This implies that for any fixed x € X the isotropy or stabilizer subgroup 
G, = {g € G : g(x) = x} is also finite. Then the topological quotient 
space X/G is Hausdorff. Moreover, by a result of Cartan [103] (see also [395]), 
Y = X/G admits a reduced complex space structure. The holomorphic quotient 
map p : X — Y is locally finite and surjective, and near any point x € X it 
is isomorphic to the quotient map X — X/G,. In particular, for any y € Y, 
the analytic algebra Gy, can be identified with the invariant algebra oF for any 
xe p(y), and the canonical ring homomorphism Oy,, > @x,x is the inclusion 
ON, C OX x. 

This can be complemented with the following facts at the level of analytic 
algebras [103, 227]. Let A be an analytic algebra and let G be a finite group of 
automorphism of A. Then the algebra of invariants A© is an analytic algebra such 
that the inclusion A® C A is finite. Moreover, if A is reduced (irreducible, normal, 
Cohen—Macaulay), then so does AS. 

In particular, if X is smooth or normal, then X/G is normal. 


12.3.6 The Case of Finite G. Linearization [103] Assume that (X, x) is a germ 
of a complex space and G a finite group of biholomorphic automorphisms of X. 
Then there exist (a) an open set U of X, x € U, preserved by G, (b) a complex 
model space (V(.%), Oy.z)) defined by the ideal sheaf .% C Op, (D, 0) domain of 
(C”, 0), and a linear action of G on C”, and finally (c) an isomorphism (U, Gy) > 
(V(F), Oy .s)) preserving the action of G. If G is abelian then we can even assume 
that G acts on C” diagonally. 

This basically follows from the following fact as well. Set A := G@y,, and 
consider the exact sequence 0 > m, >m, > my4/ mn; — 0. This has an induced 
G action. Since G is finite, the exact sequence equivariantly splits, hence (X, x) 
embeds equivariantly into its tangent space m 4/ aoe 
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In particular, if (X, x) is regular, then (X/G, x) is isomorphic to some (C”/G, 0) 
for some finite subgroup of GL, (C). 


12.3.7 Quotient Singularities C” /G [220, 221, 581] An element g € GL,,(C)) of 
finite order is called pseudo reflection if it has eigenvalues 1 with multiplicity n — 1 
and another one € ¥ 1 (equivalently, if its fixpoint set is a hyperplane). A group 
G CGL,(C)) is called reflection group if it is generated by pseudo reflections. 

By [633] or [109] (see also [72, 647]), if G C GL,(C) is a finite reflection 
group then the invariant algebra C[z1,...,Zn]© is generated by n algebraically 
independent homogeneous polynomials. In particular, C’/G ~ C” for such G. 


A subgroup G C GL»(C)) is called small, if it does not contain any pseudo 
reflection. If G C GL,(C) is an arbitrary finite subgroup, then let G,; C G be the 
subgroup of G generated by pseudo reflections of G. It is a normal subgroup of G 
and G := G/G, is small. Since C"/G = (C"/G,)/(G/G,) ~ C"/G, any quotient 
singularity C” /G can be written as C”/G with G small. 

Moreover, if G; and G2 are small subgroups of GL,(C), then C”/G; and 
C”/G2 are isomorphic if and only if Gj and G2 are conjugate in GL,(C). 
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12.4.1 Line Bundles and Divisors on Normal Spaces Fix an irreducible normal 
space X. With respect to the tensor product, holomorphic line bundles on X 
form a group. Their isomorphic classes is the Picard group Pic(X) of X. The 
cocycle interpretation of line bundles provides a natural isomorphism Pic(X) = 
jel Loe OF), where OF is the sheaf of invertible holomorphic functions. The 
exponential exact sequence of sheaves 


0> Zy > Ox —> O% > 0, (12.4.1) 


where e(f) := exp(27if), provides the exponential exact cohomology sequences 


.-» > H!(Zx) > H!(6x) > H'(6%) + H?(Zy) > H?(6x) > + 
(12.4.2) 


where c; (-%) is the first Chern class of &. Note that there is a similar exact sequence 
for topological (continuous) complex line bundles, with @y instead of @y. In that 
case, since @y is soft, hence H'(@x) = 0 fori > 0. In particular, the classification 
of continuous line bundles is given by the isomorphism c, : Pic'??(X) ae 2(Zy). 
Hence c; : Pic(X) > H?(Zx) = H?(X,Z) can also be identified with the 
‘forgetting morphism’ Pic(X) > Pic’??(X). 
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Usually, the kernel of c, is denoted by Pic®(X), the group of holomorphic line 
bundles, which are topologically trivial. 


12.4.2 A Weil divisor on X is a formal sum Z = >; njC;, where nj; € Zand {C;}; 
is a locally finite family of irreducible one-codimensional analytic subsets of X. 
They form the group Div(X). The divisor Z is called effective, denoted by Z > 0, 
if all n; > 0. A non-zero effective divisor is also called positive, denoted by Z > 0. 
If dim(X) = 2, then the positive divisors are called curves as well. 

Two divisors Z; and Z2 are linearly equivalent, denoted by Z; ~ Z2, if Z; — Z2 
is principal, that is, it is the divisor (the zero divisor minus the pole divisor) of a 
meromorphic function. The divisor class group is Cl\(X) := Div(X)/ ~. 

Locally principal divisors form the subgroup of Cartier divisors CaDiv(X) in 
Div(X). Their class group, CaCl(X) = CaDiv(X)/ ~, is a subgroup of Cl(X). If X 
is smooth, then the inclusions CaDiv(X) <> Div(X) is an isomorphism. 

For any Cartier divisor Z one considers the line bundle @x(Z), having the 
property that the divisor of any meromorphic section of @x (Z) is linearly equivalent 
to Z. The correspondence Z +» @y(Z) induces an injective homomorphism 
CaCl(X) <> Pic(X). Ifa line bundle admits a global section then it is contained in 
the image. In fact, the image is generated by line bundles Y with H°(X, Y) + 0. 

If X is projective then CaCl(X) — Pic(X) is an isomorphism. 

The monomorphism CaCl(X) <> Pic(X) extends to the Weil divisors as follows, 
see e.g. [607]. A coherent sheaf ¥ on X is reflexive if FYY = ¥, where FY 
denotes the dual sheaf #om(#¥, Gx). A reflexive sheaf of rank one is called a 
divisorial sheaf. They forma group by the multiplication F, F2 > (Fi @F2)”. 
A rank one locally free sheaf (i.e. the sheaf of sections of a line bundles) is reflexive. 

Let us denote by X° the regular part of X and j : X° — X the inclusion. A 
coherent sheaf .¥ on X° is called extendible if it extends to a coherent sheaf on X. 
By [629] if F is extendible reflexive sheaf on X°, then j,.F is a reflexive sheaf on 
X,and jx.F is unique as a reflexive extension of .F. 

If Z is a divisor on X, then the invertible sheaf @(Z| yo) on X° is extendible. In 
particular, j,(@(Z|yo)) is a divisorial sheaf on X, associated with Z. It is denoted 
by @y(Z). Since @y(Z1 + Z2) = (@x(Z1) ® Gs (Z2))’Y we get a monomorphism 
from Cl(X) to the group of divisorial sheaves. If X is projective then this is an 
isomorphism. 

If dim(X) = 2 then the sheaf Gx(Z) = jx(@(Z|yo)) has other realizations 
as well. Let @ : X > Xbea resolution, and let Z* be the strict transform of 
Z. Then @x(Z) = o4(@¢%(Z*)) too. Even more, let us consider the (Mumford) 
pullback @*(Z) of Z [448], see also 12.4.9. It is defined as Z*° + D, where D is a 
rational divisor on X supported on the exceptional curves so that (¢*(Z), E,)z% = 0 
for every irreducible exceptional divisor. Then @x(Z) = .(@%(Lb*(Z)])) too, 
cf. 6.4.5. [Note that ¢,.(O% (L6*(Z)])) = b«(@x%(Z*)) since o.(O%(LDJ)) = Gx.] 


12.4.3 If X is smooth and dim(X) = d then the global holomorphic d-forms on 
X, Oe. is a line bundle, called the canonical line bundle of X. If a? admits a 
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divisor Kx, 1.e. Qe = O x(Ky), then Ky is called a canonical divisor. We write 
wx i= Oe. 

If X is not smooth (but normal) and 27, admits a divisor, then we set wy := 
jE). It is a divisorial sheaf, it is called the canonical divisorial sheaf. It is 
associated with a Weil divisor, called the canonical divisor, still denoted by Kx € 
Cl(X), well defined up to a linear equivalence. 


12.4.4 In our situation, X is mostly a connected normal complex surface, not 
necessarily compact or smooth. However, in certain homological discussions it is 
convenient to assume that X is smooth. If X is smooth and non-compact, then 
usually, as a C® 4-manifold, it is the set of interior points X \ 9X of aC manifold 
X with boundary 0X. We prefer not to make notational differences between X and 
X. 

Using this notation, any Weil divisor Z determines an element in H2(X, 0X, Z), 
its Poincaré dual is c}(@x(Z)) € H*(X). If Z is compactly supported (it does not 
intersect 0X), then its homology class, in fact, sits in H2(X, Z), and it is Poincaré 
dual to c)(@x(Z)) € H2(X). 

Below, for any pair (X, ¥) we write x (F) for pr i hd (X, F). 


12.4.5 Invariants of (Abstract) Curves If C is a (not necessarily embedded) 
irreducible smooth compact curve, then its genus g(C) is by definition h'(Gc) = 
1—x(@c) =1+ pater where i27 is the sheaf of holomorphic 1-forms. 

The isomorphism class of line bundles on C are given, as usual, by Pic(C) = 
H 168). The exponential sequence 0 > Zc > O¢ > G6 — O provides cy : 
Pic(C) > H?(C) = Z, denoted also by deg. For any locally free sheaf ¥ of rank 
r one has the Serre duality H'(F) = H°(FY ® Osy and the Riemann—Roch 
Theorem x(¥) = deg(det F) +r-x(Gc). 

If C is irreducible and compact (but not necessarily smooth), let n : C > Cbe 
its normalization. The geometric genus g(C) of C is, by definition, the genus of C, 
while the arithmetic genus pa(C) is h'!(Gc) = 1— x(Gc). 

In the normalization exact sequence 


0> Oc > 1, O@ > 1, Ce/Oc > 0 (12.4.3) 
the last sheaf is supported in the singular locus &'(C) of C, hence it is a finite 
dimensional vector space, its dimension is the delta-invariant 5(C) of C. For any 
x € X(C) we also write 6(C, x) = dim(n,0@/O@c)x for the delta-invariant of the 
singular point (C, x). In general 6(C) > 0, and 6(C) = Oif and only if C is smooth. 

From (12.4.3) one has 


Pa(C) = g(C) + d(C). (12.4.4) 


676 12 Appendix. Complex Analytic Spaces 


The exponential cohomology sequence, Serre duality and Riemann—Roch The- 
orem extend to this case too, in fact, to the case of not necessarily irreducible, 
but reduced compact curves as well. The degree deg : Pic(C) — Z appearing 
in Riemann-Roch is defined as follows. If C = C,; U---U Cx is the irreducible 
decomposition of C then the target of cy : Pic(C) + H*(C, Z) is H7(C, Z) = Z‘ 
whose components are the degrees of restrictions on C;. Then deg : Pic(C) > Zis 
defined as deg(.7) = )°; deg(|C;), the sum of all these components. 

Moreover, one defines the dualizing sheaf wc, and, again, for ¥ free of rank r: 


H'(F¥) = H°(¥% ®wc)* (Serre duality) (12.4.5) 


x(F) = deg(det F) +r-x(@c)  (Riemann—Roch). (12.4.6) 
If C is embedded into a smooth surface S$ then wc := rere ® Oc(C). 


12.4.6 At the end of this subsection we add some facts regarding the delta invariant 
of a reduced curve germ (C, 0). We follow [90] and [661]. 

The delta invariant of a reduced curve can be determined inductively from 
the delta invariant of the components and the Hironaka generalized intersection 
multiplicity. Indeed, assume (C,0) is embedded in some (C”, 0), and assume 
that (C,o) is the union of two (not necessarily irreducible) germs (C{,0) and 
(Cas 0) without common irreducible components. Assume that (C:, o) is defined 
by the ideal J; in O(c»,9) (i = 1,2). Then one can define Hironaka’s intersection 
multiplicity by (C\, C5) Hir = dime (Qc 0) /1 + 12). Then, one has the following 
formula of Hironaka, see [264] or [661, 2.1] and [90], 


6(C, 0) = (Cj, 0) + 8(C}, 0) + (Cj, Ch) air. (12.4.7) 
In particular, if (C,0) has irreducible decomposition U;_,(C;,0), and we 
set (C/,0) := Ui= j41(Ci, 0) then inductively 6(C,0) = ya OG, 2) + 
Diya (C!, Cini. 


Assume that (C, 0) is (analytically equivalent with) the union of the coordinate 
axes of (C’, 0) (called ordinary r-tuple). Then using any of the above formulae 
we get that 6(C, 0) = r — 1. Furthermore, for any (C, 0) with r local irreducible 
components, (since (C}, C3) Hir > 1 always) we have 6(C, 0) > r — 1. Conversely, 
if 6(C, 0) = r — 1 (is the sharp minimum) then (C, 0) is necessarily an ordinary 
r-tuple. 

For plane curve singularities (C,}, C2) i, coincides with the local intersection 
multiplicity (C1, C2)c2,, and 6(C, 0) = )2; (Cj, 0) + i<j (Gi Cj)c2,o- This is 
compatible with (12.4.7), since for plane curves (C’, Cy U Cr) 02.6 =(C’,Ci)e,+ 
(C’, C2)c2,,, a property which usually fails for non-plane germs in the general 
context of (, ) Wir. 


12.4 Complex Reduced Surfaces 677 


12.4.7 Invariants of Embedded Curves on Smooth Surfaces Below we will 
assume that S is a smooth surface. The facts from 12.4.5 can be generalized to 
any embedded curve, even non-reduced. 

In this case, one defines G@ as the subsheaf of those germs f in Oc for which 
J \Crea has no zero, or alternatively, f = fi |C, where ae € @(U) on an open set 
UCS. 

If C is compact with irreducible decomposition C = )7; n;C;, the degree map 
deg : Pic(C) = H'(@6) — Z is defined by deg(. 7%) = )°, nideg(2|C;). Then 
Serre duality (12.4.5) and Riemann—Roch (12.4.6) work under unmodified form 
with wc := Re ® Gc(C). Moreover, pa(C) is still defined as 1 — x(@c) = 14+ 
X (wc). These formulae applied for wc provide the adjunction formula: 


deg(23 ® Gc(C)) = deg(wc) # x(wc) — x(6c) = -2+2pa(C). (12.4.8) 


If C is smooth then oe — 22 ® G@s(C)|c (adjunction formula, smooth case), and 
the normal bundle Nc;s of C in S also equals c/s = Os(C)|c. The expression 
Nis = O5(C)\c = Gc(C) will serve as the definition of the normal bundle for 
any embedded, not necessarily reduced, curve C. 


12.4.8 The cup product H?(S, Z) ® H*(S,Z) > Hi(S, Z) = Z defines a perfect 
pairing, denoted by (c, c’). Hence if Z, is a divisor with compact support, Z any 
divisor, or Y any line bundle, then one defines the intersection numbers 


(Ze, Z) = (c1(@s(Zc)), c1(@s(Z))) and (Ze, L) := (c1(Os(Ze)), c1(L)). 


They have the following reinterpretations. If Z, is positive then (Z,.,2) = 
deg(2|Z.). If both Z,. and Z are positive curves intersecting each other along 
finitely many points, then (Z,, Z) = Yxez.nz (Ze; Z)s,x, Where (,)s,, denotes 
the intersection multiplicity at x Gif f, and f are the local equations of the divisors, 
then it is the codimension of the ideal (f., f) in @s x). Vip abbreviates (Z,, Z.) = 
deg(.%z,/s). 

The above cohomological definition of the pairing is Poincaré dual to the 
homological intersection perfect pairing H2(S, Z) ® H2(S, 0S, Z) — Z. This, via 
Hy(S,Z) > H>(S, 0S, Z) is compatible with the intersection pairing H2(S, Z) ® 
Hy(S, Z) > Z. 


12.4.9 If z : S’ > S is a modification (e.g. blow up) of the smooth surface S, then 
for a divisor Z of S we define the divisor 2*(Z) of S’ (as the pull back of a Cartier 
divisor via pull back of the local equation, or, as the pull back of line bundles). 
Moreover, for a divisor Z’ of S’ we define the divisor zr, (S’) of S (as the homological 
image of Z’). Then the projection formula says that (Z’, 1*(Z)) sr = (14(Z'), Z)s. 

E.g., if we blow up a point of a smooth curve C C S, then 7*(C) = C' + E, 
where C’ = 2~!(C \ p) is the strict transform of C, and E is the exceptional curve. 
Then (E, C’ + E) = (a,(E), C) = (0, C) = 0, hence E? = —1. 


678 12 Appendix. Complex Analytic Spaces 


12.4.10 Let 2 bea line bundle on S and Z, Z1, Z2 positive divisors. We frequently 
will use the following exact sequence 0 > &@(—Z) ~ &Y > Lz — O, and the 
‘dévissage of 2|7,+z,’, namely,0 > 2(—Z))|z, > L|z,4z, > Liz, > 0. 


12.4.11 For more see also [41, 240, 241, 243, 246-249, 305, 358, 628]. 
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A-multigrading, 345, 409 
equivariant Poincaré series, 346, 349 
homogeneous element, 345 
Poincaré series, 346 
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AR, almost rational, 336, 424, 430 
Ay, (I'), subspace arrangement, 369 
Aop(l "), subspace arrangement, 369 
arg(f), 57 
Q, and B,, 449 
[[b1, b2,..., bs ]], continued fraction, 37 
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{B;};, elliptic sequence, 308, 312 
"SB go, "Bl a 533, 534 
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(bo, 8 : {((@j, @;)};), Seifert invariants, 72 
C, characteristic cycle, 213, 294 
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Char, characteristic elements, 188, 188, 277, 
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X, virtual Euler characteristic, 119, 498 
Cl(X, 0), divisor class group, 9, 172, 173, 179 
Cl(X), CaDiv(X), CaCl(X), 674 
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Cq, (Cx, 9), 562 
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Cc: (Xq, 0) > (X, 0), UAC, 180 
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A*(t), Saito dual, 492 

d(C), delta-invariant, 132, 188, 422, 675 

div(f o @), divisor of f, 29 

divge(f), 29 

A, subdivision of A, 163 
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A, fan scheleton, 163 

det(J”), determinant of a graph, 35 

{D;};, elliptic sequence, 304 

dim(A), Krull dimension, 666 

Div(X), 674 

D®, DPD divisor, 121 

Am,.n(X, 0), plurigenera, 257 
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Ar(t) and A;(t), Alexander polynomial, 15, 
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Eh(P, t), Ehrhart quasipolynomial, 501, 502 
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é;, ei (1), coef. of Hilbert-Samuel poly., 423 

emb(X, 0), embedding dimension, 228, 287, 
291, 303, 496, 667, 667 

e, virtual Euler number, 72 
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eu(H* (I, k)), 567, 581 
Euy,(R), Eure! (q), 568 
{E vhpe ,» exceptional curves, 29 
ey, Euler number, 34 
F&(), 508 
F-group, 83 
d: K > X, resolution, 3, 5, 27 
embedded, 33 
good, 27 
lattice, 31 
minimal, 27, 46, 186 
simultaneous RDP, 270 
simultaneous (very) weak, 270 
strong, 27 
very weak simultaneous, 595 
F(a), filtration, 353 
F" Al 
F°, ‘order’ filtration, 356, 411 
F?", projected filtration, 356, 411 
F (I), divisorial filtration, 359, 360, 359-369, 
396, 409, 411 
od ~ $*, Saito dual, 491 
F(j), 620 
Fy = Xjo,e) fi, nearby fiber, 56 
ft (t), f- ®, 553 
(F*, dw), 563 
F' = Homz(6,, %"), 562 
Frob(G), 399 
Fo, (toric) face, 164 
Ff (x), Fourier transform, 347, 360, 457, 459, 
505 
f(t), rational functions, 506 
Ie", extended graph, 167 
g(C), genus of a curve, 675, 675 
G(l'), monomial filtration, 396 
Gr; (@yx.9), 423 
6, splice diagram, 141, 142 
calculus, 145, 445 
decorations, 141 
edge-determinant positivity, 141 
ideal condition, 141 
relatice prime condition, 141 
{Yv}v, generators of 7, 82 
8v = g(E,), genus, 29 
[gv], genus, 34 
Ix, graph, 34 
I'(X, f), embedded resolution graph, 34 
Ty, embedded resolution graph, 34 
H-decomposition, 507 
H=L’'/L,31 
H, Pontrjagin dual, 32 
Hy, (R*, w), 563 


Index 


H° (y, w), path lattice cohomology, 22, 626 
See also H * (Rs, w), lattice cohomology 
H*(R*, w), lattice cohomology, 2, 16, 19, 561, 
563 
augmentation, 563 
chain complex, 562 
the cochain complex, 562 
Euler characteristic, 567 
and the multiplicity sequence, 615 
of Newton non-degenerate germs, 629 
and the number of cusps, 614 
path, 625 
of a plumbing graph, 565 
reduced, 563 
Reduction Theorem, 596 
restrictions, 565 
of a surgery manifold, 590, 602 
symmetry, 566 
H*(T,, W), 610 
H*((R30)*, Wik, ]), 596 
H*(, k), 565 
H*(T,, 1, W), 610 
H*(T, w), 565 
hl’), 361 
A, © A2, minimum convolution, 616 
hg, monodromy, 59, 60, 116, 263, 268 
algebraic, 59, 98, 263 
characteristic polynomial, 98 
derivative of characteristic polynomial, 
99 
finite, 100 
geometric, 58 
Jordan blocks, 99 
Monodromy Theorem, 60 
zeta function, 60, 98 
H(t), Hilbert series, 13, 353, 360, 360-389 
Hg (tz), 405 
F, 536 
3(M), characteristic number, 498, 498 
TI, intersection matrix, 29, 31, 35 
negative definite, 30 
JU, 1D, 371 
JS J-decomposition, 80 
k-connected cycle, 297 
k, € Char, distinguished char. el., 278, 332 
XH, real cone, 512 
Ky, valency, 34 
K¥, canonical divisor, 30, 179, 186, 675 
L and L’, lattices, 31 
4(M), Casson invariant, 15-17, 433, 434 


A(Z(a1,.--,@y)), 435 
A4(M), Casson—Walker invariant, 15, 16, 448, 
472 


L(D, 0) C L(X, 0), link, 55 


Index 


seq, length of the elliptic sequence, 304, 306, 
317, 321,334 

Jj, tepresentative, 240 

"PL°(Tg, Ve), 531 

L(A, 7,1), 505 

L(A, 7,1’), 508 

L(A, Z), 510 

L(A, J, 1'), 508 

L(A, Z,1'), 509 

(1, I), cubes, 326 

L, 381 

L(n, q), L(Xn,q, 0), lens space, 54 

L-spaces, 284 

£,, (toric) dual vector, 164 

Lyf) C Lx, link, 55 

L(X, 0), or Ly, link of X, 54 

My,o, maximal ideal, 212 

M(I), plumbed 3—manifold, 62 

#; M(I;), connected sum, 62 

min{W, T,,}, 611 

m L and mL), multilink, 57 

MAX(J") and MIN(J’), 11 

mpe' (Z(t), 532 

Mp/q(K), Dehn surgery, 433 

[m,,..., mz], multiplicity sequence, 132 

mult(X, 0), multiplicity, 226 

LL, +, L—, Lo, Milnor number, 59 

u(M), Rochlin invariant, 434, 442 

NTI’, Newton diagram, 159 

See also Singularity/Newton non- 

degenerate 

NI, NI_, 159 

NI,(), 630 

Nij, 37 

{(n;, m;)};_,, Puiseux pairs, 64 

Nry (€)s No, (€)» 222 

N, M = Hom(N, Z), toric lattices, 162 

N(t) = Zo,(t) — Po, (t), 415 

v, number of legs, 72 

w; and wi, Seifert invariants, 73 

6” /a, 665 

6}, analytic algebra, 665 

OF, 673 

o, order of ho, 73 

@3(I'), natural line bundle, 9, 179, 180, 193, 
391, 485 

Pa(C), arithmetic genus of C, 675 

{(pi, ai)};_,, Splice decorations, 150 

{(pi, qi) }¥_,, Newton pairs, 64 

Path*, 249 

Path, 249 

Path’, 11, 248, 282, 306, 315, 581, 625, 630 

FP! © FP, sets of paths, 249 
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pc(F (t)), periodic constant, 421 
pe, 512 
pct (qy,.7), 532 
pe®” , periodic constant, 512 
pe” , periodic constant, 513 
pe(Pp,.z) and pe(Zp,.7), 423 
pe( P(t), 427 
+-edge, 66 
©-edge, 66 
P(I), plumbed 4—manifold, 63 
Pg, geometric genus, 172, 236, 248, 253, 306, 
315, 317, 418, 423, 431 
equivariant, 239 
Pic(X), 673 
Pic!?P (X), 673 
Pic(X), Picard group, 9, 172 
Pic(Z), 174, 377 
P®, P»), polytope, 501, 504, 556 
combinatorial type, 504, 505, 509 
vector-dilated, 502, 504 
P©).3, pl), 508 
ee Bai 
pl’), 361 
P(t), Poincaré series, 2, 8, 13, 17, 21, 353, 
360, 360-389, 395, 404, 415, 418, 
431 
h-component, 360 
not rational, 420 
P(M; t), Poincaré series, 345 
P(R; t), P(R%; t), Poincaré series, 347 
P,* (t) and P,, (t), 350, 489 
P#S(t), Hilbert-Samuel polynomial, 228, 422 
P(t), 405 
P(L, t), motivic series, 384 
Q-Cartier divisor, 175, 428 
Q(M), Q°(M), quadratic functions, forms, 
273 
Q(l'), Qn(I'), counting functions, 18, 507, 535 
modified, 529, 533, 535, 540 
convexity, 536 
Gh,» 932 
OQ, (1), 512 
Gh9 O), 532, 
@,,(U'), 510 
qn,g (l'), modified counting function, 530 
Q,, cubes, 562 
R, bad set, 336, 407 
Ry: L'() > L' (1), restriction, 543 
rp, and sp, representatives, 213, 289, 429 
R(,, lz), rectangle, 331 
(Re, Xr), 571 
R, graded root, 2, 20, 570, 571, 592 
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age, 576 
of AR graphs, 579 
its cohomology, 572 
of a t-function, 571, 587 
of a plumbing graph, 573 
of star-shaped graph, 583 
of a surgery manifold, 585, 587, 602 
symmetry, 575 
R* and R~, polynomial part, 19, 122, 349, 
350, 421, 421, 553 
multivariable, 552 
t= x/e, Seifert invariant, 194 
D(a1,...,Q@,), Brieskorn—Hamm CI, 144 
-%c,o, semigroup of (C, 0), 132 
o+, 163 
oY, (toric) dual cone, 163 
»(d,d,d +1), 592, 594 
S(a, b), Seifert form, 61 
See also Milnor fibration/homological 
package/Seifert form 
o(f) = w+ — HE, Signature, 59 
o,(f), equivariant signature, 60 
oO (Q1, 2, @3), 436 
»(X), singular locus, 27 
Sk,n, cubical space, 12, 21, 326, 331, 342 
s(I'), Laufer cycle, 210 
S and .’, monoids, 10, 32, 210-213 
Sqn and .Y/,,, monoids, 10, 14, 225, 225-232, 
301, 362, 397, 399 
saturation, 230, 397 
Sn(w), 564 
SO,, 273 
Spin (M), 11, 20, 273, 275, 277, 328 
SUp-representation, 435, 437, 441 
S3 (K), 592 
S7(R*, w), 564 
s(q,n), Dedekind sum, 37 
s(b, c; a), s(q,n; £, 0), Dedekind sum, 38 
SR, bad set, 336, 404, 597 
S(y), 249 
S*(y), 249 
Ss} Iq(K ), surgery 3—manifold, 78, 135, 284, 
337, 433, 438, 450, 464 
o, &, (toric) cones, 164 
S(f), strict transform of f, 29 
Sh, 480 
stv,, Seiberg—Witten invariant, 2, 12, 15, 16, 
20, 418, 472, 483, 503, 555, 556, 
567 
of a surgery manifold, 589, 602 
Sn, 475 
sto(M, h), 497 
SWIC, 483, 485 
sz(l'), Zariski decomposition, 222, 260 
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S[Zx]> 311 
t(C,,), torsion of a complex, 451 
t(Y), R-torsion, 452 
t“(Y), universal abelian torsion, 453 
To = 2), Jo (A)h, Turaev torsion, 456 
t : Spin‘(M) > Q[H], Turaev torsion, 456 
Tf (t), expansion of f(t), 506 
T@ f (t), 548 
t(€), 342 
Tal) == Xk, (Xa(€)), 587 
Tp,q.r> 78 
T,(l’) c T('), subspace arrangement, 369 
Z, I+, Fn), ZU |-modules, 561 
To (x), 461 
Un, 275, 276 
V =VuUY*, 336 
YW, vertices, 34 
WV, end vertices, 389 
V, variation map, 60 
V(f), zero set of f, 34 
W,, vertices adjacent to v, 34 
v, order function, valuation, 355 
W , vertices and arrows, 34 
wx(L ig), We q)» 568 
Wo) = xx, XW), 596 
w((l, 1)), weights of cubes, 326 
WR, bad set, 336, 404 
(X, &), ringed space, 666 
(X, Gx), complex space, 667 
equidimensional, 668 
ideal subsheaf, 667 
model, 667 
normal, 669 
smooth, singular, reduced, 667 
(x )), Dedekind symbol, 38 
X{0,¢], representative of X, 54 
X¢, link of X, 54 
xX , normalization, 28 
x(€), distinguished cycle, 342 
xy (i), distinguished cycle, 338 
x(J), distinguished cycle, 339 
Xnq» Quotient singularity, 39 
X, resolution, 3, 5, 27 
Yq, toric variety, 163 
Zcoh, cohomological cycle, 202 
of a line bundle, 204 
Zx, (anti)canonical cycle, 179, 186 
Zx,+, 203 
ZK min> 270 
LZx |+, 199 
Z(L, t), 381 
Zmax, Maximal ideal cycle, 225, 286, 301, 398 
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Zmin, fundamental cycle, 210, 211, 282, 292, 
296, 307 
Z(t), topological series, 8, 14, 17, 374, 
374-389, 395, 404, 415, 431 
ZEAL, t), 382, 387, 388 
Ztuj(t)(X), 459 
Z(t), 405 
Z(L, t), motivic series, 384 
ot) =|], Ag (1), zeta function, 60 
Abel map, 10, 25, 236, 245, 377 
Abhyankar, 228 
A’Campo’s formula, 99, 149, 188, 264, 443, 
492 
Additivity formula, 15 
K?, 450 
5, 478, 480 
Qn, 543 
Casson—Walker invariant, 450 
geometric genus, 445 
modified counting function, 540 
Okuma’s formula, 425, 473 
periodic constant, 447 
quasipolynomials, 545 
Seiberg—Witten invariant, 472, 545 
topological series, 448 
torsion, 464 
Adjunction formula, 30, 186, 677 
Affine cone, 28, 54 
Akbulut, 436 
Albanese, 46 
Almost-complex manifold, 273 
Analytic algebra, 665 
Artinian, 665 
finite extension, 666 
irreducible, 665 
local, regular, reduced, 665 
normal, 665 
normalization, 666 
Analytic coverings, 670 
Galois, 671 
universal abelian, 671 
Analytic plumbing, 127 
Analytic sets, 668 
Analytic sheaves, 667 
Arithmetic genus, 254 
Artal Bartolo, 132, 138, 268 
Artin, 2, 12, 210, 211, 377 
Artin component, 261 
Artin—Laufer program, 12, 317, 577 
Artin’s Rationality Criterion, 281 
Ashikaga, 271 
Assumption (C), 426 
Atiyah, 441 
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Atiyah flop, 28 
Automorphic factor, 119 


Badescu, 4 
Bad vertices, 13, 336 
Barth, 4 
Base points, 205, 400, 414 
freeness, 205, 286 
Batyrev’s stringy Euler characteristic, 492 
Beauville, 4 
Beck, 503, 505 
Blow up 
a point, 28 
a vertex, an edge, 35, 67 
Bodnar, 138 
Bogomolov—Miyaoka—Yau inequality, 139 
Borodzik, 140, 618 
Boyer, 436, 636 
Brieskorn, 6, 87, 88, 117, 144, 146, 264 
Brion, 18, 503 
Buchweitz, 188 
Buchweitz—Greuel formula, 188, 235 
Burghelea, 53 


Campillo, 2, 141, 362, 370 
Canonical cycle, 186, 294, 296, 307 
Canonical line bundle, 675 
Cartan—Leray spectral sequence, 104 
Cartan’s Theorem, 672 
Cartier divisor, 9, 173, 426 
Casson, 434 
Casson Invariant Conjecture, 2, 17, 441, 483 
Castelnuovo, 205 
Castelnuovo’s Contractibility Criterion, 1, 30, 
48, 233, 288 
Castelnuovo’s free pencil trick, 287 
Chain length, 295 
Chambers, 18, 503, 505, 509, 516, 533, 535 
Clauss, 503 
Complete intersection, 668 
Computation sequence, 12, 21, 210, 286, 299, 
341 

diagonal, ratio minimizing, 631 
Conductor, 359 
Conic structure, 53 
Conjecture C, 619 
Conjecture I, 619 
Coolidge and Nagata conjecture, 137 
Covering 

o-ramified, 7, 284 

abelian, 109, 191, 193 
analytic canonical, 7, 179 
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associated with a character, 101, 175, 
178 
associated with a Q-Cartier divisor, 
175, 178 
cyclic, 101, 184 
topological canonical, 7, 104, 179, 191, 
193, 196, 197 
abelian 
of germs, 107 
of graphs, 106, 497 
cyclic, 444 
of germs, 6, 96, 130, 151 
of graphs, 6, 91, 440 
of graphs enriched, 93 
of graphs universal, 94 
discriminant, 110 
universal abelian, 5, 6, 8, 109, 152, 154, 
180, 181, 185, 193, 238, 289, 390, 
496 
Covering Additivity Property, 497 
Covering Theorem, 671 
Crystalographic group, 6 
Cut, cut function, 389 


Dedekind 
reciprocity law, 37, 435 
sum, 6, 37, 264, 433, 458, 503 
symbol, 37, 441 
Dedekind—Fourier sum, 458 
Deficiency of a group presentation, 84 
Deformation retractions, 331 
Deformations, 3, 21, 25, 261, 292 
j-constant, 269 
Pg-constant, 594 
equimultiple, 269 
semi-universal, 261 
of type f(x) + tg(x), 269, 270 
Delgado, 2, 362, 370 
Deligne, 263 
Demazure, 4, 120 
Denef, 132 
de Rham, 15, 452 
Discrepancy, 186 
Discriminant form, 272 
Divisorial sheaf, 173, 674 
Divisors, 673 
Dolgachev, 120, 298, 349 
Dolgachev—Pinkham—Demazure divisor, 120, 
128 
Dolgachev—Pinkham—Demazure formula, 8, 
121, 410, 495, 584 
Donaldson, 1, 4, 16 
Duality 
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for counting functions, 550 

for periodic constants, 550 

for polynomial part, 553 

for quasipolynomials, 551 

for topological series, 548 
Durfee, 11, 61, 267, 442, 443 
Durfee’s Conjecture, 11, 132, 270 
Durfee’s formula, 262, 262, 264, 270 
Du Val, 6, 30, 283 
Dyck—Schwarz polygonal group, 84, 437 


Ebeling, 492 
Ehrhart polynomial, 501 

of a rational function, 507 
Ehrhart theory, 18, 19, 501, 530 

equivariant multivariable, 504, 531 
Ehrhart—Macdonald reciprocity law, 502 
Ehrhart—Macdonald-Stanley reciprocity law, 


19, 505, 331 
Eisenbud, 4, 9, 141 
Elkies, 271 


Elliptic sequence, 304, 304-316, 334, 344 
length, 304, 312, 314, 315 
of Kulikov singularities, 315 
numerically Gorenstein case, 307, 307-310 
Embedded Contact homology, 16 
End curve condition, 231, 316 
See also Splice quotient weak (WECC) 
End curve functions, 129, 158, 389, 391 
End curve sections, 390 
monomials of, 390 
End Curve Theorem, 14, 152, 158, 291, 401 
Enriques, | 
Equivalence 
(analytic) right, 266 
contact, or biholomorphic, 266 
link, 266 
(topological) right, 266 
(topological) V-, 266 
Esnault, 242 
Euler characteristic 
of lattice cohomology, 567 
Euler structure, 15, 279, 451 
Exact triangles, 17 
Exceptional set, 29 
connectedness, 29 
Existence Theorem (for coverings), 671 
Exponential exact sequence, 172, 673 


Factorial rings, 173 
Family of curves, 31, 233 
Fenske, 138, 139 
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Fibonacci numbers, 137, 138 

Filtration, 13, 353, 409 
divisorial (see Divisorial filtration) 
given by order function, 355, 356, 411 
given by the maximal ideal, 256, 356 
given by valuation, 355 
given by weights, 355, 411 
monomial, 395, 396, 403, 409 
Newton, 356 
projected, 356, 403, 411 

Finite maps, 670 

Fixed components, 205 

Flenner, 137-139 

Floer, 16 

Fourier—Dedekind sum, 413 

Franz, 15, 452 

Franz Independence Lemma, 454 

Friedman, 4 

Frobenius number/problem, 399 

Fukuhara, 436 


Generalized lemma of Castelnuovo, 205, 207 
Gordon, 636 
Gorenstein duality, 502 
Graph 
AR, 13, 21, 252, 336, 341, 567, 585 
change of orietation, 68 
characters of, 460 
covering, 94 
universal, 94 
cyclic, 74, 110 
dual graph, 76 
monodromy operator, 75 
elliptic, 292 
intersection matrix, 29 
Kulikov, 234 
lattice, 31 
monomial condition, 157 
of groups, 86 
of resolution, 6, 34, 35, 161, 269 
embedded, 34 
embedded monodromy, 98 
embedded of covering, 96 
Oka’s algorithm, 162 
properties, 35 
string, 36, 39, 42 
rational, 13, 282 
sandwiched, 284 
star-shaped, 72, 88, 114, 189, 217, 220, 
252, 337, 344, 427, 495, 522, 583 
fundamental group, 83 
the group H, 73 
lattice identities, 73 
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orbifold Euler number, 72 
Seifert invariants, 72 

surgery 3-manifolds, 78, 235 

topological realization, 93 
Graph decoration 

arrowheads, 62 

decorated edges, 66 

Euler number, 61 

genus, 61 

multiplicity system, 63, 149 
Grauert, 31, 52, 260 
Grauert—Riemenschneider vanishing zone, 

211, 359, 364 

Grauert Theorem, 50, 135, 234, 578 
Greuel, 188, 235, 261 
Grothendieck, 377 
Grothendieck ring, 14, 381 
Group action 

linearization, 672 

properly discontinuously, 672 

pseudo reflection, 673 

small group, 673 

stabilizer, 672 
Gusein-Zade, 2, 362, 370 


Haken, 80 
Hamm, 117, 144, 146 
Heegaard Floer homology, 2, 16, 21, 140, 284, 
562, 594, 635 
Heegaard Floer Knot theory, 21 
Heegaard splitting, 15, 435 
Heisenberg group, 89 
Hilbert function, 422 
Hilbert polynomial, 422 
Hilbert-Samuel function, 10, 12, 129, 225, 
228, 285, 287, 303, 317, 422, 496 
Hilbert—Serre theorem, 348 
Hironaka, 46, 50, 377 
Hironaka ideal, 423 
Hironaka’s intersection multiplicity, 676 
Hirzebruch, 46, 442 
Hirzebruch—Jung continued fraction, 37 
Hirzebruch—Jung singularity, 5, 6, 39 
dual, 44 
equations, 44 
as quotient, 39 
symmetry of the graph, 43 
as toric, 39, 43 
See also Singularity/Hirzebruch—Jung 
Hirzebruch—Jung string, see 
Graph/resolution/string 
Hirzebruch-Riemann—Roch Theorem, 422 
Hodge theory, 116 
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Homology orientation, 455 Line bundles, 172, 673 
Hutchings, 16 Linear subspace arrangement, 14, 369, 
369-389 
Linear subspace arrangement of forms, 245, 
JELP (inclusion-exclusion), 557 431 
Index of a Q-Gorenstein singularity, 192 Link 
Integral closure, 666 contact structure, 87 
Inversion, 354 embedded, 55 
Ishii, 4 exotic structure, 4, 87, 455 


fundamental group 
left-orderable, 284 


Jacobi Criterion, 667 homology of, 69, 71 
Jump—phenomenon, 231 Hopf, 63 
Jung, 46 integral homology sphere, 300 


of curve singularities, 62 
multilink, 57 


Karras, 213, 233 of pairs, 55 

Kashiwara, H., 137 of a singularity, 4, 6, 267, 268 
Kato, 61, 267 fundamental group, 196, 197 
Kawamata, 242 of a surface singularity, 53 
Khovanskii, 556 Eilenberg—Mac Lane space, 81 
King, 267 fundamental group, 82 
Kleiman, 377 fundamental group finite, 87, 88 
Kndller, 257 fundamental group nilpotent, 89 
Kneser, 80 Linking form, 272, 456 

Kodaira, 1 Lipman’s cone, 6, 32, 52,517 
Kodaira’s classification, 294, 299 Lipschitz geometry, 25 

Kollar, 242, 271 Liu, 138 

Konno, 578 Livingston, 140, 618 

Koras, 137 Loechner, 503 

Koszul complex, 346 Loeser, 132 

Kouchnirenko, 159, 160 Lojasiewicz, 53 

Kronheimer, 16 Looijenga, 261 

Krull, 666 Luengo, 132 


Kulikov, 213, 233, 299 


Macdonald formula, 374 


Laszl6, 504 Maruyama, 436 
Lattice fibration, 338 Mather, 266 
Lattice points counting, 424, 556 Matsuoka, 139 
inclusion-exclusion, 557 Matsuoka—Sakai inequality, 141 

Laufer, 2, 4, 11, 12, 205, 210, 236, 261, 269, MAX(I’), 253 

292, 296, 304, 307, 442, 443 McCarthy, 436 
Laufer algorithm, 210, 211 McKay correspondence, 25 
Laufer duality, 236, 239, 242, 247, 257 McLean, 87 
Laufer’s formula, 262, 270 McMullen, 505 
Laufer’s Rationality Criterion, 281 Melle—Hernandez, 271 
Laurent expansion at infinity, 548 Mendris, 269 
Lé, 4, 268, 270 Meng, 16 
Left-orderable group, 284, 636 Merle, 161, 556 
Lemahieu, 397 Milnor, 15, 53, 80, 455, 498 
Lens spaces, 15, 54, 449, 453, 457, 462, 518 homological package, 5 
Lescop, 435 Milnor algebra, 266 


Levine, 61 Milnor fibration, 57 
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homological package 
Seifert form, 61, 263, 267, 434 
signature, 17, 59, 261, 264, 265, 270 
signature equivariant, 60, 268 
variation map, 61 
Wang exact sequence, 60 
See also Monodromy 
Milnor fiber, 59 
Milnor number, 25, 59, 188 
See also Nearby fibration too 
Minimal Model Program, 3, 196 
Minkowski sum, 557 
Miyanishi, 137 
mody construction, 93 
Modification, 27 
non-projective, 325 
Moise, 455 
Molien’s formula, 8, 346 
Monodromy Conjecture, 132 
Monoids, 515 
normal affine, 514 
Monomial condition, see Splice quotient 
Monomial section, 391, 394 
Monopole Floer homology, 16 
Morales, 257, 556 
Mordell, 264 
Mordell’s formula, 503 
Morgan, 4 
Mrowka, 16 
Multiplicity, 226, 287, 290, 303, 320, 400 
{my}vey, multiplicity system, 63 
Multiplicity system, 63, 103, 527 
Multiset, 616 
Mumford, 2, 6, 82, 86, 87, 205, 207, 674 


Nagy, 245 

Namba, 139 

Nearby fibration, 56 

Negative degree part, 19, 122, 349, 350, 421, 
352, 553 

Neumann, 2, 4, 5, 8, 9, 14, 17, 81, 141, 152, 
153, 156, 157, 349, 402, 441, 442, 
495 

Neuwirth, 58 

Nicas, 436 

Nicolaescu, 2, 16, 451 

Noether bound, 123 

Noether’s Finiteness Lemma, 47, 665 
Normal bundle, 677 

Northcott, 229 

Novikov’s additivity, 434 

Numerical semigroup, 399 


Obstruction line bundles, 318, 318-320 

Oka, 9, 161, 162, 412, 630 

Okuma, 4, 9, 152, 157, 239, 290, 397, 425 

Open book decomposition, 56, 267 
binding, pages, 56 

Ordinary r-tuple, 676 

Orevkov, 138, 139 

Ozsvath, 16, 635 


Palka, 137 
Papakyriakopoulos, 79 
Parusifiski, 270 
Patodi, 441 
Petka, 137 
Period, 421 
Periodic constant, 15, 349, 421, 421-431 
multivariable, equivariant, 511 
Perron, 267 
Peters, 4 
Picard group, 172, 285 
Pichon, 52, 230 
Pinkham, 4, 21, 120, 261, 349, 443 
Plumbing, 61 
4-manifold P(I”), 63 
calculus, 65 
construction, 62 
graph, 61, 142 
orientable, 61 
representation, 61 
Poincaré duality, 105 
Projection formula, 677 


Quadratic forms, 272 

Quadratic function, 272, 456 

Quasipolynomial, 18, 501, 505, 516 
piecewise, 510 

Quotient singularities C”/G, 673 


Riickert Nullstellensatz, 668 
Rademacher, 37 
Ramanujam, 270 
Ranicki, 451 
Rational cuspidal plane curve, 136, 418 
Rational homology disc smoothing, 262 
Ratiu, 435 
Reduction of variables, 404, 415, 520 
Reduction Theorem, 21 

See also Lattice cohomology 
Reflection group, 673 
Reflexive modules, 25 
Reflexive sheaves, 674 
Regularization procedures, 349 
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Reidemeister, 15, 451, 452, 454 

Riemann Extension Theorem, 669 

Riemann—Hurwitz formula, 177, 192, 196 

Riemann—Roch formula, 12, 188, 428, 675, 
676 

Riemann—Roch-Hirzebruch formula, 502 

Riemenschneider’s point diagram, 44 

Rigidity conjecture, 137 

Rochlin, 434 


Saeki, 266, 267 
Sakai, 137, 139, 257 
Sakamoto, 263 
Schur complement, 526 
Schwarz triangle group, 84 
Sebastiani, 263 
Seiberg—Witten—Floer homology, 16 
Seiberg—Witten Invariant Conjecture, 8, 17, 
132, 236, 431, 483, 488, 557, 569, 
581, 592, 595, 629, 630 
Seiberg—Witten theory, | 
Seidel, 87 
Seifert, 6 
Seifert line bundle, 113 
analytic classification, 119 
Seifert manifold, 8, 146, 433, 435, 448, 559 
S!-bundle, 114 
fundamental group, 83, 119 
orbifold Euler number, 120, 349-352, 498 
orbifold invariants, 113 
Seifert invariants, 113, 117 
non-uniqueness, 115 
topological classification, 115 
virtual Euler characteristic, 119, 349-352 
Seifert surface, 57 
of multilinks, 57 
Semigroup Distribution Inequality, 140 
Semigroup Distribution Property, 8, 21, 140, 
417, 494, 592, 618, 619 
Serre duality, 502, 675, 676 
Shafarevich, | 
Shepherd-Barron, 205 
Siebenmann, 141 
Sigurdsson, 415, 630 
Singer, 441 
Singularity, 400 
Q-Gorenstein, 5, 7, 192, 242 
ADE, 88, 196, 197, 283, 284 
algebraic cone, 112, 115, 193, 258 
Brieskorn, 8, 87, 115, 124, 161, 189, 239, 
263, 265, 283, 424, 433, 436, 441, 
442, 575, 578 
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complete intersection, 5, 36, 88, 117, 
144, 146, 156, 399, 463, 483, 487 
canonical, 88 
complete intersection, 3 
cusp, 5, 36, 78, 104, 110, 298, 384 
Dolgachev’s triangle, 261 
elliptic, 5, 11, 36, 252, 292, 291-325, 334, 
344, 488, 555, 567, 570, 576, 628, 
629 
generic analytic structure, 323 
maximally, 317 
minimally, 283, 296, 296-303, 335, 
377, 390, 413, 414, 427 
non-maximally, 322 
weakly, 292 
generic, 628 
Gorenstein, 7, 12, 190, 203, 239, 251, 252, 
259, 270, 296, 316, 495, 575 
Hirzebruch—Jung, 36, 39, 47, 107, 189, 
214, 216, 229, 282, 347, 367, 423, 
483, 486, 518 
homogeneous affine cone, 112 
hypersurface, 3, 266, 411 
isolated, 53 
Kodaira, 213 
Kulikov, 5, 12, 213, 233, 252, 289, 294, 
299, 315, 375, 578, 591 
(numerically) Gorenstein, 295 
minimal rational, 282 
Newton non-degenerate, 5, 9, 22, 36, 159, 
187, 252, 268, 269, 271, 412, 516, 
556, 629 
Q-Gorenstein—pointed, 630 
invariants, 159 
Newton boundary, 159 
removable face, 634 
stellar, bi-stellar, 356 
numerically canonical, 196 
numerically Gorenstein, 173, 190, 197, 
203, 251, 284 
numerically log canonical, 196, 283 
numerically log terminal, 196, 283 
numerically terminal, 196 
plane curve, 3, 64, 132, 150, 156, 357, 415, 
555, 615 
characteristic polynomial, 132, 150 
conductor, 359 
delta-invariant, 132, 616 
embedded resolution graph, 36, 64 
Hilbert function, 616 
multiplicity sequence, 132 
Newton pairs, 64, 138, 265 
Puiseux pairs, 64, 137 
semigroup, 132, 359, 422, 616 
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quotient, 3, 5, 87, 88, 195, 196, 283, 284 

quotient-cusp, 5, 104, 284 

rational, 5, 11, 17, 36, 131, 173, 193, 252, 
261, 281, 281-576 

rigid, 263 

sandwiched, 284 

simple, 283 

simple elliptic, 298 

splice equations, 153 


splice quotient, 5, 8, 17, 152, 154, 193, 390, 


403, 414, 430, 441, 444, 483, 487 
congruence condition, 153 
end curve condition, 152, 158, 231 
monomial condition, 157, 316 
semigroup condition, 153 
superisolated, 5, 8, 17, 36, 131, 133, 252, 
415, 493, 496, 585, 592, 594, 595, 
618, 629 
invariants, 134 
link, 135 
Milnor homological package, 135 
suspension, 5, 11, 36, 46, 151, 155, 156, 
189, 264, 268, 441, 443, 464, 488 
taut, 78, 104, 179, 288 
triangle, 298 
unimodal and bimodal hypersurface, 299 
weighted homogeneous, 3, 5, 7, 17, 36, 
111, 183, 194, 239, 240, 258, 268, 
349-352, 390, 399, 409, 423, 430, 
464, 483, 487, 488, 495, 584, 629 
geometric genus, 121 
hypersurface, 115, 424 
Poincaré series, 121 
universal abelian covering, 124 
Smoothing, 260, 261 
Spectral number, 116, 424 
Spectrum, 269 
semicontinuity, 140 
Spin structures, 272 
Spin® structures, 272, 276, 336, 451 
involution, 277 
Splicing, 144, 189, 436 
Stallings, 58 
Stanley, 503, 505 
Stanley—Reisner ring, 389 
Stanley’s reciprocity law, 503 
Steenbrink, 116, 261, 269 
Stein manifold, 90 
Stein’s Theorem, 671 
Stevens, 213, 233, 253 
Stiefel—Whitney classes, 273 
wy, and orientability, 273 
w2, 273, 437 
integrality, 273 
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Strict transform, 28 
Sturmfels, 18, 503 
Sugie, 137 

Sylvester criterion, 526 
Szab6, 16, 635 

Szenes, 503 


Taubes, 16 

Teissier, 4, 161, 268, 556 

Theorem of formal functions, 171 

Theta characteristic, 253 

Thom, 263 

Thom-Sebastiani type results, 11, 263 

3-manifolds, 79 
basic classification, 79 
connected sum, 79 
incompressible surfaces, 79, 80 
irreducible, prime, 79 
Jaco—Shalen—Johannson decomposition, 6, 

80, 146 

Kneser—Haken finiteness theorem, 80 
Prime Decomposition Theorem, 80 
Sphere Theorem, 79 

Thurston, 498 

Tietze’s Hauptvermutung, 455 

Tjurina algebra, 266 

Todd class, 422, 423 

Tomari, 226, 271, 428 

Tomari’s bound, 256, 321 

Tomaru, 213 

Tono, 137 

Toric geometry, 502 

Torsion, 452 
associated with Euler structure, 455 
Reidemeister torsion, 452 
Reidemeister—Turaev, 15 

for plumbed manifolds, 458, 472, 584 

Turaev’s sign-refined, 455 
universal abelian, 452 

Trotman, 269 

Tsunoda, 137 

Turaev, 15, 279, 451, 455 


Universal abelian covering conjecture, 132 


Van de Ven, 4 

Vanishing Theorem 
h°-vanishing, 198 
Grauert—Riemenschneider, 197, 198, 209 
Laufer’s, 197 
Lipman’s, 200 
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Ramanujam’s, 197 
Unbalanced, 197, 200, 202, 341, 407 
Varchenko, 116, 161, 269 
Vector partition, 18, 509 
Vergne, 18, 503 
Verona, 53 
Veys, 492 
Viehweg, 242 


Wagreich, 254, 292 

Wahl, 2, 5, 8, 9, 11, 14, 17, 25, 141, 152, 153, 
157, 261, 263, 271, 402, 441, 442, 
495, 498 

Wahl’s formula, 262 

Waldhausen, 81 

Walker, 46 

Watanabe, 257 

Watson, 636 

Weakly holomorphic functions, 669 

WECC, see End curve condition 

Weierstrass point, 253 

Weighted cubes, 12, 20, 326, 379 

Weight function, 331, 562 
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Weil divisor, 9, 172, 173, 175, 674 
Whitehead, 15, 454 

Winters Theorem, 51, 52, 230, 234 
Witten, 16 

Wu’s formula, 273, 434 


Xu, 268, 271 


Yang—Mills equations, 16 
Yau, S. S.-T., 12, 132, 225, 266, 268, 271, 304, 
307,317 


Zaidenberg, 137-139 

Zariski, 46 

Zariski—Lipman Conjecture, 191 
Zariski pairs, 135, 268 

Zariski’s Conjecture, 267, 269 
Zariski’s Lemma, 31 

Zariski’s Main Theorem, 6, 29, 428 
Zemke, 637 


